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Preface 


About the Book 


In 2007, Thomas H. Davenport and Jeanne G. Harris wrote a groundbreaking book, Com- 
peting on Analytics: The New Science of Winning (Boston: Harvard Business School 
Press). They described how many organizations are using analytics strategically to make 
better decisions and improve customer and shareholder value. Over the past several years, 
we have seen remarkable growth in analytics among all types of organizations. The Insti- 
tute for Operations Research and the Management Sciences (INFORMS) noted that ana- 
lytics software as a service is predicted to grow at three times the rate of other business 
segments in upcoming years.! In addition, the MIT Sloan Management Review in col- 
laboration with the IBM Institute for Business Value surveyed a global sample of nearly 
3,000 executives, managers, and analysts.” This study concluded that top-performing 
organizations use analytics five times more than lower performers, that improvement of 
information and analytics was a top priority in these organizations, and that many orga- 
nizations felt they were under significant pressure to adopt advanced information and 
analytics approaches. Since these reports were published, the interest in and the use of 
analytics has grown dramatically. 

In reality, business analytics has been around for more than a half-century. Business 
schools have long taught many of the core topics in business analytics—statistics, data 
analysis, information and decision support systems, and management science. However, 
these topics have traditionally been presented in separate and independent courses and 
supported by textbooks with little topical integration. This book is uniquely designed to 
present the emerging discipline of business analytics in a unified fashion consistent with 
the contemporary definition of the field. 


This book provides undergraduate business students and introductory graduate students 
with the fundamental concepts and tools needed to understand the role of modern business 
analytics in organizations, to apply basic business analytics tools in a spreadsheet environ- 
ment, and to communicate with analytics professionals to effectively use and interpret 
analytic models and results for making better business decisions. We take a balanced, 
holistic approach in viewing business analytics from descriptive, predictive, and prescrip- 
tive perspectives that define the discipline. 


1 Anne Robinson, Jack Levis, and Gary Bennett, INFORMS News: INFORMS to Officially Join Analyt- 
ics Movement. http://www.informs.org/ORMS-Today/Public-Articles/October-V olume-37-Number-5/ 
INFORMS-News-INFORMS-to-Officially-Join-Analytics-Movement. 

2“A nalytics: The New Path to Value,” MIT Sloan Management Review Research Report, Fall 2010. 
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Preface 


This book is organized in five parts. 


1: 


Foundations of Business Analytics 


The first two chapters provide the basic foundations needed to understand business 
analytics and to manipulate data using Microsoft Excel. Chapter | provides an intro- 
duction to business analytics and its key concepts and terminology, and includes an 
appendix that reviews basic Excel skills. Chapter 2, Database Analytics, is a unique 
chapter that covers intermediate Excel skills, Excel template design, and PivotTables. 


Descriptive Analytics 


Chapters 3 through 7 cover fundamental tools and methods of data analysis and 
statistics. These chapters focus on data visualization, descriptive statistical mea- 
sures, probability distributions and data modeling, sampling and estimation, and 
statistical inference. We subscribe to the American Statistical Association’s rec- 
ommendations for teaching introductory statistics, which include emphasizing 
statistical literacy and developing statistical thinking, stressing conceptual under- 
standing rather than mere knowledge of procedures, and using technology for 
developing conceptual understanding and analyzing data. We believe these goals 
can be accomplished without introducing every conceivable technique into an 
800—1,000 page book as many mainstream books currently do. In fact, we cover 
all essential content that the state of Ohio has mandated for undergraduate busi- 
ness statistics across all public colleges and universities. 


Predictive Analytics 


In this section, Chapters 8 through 12 develop approaches for applying trendlines 
and regression analysis, forecasting, introductory data mining techniques, build- 
ing and analyzing models on spreadsheets, and simulation and risk analysis. 


Prescriptive Analytics 


Chapters 13 and 14 explore linear, integer, and nonlinear optimization models 
and applications. Chapter 15, Optimization Analytics, focuses on what-if and sen- 
sitivity analysis in optimization, and visualization of Solver reports. 


Making Decisions 


Chapter 16 focuses on philosophies, tools, and techniques of decision analysis. 


Changes to the Third Edition 


The third edition represents a comprehensive revision that includes many significant 
changes. The book now relies only on native Excel, and is independent of platforms, 
allowing it to be used easily by students with either PC or Mac computers. These changes 
provide students with enhanced Excel skills and basic understanding of fundamental con- 
cepts. Analytic Solver is no longer integrated directly in the book, but is illustrated in 
online supplements to facilitate revision as new software updates may occur. These sup- 
plements plus information regarding how to access Analytic Solver may be accessed at 
http://www.pearsonglobaleditions.com. 


Key changes to this edition are as follows: 


Also available for purchase (separately) is MyLab Statistics, a teaching and learn- 
ing platform that empowers you to reach every student. By combining trusted 
author content with digital tools and a flexible platform, MyLab personalizes the 


Features of the Book 
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learning experience and improves results for each student. For example, new Excel 
and StatCrunch Projects help students develop business decision-making skills. 
Each chapter now includes a short section called Technology Help, which pro- 
vides useful summaries of key Excel functions and procedures, and the use of 
supplemental software including StatCrunch and Analytic Solver Basic. 

Chapter | includes an Appendix reviewing basic Excel skills, which will be used 
throughout the book. 

Chapter 2, Database Analytics, is a new chapter derived from the second edition 
that focuses on applications of Excel functions and techniques for dealing with 
spreadsheet data, including a new section on Excel template design. 

Chapter 3, Data Visualization, includes a new Appendix illustrating Excel tools 
for Windows and a brief overview of Tableau. 

Chapter 5, Probability Distributions and Data Modeling, includes a new section 
on Combinations and Permutations. 

Chapter 6, Sampling and Estimation, provides a discussion of using data visual- 
ization for confidence interval comparison. 

Chapter 9, Forecasting Techniques, now includes Excel approaches for double 
exponential smoothing and Holt-Winters models for seasonality and trend. 
Chapter 10, Introduction to Data Mining, has been completely rewritten to illus- 
trate simple data mining techniques that can be implemented on spreadsheets 
using Excel. 

Chapter 11, Spreadsheet Modeling and Analysis, is now organized along the ana- 
lytic classification of descriptive, predictive, and prescriptive modeling. 

Chapter 12 has been rewritten to apply Monte-Carlo simulation using only Excel, 
with an additional section of systems simulation concepts and approaches. 
Optimization topics have been reorganized into two chapters—Chapter 13, Lin- 
ear Optimization, and Chapter 14, Integer and Nonlinear Optimization, which 
rely only on the Excel-supplied Solver. 

Chapter 15 is a new chapter called Optimization Analytics, which focuses 
on what-if and sensitivity analysis, and visualization of Solver reports; it also 
includes a discussion of how Solver handles models with bounded variables. 


In addition, we have carefully checked, and revised as necessary, the text and 
problems for additional clarity. We use major section headings in each chapter 
and tie these clearly to the problems and exercises, which have been revised 
and updated throughout the book. At the end of each section we added several 
“Check Your Understanding” questions that provide a basic review of fundamental 
concepts to improve student learning. Finally, new Analytics in Practice features 
have been incorporated into several chapters. 


Chapter Section Headings—with “Check Your Understanding” questions that 
provide a means to review fundamental concepts. 

Numbered Examples—numerous, short examples throughout all chapters illus- 
trate concepts and techniques and help students learn to apply the techniques and 
understand the results. 

“Analytics in Practice’’—at least one per chapter, this feature describes real 
applications in business. 

Learning Objectives—lists the goals the students should be able to achieve after 
studying the chapter. 
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Software Support 


To the Students 


To the Instructors 


@ Key Terms—bolded within the text and listed at the end of each chapter, these 
words will assist students as they review the chapter and study for exams. Key 
terms and their definitions are contained in the glossary at the end of the book. 

® End-of-Chapter Problems and Exercises—clearly tied to sections in each 
chapter, these help to reinforce the material covered through the chapter. 

= Integrated Cases—allow students to think independently and apply the relevant 
tools at a higher level of learning. 

u Data Sets and Excel Models—used in examples and problems and are available 
to students at www.pearsonglobaleditions.com. 


Technology Help sections in each chapter provide additional support to students for using 
Excel functions and tools, Tableau, and StatCrunch. 

Online supplements provide detailed information and examples for using Analytic 
Solver Basic, which provides more powerful tools for data mining, Monte-Carlo simula- 
tion, optimization, and decision analysis. These can be used at the instructor’s discretion, 
but are not necessary to learn the fundamental concepts that are implemented using Excel. 
Instructions for obtaining licenses for Analytic Solver Basic can be found on the book’s 
website, http://www.pearsonglobaleditions.com. 


To get the most out of this book, you need to do much more than simply read it! Many 
examples describe in detail how to use and apply various Excel tools or add-ins. We 
highly recommend that you work through these examples on your computer to replicate 
the outputs and results shown in the text. You should also compare mathematical formu- 
las with spreadsheet formulas and work through basic numerical calculations by hand. 
Only in this fashion will you learn how to use the tools and techniques effectively, gain a 
better understanding of the underlying concepts of business analytics, and increase your 
proficiency in using Microsoft Excel, which will serve you well in your future career. 

Visit the companion Web site (www.pearsonglobaleditions.com) for access to the 
following: 


& Online Files: Data Sets and Excel Models—files for use with the numbered 
examples and the end-of-chapter problems. (For easy reference, the relevant file 
names are italicized and clearly stated when used in examples.) 

= Online Supplements for Analyiic Solver Basic: Online supplements describing 
the use of Analytic Solver that your instructor might use with selected chapters. 


MyLab Statistics is now available with Evans “Business Analytics” 3e: MyLab™ Statis- 
tics is the teaching and learning platform that empowers instructors to reach every student. 
Teach your course your way with a flexible platform. Collect, crunch, and communicate 
with data in StatCrunch®, an integrated Web-based statistical software. Empower each 
learner with personalized and interactive practice. Tailor your course to your students’ 
needs with enhanced reporting features. Available with the complete eText, accessible 
anywhere with the Pearson eText app. 
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Instructor’s Resource Center—Reached through a link at www.pearsonglobaleditions. 
com, the Instructor’s Resource Center contains the electronic files for the complete 
Instructor’s Solutions Manual, PowerPoint lecture presentations, and the Test Item File. 


m Register, redeem, log in at www.pearsonglobaleditions.com: instructors can 
access a variety of print, media, and presentation resources that are available with 
this book in downloadable digital format. 

® 8 /nstructor’s Solutions Manual—tThe Instructor’s Solutions Manual, updated and 
revised for the second edition by the author, includes Excel-based solutions for 
all end-of-chapter problems, exercises, and cases. 

@ PowerPoint presentations—The PowerPoint slides, revised and updated by the 
author, provide an instructor with individual lecture outlines to accompany the 
text. The slides include nearly all of the figures, tables, and examples from the 
text. Instructors can use these lecture notes as they are or can easily modify the 
notes to reflect specific presentation needs. 

@ Test Bank—The TestBank is prepared by Paolo Catasti from Virginia Common- 
wealth University. 

= Need help? Pearson Education’s dedicated technical support team is ready to 
assist instructors with questions about the media supplements that accompany 
this text. The supplements are available to adopting instructors. Detailed descrip- 
tions are provided at the Instructor’s Resource Center. 


Acknowledgments 


I would like to thank the staff at Pearson Education for their professionalism and dedica- 
tion to making this book a reality. In particular, | want to thank Angela Montoya, Kathleen 
Manley, Karen Wernholm, Kaylee Carlson, Jean Choe, Bob Carroll, and Patrick Barbera. 
I would also like to thank Gowri Duraiswamy at SPI, and accuracy and solutions checker 
Jennifer Blue for their outstanding contributions to producing this book. I also want to 
acknowledge Daniel Fylstra and his staff at Frontline Systems for working closely with 
me on providing Analytic Solver Basic as a supplement with this book. If you have any 
suggestions or corrections, please contact the author via email at james.evans @uc.edu. 


James R. Evans 

Department of Operations, Business Analytics, and Information Systems 
University of Cincinnati 

Cincinnati, Ohio 


Global Edition Acknowledgments 


Pearson would like to thank Alicia Tan Yiing Fei, Taylor’s University Malaysia; Daniel 
Kehl, University of Pécs; and Roland Baczur, University of Pécs for their contribution to 
the Global Edition. 


‘ Pearson 


Get the Most Out of MyLab 
MyLab Statistics init 


Statistics courses are continuously evolving to help today’s students succeed. It’s 
more challenging than ever to support students with a wide range of backgrounds, 
learner styles, and math anxieties. The flexibility to build a course that fits 
instructors’ individual course formats—with a variety of content options and 
multimedia resources all in one place—has made MyLab Statistics the market- 
leading solution for teaching and learning mathematics since its inception. 


78% of students say MyLab Statistics helped 
them learn their course content.* 


Teach your course with a consistent author voice 


With market-leading author content options, your course can fit your style. 

Pearson offers the widest variety of content options, addressing a range of 
approaches and learning styles, authored by thought leaders across the business 
and math curriculum. MyLab™ Statistics is tightly integrated with each author's style, 
offering a range of author-created multimedia resources, so your students have a 
consistent experience. 


Thanks to feedback from instructors and students from more than 10,000 institutions, 
MyLab Statistics continues to transform—delivering new content, innovative learning 
resources, and platform updates to support students and instructors, today and in 
the future. 


*Source: 2018 Student Survey, n 31,721 


pearson.com/mylab/statistic 
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MyLab 


MyLab Statistics Online Course for Business Analytics 


by James R. Evans 


MyLab™ Statistics is available to accompany Pearson's market leading text offerings. 
To give students a consistent tone, voice, and teaching method each text's flavor and 
approach is tightly integrated throughout the accompanying MyLab Statistics course, 
making learning the material as seamless as possible. 


Enjoy hands off grading with 
Excel Projects 


Using proven, field-tested technology, 
auto-graded Excel Projects let instructors 
seamlessly integrate Microsoft Excel 
content into the course without manually 
grading spreadsheets. Students can 
practice important statistical skills in Excel, 
helping them master key concepts and gain 
proficiency with the program. 


Homework and Tests 


| AllAssignments | AllChapters ~ 


All Assignments 


Time 


Due Assignment Limit Attempts 


© Study Pian for Chapter 4 Review Quiz 
pW chapter 4 Review Quiz 


p @ Chapter 4 Review Personalized Homework 


+ You must do Chapter 4 Review Quiz before 
starting this assignment. 


Technology Tutorials and 
Study Cards 


MyLab makes learning and using a variety 
of statistical software programs as seamless 
and intuitive as possible. Download data 
sets from the text and MyLab exercises 
directly into Excel. Students can also access 
instructional support tools including tutorial 
videos, study cards, and manuals for a 
variety of statistical software programs 
including StatCrunch, Excel, Minitab, JMP, R, 
SPSS, and 1183/84 calculators. 
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» Course Calendar 
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Score 


StatCrunch 


StatCrunch, Pearson’s powerful web-based 
statistical software, instructors and students 
can access tens of thousands of data sets 
including those from the textbook, perform 
complex analyses, and generate compelling 
reports. StatCrunch is integrated directly 

into MyLab Statistics or available as a 
standalone product. To learn more, go to 
www.statcrunch.com on any laptop, tablet, or 
smartphone. 


Excel® 2016 win xistat™ 


for Business Statistics 
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Introduction to 
Analytics 


Business 


Cayce 


_ LEARNING OBJECTIVES 


ws Define business analytics. 

a Explain why analytics is important in today’s business 
environment. 

= State some typical examples of business applications 
in which analytics would be beneficial. 

a Summarize the evolution of business analytics 
and explain the concepts of business intelligence, 
operations research and management science, and 
decision support systems. 

a Explain the difference between descriptive, predictive, 
and prescriptive analytics. 

= State examples of how data are used in business. 
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After studying this chapter, you will be able to: 


m Explain the concept of a model and various ways a 
model can be characterized. 

m Define and list the elements of a decision model. 

w Illustrate examples of descriptive, predictive, and 
prescriptive models. 

a Explain the difference between uncertainty and risk. 

w Define the terms optimization, objective function, and 
optimal solution. 

w Explain the difference between a deterministic and 
stochastic decision model. 

m List and explain the steps in the problem-solving 
process. 
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Chapter 1 


Introduction to Business Analytics 


The purpose of this book is to provide you with a basic introduction to the 
concepts, methods, and models used in business analytics so that you will 
develop an appreciation not only for its capabilities to support and enhance busi- 
ness decisions, but also for the ability to use business analytics at an elementary 
level in your work. In this chapter, we introduce you to the field of business analyt- 
ics and set the foundation for many of the concepts and techniques that you will 
learn. Let’s start with a rather innovative example. 

Most of you have likely been to a zoo, seen the animals, had something to eat, 
and bought some souvenirs. You probably wouldn’t think that managing a Zoo is 
very difficult; after all, it’s just feeding and taking care of the animals, right? A zoo 
might be the last place that you would expect to find business analytics being used, 
but not anymore. The Cincinnati Zoo & Botanical Garden has been an “early 
adopter” and one of the first organizations of its kind to exploit business analytics. ' 

Despite generating more than two-thirds of its budget through its own fund- 
raising efforts, the zoo wanted to reduce its reliance on local tax subsidies even 
further by increasing visitor attendance and revenues from secondary sources 
such as membership, food, and retail outlets. The zoo’s senior management sur- 
mised that the best way to realize more value from each visit was to offer visi- 
tors a truly transformed customer experience. By using business analytics to gain 
greater insight into visitors’ behavior and tailoring operations to their preferences, 
the zoo expected to increase attendance, boost membership, and maximize sales. 

The project team—which consisted of consultants from IBM and Brightstar 
Partners, as well as senior executives from the zoo—began translating the organi- 
zation’s goals into technical solutions. The zoo worked to create a business ana- 
lytics platform that was capable of delivering the desired goals by combining data 
from ticketing and point-of-sale systems throughout the zoo with membership 
information and geographical data gathered from the ZIP codes of all visitors. 
This enabled the creation of reports and dashboards that gave everyone from 
Senior managers to zoo staff access to real-time information that helped them 
optimize operational management and transform the customer experience. 

By integrating weather forecast data, the zoo is now able to compare current 
forecasts with historic attendance and sales data, supporting better decision mak- 
ing for labor scheduling and inventory planning. Another area where the solution 
delivers new insight is food service. By opening food outlets at specific times of 
day when demand is highest (for example, keeping ice cream kiosks open in the 


| ¥ ‘ . Ty as Q . > 
IBM Software Business Analtyics, “Cincinnati Zoo transforms customer experience and boosts profits,” 
© IBM Corporation 2012. 
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final hour before the zoo closes), the zoo has been able to increase sales signifi- 
cantly. In addition, attendance and revenues have dramatically increased, resulting 
in annual return on investment of 411%. The business analytics initiative paid for 
itself within three months and delivers, on average, benefits of $738,212 per year. 
Specifically, 


m The zoo has seen a 4.2% rise in ticket sales by targeting potential visitors who 
live in specific ZIP codes. 

m Food revenues increased 25% by optimizing the mix of products on sale and 
adapting selling practices to match peak purchase times. 

@ Eliminating slow-selling products and targeting visitors with specific promo- 
tions enabled an 18% increase in merchandise sales. 

m The zoo was able to cut its marketing expenditure, saving $40,000 in the first 
year, and reduce advertising expenditure by 43% by eliminating ineffective 
campaigns and segmenting customers for more targeted marketing. 


Because of the zoo’s success, other organizations such as Point Defiance Zoo 
& Aquarium in Tacoma, Washington, and History Colorado Center, a museum in 
Denver, have embarked on similar initiatives. 


as What Is Business Analytics? 


Everyone makes decisions. Individuals face personal decisions such as choosing a college or 
graduate program, making product purchases, selecting a mortgage instrument, and invest- 
ing for retirement. Managers in business organizations make numerous decisions every day. 
Some of these decisions include what products to make and how to price them, where to 
locate facilities, how many people to hire, where to allocate advertising budgets, whether or 
not to outsource a business function or make a capital investment, and how to schedule pro- 
duction. Many of these decisions have significant economic consequences; moreover, they 
are difficult to make because of uncertain data and imperfect information about the future. 

Managers today no longer make decisions based on pure judgment and experience; 
they rely on factual data and the ability to manipulate and analyze data to supplement their 
intuition and experience, and to justify their decisions. What makes business decisions com- 
plicated today is the overwhelming amount of available data and information. Data to sup- 
port business decisions—including those specifically collected by firms as well as through 
the Internet and social media such as Facebook—are growing exponentially and becoming 
increasingly difficult to understand and use. As a result, many companies have recently 
established analytics departments; for instance, IBM reorganized its consulting business 
and established a new 4,000-person organization focusing on analytics. Companies are 
increasingly seeking business graduates with the ability to understand and use analytics. 
The demand for professionals with analytics expertise has skyrocketed, and many universi- 
ties now have programs in analytics.” 


2Matthew J. Liberatore and Wenhong Luo, “The Analytics Movement: Implications for Operations 
Research,” Interfaces, 40, 4 (July-August 2010): 313-324. 
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Chapter 1 


Introduction to Business Analytics 


Business analytics, or simply analytics, is the use of data, information technology, 
statistical analysis, quantitative methods, and mathematical or computer-based models to 
help managers gain improved insight about their business operations and make better, 
fact-based decisions. Business analytics is “a process of transforming data into actions 
through analysis and insights in the context of organizational decision making and prob- 
lem solving.” Business analytics is supported by various tools such as Microsoft Excel 
and various Excel add-ins, commercial statistical software packages such as SAS or 
Minitab, and more complex business intelligence suites that integrate data with analytical 
software. 


Using Business Analytics 


Tools and techniques of business analytics are used across many areas in a wide variety of 
organizations to improve the management of customer relationships, financial and market- 
ing activities, human capital, supply chains, and many other areas. Leading banks use ana- 
lytics to predict and prevent credit fraud. Investment firms use analytics to select the best 
client portfolios to manage risk and optimize return. Manufacturers use analytics for pro- 
duction planning, purchasing, and inventory managenient. Retailers use analytics to rec- 
ommend products to customers and optimize marketing promotions. Pharmaceutical firms 
use analytics to get life-saving drugs to market more quickly. The leisure and vacation 
industries use analytics to analyze historical sales data, understand customer behavior, 
improve Web site design, and optimize schedules and bookings. Airlines and hotels use 
analytics to dynamically set prices over time to maximize revenue. Even sports teams are 
using business analytics to determine both game strategy and optimal ticket prices.* For 
example, teams use analytics to decide on ticket pricing, who to recruit and trade, what 
combinations of players work best, and what plays to run under different situations. 

Among the many organizations that use analytics to make strategic decisions and 
manage day-to-day operations are Caesars Entertainment, the Cleveland Indians base- 
ball, Phoenix Suns basketball, and New England Patriots football teams, Amazon.com, 
Procter & Gamble, United Parcel Service (UPS), and Capital One bank. It was reported 
that nearly all firms with revenues of more than $100 million are using some form of busi- 
ness analytics. 

Some common types of business decisions that can be enhanced by using analytics 
include 


® pricing (for example, setting prices for consumer and industrial goods, govern- 
ment contracts, and maintenance contracts), 

m customer segmentation (for example, identifying and targeting key customer 
groups in retail, insurance, and credit card industries), 

= merchandising (for example, determining brands to buy, quantities, and 
allocations), 

® location (for example, finding the best location for bank branches and ATMs, or 
where to service industrial equipment), 

@ supply chain design (for example, determining the best sourcing and transporta- 
tion options and finding the best delivery routes), 


3Liberatore and Luo, “The Analytics Movement”. 


“Jim Davis, “8 Essentials of Business Analytics,” in “Brain Trust—Enabling the Confident Enterprise with 
Business Analytics” (Cary, NC: SAS Institute, Inc., 2010): 27-29. Wwww.sas.com/bareport 
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@ staffing (for example, ensuring the appropriate staffing levels and capabilities and 
hiring the right people—sometimes referred to as “people analytics”), 

@ health care (for example, scheduling operating rooms to improve utilization, 
improving patient flow and waiting times, purchasing supplies, predicting health 
risk factors), 


and many others in operations management, finance, marketing, and human resources—in 
fact, in every discipline of business.” 

Various research studies have discovered strong relationships between a company’s per- 
formance in terms of profitability, revenue, and shareholder return and its use of analytics. 
Top-performing organizations (those that outperform their competitors) are three times more 
likely to be sophisticated in their use of analytics than lower performers and are more likely 
to state that their use of analytics differentiates them from competitors.° However, research 
has also suggested that organizations are overwhelmed by data and struggle to understand 
how to use data to achieve business results and that most organizations simply don’t under- 
stand how to use analytics to improve their businesses. Thus, understanding the capabilities 
and techniques of analytics is vital to managing in today’s business environment. 

So, no matter what your job position in an organization is or will be, the study of 
analytics will be quite important to your future success. You may find many uses in your 
everyday work for the Excel-based tools that we will study. You may not be skilled in all 
the technical nuances of analytics and supporting software, but you will, at the very least, 
be a consumer of analytics and work with analytics professionals to support your analy- 
ses and decisions. For example, you might find yourself on project teams with managers 
who know very little about analytics and analytics experts such as statisticians, program- 
mers, and economists. Your role might be to ensure that analytics is used properly to solve 
important business problems. 


impacts and Chalienges 


The benefits of applying business analytics can be significant. Companies report reduced 
costs, better risk management, faster decisions, better productivity, and enhanced 
bottom-line performance such as profitability and customer satisfaction. For example, 
1-800-Flowers.com used analytic software to target print and online promotions with 
greater accuracy; change prices and offerings on its Web site (sometimes hourly); and opti- 


mize its marketing, shipping, distribution, and manufacturing operations, resulting in a 


“41° . . ah 
$50 million cost savings in one year. 


Business analytics is changing how managers make decisions.® To thrive in today’s busi- 
ness world, organizations must continually innovate to differentiate themselves from competi- 
tors, seek ways to grow revenue and market share, reduce costs, retain existing customers and 
acquire new ones, and become faster and leaner. IBM suggests that traditional management 


‘Thomas H. Davenport, “How Organizations Make Better Decisions,” edited excerpt of an article dis- 
tributed by the International Institute for Analytics published in “Brain Trust—Enabling the Confident 
Enterprise with Business Analytics” (Cary, NC: SAS Institute, Inc., 2010): 8-11. www.sas.com/bareport 
°Thomas H. Davenport and Jeanne G. Harris, Competing on Analytics (Boston: Harvard Business School 
Press, 2007): 46; Michael S. Hopkins, Steve LaValle, Fred Balboni, Nina Kruschwitz, and Rebecca Shock- 
ley, “10 Data Points: Information and Analytics at Work,” M/T Sloan Management Review, 52, | (Fall 
2010): 27-31. 

7Jim Goodnight, “The Impact of Business Analytics on Performance and Profitability,” in “Brain Trust— 
Enabling the Confident Enterprise with Business Analytics” (Cary, NC: SAS Institute, Inc., 2010): 4-7. 
www.sas.com/bareport 

8 Analytics: The New Path to Value, a joint MIT Sloan Management Review and IBM Institute for Business 


Value study. 
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approaches are evolving in today’s analytics-driven environment to include more fact-based 
decisions as opposed to judgment and intuition, more prediction rather than reactive decisions, 
and the use of analytics by everyone at the point where decisions are made rather than relying 
on skilled experts in a consulting group.’ Nevertheless, organizations face many challenges in 
developing analytics capabilities, including lack of understanding of how to use analytics, 
competing business priorities, insufficient analytical skills, difficulty in getting good data and 
sharing information, and not understanding the benefits versus perceived costs of analytics 
studies. Successful application of analytics requires more than just knowing the tools; it 
requires a high-level understanding of how analytics supports an organization’s competitive 
strategy and effective execution that crosses multiple disciplines and managerial levels. 

In 2011, a survey by Bloomberg Businessweek Research Services and SAS concluded 
that business analytics was still in the “emerging stage” and was used only narrowly within 
business units, not across entire organizations. The study also noted that many organiza- 
tions lacked analytical talent, and those that did have analytical talent often didn’t know 
how to apply the results properly. While analytics was used as part of the decision-making 
process in many organizations, most business decisions are still based on intuition.'° 
Today, business analytics has matured in many organizations, but many more opportunities 
still exist. These opportunities are reflected in the job market for analytics professionals, or 
“data scientists,” as some call them. McKinsey & Company suggested that there is a short- 
age of qualified data scientists. |! 


Mt CHECK YOUR UNDERSTANDING 


Explain why analytics is important in today’s business environment. 
Define business analytics. 
State three examples of how business analytics is used in organizations. 


What are the key benefits of using business analytics? 


QF oN a 


. What challenges do organizations face in using analytics? 


"a Evolution of Business Analytics 


Analytical methods, in one form or another, have been used in business for more than a 
century. The core of business analytics consists of three disciplines: business intelligence 
and information systems, statistics, and modeling and optimization. 


Analytic Foundations 


The modern evolution of analytics began with the introduction of computers in the late 
1940s and their development through the 1960s and beyond. Early computers provided the 
ability to store and analyze data in ways that were either very difficult or impossible to do 
manually. This facilitated the collection, management, analysis, and reporting of data, which 


Business Analytics and Optimization for the Intelligent Enterprise” (April 2009). www.ibm.com/qbs/ 
intelligent-enterprise 

'°Bloomberg Businessweek Research Services and SAS, “The Current State of Business Analytics: Where 
ie We Go From Here?” (2011). 

'l Andrew Jennings, “What Makes a Good Data Scientist?” Analytics Magazine (July-August 2013): 8-13 
www.analytics-magazine.org i. 


Chapter 1 Introduction to Business Analytics 35 


is often called business intelligence (BI), a term that was coined in 1958 by an IBM 
researcher, Hans Peter Luhn.'* Business intelligence software can answer basic questions 
such as “How many units did we sell last month?” “What products did customers buy and 
how much did they spend?” “How many credit card transactions were completed yester- 
day?” Using BI, we can create simple rules to flag exceptions automatically; for example, a 
bank can easily identify transactions greater than $10,000 to report to the Internal Revenue 
Service.!* BI has evolved into the modern discipline we now call information systems (IS). 

Statistics has a long and rich history, yet only rather recently has it been recognized as 
an important element of business, driven to a large extent by the massive growth of data in 
today’s world. Google’s chief economist noted that statisticians surely have one of the best 
jobs.!* Statistical methods allow us to gain a richer understanding of data that goes beyond 
business intelligence reporting by not only summarizing data succinctly but also finding 
unknown and interesting relationships among the data. Statistical methods include the 
basic tools of description, exploration, estimation, and inference, as well as more advanced 
techniques like regression, forecasting, and data mining. 

Much of modern business analytics stems from the analysis and solution of complex 
decision problems using mathematical or computer-based models—a discipline known as 
operations research, or management science. Operations research (OR) was born from 
efforts to improve military operations prior to and during World War II. After the war, 
scientists recognized that the mathematical tools and techniques developed for military 
applications could be applied successfully to problems in business and industry. A sig- 
nificant amount of research was carried on in public and private think tanks during the 
late 1940s and through the 1950s. As the focus on business applications expanded, the 
term management science (MS) became more prevalent. Many people use the terms opera- 
tions research and management science interchangeably, so the field became known as 
Operations Research/Management Science (OR/MS). Many OR/MS applications use 
modeling and optimization—techniques for translating real problems into mathematics, 
spreadsheets, or various computer languages, and using them to find the best (“optimal”) 
solutions and decisions. INFORMS, the Institute for Operations Research and the Manage- 
ment Sciences, is the leading professional society devoted to OR/MS and analytics and 
publishes a bimonthly magazine called Analytics (http://analytics-magazine.org/). Digital 
subscriptions may be obtained free of charge at the Web site. 


Modern Business Analytics 


Modern business analytics can be viewed as an integration of BI/IS, statistics, and model- 
ing and optimization, as illustrated in Figure 1.1. While these core topics are traditional 
and have been used for decades, the uniqueness lies in their intersections. For example, 
data mining is focused on better understanding characteristics and patterns among vari- 
ables in large databases using a variety of statistical and analytical tools. Many standard 
statistical tools as well as more advanced ones are used extensively in data mining. Simu- 
lation and risk analysis relies on spreadsheet models and statistical analysis to examine 
the impacts of uncertainty in estimates and their potential interaction with one another on 
the output variable of interest. 


!2 HP. Luhn, “A Business Intelligence System.” JBM Journal (October 1958). 

13Jim Davis, “Business Analytics: Helping You Put an Informed Foot Forward,” in “Brain Trust—Enabling 
the Confident Enterprise with Business Analytics,” (Cary, NC: SAS Institute, Inc., 2010): 4-7. www.sas 
.com/bareport 

l4James J. Swain, “Statistical Software in the Age of the Geek,” Analytics Magazine (March -April 2013): 
48-55. 
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» Figure 1.1 


A Visual Perspective of 
Business Analytics 
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Decision support systems (DSSs) began to evolve in the 1960s by combining busi- 
ness intelligence concepts with OR/MS models to create analytical-based computer sys- 
tems to support decision making. DSSs include three components: 


1, Data management. The data management component includes databases for 
storing data and allows the user to input, retrieve, update, and manipulate data. 

2. Model management. The model management component consists of various 
statistical tools and management science models and allows the user to easily 
build, manipulate, analyze, and solve models. 

3. Communication system. The communication system component provides the 
interface necessary for the user to interact with the data and model management 
components. !° 


DSSs have been used for many applications, including pension fund management, portfolio 
management, work-shift scheduling, global manufacturing and facility location, advertising- 
budget allocation, media planning, distribution planning, airline operations planning, inven- 
tory control, library management, classroom assignment, nurse scheduling, blood distribution, 
water pollution control, ski-area design, police-beat design, and energy planning. !© 

A key feature of a DSS is the ability to perform what-if analysis—how specific com- 
binations of inputs that reflect key assumptions will affect model outputs. What-if analysis 
is also used to assess the sensitivity of optimization models to changes in data inputs and 
provide better insight for making good decisions. 

Perhaps the most useful component of business analytics, which makes it truly unique, 
is the center of Figure 1.1—visualization. Visualizing data and results of analyses provides 
a way of easily communicating data at all levels of a business and can reveal surprising pat- 
terns and relationships. Software such as IBM’s Cognos system exploits data visualization 


‘William E. Leigh and Michael E. Doherty, Decision Support and Expert Systems (Cincinnati, OH: 
South-Western Publishing Co., 1986). 

'CH. B. Eom and S. M. Lee, “A Survey of Decision Support System Applications (1971—April 1988),” 
Interfaces, 20, 3 (May—June 1990): 65-79, 
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for query and reporting, data analysis, dashboard presentations, and scorecards linking strat- 
egy to operations. The Cincinnati Zoo, for example, has used this on an iPad to display 
hourly, daily, and monthly reports of attendance, food and retail location revenues and sales, 
and other metrics for prediction and marketing strategies. UPS uses telematics to capture 
vehicle data and display them to help make decisions to improve efficiency and performance. 
You may have seen a tag cloud (see the graphic at the beginning of this chapter), which is a 
visualization of text that shows words that appear more frequently with larger fonts. 


Software Support and Spreadsheet Technology 


Many companies, such as IBM, SAS, and Tableau Software, have developed a variety of 
software and hardware solutions to support business analytics. For example, IBM’s Cognos 
Express, an integrated business intelligence and planning solution designed to meet the needs 
of midsize companies, provides reporting, analysis, dashboard, scorecard, planning, budget- 
ing, and forecasting capabilities. It is made up of several modules, including Cognos Express 
Reporter, for self-service reporting and ad hoc query; Cognos Express Advisor, for analysis and 
visualization; and Cognos Express Xcelerator, for Excel-based planning and business analysis. 
Information is presented to users in a context that makes it easy to understand; with an easy- 
to-use interface, users can quickly gain the insight they need from their data to make the right 
decisions and then take action for effective and efficient business optimization and outcome. 
SAS provides a variety of software that integrate data management, business intelligence, and 
analytics tools. SAS Analytics covers a wide range of capabilities, including predictive model- 
ing and data mining, visualization, forecasting, optimization and model management, statisti- 
cal analysis, text analytics, and more. Tableau Software provides simple drag and drop tools 
for visualizing data from spreadsheets and other databases. We encourage you to explore many 
of these products as you learn the basic principles of business analytics in this book. . 
Although commercial software often have powerful features and capabilities, they can 
be expensive, generally require advanced training to understand and apply, and may work 
only on specific computer platforms. Spreadsheet software, on the other hand, is widely 
used across all areas of business and used by nearly everyone. Spreadsheets are an effec- 
tive platform for manipulating data and developing and solving models; they support pow- 
erful commercial add-ins and facilitate communication of results. Spreadsheets provide a 
flexible modeling environment and are particularly useful when the end user is not the 
designer of the model. Teams can easily use spreadsheets and understand the logic upon 
which they are built. Information in spreadsheets can easily be copied from spreadsheets 
into other documents and presentations. A recent survey identified more than 180 commer- 
cial spreadsheet products that support analytics efforts, including data management and 
reporting, data- and model-driven analytical techniques, and implementation. !’ Many 
organizations have used spreadsheets extremely effectively to support decision making in 
marketing, finance, and operations. Some illustrative applications include the following: '® 


m Analyzing supply chains (Hewlett-Packard) 
m Determining optimal inventory levels to meet customer service objectives 


(Procter & Gamble) 


'7Thomas A. Grossman, “Resources for Spreadsheet Analysts,” Analytics Magazine (May/June 2010): 8. 
www.analytics-magazine.org 

'8] arry J. LeBlanc and Thomas A. Grossman, “Introduction: The Use of Spreadsheet Software in the 
Application of Management Science and Operations Research,” Interfaces, 38, 4 (July-August 2008): 
225-227. 
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® Selecting internal projects (Lockheed Martin Space Systems) 

m@ Planning for emergency clinics in response to a sudden epidemic or bioterrorism 
attack (Centers for Disease Control) 

m Analyzing the default risk of a portfolio of real estate loans (Hypo International) 

@ Assigning medical residents to on-call and emergency rotations (University of 
Vermont College of Medicine) 

m@ Performance measurement and evaluation (American Red Cross) 


Some optional software packages for statistical applications that your instructor might 
use are SAS, Minitab, XLSTAT and StatCrunch. These provide many powerful procedures 
as alternatives or supplements to Excel. 

Spreadsheet technology has been influential in promoting the use and acceptance of 
business analytics. Spreadsheets provide a convenient way to manage data, calculations, 
and visual graphics simultaneously, using intuitive representations instead of abstract 
mathematical notation. Although the early applications of spreadsheets were primarily in 
accounting and finance, spreadsheets have developed into powerful general-purpose mana- 
gerial tools for applying techniques of business analytics. The power of analytics in a per- 
sonal computing environment was noted decades ago by business consultants Michael 
Hammer and James Champy, who said, “When accessible data is combined with easy-to- 
use analysis and modeling tools, frontline workers—when properly trained—suddenly 
have sophisticated decision-making capabilities.”!° 


CS oe ee oe ee ee 
ANALYTICS IN PRACTICE: Social Media Analytics 


One of the emerging applications of analytics is helping 
businesses learn from social media and exploit social 


in 2012, has the potential to improve situational knowl- 
edge in emergency and disaster management practices. 


media data for strategic advantage.?° Using analytics, 
firms can integrate social media data with traditional data 
sources such as customer surveys, focus groups, and 
sales data; understand trends and customer perceptions 
of their products; and create informative reports to assist 
marketing managers and product designers. 

Social media analytics is useful in decision making in 
many business domains to understand how user-generated 
content spreads and influences user interactions, how 
information is transmitted, and how it influences decisions. 
A review of research published in social media analytics 
provides numerous examples:?! 


m= The analysis of public responses from social media 
before, during, and after disasters, such as the 2010 
Haiti earthquake and Hurricane Sandy in New York City 


Social media platforms enable citizens’ engagement with 
politicians, governments, and other citizens. Studies 
have examined how voters discuss the candidates dur- 
ing an election, how candidates are adopting Twitter for 
campaigning and influencing conversations in the pub- 
lic space, and how presidential candidates in the United 
States used Twitter to engage people and identify the 
topics mentioned by candidates during their campaigns. 
Others have used analytics to track political preference by 
monitoring online popularity. 

In the entertainment industry, one study analyzed viewer 
ratings to predict the impact on revenue for upcoming 
movies. Another developed a web intelligence application 
to aggregate the news about popular TV serials and iden- 
tify emerging storylines. 


Michael Hammer and James Champy, Reengineering the Corporation (New York: HarperBusiness, 
1993): 96. 


Fim Davis, “Convergence—Taking Social Media from Talk to Action.” SASCOM (First Quarter 2011): 17. 


*'Ashish K. Rathore, Arpan K. Kar, and P. Vigneswara [lavarasana, “Social Media Analytics: Literature 
Review and Directions for Future Research,” Decision Analysis, 14, 4 (December 2017): 229-249, 
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= Retail organizations monitor and analyze social media and empowerment. One researcher classified vari- 
data about their own products and services and also Ous online health communities, such as a diabetes 
about their competitors’ products and services to stay patients’ community, using posts from WebMD.com. 
competitive. For instance, one study analyzed different Another analyzed physical activity-related tweets for 
product features based on rankings from users’ online a better understanding of physical activity behaviors. 
reviews. To predict the spread of influenza, one researcher 

m The integration of social media application and developed a forecasting approach using flu-related 
health care leads to better patient management tweets. 


In this book, we use Microsoft Excel as the primary platform for implementing ana- 
lytics. In the Chapter | Appendix, we review some key Excel skills that you should have 
before moving forward in this book. 

The main chapters in this book are designed using Excel 2016 for Windows or Excel 
2016 for Mac. Earlier versions of Excel do not have all the capabilities that we use in this 
book. In addition, some key differences exist between Windows and Mac versions that 
we will occasionally point out. Thus, some Excel tools that we will describe in chapter 
appendixes require you to use Excel for Windows, Office 365, or Google Sheets, and will 
not run on Excel for Mac; these are optional to learn, and are not required for any examples 
or problems. Your instructor may use optional software, such as XLSTAT and StatCrunch, 
which are provided by the publisher (Pearson), or Analytic Solver, which is described in 
online supplements to this book. 


Ba CHECK YOUR UNDERSTANDING 


Provide two examples of questions that business intelligence can address. 
How do statistical methods enhance business intelligence reporting? 


What is operations research/management science? 


fe eh’ = 


How does modern business analytics integrate traditional disciplines of BI, statistics, 
and modeling/optimization? 


5. What are the components of a decision support system? 


a Descriptive, Predictive, and Prescriptive Analytics 


Business analytics begins with the collection, organization, and manipulation of data and 


is supported by three major components:~* 


1. Descriptive analytics. Most businesses start with descriptive analytics—the 
use of data to understand past and current business performance and make 
informed decisions. Descriptive analytics is the most commonly used and most 
well-understood type of analytics. These techniques categorize, characterize, 
consolidate, and classify data to convert them into useful information for the 
purposes of understanding and analyzing business performance. Descriptive 


22Parts of this section are adapted from Irv Lustig, Brenda Dietric, Christer Johnson, and Christopher 
Dziekan, “The Analytics Journey,” Analytics (November/December 2010). http://analytics-magazine.org/ 
novemberdecember-2010-table-of-contents/ 
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analytics summarizes data into meaningful charts and reports, for example, 
about budgets, sales, revenues, or cost. This process allows managers to obtain 
standard and customized reports and then drill down into the data and make 
queries to understand the impact of an advertising campaign, such as reviewing 
business performance to find problems or areas of opportunity, and identifying 
patterns and trends in data. Typical questions that descriptive analytics helps 
answer are “How much did we sell in each region?” “What was our revenue and 
profit last quarter?” “How many and what types of complaints did we resolve?” 
“Which factory has the lowest productivity?’ Descriptive analytics also helps 
companies to classify customers into different segments, which enables them to 
develop specific marketing campaigns and advertising strategies. 


. Predictive analytics. Predictive analytics seeks to predict the future by exam- 


ining historical data, detecting patterns or relationships in these data, and then 
extrapolating these relationships forward in time. For example, a marketer 
might wish to predict the response of different customer segments to an adver- 
tising campaign, a commodities trader might wish to predict short-term move- 
ments in commodities prices, or a skiwear manufacturer might want to predict 
next season’s demand for skiwear of a specific color and size. Predictive analyt- 
ics can predict risk and find relationships in data not readily apparent with tradi- 
tional analyses. Using advanced techniques, predictive analytics can help detect 
hidden patterns in large quantities of data, and segment and group data into 
coherent sets to predict behavior and detect trends. For instance, a bank man- 
ager might want to identify the most profitable customers, predict the chances 
that a loan applicant will default, or alert a credit card customer to a potential 
fraudulent charge. Predictive analytics helps to answer questions such as “What 
will happen if demand falls by 10% or if supplier prices go up 5%?” “What do 
we expect to pay for fuel over the next several months?” “What is the risk of 
losing money in a new business venture?” 


. Prescriptive analytics. Many problems, such as aircraft or employee scheduling 


and supply chain design, simply involve too many choices or alternatives for 
a human decision maker to effectively consider. Prescriptive analytics uses 
optimization to identify the best alternatives to minimize or maximize some 
objective. Prescriptive analytics is used in many areas of business, including 
operations, marketing, and finance. For example, we may determine the best 
pricing and advertising strategy to maximize revenue, the optimal amount of 
cash to store in ATMs, or the best mix of investments in a retirement portfolio 
to manage risk. Prescriptive analytics addresses questions such as “How much 
should we produce to maximize profit?” “What is the best way of shipping 
goods from our factories to minimize costs?” “Should we change our plans 
if a natural disaster closes a supplier’s factory, and if so, by how much?” The 
mathematical and statistical techniques of predictive analytics can also be com- 
bined with prescriptive analytics to make decisions that take into account the 
uncertainty in the data. 


A wide variety of tools are used to support business analytics. These include 


Database queries and analysis 

“Dashboards” to report key performance measures 
Data visualization 

Statistical methods 

Spreadsheets and predictive models 
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ANALYTICS IN PRACTICE: Analytics in the Home Lending and 
Mortgage Industry** 


Sometime during their lives, most Americans will receive 
a mortgage loan for a house or condominium. The pro- 
cess starts with an application. The application contains 
all pertinent information about the borrower that the lender 
will need. The bank or mortgage company then initiates 
a process that leads to a loan decision. It is here that 
key information about the borrower is provided by third- 
party providers. This information includes a credit report, 
verification of income, verification of assets, verification of 
employment, and an appraisal of the property. The result 
of the processing function is a complete loan file that 
contains all the information and documents needed to 
underwrite the loan, which is the next step in the process. 
Underwriting is where the loan application is evaluated for 
its risk. Underwriters evaluate whether the borrower can 
make payments on time, can afford to pay back the loan, 
and has sufficient collateral in the property to back up the 
loan. In the event the borrower defaults on their loan, the 
lender can sell the property to recover the amount of the 
loan. But if the amount of the loan is greater than the value 
of the property, then the lender cannot recoup their money. 
If the underwriting process indicates that the borrower is 
creditworthy and has the capacity to repay the loan and 
the value of the property in question is greater than the 
loan amount, then the loan is approved and will move to 
closing. Closing is the step where the borrower signs all 
the appropriate papers, agreeing to the terms of the loan. 

In reality, lenders have a lot of other work to do. First, 
they must perform a quality control review on a sample 
of the loan files that involves a manual examination of all 
the documents and information gathered. This process 
is designed to identify any mistakes that may have been 
made or information that is missing from the loan file. 
Because lenders do not have unlimited money to lend to 
borrowers, they frequently sell the loan to a third party so 
that they have fresh capital to lend to others. This occurs 
in what is called the secondary market. Freddie Mac and 
Fannie Mae are the two largest purchasers of mortgages 
in the secondary market. The final step in the process 
is servicing. Servicing includes all the activities associ- 
ated with providing the customer service on the loan, like 
processing payments, managing property taxes held in 
escrow, and answering questions about the loan. 


23Contributed by Craig Zielazny, BlueNote Analytics, LLC. 


In addition, the institution collects various operational 
data on the process to track its performance and effi- 
ciency, including the number of applications, loan types and 
amounts, cycle times (time to close the loan), bottlenecks in 
the process, and so on. Many different types of analytics are 
used: 

Descriptive analytics—This focuses on historical reporting, 
addressing such questions as 


@ How many loan applications were taken in each of the 
past 12 months? 

= What was the total cycle time from application to close? 

a What was the distribution of loan profitability by 
credit score and loan-to-value (LTV), which is the 
mortgage amount divided by the appraised value of 
the property? 


Predictive analytics—Predictive modeling uses mathemati- 
cal, spreadsheet, and statistical models and addresses ques- 
tions such as 


m What impact on loan volume will a given marketing pro- 
gram have? 

m How many processors or underwriters are needed for a 
given loan volume? 

a Will a given process change reduce cycle time? 


Prescriptive analytics—This involves the use of simulation or 
optimization to drive decisions. Typical questions include 


m What is the optimal staffing to achieve a given profitability 
constrained by a fixed cycle time? 

m What is the optimal product mix to maximize profit con- 
strained by fixed staffing? 


The mortgage market has become much more dynamic 
in recent years due to rising home values, falling interest 
rates, new loan products, and an increased desire by home 
owners to utilize the equity in their homes as a financial 
resource. This has increased the complexity and variability of 
the mortgage process and created an opportunity for lenders 
to proactively use the data that are available to them as a tool 
for managing their business. To ensure that the process is 
efficient, effective, and performed with quality, data and ana- 
lytics are used every day to track what is done, who is doing 
it, and how long it takes. 
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Simulation 
Forecasting 

Data and text mining 
Optimization 


Scenario and “what-if” analyses 


Social media, Web, and text analytics 


Although the tools used in descriptive, predictive, and prescriptive analytics are 
different, many applications involve all three. Here is a typical example in retail operations. 


Retail Markdown Decisions 


As you probably know from your shopping experiences, 
most department stores and fashion retailers clear their sea- 
sonal inventory by reducing prices. The key question they 
face is what prices should they set—and when should they 
set them—to meet inventory goals and maximize revenue? 
For example, suppose that a store has 100 bathing suits 
of a certain style that go on sale on April 1 and wants to 
sell all of them by the end of June. Over each week of the 
12-week selling season, they can make a decision to dis- 
count the price. They face two decisions: When to reduce 
the price, and by how much. This results in 24 decisions to 


make. For a major national chain that may carry thousands 
of products, this can easily result in millions of decisions that 
store managers have to make. Descriptive analytics can be 
used to examine historical data for similar products, such as 
the number of units sold, price at each point of sale, starting 
and ending inventories, and special promotions, newspaper 
ads, direct marketing ads, and so on, to understand what the 
results of past decisions achieved. Predictive analytics can 
be used to predict sales based on pricing decisions. Finally, 
prescriptive analytics can be applied to find the best set of 
pricing decisions to maximize the total revenue. 


a. CHECK YOUR UNDERSTANDING 


1. Define descriptive analytics and provide two examples. 


2. Define predictive analytics and provide two examples. 


3. Define prescriptive analytics and provide two examples. 


oe Data for Business Analytics 


Since the dawn of the electronic age and the Internet, both individuals and organizations have 
had access to an enormous wealth of data and information. Most data are collected through 
some type of measurement process, and consist of numbers (e.g., sales revenues) or tex- 
tual data (e.g., customer demographics such as gender). Other data might be extracted from 
social media, online reviews, and even audio and video files. Information comes from analyz- 
ing data—that is, extracting meaning from data to support evaluation and decision making. 
Data are used in virtually every major function in a business. Modern organizations— 
which include not only for-profit businesses but also nonprofit organizations—need good 
data to support a variety of company purposes, such as planning, reviewing company per- 
formance, improving operations, and comparing company performance with competitors’ 


“Inspired by a presentation by Radhika Kulkarni, SAS Institute, “Data-Driven Decisions: Role of 
Operations Research in Business Analytics,” INFORMS Conference on Business Analytics and Operations 
Research, April 10-12, 2011. 


Chapter 1 Introduction to Business Analytics 43 


or best-practice benchmarks. Some examples of how data are used in business include the 
following: 


@ Annual reports summarize data about companies’ profitability and market 
share both in numerical form and in charts and graphs to communicate with 
shareholders. 

m™ Accountants conduct audits to determine whether figures reported on a firm’s 
balance sheet fairly represent the actual data by examining samples (that is, sub- 
sets) of accounting data, such as accounts receivable. 

@ Financial analysts collect and analyze a variety of data to understand the contri- 
bution that a business provides to its shareholders. These typically include profit- 
ability, revenue growth, return on investment, asset utilization, operating margins, 
earnings per share, economic value added (EVA), shareholder value, and other 
relevant measures. 

® Economists use data to help companies understand and predict population trends, 
interest rates, industry performance, consumer spending, and international trade. 
Such data are often obtained from external sources such as Standard & Poor’s 
Compustat data sets, industry trade associations, or government databases. 

m Marketing researchers collect and analyze extensive customer data. These data 
often consist of demographics, preferences and opinions, transaction and pay- 
ment history, shopping behavior, and much more. Such data may be collected 
by surveys, personal interviews, or focus groups, or from shopper loyalty 
cards. 

@ Operations managers use data on production performance, manufacturing qual- 
ity, delivery times, order accuracy, supplier performance, productivity, costs, and 
environmental compliance to manage their operations. 

m Human resource managers measure employee satisfaction, training costs, turn- 
over, market innovation, training effectiveness, and skills development. 


Data may be gathered from primary sources such as internal company records and business 
transactions, automated data-capturing equipment, and customer market surveys and from 
secondary sources such as government and commercial data sources, custom research pro- 
viders, and online research. 

Perhaps the most important source of data today is data obtained from the Web. With 
today’s technology, marketers collect extensive information about Web behaviors, such as 
the number of page views, visitor’s country, time of view, length of time, origin and desti- 
nation paths, products they searched for and viewed, products purchased, and what reviews 
they read. Using analytics, marketers can learn what content is being viewed most often, 
what ads were clicked on, who the most frequent visitors are, and what types of visitors 
browse but don’t buy. Not only can marketers understand what customers have done, but 
they can better predict what they intend to do in the future. For example, if a bank knows 
that a customer has browsed for mortgage rates and homeowner’s insurance, they can tar- 
get the customer with homeowner loans rather than credit cards or automobile loans. Tra- 
ditional Web data are now being enhanced with social media data from Facebook, cell 
phones, and even Internet-connected gaming devices. 

As one example, a home furnishings retailer wanted to increase the rate of sales for 
customers who browsed their Web site. They developed a large data set that covered more 
than 7,000 demographic, Web, catalog, and retail behavioral attributes for each customer. 
They used predictive analytics to determine how well a customer would respond to differ- 
ent e-mail marketing offers and customized promotions to individual customers. This not 
only helped them to determine where to most effectively spend marketing resources but 
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also doubled the response rate compared to previous marketing campaigns, with a projected 
and multimillion dollar increase in sales. 


Big Data 


Today, nearly all data are captured digitally. As a result, data have been growing at an over- 
whelming rate, being measured by terabytes (10! bytes), petabytes ( 10!° bytes), exabytes 
(10'* bytes), and even by higher-dimensional terms. Just think of the amount of data stored 
on Facebook, Twitter, or Amazon servers, or the amount of data acquired daily from scan- 
ning items at a national grocery chain such as Kroger and its affiliates. Walmart, for instance, 
has over one million transactions each hour, yielding more than 2.5 petabytes of data. Ana- 
lytics professionals have coined the term big data to refer to massive amounts of business 
data from a wide variety of sources, much of which is available in real time. IBM calls these 
characteristics volume, variety, and velocity. Most often, big data revolve around customer 
behavior and customer experiences. Big data provide an opportunity for organizations to 
gain a competitive advantage—if the data can be understood and analyzed effectively to 
make better business decisions. 

The volume of data continues to increase; what is considered “big” today will be 
even bigger tomorrow. In one study of information technology (IT) professionals in 2010, 
nearly half of survey respondents ranked data growth among their top three challenges. 
Big data are captured using sensors (for example, supermarket scanners), click streams 
from the Web, customer transactions, e-mails, tweets and social media, and other ways. 
Big data sets are unstructured and messy, requiring sophisticated analytics to integrate 
and process the data and understand the information contained in them. Because much big 
data are being captured in real time, they must be incorporated into business decisions at 
a faster rate. Processes such as fraud detection must be analyzed quickly to have value. In 
addition to volume, variety, and velocity, IBM proposed a fourth dimension: veracity—the 
level of reliability associated with data. Having high-quality data and understanding the 
uncertainty in data are essential for good decision making. Data veracity is an important 
role for statistical methods. 

Big data can help organizations better understand and predict customer behavior and 
improve customer service. A study by the McKinsey Global Institute noted that, “The 
effective use of big data has the potential to transform economies, delivering a new wave of 
productivity growth and consumer surplus. Using big data will become a key basis of com- 
petition for existing companies, and will create new competitors who are able to attract 
employees that have the critical skills for a big data world’’*° However, understanding big 
data requires advanced analytics tools such as data mining and text analytics, and new 
technologies such as cloud computing, faster multi-core processors, large memory spaces, 
and solid-state drives. 


Data Reliability and Validity 


Poor data can result in poor decisions. In one situation, a distribution system design model 
relied on data obtained from the corporate finance department. Transportation costs were 


Based on a presentation by Bill Franks of Teradata, “Optimizing Customer Analytics: How Customer 
Level Web Data Can Help,” INFORMS Conference on Business Analytics and Operations Research, April 
10-12, 2011. 

James Manyika, Michael Chui, Brad Brown, Jacques Bughin, Richard Dobbs, Charles Roxburgh, 
and Angela Hung Byers, “Big Data: The Next Frontier for Innovation, Competition, and Productivity,” 
McKinsey & Company May 2011. 
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determined using a formula based on the latitude and longitude of the locations of plants 
and customers. But when the solution was represented ona geographic information system 
(GIS) mapping program, one of the customers was located in the Atlantic Ocean. 

Thus, data used in business decisions need to be reliable and valid. Reliability means 
that data are accurate and consistent. Validity means that data correctly measure what they 
are supposed to measure. For example, a tire pressure gauge that consistently reads several 
pounds of pressure below the true value is not reliable, although it is valid because it does 
measure tire pressure. The number of calls to a customer service desk might be counted 
correctly each day (and thus is a reliable measure), but it is not valid if it is used to assess 
customer dissatisfaction, as many calls may be simple queries. Finally, a survey question 
that asks a customer to rate the quality of the food in a restaurant may be neither reliable 
(because different customers may have conflicting perceptions) nor valid (if the intent is to 
measure customer satisfaction, as satisfaction generally includes other elements of service 
besides food). 


tee CHECK YOUR UNDERSTANDING 


1. State three examples of how data are used in different business functions. 
2. How are data obtained from the Web used in marketing and business? 
3. Define big data and list the four characteristics of big data. 


4. Explain the concepts of data reliability and validity. 


as Models in Business Analytics 


To make an informed decision, we must be able to specify the decision alternatives that 
represent the choices that can be made and criteria for evaluating the alternatives. Specify- 
ing decision alternatives might be very simple; for example, you might need to choose one 
of three corporate health plan options. Other situations can be more complex; for example, 
in locating a new distribution center, it might not be possible to list just a small number of 
alternatives. The set of potential locations might be anywhere in the United States or even 
across the globe. Decision criteria might be to maximize discounted net profits, customer 
satisfaction, or social benefits or to minimize costs, environmental impact, or some mea- 
sure of loss. 

Many decision problems can be formalized using a model. A model is an abstraction 
or representation of a real system, idea, or object. Models capture the most important fea- 
tures of a problem and present them in a form that is easy to interpret. A model can be as 
simple as a written or verbal description of some phenomenon, a visual representation such 
as a graph or a flowchart, or a mathematical or spreadsheet representation. Example 1.2 
illustrates three ways to express a model. 

A decision model is a logical or mathematical representation of a problem or business 
situation that can be used to understand, analyze, or facilitate making a decision. Decision 
models can be represented in various ways, most typically with mathematical functions and 
spreadsheets. Spreadsheets are ideal vehicles for implementing decision models because 
of their versatility in managing data, evaluating different scenarios, and presenting results 
in a meaningful fashion. We will focus on spreadsheet models beginning with Chapter 11. 
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Three Forms of a Model 


Models are usually developed from theory or observation 
and establish relationships between actions that decision 
makers might take and results that they might expect, 
thereby allowing the decision makers to evaluate scenarios 
or to predict what might happen. For example, the sales 
of a new product, such as a first-generation iPad, Android 
phone, or 3-D television, often follow a common pattern. 
We might represent this in one of the three following ways: 


A simple verbal description of sales might be: The rate 
of sales starts small as early adopters begin to evaluate 
anew product and then begins to grow at an increasing 
rate over time as positive customer feedback spreads. 


Eventually, the market begins to become saturated, and 
the rate of sales begins to decrease. 

A sketch of sales as an S-shaped curve over time, as 
shown in Figure 1.2, is a visual model that conveys this 
phenomenon. 

Finally, analysts might identify a mathematical model 
that characterizes this curve. Several different math- 
ematical functions do this; one is called a Gom- 

pertz curve and has the formula: S = aero where 

S = sales, t = time, e is the base of natural logarithms, 
and a, b, and c are constants. Of course, you would not 
be expected to know this; that’s what analytics profes- 
sionals do. 


Decision models typically have three types of input: 


1. Data, which are assumed to be constant for purposes of the model. Some exam- 
ples are costs, machine capacities, and intercity distances. 

2. Uncontrollable inputs, which are quantities that can change but cannot be 
directly controlled by the decision maker. Some examples are customer demand, 
inflation rates, and investment returns. Often, these variables are uncertain. 

3. Decision options, which are controllable and can be selected at the discre- 
tion of the decision maker. Some examples are production quantities, staffing 
levels, and investment allocations. Decision options are often called decision 


variables. 


Decision models characterize the relationships among these inputs and the outputs 
of interest to the decision maker (see Figure 1.3). In this way, the user can manipulate 
the decision options and understand how they influence outputs, make predictions for the 
future, or use analytical tools to find the best decisions. Thus, decision models can be 
descriptive, predictive, or prescriptive and therefore are used in a wide variety of business 


analytics applications. 
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> Figure 1.3 
The Nature of Decision 


Models 


Data, Uncontrollable Measures of 
Inputs, and 


Decision Performance or 
Model 


Decision Options Behavior 


Decision models complement decision makers’ intuition and often provide insights 
that intuition cannot. For example, one early application of analytics in marketing involved 
a study of sales operations. Sales representatives had to divide their time between large 
and small customers and between acquiring new customers and keeping old ones. The 
problem was to determine how the representatives should best allocate their time. Intuition 
suggested that they should concentrate on large customers and that it was much harder to 
acquire a new customer than to keep an old one. However, intuition could not tell whether 
they should concentrate on the 100 largest or the 1,000 largest customers, or how much 
effort to spend on acquiring new customers. Models of sales force effectiveness and cus- 
tomer response patterns provided the insight to make these decisions. However, it is impor- 
tant to understand that all models are only representations of the real world and, as such, 
cannot capture every nuance that decision makers face in reality. Decision makers must 
often modify the policies that models suggest to account for intangible factors that they 
might not have been able to incorporate into the model. 


Descriptive Models 


Descriptive models explain behavior and allow users to evaluate potential decisions by 
asking “what-if?” questions. The following example illustrates a simple descriptive math- 
ematical model. 


Gasoline Usage Model 


Automobiles have different fuel economies (miles per gal- When developing mathematical models, it is very 
lon), and commuters drive different distances to work or important to use the dimensions of the variables to ensure 
school. Suppose that a state Department of Transportation logical consistency. In this example, we see that 


(DOT) is interested in measuring the average monthly fuel 
consumption of commuters in a certain city. The DOT might 
sample a group of commuters and collect information on the Thus, the total number of miles driven per month = m xd 
number of miles driven per day, the number of driving days + a. If the vehicle gets f miles/gallon, then the total number 
per month, the fuel economy of their vehicles, and additional of gallons consumed per month is 

miles driven per month for leisure and household activities. 
We may develop a simple descriptive model for calculating 
the amount of gasoline consumed, using the following sym- 
bols for the data: Suppose that a commuter drives 30 miles round trip to work 
for 20 days each month, achieves a fuel economy of 34 mpg, 
and drives an additional 250 miles each month. Using for- 
mula (1.1), the number of gallons consumed is 


(m miles/day) x (d days/month) = m xd miles/month 


G = (m Xd + a miles/month)/(f miles/gallon) 
=(m Xd + a)/f gallons/month (1.1) 


G = gallons of fuel consumed per month 
= miles driven per day to and from work or school 
number of driving days per month 
fuel economy in miles per gallon (mpg) G = (30 X 20 + 250)/34 = 25.0 gallons/month 
= additional miles for leisure and household activities 

per month 


II 
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In the previous example, we have no decision options; the model is purely descriptive, 
but allows us to evaluate “what-if?” questions, for example, ““What if we purchase a hybrid 
vehicle with a fuel economy of 45 miles/gallon?” “What if leisure and household activ- 
ity driving increases to 400 miles/month?’” Most of the models we will be using include 
decision options. As an example, suppose that a manufacturer has the option of producing 
a part in house or outsourcing it from a supplier (the decision options). Should the firm 
produce the part or outsource it? The decision depends on the costs of manufacturing and 
outsourcing, as well as the anticipated volume of demand (the uncontrollable inputs). By 
developing a model to evaluate the total cost of both alternatives (the outputs), the best 


> Figure 1.4 


decision can be made. 


Suppose that a manufacturer can produce a part for 
$125/unit with a fixed cost of $50,000. The alternative is to 
outsource production to a supplier at a unit cost of $175. 
The total manufacturing and outsourcing costs can be 
expressed by simple mathematical formulas, where Q is the 
production volume: 


TC (manufacturing) = $50,000 + $125 x Q (1.2) 
TC (outsourcing) = $175 x Q (1.3) 


These formulas comprise the decision model, 
which simply describes what the costs of manu- 
facturing and outsourcing are for any level of pro- 
duction volume. Thus, if the anticipated production 
volume is 1,500 units, the cost of manufacturing will be 
$50,000 + $125 x 1,500 = $237,500, and the cost 
of outsourcing would be $175 x 1,500 = $262,500; 


$400,000 - 


An Outsourcing Decision Model 


therefore, manufacturing would be the best decision. 
On the other hand, if the anticipated production vol- 
ume is only 800 units, the cost of manufacturing will be 
$50,000 + $125 x 800 = $150,000 and the cost of out- 
sourcing would be $175 x 800 = $140,000, and the 
best decision would be to outsource. If we graph the 
two total cost formulas, we can easily see how the costs 
compare for different values of Q. This is shown graphi- 
caily in Figure 1.4. The point at which the total costs of 
manufacturing and outsourcing are equal is called the 
break-even volume. This can easily be found by setting 
TC (manufacturing) = TC (outsourcing) and solving for Q: 


$50,000 + $125 x Q = $175 xX Q 
$50,000 = 50 xQ 
Q = 1,000 
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Predictive models focus on what will happen in the future. Many predictive models are 
developed by analyzing historical data and assuming that the past is representative of the 
future. Example 1.5 shows how historical data might be used to develop a model that can be 
used to predict the impact of pricing and promotional strategies in the grocery industry.’ 


In the grocery industry, managers typically need to know 
how best to use pricing, coupons, and advertising strate- 
gies to influence sales. Grocers often study the relationship 
of sales volume to these strategies by conducting con- 
trolled experiments. That is, they implement different com- 
binations of pricing, coupons, and advertising, observe the 


A Predictive Sales-Promotion Model 


sales that result, and use analytics to develop predictive 
models of sales as a function of these decision strategies. 
For example, suppose that a grocer who operates 
three stores in a small city varied the price, coupons 
(yes = 1,no = 0), and advertising expenditures in a local 
newspaper over a 16-week period and observed the fol- 
lowing sales: 
Store 2 Sales 


Store1 Sales Store 3 Sales 


1 6.99 0 0 


Week Price ($) Coupon (0,1) Advertising ($) 
2 6.99 0 150 
3 6.99 1 0 
4 6.99 1 150 
5 6.49 0 0 
6 6.49 0 150 
@ 6.49 1 0 
8 6.49 1 150 
9 7.59 0 0 

10 7.59 0 150 
11 7.59 1 0 
12 7.59 1 150 
13 5.49 0) 0 
14 5.49 0 150 
15 5.49 1 0 
16 5.49 1 150 


To better understand the relationships among price, 
coupons, and advertising, an analyst might have developed 
the following model using business analytics tools (we will 
see how to do this in Chapter 8): 


Total Sales = 1105.55 + 56.18 x Price + 123.88 
x Coupon + 5.24 x Advertising (1.4) 


(Units) (Units) (Units) 
501 510 481 
772 748 715 
554 528 506 
838 785 834 
521 519 500 
723 790 723 
510 556 520 
818 773 800 
479 491 486 
825 822 757 
533 513 540 
839 791 832 
484 480 508 
686 683 708 
543 531 530 
767 743 779 


In this example, the uncontrollable inputs are the sales at 
each store. The decision options are price, coupons, and 
advertising. The numerical values in the model are estimated 
from the data obtained from the experiment. They reflect 
the impact on sales of changing the decision options. For 
example, an increase in price of $1 results in a 56.18-unit 


(continued ) 


27Roger J. Calantone, Cornelia Droge, David S. Litvack, and C. Anthony di Benedetto, “Flanking in a 
Price War,” Interfaces, 19, 2 (1989): 1-12. 
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increase in weekly sales; using coupons (that is, setting 
Coupon = 1 in the model) results in a 123.88-unit increase 
in weekly sales. The output of the model is the predicted 
total sales units of the product. For example, if the price is 
$6.99, no coupons are offered, and no advertising is done 
(the experiment corresponding to week 1), the model esti- 
mates sales as 


Total Sales = 1,105.55 + 56.18 X 6.99 + 123.88 x0 
+ 5.24 XO = 1,498.25 units 


Prescriptive Models 


We see that the actual total sales in the three stores for 
week 1 was 1,492. Thus, this model appears to provide 
good estimates for sales using the historical data. We would 
hope that this model would also provide good predictions 
of future sales. So if the grocer decides to set the price at 
$5.99, does not use coupons, and spends $100 in advertis- 
ing, the model would predict sales to be 


Total Sales = 1,105.55 + 56.18 X5.99 + 123.88 x0 
+ 5.24 x 100 = 1,966.07 units 


A prescriptive decision model helps decision makers to identify the best solution to a deci- 
sion problem. Optimization is the process of finding a set of values for decision options 
that minimize or maximize some quantity of interest—profit, revenue, cost, time, and so 
on—called the objective function. Any set of decision options that optimizes the objective 
function is called an optimal solution. In a highly competitive world, where one percent- 
age point can mean a difference of hundreds of thousands of dollars or more, knowing the 
best solution can mean the difference between success and failure. 


A Prescriptive Model for Pricing 


To illustrate an example of a prescriptive model, suppose Total Revenue = Price x Sales 


that a firm wishes to determine the best pricing for one of its 
products to maximize revenue over the next year. A market 
research study has collected data that estimate the expected 
annual sales for different levels of pricing. Analysts deter- 


= Price < (—2.9485 x Price + 3,240.9) 
= — 2.9485 x Price? + 3,240.9 x Price 
(1.6) 


The firm would like to identify the price that maximizes the 


mined that sales can be expressed by the following model: total revenue. One way to do this would be to try different 


prices and search for the one that yields the highest total 
revenue. This would be quite tedious to do by hand or even 
with a calculator; however, as we will see in later chapters, 
spreadsheet models make this much easier. 


Sales = —2.9485 x Price + 3,240.9 (1.5) 


Because revenue equals price < sales, a model for total rev- 
enue is 


Although the pricing model did not, most optimization models have constraints— 
limitations, requirements, or other restrictions that are imposed on any solution, such as 
“Do not exceed the allowable budget” or “Ensure that all demand is met.” For instance, a 
consumer products company manager would probably want to ensure that a specified level 

- of customer service is achieved with the redesign of the distribution system. The presence 
of constraints makes modeling and solving optimization problems more challenging; we 
address constrained optimization problems later in this book, starting in Chapter 13. 

For some prescriptive models, analytical solutions—closed-form mathematical 
expressions or simple formulas—can be obtained using such techniques as calculus or 
other types of mathematical analyses. In most cases, however, some type of computer- 
based procedure is needed to find an optimal solution. An algorithm is a systematic pro- 
cedure that finds a solution to a problem. Researchers have developed effective algorithms 
to solve many types of optimization problems. For example, Microsoft Excel has a built-in 
add-in called Solver that allows you to find optimal solutions to optimization problems 
formulated as spreadsheet models. We use Solver in later chapters. However, we will not 
be concerned with the detailed mechanics of these algorithms; our focus will be on the use 
of the algorithms to solve and analyze the models we develop. 


the linear model 


A simple model to predict demand as a function of price is 
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If possible, we would like to ensure that an algorithm such as the one Solver uses finds 
the best solution. However, some models are so complex that it is impossible to solve them 
optimally in a reasonable amount of computer time because of the extremely large number 
of computations that may be required or because they are so complex that finding the best 
solution cannot be guaranteed. In these cases, analysts use search algorithms—solution 
procedures that generally find good solutions without guarantees of finding the best one. 
Powerful search algorithms exist to obtain good solutions to extremely difficult optimiza- 
tion problems. One of these is discussed in Chapter 14. 


Model Assumptions 


All models are based on assumptions that reflect the modeler’s view of the “real world.” Some 
assumptions are made to simplify the model and make it more tractable, that is, able to be 
easily analyzed or solved. Other assumptions might be made to better characterize historical 
data or past observations. The task of the modeler is to select or build an appropriate model 
that best represents the behavior of the real situation. For example, economic theory tells us 
that demand for a product is negatively related to its price. Thus, as prices increase, demand 
falls, and vice versa (a phenomenon that you may recognize as price elasticity—the ratio of 
the percentage change in demand to the percentage change in price). Different mathematical 
models can describe this phenomenon. In the following examples, we illustrate two of them. 


A Linear Demand Prediction Model 


D = 20,000 —10(80) = 19,200 units 


If the price increases to $90, the model predicts demand as 


D=a-—bP (1.7) 


where D is the demand, P is the unit price, a is a constant 
that estimates the demand when the price is zero, and b is the 
slope of the demand function. This model is most applicable 
when we want to predict the effect of small changes around 
the current price. For example, suppose we know that when 
the price is $100, demand is 19,000 units and that demand 
falls by 10 for each dollar of price increase. Using simple alge- 
bra, we can determine that a = 20,000 and b = 10. Thus, if 
the price is $80, the predicted demand is 


» Figure 1.5 


Graph of Linear Demand 
Model D = a —bP 


D = 20,000 —10(90) = 19,100 units 
If the price is $100, demand would be 
D = 20,000 —10(100) = 19,000 units 


and so on. A graph of demand as a function of price is 
shown in Figure 1.5 as price varies between $80 and $120. 
We see that there is a constant decrease in demand for each 
$10 increase in price, a characteristic of a linear model. 
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EXAMPLE 1.8 


An alternative model assumes that price elasticity is con- 
stant. In this case, the appropriate model is 


D'=cP? (1.8) 


where c is the demand when the price is 0 and d >0 is 
the price elasticity. To be consistent with Example 1.7, we 
assume that when the price is zero, demand is 20,000. 
Therefore, c = 20,000. We will also, as in Example 1.7, 
assume that when the price is $100, D = 19,000. 

Using these values in equation (1.8), we can deter- 
mine the value for d as 0.0111382 (we can do this math- 
ematically using logarithms, but we’ll see how to do this 
very easily using Excel in Chapter 11). Thus, if the price is 
$80, then the predicted demand is 


D = 20,000(80)7 00111882 = 19047 


A Nonlinear Demand Prediction Model 


If the price is 90, the demand would be 

D =20-000(90) UO ete S19 022 
If the price is 100, demand is 

Ee 2O,000T100) Be = 19,000 


A graph of demand as a function of price is shown in 
Figure 1.6. The predicted demand falls in a slight nonlinear 
fashion as price increases. For example, demand decreases 
by 25 units when the price increases from $80 to $90, but 
only by 22 units when the price increases from $90 to $100. 
If the price increases to $110, you would see a smaller 
decrease in demand. Therefore, we see a nonlinear relation- 
ship, in contrast to Example 1.7. 


Both models in Examples 1.7 and 1.8 make different predictions of demand for differ- 
ent prices (other than $90). Which model is best? The answer may be neither. First of all, 
the development of realistic models requires many price point changes within a carefully 
designed experiment. Second, it should also include data on competition and customer 
disposable income, both of which are hard to determine. Nevertheless, it is possible to 
develop price elasticity models with limited price ranges and narrow customer segments. 
A good starting point would be to create a historical database with detailed information on 
all past pricing actions. Unfortunately, practitioners have observed that such models are 
not widely used in retail marketing, suggesting ample opportunity to apply business 
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**Zhang, Clay Duan, and Arun Muthupalaniappan, “Analytics Applications in Consumer Credit and Retail 
Marketing,” Analytics Magazine (November - December 201 1): 27-33. 
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Uncertainty and Risk 


As we all know, the future is always uncertain. Thus, many predictive models incorporate 
uncertainty and help decision makers analyze the risks associated with their decisions. 
Uncertainty is imperfect knowledge of what will happen; risk is associated with the con- 
sequences and likelihood of what might happen. For example, the change in the stock price 
of Apple on the next day of trading is uncertain. If you own Apple stock, then you face the 
risk of losing money if the stock price falls. If you don’t own any stock, the price is still 
uncertain, although you would not have any risk. Risk is evaluated by the magnitude of the 
consequences and the likelihood that they would occur. For example, a 10% drop in a stock 
price would incur a higher risk if you own $1 million worth of that stock than if you only 
owned $1,000 worth of that stock. Similarly, if the chances of a 10% drop were 1 in 5, the 
risk would be higher than if the chances were only | in 100. 

The importance of risk in business has long been recognized. The renowned manage- 
ment writer Peter Drucker observed in 1974: 


To try to eliminate risk in business enterprise is futile. Risk is inherent in the commit- 
ment of present resources to future expectations. Indeed, economic progress can be 
defined as the ability to take greater risks. The attempt to eliminate risks, even the 
attempt to minimize them, can only make them irrational and unbearable. It can only 
result in the greatest risk of all: rigidity.” 


Consideration of risk is a vital element of decision making. For instance, you would prob- 
ably not choose an investment simply on the basis of the return you might expect because, 
typically, higher returns are associated with higher risk. Therefore, you have to make a trade- 
off between the benefits of greater rewards and the risks of potential losses. Analytic models 
can help assess risk. A model in which some of the model input information is uncertain is 
often called a stochastic, or probabilistic, model. In contrast, a deterministic model is one 
in which all model input information is either known or assumed to be known with certainty. 
For instance, suppose that customer demand is an important element of some model. We can 
make the assumption that the demand is known with certainty; say, 5,000 units per month. 
In this case, we would be dealing with a deterministic model. On the other hand, suppose we 
have evidence to indicate that demand is uncertain, with an average value of 5,000 units per 
month, but which typically varies between 3,200 and 6,800 units. If we make this assump- 
tion, we would be dealing with a stochastic model. Stochastic models are useful in analyzing 
uncertainty in real-world situations, and we will discuss these later in this book. 


“ CHECK YOUR UNDERSTANDING 


Define a model and state three common forms of a model. 
Explain the elements of a decision model. 


Explain how decision models are used for descriptive, predictive, and prescriptive 
applications. 


Define optimization and the characteristics of optimization models. 
5. Explain the importance of assumptions in building decision models. 


What is the difference between uncertainty and risk? 


29 FB Drucker, The Manager and the Management Sciences in Management: Tasks, Responsibilities, 
Practices (London: Harper and Row, 1974). 
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ats Problem Solving with Analytics 


The fundamental purpose of analytics is to help managers solve problems and make deci- 

sions. The techniques of analytics represent only a portion of the overall problem-solving 

and decision-making process. Problem solving is the activity associated with defining, ana- 

lyzing, and solving a problem and selecting an appropriate solution that solves a problem. 
Problem solving consists of several phases: 


Recognizing a problem 

Defining the problem 

Structuring the problem 

. Analyzing the problem 

. Interpreting results and making a decision 
. Implementing the solution 


ve wo 
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Recognizing a Problem 


Managers at different organizational levels face different types of problems. In a manu- 
facturing firm, for instance, top managers face decisions regarding allocating financial 
resources, building or expanding facilities, determining product mix, and strategically 
sourcing production. Middle managers in operations develop distribution plans, production 
and inventory schedules, and staffing plans. Finance managers analyze risks, determine 
investment strategies, and make pricing decisions. Marketing managers develop advertis- 
ing plans and make sales force allocation decisions. In manufacturing operations, prob- 
lems involve the size of daily production runs, individual machine schedules, and worker 
assignments. Whatever the problem, the first step is to realize that it exists. 

How are problems recognized? Problems exist when there is a gap between what is 
happening and what we think should be happening. For example, a consumer products 
manager might feel that distribution costs are too high. This recognition might result from 
comparing performance with that of a competitor, or observing an increasing trend com- 
pared to previous years. 


Defining the Problem 


The second step in the problem-solving process is to clearly define the problem. Finding 
the real problem and distinguishing it from symptoms that are observed is a critical step. 
For example, high distribution costs might stem from inefficiencies in routing trucks, poor 
location of distribution centers, or external factors such as increasing fuel costs. The prob- 
lem might be defined as improving the routing process, redesigning the entire distribution 
system, or optimally hedging fuel purchases. 


Defining problems is not a trivial task. The complexity of a problem increases when 
the following occur: 


The number of potential courses of action is large. 

m The problem belongs to a group rather than to an individual. 

= The problem solver has several competing objectives. 

m External groups or individuals are affected by the problem. 

= The problem solver and the true owner of the problem—the person who experi- 
ences the problem and is responsible for getting it solved—are not the same. 

m Time limitations are important. 
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These factors make it difficult to develop meaningful objectives and characterize the range 


of potential decisions. In defining problems, it is important to involve all people who make 
the decisions or who may be affected by them. 


Structuring the Problem 


This usually involves stating goals and objectives, characterizing the possible decisions, 
and identifying any constraints or restrictions. For example, if the problem is to redesign 
a distribution system, decisions might involve new locations for manufacturing plants and 
warehouses (where?), new assignments of products to plants (which ones?), and the amount 
of each product to ship from different warehouses to customers (how much?). The goal of 
cost reduction might be measured by the total delivered cost of the product. The manager 
would probably want to ensure that a specified level of customer service—for instance, 
being able to deliver orders within 48 hours—is achieved with the redesign. This is an 
example of a constraint. Structuring a problem often involves developing a formal model. 


Analyzing the Problem 


Here is where analytics plays a major role. Analysis involves some sort of experimentation 
or solution process, such as evaluating different scenarios, analyzing risks associated with 
various decision alternatives, finding a solution that meets certain goals, or determining 
an optimal solution. Analytics professionals have spent decades developing and refining a 
variety of approaches to address different types of problems. Much of this book is devoted 
to helping you understand these techniques and gain a basic facility in using them. 


Interpreting Results and Making a Decision 


Interpreting the results from the analysis phase is crucial in making good decisions. Mod- 
els cannot capture every detail of the real problem, and managers must understand the 
limitations of models and their underlying assumptions and often incorporate judgment 
into making a decision. For example, in locating a facility, we might use an analytical pro- 
cedure to find a “central” location; however, many other considerations must be included 
in the decision, such as highway access, labor supply, and facility cost. Thus, the location 
specified by an analytical solution might not be the exact location the company actually 


chooses. 


Implementing the Solution 


This simply means making the solution work in the organization, or translating the results 
of a model back to the real world. This generally requires providing adequate resources, 
motivating employees, eliminating resistance to change, modifying organizational policies, 
and developing trust. Problems and their solutions affect people: customers, suppliers, and 
employees. All must be an important part of the problem-solving process. Sensitivity to 
political and organizational issues is an important skill that managers and analytical pro- 
fessionals alike must possess when solving problems. 

In each of these steps, good communication is vital. Analytics professionals need to be 
able to communicate with managers and clients to understand the business context of the 
problem and be able to explain results clearly and effectively. Such skills as constructing 
good visual charts and spreadsheets that are easy to understand are vital to users of analyt- 
ics. We emphasize these skills throughout this book. 
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ANALYTICS IN PRACTICE: Developing Effective Analytical Tools 


at Hewlett-Packar 


Hewlett-Packard (HP) uses analytics extensively. Many 
applications are used by managers with little knowledge 
of analytics. These require that analytical tools be easily 
understood. Based on years of experience, HP analysts 
compiled some key lessons. Before creating an analytical 
decision tool, HP asks three questions: 


ne 


Will analytics solve the problem? Will the tool enable 
a better solution? Should other, nonanalytical solu- 
tions be used? Are there organizational or other issues 
that must be resolved? Often, what may appear to be 
an analytical problem may actually be rooted in prob- 
lems of incentive misalignment, unclear ownership and 
accountability, or business strategy. 


. Can we leverage an existing solution? Before “rein- 


venting the wheel,” can existing solutions address the 
problem? What are the costs and benefits? 


. [Ss a decision model really needed? Can simple decision 


guidelines be used instead of a formal decision tool? 


Once a decision is made to develop an analytical 


tool, several guidelines are used to increase the chances 
of successful implementation: 


Use prototyping, a quick working version of the tool 
designed to test its features and gather feedback. 
Build insight, not black boxes. A “black box” tool is one 
that generates an answer, but may not provide confi- 
dence to the user. Interactive tools that create insights 
to support a decision provide better information. 
Remove unneeded complexity. Simpler is better. 
A good tool can be used without expert support. 


CHECK YOUR UNDERSTANDING 


q20 


hans12/Fotolia 


m Partner with end users in discovery and design. Decision 
makers who will actually use the tool should be involved 
in its development. 

Develop an analytic champion. Someone (ideally, 

the actual decision maker) who is knowledgeable 
about the solution and close to it must champion the 
process. 


1. List the major phases of problem solving and explain each. 


2. What lessons did Hewlett-Packard learn about using analytics? 


Based on Thomas Olavson and Chris Fry, “Spreadsheet Decision-Support Tools: Lessons Learned at 
Hewlett-Packard,” Interfaces, 38, 4, July-August 2008: 300-310. 
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Algorithm Optimal solution 
Big data Optimization 
Business analytics (analytics) Predictive analytics 
Business intelligence (BI) Prescriptive analytics 
Constraint Price elasticity 
Data mining Problem solving 
Decision model Reliability 
Decision options (decision variables) Risk 
Decision support systems (DSS) Search algorithm 
Descriptive analytics Simulation and risk analysis 
Deterministic model Statistics 
Information systems (IS) Stochastic (probabilistic) model 
Model Tag cloud 
Modeling and optimization Uncertainty 
Objective function Validity 
Operations Research/Management Sci- Visualization 

ence (OR/MS) What-if analysis 


betes CHAPTER 1 TECHNOLOGY HELP 


Useful Excel Functions (see Appendix A1) COUNTIF(range, criteria) Finds the number of cells 
within a range that meet a specified criterion. 


ee ee NPV(rate, value/, value2, ...) Calculates the net pres- 


MAX(range) Finds the largest value in a range of cells. ent value of an investment by using a discount rate and a 
ies of fut t ti i 
SUM(range) Finds the sum of values in a range of cells. Toiice, aedt AL AO We Or SEAL SE UES gent 
(positive values). 
AVERAGE(range) Finds the average of the values in a 


DATEDIF(startdate, enddate, time unit) Computes the 
range of cells. 


number of whole years, months, or days between two 
COUNT(range) Finds the number of cells in a range that dates. 
contain numbers. 


se PROBLEMS AND EXERCISES 


What Is Business Analytics? 3. Swissotel, London, is working on improving cus- 
tomer satisfaction and engagement. At the same time, 
Swissotel wants to ensure that the staff members are 
also satisfied. It has noticed that there are several 
areas that will need to be analyzed. The problem 
2. How might analytics be used in the following situations? facing the hotel management is identifying what 
information is necessary to analyze a situation and 
; improve customer and staff satisfaction levels. What 
b. Understanding customer behavior data would Swissotel need to collect from its guests 
c. Solving human resource problems to facilitate good decisions? How might this data and 
business analytics help the hotel management? 


1. Discuss the use of business analytics in sports, such 
as tennis, cricket, swimming, and football. Identify as 
many opportunities as you can for each. 


a. Planning a business 
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Descriptive, Predictive, and Prescriptive Analytics 


4. For each of the following scenarios, state whether 


descriptive, predictive, or prescriptive analytics tools 

would most likely be used. 

a. An insurance firm wants to analyze fraudulent 
claims to predict their future losses. 


b. A store manager has to review a store’s historical 
operations, sales, financials, and customer reports 
to improve the store’s business. 


c. The Met Office would like to forecast weather for 
nine to 10 days more accurately than the 24-hour 
forecasts, compared to the forecasting done 
40 years ago. 

d. Autonomous or self-driving car programmers 
have to make millions of calculations for each 
trip to determine directions and speed. 


e. A secretary needs to summarize past events such 
as regional sales, customer attrition, and suc- 
cess of marketing campaigns for her manager to 
understand their company’s progression. 

f. A fuel producer wants to identify the factors 
affecting the price of oil and gas to get the best 
terms and hedge risks. 


g. A mechanical engineer needs to predict the fail- 
ure rate of the equipment in the next 6 months 
to help reduce maintenance costs and improve 
power availability. 

h. A travel agency is setting the price of their travel 
packages to attract more customers and wants to 
know the trends in popular travel destinations. 


Models in Business Analytics 


5. A firm installs 1,500 air conditioners that need to be 


checked every six months. The firm can hire a team 
from its logistics department at a fixed cost of €6,000. 
This team will check each unit for €15.00. The firm 
can also outsource this at a cost of €17.00 inclusive 
of all charges. 


a. For the given number of units, compute the firm’s 
total cost of checking for both options. Which is 
a better decision? 


b. Find the break-even volume and characterize the 
range of volumes for which it is more economical 
to outsource. 


- Use the model developed in Example 1.5 to pre- 
dict the total sales for weeks 2 through 16, and 


10. 


compare the results to the observed sales. Does the 
accuracy of the model seem to be different when 
coupons are used or not? When advertising is used 
or not? 


. The yearly government tax revenue (in $ millions) 


depends on customer income, business profits, and 

capital gains defined as tax = —2.556+ 3.799 x 

income + 1.583 X profit + 0.739 X capital. 

a. Interpret the numbers in this model. 

b. What is the government tax revenue if a customer 
earns $1.2 million, the business’ profits amount 
to $8.63 million, and the capital gains are $5.76 
million? 


. Ina toy manufacturing company, the manufacturer 


needs to pay rent (p) each month and monthly elec- 
tricity (g). To produce each toy, the company incurs 
costs for plastic (r) and for cloth (s). The variables 
Pp. q, r, and s are positive constants. Given the cost 
model as 


cost = fixed cost + variable cost 
a. Define the cost model with the given unknowns. 
b. How does plastic and cloth affect the cost model? 


Will the variable plastic influence the cloth 
variable? 


. An insurance company is estimating the risk model 


based on customer age is define as 


where a is a fixed constant and b is a constant that 
depends on the customer age. They categorize the 
age into 5 categories as age < 10 with b = 0.05, 
10 < age = 20 with b = 0.02, 20 < age = 30 
with b = 0.01, 30 < age < 40 with b = 0.03 and 
age > 40 with b = 0.08. Sketch the graphs for each 
model and interpret them. Are the graphs reasonable? 


A tablet manufacturer is preparing to set the price of 
anew model. It examines the demand and cost struc- 
ture, and determines the following model to represent 
the relationship between demand and price 


Di S0ct 2P 


The finance department estimates that the total costs 
is represented by 
C= 100205) 


Develop a model for the total profit in terms of the 
price, 2: 


Problem Solving with Analytics 


11. In this chapter, we noted the importance of defining 
and analyzing a problem prior to attempting to find 
a solution. Consider this example: One of the earli- 
est operations research groups during World War II 
was conducting a study on the optimum utilization 
of Spitfire and Hurricane aircraft during the Battle of 
Britain. Whenever one of these planes returned from 
battle, the locations of the bullet holes on it were 
carefully plotted. By repeatedly recording these data 
over time, and studying the clusters of data, the group 


CASE: PERFORMANCE LAWN EQUIPMENT 


In each chapter of this book, we use a a fictitious com- 
pany, Performance Lawn Equipment (PLE), within a case 
exercise for applying the tools and techniques introduced 
in the chapter.*! To put the case in perspective, we first 
provide some background about the company, so that 
the applications of business analytic tools will be more 
meaningful. 

PLE, headquartered in St. Louis, Missouri, is a privately 
owned designer and producer of traditional lawn mowers 
used by homeowners. In the past ten years, PLE has added 
another key product, a medium-size diesel power lawn trac- 
tor with front and rear power takeoffs, Class I three-point 
hitches, four-wheel drive, power steering, and full hydrau- 
lics. This equipment is built primarily for a niche market 
consisting of large estates, including golf and country clubs, 
resorts, private estates, city parks, large commercial com- 
plexes, lawn care service providers, private homeowners 
with five or more acres, and government (federal, state, and 
local) parks, building complexes, and military bases. PLE 
provides most of the products to dealerships, which, in turn, 
sell directly to end users. PLE employs 1,660 people world- 
wide. About half the workforce is based in St. Louis; the 
remainder is split among their manufacturing plants. 

In the United States, the focus of sales is on the east- 
ern seaboard, California, the Southeast, and the south 
central states, which have the greatest concentration of 
customers. Outside the United States, PLE’s sales include 
a European market, a growing South American market, 
and developing markets in the Pacific Rim and China. 

Both end users and dealers have been established as 
important customers for PLE. Collection and analysis of 
end-user data showed that satisfaction with the products 
depends on high quality, easy attachment/dismount of 
implements, low maintenance, price value, and service. 
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was able to estimate the regions of the aircraft most 
likely to be hit by enemy gunfire, with the objective 
of reinforcing these regions with special armor. What 
difficulties do you see here? 


12. A part-time professor of a business program at a 
university in Germany always tells her students that 
one of the first questions they should ask their new 
employers is whether the organization has a good 
customer program. Why do you think the profes- 
sor encourages her students to ask this specific 
question? 


For dealers, key requirements are high quality, parts and 
feature availability, rapid restock, discounts, and timeli- 
ness of support. 

PLE has several key suppliers: Mitsitsiu, Inc., the 
sole source of all diesel engines; LANTO Axles, Inc., 
which provides tractor axles; Schorst Fabrication, which 
provides subassemblies; Cuberillo, Inc, supplier of trans- 
missions; and Specialty Machining, Inc., a supplier of 
precision machine parts. 

To help manage the company, PLE managers have 
developed a “balanced scorecard” of measures. These 
data, which are summarized shortly, are stored in the 
form of a Microsoft Excel workbook (Performance Lawn 
Equipment) accompanying this book. The database con- 
tains various measures captured on a monthly or quar- 
terly basis and is used by various managers to evaluate 
business performance. Data for each of the key measures 
are stored in a separate worksheet. A summary of these 
worksheets is given next: 


B Dealer Satisfaction, measured on a scale of 1-5 
(1 = poor, 2 = less than average, 3 = average, 

4 = above average, and 5 = excellent). Each year, 
dealers in each region are surveyed about their overall 
satisfaction with PLE. The worksheet contains sum- 
mary data from surveys for the past five years. 

@ End-User Satisfaction, measured on the same scale 
as dealers. Each year, 100 users from each region are 
surveyed. The worksheet contains summary data for 
the past five years. 

@ Customer Survey, results from a survey for customer rat- 
ings of specific attributes of PLE tractors: quality, ease 
of use, price, and service on the same I-—5 scale. This 
sheet contains 200 observations of customer ratings. 


31The case scenario was based on Gateway Estate Lawn Equipment Co. Case Study, used for the 1997 Malcolm Baldrige National Quality 
Award Examiner Training course. This material is in the public domain. The database, however, was developed by the author. 
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= Complaints, which shows the number of complaints 
registered by all customers each month in each of 
PLE’s five regions (North America, South America, 
Europe, the Pacific, and China). 

@ Mower Unit Sales and Tractor Unit Sales, which pro- 
vide sales by product by region on a monthly basis. 
Unit sales for each region are aggregated to obtain 
world sales figures. 

@ /ndustry Mower Total Sales and Industry Tractor 
Total Sales, which list the number of units sold by all 
producers by region. 

@ = Unit Production Costs, which provides monthly account- 
ing estimates of the variable cost per unit for manufactur- 
ing tractors and mowers over the past five years. 

@ Operating and Interest Expenses, which provides 
monthly administrative, depreciation, and interest 
expenses at the corporate level. 

B On-Time Delivery, which provides the number of 
deliveries made each month from each of PLE’s major 
suppliers, the number on time, and the percent on time. 

@ Defects After Delivery, which shows the number of 
defects in supplier-provided material found in all ship- 
ments received from suppliers. 

B® Time to Pay Suppliers, which provides measurements 
in days from the time the invoice is received until pay- 
ment is sent. 

@ Response Time, which gives samples of the times 
taken by PLE customer-service personnel to respond 
to service calls by quarter over the past two years. 

@ Employee Satisfaction, which provides data for the 
past four years of internal surveys of employees to 
determine their overall satisfaction with their jobs, 
using the same scale used for customers. Employees 
are surveyed quarterly, and results are stratified by 
employee category: design and production, manage- 
rial, and sales/administrative support. 


In addition to these business measures, the PLE data- 
base contains worksheets with data from special studies: 


m Engines, which lists 50 samples of the time required to 
produce a lawn mower blade using a new technology. 

@ Transmission Costs, which provides the results of 
30 samples each for the current process used to pro- 
duce tractor transmissions and two proposed new 
processes. 

m@ Blade Weight, which provides samples of mower 
blade weights to evaluate the consistency of the pro- 
duction process. 

= Mower Test, which lists test results of mower func- 
tional performance after assembly for 30 samples of 
100 units each. 


gw Employee Retention, data from a study of employee 
duration (length of hire) with PLE. The 40 subjects 
were identified by reviewing hires from ten years 
prior and identifying those who were involved in 
managerial positions (either hired into management or 
promoted into management) at some time in this ten- 
year period. 

@ Shipping Cost, which gives the unit shipping cost 
for mowers and tractors from existing and proposed 
plants for a supply chain design study. 

@ Fixed Cost, which lists the fixed cost to expand exist- 
ing plants or build new facilities, also as part of the 
supply chain design study. 

@ Purchasing Survey, which provides data obtained 
from a third-party survey of purchasing managers of 
customers of Performance Lawn Care. 


Elizabeth Burke has recently joined the PLE man- 
agement team to oversee production operations. She has 
reviewed the types of data that the company collects and 
has assigned you the responsibility to be her chief analyst 
in the coming weeks. She has asked you to do some pre- 
liminary analysis of the data for the company. 


1. First, she would like you to edit the worksheets Dealer 
Satisfaction and End-User Satisfaction to display the 
total number of responses to each level of the survey 
scale across all regions for each year. 

2. Second, she wants a count of the number of failures in 
the worksheet Mower Test. 

3. Next, Elizabeth has provided you with prices for PLE 
products for the past five years: 


Year Mower Price Tractor Price 
2014 $150 $3,250 
2015 $175 $3,400 
2016 $180 $3,600 
2017 $185 $3,700 
2018 $190 $3,800 


Create a new worksheet to compute gross revenues 
by month and region, as well as worldwide totals, for 
each product using the data in Mower Unit Sales and 
Tractor Unit Sales. 

4, Finally, she wants to know the market share for each 
product and region by month based on the PLE and 
industry sales data, and the average market share by 
region over the five years, 


Summarize all your findings in a report to Ms. Burke. 
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Basic Excel Skills 


To be able to apply the procedures and techniques that you will learn in this book, it is nec- 
essary for you to be relatively proficient in using Excel. We assume that you are familiar 
with the most elementary spreadsheet concepts and procedures, such as 


opening, saving, and printing files; 

using workbooks and worksheets; 

moving around a spreadsheet; 

selecting cells and ranges; 

inserting/deleting rows and columns; 

entering and editing text, numerical data, and formulas in cells; 

formatting data (number, currency, decimal places, etc.); 

working with text strings; 

formatting data and text; and 

modifying the appearance of the spreadsheet using borders, shading, and so on. 


Menus and commands in Excel reside in the “ribbon” shown in Figure Al.1. All Excel 
discussions in this book will be based on Excel 2016 for Windows; if you use Excel 2016 
for Mac, some differences may exist, and we may point these out as appropriate. Menus 
and commands are arranged in logical groups under different tabs (Home, Insert, Formu- 
las, and so on); small triangles pointing downward indicate menus of additional choices. 
We often refer to certain commands or options and where they may be found in the ribbon. 
For instance, in the Mac version, groups are not specified. 

Excel provides an add-in called the Analysis Toolpak, which contains a variety of 
tools for statistical computation, and Solver, which is used for optimization. They will be 
found in the Data tab ribbon; you should ensure that these are activated. To activate them 
in Windows, click the File tab and then Options in the left column. Choose Add-Ins from 
the left column. At the bottom of the dialog, make sure Excel Add-ins is selected in the 
Manage: box and click Go. In the Add-Ins dialog, if Analysis Toolpak, Analysis Toolpak 
VBA, and Solver Add-in are not checked, simply check the boxes and click OK. You will 
not have to repeat this procedure every time you run Excel in the future. On Excel 2016 for 
Mac, go to Tools > Excel Add-ins and select both Analysis Toolpak and Solver. 
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4 Figure A1.1 
Excel Ribbons for Windows and Mac 
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a Excel Formulas and Addressing 


Formulas in Excel use common mathematical operators: 


@ addition (+) 

B subtraction (—) 
@ multiplication (*) 
B® division (/) 


Exponentiation uses the “ symbol; for example, 2° is written as 245 in an Excel formula. 

Cell references in formulas can be written either with relative addresses or absolute 
addresses. A relative address uses just the row and column label in the cell reference 
(for example, A4 or C21); an absolute address uses a dollar sign ($ sign) before either the 
row or column label or both (for example, $A2, C$21, or $B$15). Which one we choose 
makes a critical difference if you copy the cell formulas. If only relative addressing is used, 
then copying a formula to another cell changes the cell references by the number of rows 
or columns in the direction that the formula is copied. So, for instance, if we would use a 
formula in cell B8, =B4—B5*A8, and copy it to cell C9 (one column to the right and one 
row down), all the cell references are increased by one and the formula would be changed 
to =C5—C6*B9. 

Using a $ sign before a row label (for example, B$4) keeps the reference fixed to 
row 4 but allows the column reference to change if the formula is copied to another cell. 
Similarly, using a $ sign before a column label (for example, $B4) keeps the reference to 
column B fixed but allows the row reference to change. Finally, using a $ sign before both 
the row and column labels (for example, $B$4) keeps the reference to cell B4 fixed no 


Implementing Price-Demand Models in Excel 


In Chapter 1, we described two models for predicting calculate the demand in cell B8 for the linear model, we 


demand as a function of price: use the formula 
D=a-— bP =$B$4 — $B$5*A8 

and To calculate the demand in cell E8 for the nonlinear model, 
D=cP 4 we use the formula 

Figure A1.2 shows a spreadsheet (Excel file Demand =$ES4*D8% — SESS 


Prediction Models) for calculating demand for differ- Note how the absolute addresses are used so that as these 
ent prices using each of these models. For example, to formulas are copied down, the demand is computed correctly. 


= Figure A1.2 A B C D E 

Excel Models for Demand 1 Demand Prediction Models 

Prediction he 
3 Linear Model Nonlinear Model 
4 a 20,000 c 20,000 
5 b 10 d 0.0111382 
6 
7 Price Demand Price Demand 
8 $80.00 $19,200 $70.00 $19,075.63 
9 $90.00 $19,100 $80.00 $19,047.28. 
10 $100.00 $19,000 $90.00 $19,022.31 
11 $110.00 $18,900 $100.00 $19,000.00 
12 $120.00 $18,800 $110.00 $18,979.84 
13 $120.00 $18,961.45 


14 $130.00 $18,944.56 
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matter where the formula is copied. You should be very careful to use relative and absolute 
addressing appropriately in your models, especially when copying formulas. 


Copying Formulas 


Excel provides several ways of copying formulas to different cells. This is extremely 
useful in building decision models, because many models require replication of formulas 
for different periods of time, similar products, and so on. The easiest way is to select the 
cell with the formula to be copied, and then press Ctrl-C on your Windows keyboard or 
Command-C on a Mac, click on the cell you wish to copy to, and then press Ctrl-V in 
Windows or Command-V on a Mac. You may also enter a formula directly in a range of 
cells without copying and pasting by selecting the range, typing in the formula, and press- 
ing Ctrl-Enter in Windows or Command-Enter on a Mac. 

To copy a formula from a single cell or range of cells down a column or across a row, 
first select the cell or range, click and hold the mouse on the small square in the lower 
right-hand corner of the cell (the “fill handle”), and drag the formula to the “target” cells 
to which you wish to copy. 


as Useful Excel Tips 


m Split Screen. You may split the worksheet horizontally and/or vertically to view 
different parts of the worksheet at the same time. The vertical splitter bar is just 
to the right of the bottom scroll bar, and the horizontal splitter bar is just above 
the right-hand scroll bar. Position your cursor over one of these until it changes 
shape, click, and drag the splitter bar to the left or down. 

@ Column and Row Widths. Many times a cell contains a number that is too large 
to display properly because the column width is too small. You may change the 
column width to fit the largest value or text string anywhere in the column by 
positioning the cursor to the right of the column label so that it changes to a cross 
with horizontal arrows and then double-clicking. You may also move the arrow to 
the left or right to manually change the column width. You may change the row 
heights in a similar fashion by moving the cursor below the row number label. 
This can be especially useful if you have a very long formula to display. To break 
a formula within a cell, position the cursor at the break point in the formula bar 
and press Alt-Enter. 

= Displaying Formulas in Worksheets. Choose Show Formulas in the Formulas 
tab. You may also press Ctrl ~ in either Windows or Mac to toggle formulas 
on and off. You often need to change the column width to display the formulas 
properly. 

Displaying Grid Lines and Row and Column Headers for Printing. Check the 
Print boxes for gridlines and headings in the Sheet Options group under the Page 
Layout tab. Note that the Print command can be found by clicking on the Office 
button in Windows or under the File menu in Mac. 

= Filling a Range with a Series of Numbers. Suppose you want to build a work- 
sheet for entering 100 data values. It would be tedious to have to enter the num- 
bers from | to 100 one at a time. Simply fill in the first few values in the series 
and highlight them. Then click and drag the small square (fill handle) in the lower 
right-hand corner down (Excel will show a small pop-up window that tells you 
the last value in the range) until you have filled in the column to 100; then release 


the mouse. 
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a Excel Functions 


Functions are used to perform special calculations in cells and are used extensively in busi- 
ness analytics applications. All Excel functions require an equal sign and a function name 
followed by parentheses, in which you specify arguments for the function. 


Basic Excel Functions 


Some of the more common functions that we will use in applications include the following: 


MIN(range)—finds the smallest value in a range of cells 

MAX(range)—finds the largest value in a range of cells 

SUM(range)—finds the sum of values in a range of cells 

AVERAGE(range)—finds the average of the values in a range of cells 

COUNT(range)—finds the number of cells in a range that contain numbers 

COUNTIF(range, criteria)—finds the number of cells within a range that meet a 
specified criterion 


Logical functions, such as IF, AND, OR, and VLOOKUP will be discussed in Chapter 2. 

The COUNTIF function counts the number of cells within a range that meet a crite- 
rion you specify. For example, you can count all the cells that start with a certain letter, or 
you can count all the cells that contain a number that is larger or smaller than a number you 
specify. Examples of criteria are 100, “>100”, a cell reference such as A4, and a text string 
such as “Facebook.” Note that text and logical formulas must be enclosed in quotes. See 
Excel Help for other examples. 

Excel has other useful COUNT-type functions: COUNTA counts the number of non- 
blank cells in a range, and COUNTBLANK counts the number of blank cells in a range. In 
addition, COUNTIFS(range/, criterion, range2, criterion2, ..., range_n, criterion_n) 
finds the number of cells within multiple ranges that meet specific criteria for each range. 

We illustrate these functions using the Purchase Orders data set in Example A1.2. 


Using Basic Excel Functions 


In the Purchase Orders data set, we will find the following: we suin the data in column G using the SUM function: 
=SUM(G4:G97); this is the formula in cell B101. To find the 
average number of A/P months, we use the AVERAGE func- 
tion for the data in column H. The formula in cell B102 is 
=AVERAGE(H4:H97). To find the number of purchase orders 
placed, use the COUNT function. Note that the COUNT 
function counts only the number of cells ina range that con- 
tain numbers, so we could not use it in columns A, B, or 
D; however, any other column would be acceptable. Using 
the item numbers in column C, the formula in cell B103 is 
=COUNT(C4:C97). To find the number of orders placed for 
O-rings, we use the COUNTIF function. For this example, the 
formula used in cell B104 is =COUNTIF(D4:D97, “O-Ring’). 
The results are shown in Figure A1.3. In this figure, we We could have also used the cell reference for any Cell con- 
used the split-screen feature in Excel to reduce the num- taining the text O-Ring, such as =COUNTIF(D4:D97, D12). 


Smallest and largest quantity of any item ordered 

Total order costs 

Average number of months per order for accounts payable 
Number of purchase orders placed 

Number of orders placed for O-rings 

Number of orders with A/P (accounts payable) terms 
shorter than 30 months 

= Number of O-ring orders from Spacetime Technologies 
m Total cost of all airframe fasteners 

= Total cost of airframe fasteners purchased from Alum 
Sheeting 


ber of rows shown in the spreadsheet. To find the small- To find the number of orders with A/P terms less than 30 
est and largest quantity of any item ordered, we use the months, we use the formula =COUNTIF(H4:H97, “<30") in 
MIN and MAX functions for the data in column F. Thus, cell B105. Finally, to count the number of O-ring orders for 


the formula in cell B99 is =MIN(F4:F97) and the formula in Spacetime Technologies, we use =COUNTIFS(D4:D97, “O- 
cell B100 is =MAX(F4:F97). To find the total order costs, Ring”, A4:A97, “Spacetime Technologies”). 
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IF-type functions are also available for other calculations. For example, the functions 
SUMIF, AVERAGEIF, SUMIFS, and AVERAGEIFS can be used to embed IF logic within 
mathematical functions. For instance, the syntax of SUMIF is SUMIF(range, criterion, 
[sum range ]); sum range is an optional argument that allows you to add cells in a different 


range. Thus, in the Purchase Orders database, to find the total cost of all airframe fasteners, 
we would use 


=SUMIF(D4:D97, “Airframe fasteners”, G4:G97) 


This function looks for airframe fasteners in the range D4:D97, but then sums the associ- 
ated values in column G (cost per order). The arguments for SUMIFS and AVERAGEIFS 
are (sumrange, rangel, criterionl, range2, criterion2, ... ,rangeN, criterionN). For exam- 
ple, the function 


=SUMIFS(F4:F97,A4:A97,“ Alum Sheeting”, D4:D97, “Airframe fasteners”) 


will find the total quantity (from the swmrange in column F) of all airframe fasteners pur- 
chased from Alum Sheeting. 


Functions for Specific Applications 


Excel has a wide variety of other functions for statistical, financial, and other applications, 
many of which we introduce and use throughout the text. For instance, some financial 
models that we develop require the calculation of net present value (NPV). Net present 
value (also called discounted cash flow) measures the worth of a stream of cash flows, 
taking into account the time value of money. That is, a cash flow of F dollars t time periods 
in the future is worth F/(1 + 7)‘ dollars today, where i is the discount rate. The discount 
rate reflects the opportunity costs of spending funds now versus achieving a return through 
another investment, as well as the risks associated with not receiving returns until a later 


A B Cc D E F G H 4 | 
| 1 Purchase Orders | 
2 | 
| 3 Supplier Order No. Item Description _ Item Cost_Quantity Cost per order_A/P Terms (Months) Order Date__Arrival Date | 
4 Hulkey Fasteners “Aug? 1001 1122 Airframefasteners $ 4.25 19,500 $ 82,875.00 30 08/05/11 08/13/11 
5 Alum Sheeting Aug11002 1243 Airframe fasteners $ 4.26 10,000 $ 42,500.00 30 08/08/11 08/14/11 | 
6 Fast-Tie Aerospace Aug11003 5462 Shielded Cable/ft. $ 1.05 23,000 $ 24,150.00 30 08/10/11 08/15/11 i 
| 7 Fast-Tie Aerospace Aug11004 5462 Shielded Cable/ft. y 1.05) 21/800) $ 22,575.00 30 08/15/11 08/22/11 
8 Steelpin Inc. Aug11005 5319 Shielded Cable/ft. $ 1,70 17,500 §$ 19,250.00 30 08/20/11 08/31/11 
| 9 Fast-Tie Aerospace Aug11006 5462 Shielded Cable/ft. $ 1.05 22,500 $ 23,625.00 30 08/20/11 08/26/11 
10 Steelpin Inc. Aug11007 4312  Boilt-nut package $ 3.75 4,250 $ 15,937.50 30 08/25/11 09/01/11 
11 Durrable Products Aug11008 7258 Pressure Gauge $ 90.00 100 $ 9,000.00 45 08/25/11 08/28/11 
12 Fast-Tie Aerospace Aug11009 6321 O-Ring $ 2.45 1,300 $ 3,185.00 30 08/25/11 09/04/11 
196 Steelpin Inc. Nov11009 5677 Side Panel $ 195.00 110 $ 21,450.00 30 11/05/11 11/17/11 | 
| 97 Manley Valve Nov11010 9955 Door Decal S$ 0.55 125 | $ 68.75 30 11/05/11 11/10/14 
l98 
| 99 Minimum Quantity 90 | 
100: Maximum Quantity 25,000 | 
101 Total Order Costs $ 2,471,760.00 
1102 Average Number of A/P Months 30.63829787 
4103 Number of Purchase Orders 94 
104 Number of O-ring Orders 12 
{105 Number of A/P Terms < 30 17 
406 Number of O-ring Orders Spacetime 3 : AT 


a Figure A1.3 
Application of Basic Excel Functions to Purchase Orders Data 
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time. The sum of the present values of all cash flows over a stated time horizon is the net 
present value: 


n 


F, 
= a Al.1 
a 2G a ay 


where F, = cash flow in period ¢. A positive NPV means that the investment will provide 
added value because the projected return exceeds the discount rate. 

The Excel function NPV(rate, value/, value2, . . .) calculates the net present value of 
an investment by using a discount rate and a series of future payments (negative values) 
and income (positive values). Rate is the value of the discount rate 7 over the length of 
one period, and value/, value2,... are 1 to 29 arguments representing the payments and 
income for each period. The values must be equally spaced in time and are assumed to 
occur at the end of each period. The NPV investment begins one period before the date 
of the value/ cash flow and ends with the last cash flow in the list. The NPV calculation 
is based on future cash flows. If the first cash flow (such as an initial investment or fixed 
cost) occurs at the beginning of the first period, then it must be added to the NPV result and 
not included in the function arguments. 


Using the NPV Function 


A company is introducing a new product. The fixed cost for cell B8 computes the net present value of these cash flows 
marketing and distribution is $25,000 and is incurred just as =NPV(B6, C4:H4)—B5. Note that the fixed cost is not 
prior to launch. The forecasted net sales revenues for the a future cash flow and is not included in the NPV function 
first six months are shown in Figure A1.4. The formula in arguments. 


Insert Function 


The easiest way to locate a particular function is to select a cell and click on the Insert 
Function button | f, |, which can be found under the ribbon next to the formula bar and also 
in the Function Library group in the Formulas tab. You may either type in a description in 
the search field, such as “net present value,” or select a category, such as “financial,” from 
the drop-down box. 

This feature is particularly useful if you know what function to use but are not sure of 
what arguments to enter because it will guide you in entering the appropriate data for the 
function arguments. Figure A1.5 shows the dialog from which you may select the func- 
tion you wish to use. For example, if we would choose the COUNTIF function, the dialog 
in Figure Al.6 appears. When you click in an input cell, a description of the argument is 
shown. Thus, if you are not sure what to enter for the range, the explanation in Figure Al.6 


> Figure A1.4 A 


Net Present Value Calculation 1 Net Present Value 
2 
3 Month January February March April May June 
4 Sales Revenue Forecast $4,000 | $5,000] $8,000[ $10,000] $12,500] 
5 Fixed Cost 


6 Discount Rate 


> Figure A1.5 
Insert Function Dialog 


> Figure A1.6 


Function Arguments Dialog 
for COUNTIF 
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Insert Function 


q ees 7 5 Se ee ! 
Search for a function: i 


Type a brief description of what you want to do and then click Go | S 
\ ob 


Or select a category; All bal 


| Select a function: 


| ACCRINT 


Returns the absolute value of a number, a number without its sign. 


| 
| ACCRINTM - # 
ACOS H 
|ACOSH mel 
| ACOT | il 
[ACOTH =m ; bal 
ABS(number) | 


Help on this function 


PRR RNUNL SOT ERD ETE 
Function Arguments Saat Banana te 


COUNTIF 


Range i 


Criteria | 


will help you. For further information, you could click on the Help button in the lower 
left-hand corner. 


Date and Time Functions 


In many analytics applications, a database might contain dates, such as when an order is 
placed or when an employee was hired. Excel can display a date in a variety of formats, such 
as 2/14/17 or 14-Feb-17. You may choose the standard date format (for example, 2/14/17) by 
selecting Date in the Number formatting box or select a custom format by selecting Custom in 
the Number box. Excel stores dates in a serial format. January 1, 1900 is day 1, and each sub- 
sequent day is numbered sequentially. Both the current date and January 1, 1900 are included 
in the count. So 2/14/17 is 42,780 when expressed in this format. This means there are 42,780 
days between January 1, 1900 and February 14, 2017 (including both days). Therefore, to 
determine the number of days between two dates, you can simply subtract them. 

Another useful date function is DATEDIF (which surprisingly doesn’t appear in the 
Insert Function list!), which can compute the number of whole years, months, or days 
between two dates. The syntax of DATEDIF is 


DATEDIF(startdate, enddate, time unit) 


The time unit can be “y,” “m,” or “d.” For instance, DATEDIF(4/26/89, 2/14/17, “y”) will 
return 27 (years), while DATEDIF(4/26/89, 2/14/17, “m’’) will return 333 (months). 
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EXAMPLE A1.4 


In the Purchase Orders database, we will compute the lead the DATEDIF function. Alternatively, we could have simply 
time for each order, that is, the number of days between the subtracted the values: for example, in cell K4, use = J4—I4. 
order date and arrival date. Figure A1.7 shows the use of 


Computing Lead Times 


Other useful date functions are 


a YEAR(date) 
= MONTH(date) 
a DAY(date) 


These functions simply extract the year, month, and day from a date or cell reference that 
contains a date. The function TODAY( ) displays the current date. 

Similar to date functions, times can be formatted in a variety of ways, such as 12:26 
PM, Hours:Minutes:Seconds, or in military time. The function NOW( ) displays the cur- 
rent time and date. 


as Miscellaneous Excel Functions and Tools 


In this section, we will illustrate a few miscellaneous Excel functions and tools that sup- 
port analytics applications. 


Range Names 


A range name is a descriptive label assigned to a cell or range of cells. Range names 
can help to facilitate building models on spreadsheets and understanding the formulas on 
which models are based. There are several ways to create range names in Excel. 


Using the Name Box to Create a Range Name 


Suppose that we create a simple spreadsheet for comput- B3 Fixed cost, cell B4 Unit variable cost, and so on. Click on 
ing total cost (which is the fixed cost plus unit variable cost cell B3; in the Name box, type the name Fixed_cost (note the 
times quantity produced) shown in Figure A1.8. We will underscore), and then press Enter. Figure A1.8 shows that 
define range names for each of the numerical cells that cor- the name for cell B3 is displayed in the Name box. Repeat 


respond to the labels on the left. That is, we will name cell this process for each of the other numerical cells. 


SS AEA LI STATS SE PETA LCST SC ROCCE OY ST CO re a en 


} Ks ~ fee Je | =DATEDIF(I4J4,"d") 

if : 

| A) A rte: Se ana Dineenean > Sen reen dered SiMe pee <SOES naeasy: { Ea | 
| 1. Purchase Orders ii NE RT 
i 2 | 

3 Supplier Order No. Item No. Item Description _Item Cost Quantity Cost per order AJP Terms (Months) Order Date Arrival Date Lead Time 
i 4 Hulkey Fasteners Augi1001 1122 Airframefasteners $ 4.25 19500 $ 82.875.00 30 O8/05/11 | 08/13/14 

| 5 |Alum Sheeting Augi1002 1243 Airframe fasteners $ 425 10,000 $ 42.500.00 30 08/08/11 08/14/11 

i 6 Fasi-Tie Aerospace Augi1003 5462 Shielded Cable/ft. $ 1.05 23,000 $ 24,150.00 30 O8/10/14 08/15/11 

i 7 |Fast-Tie Aerospace Augi1004 5462 Shielded Cable/ft. $ 1.05 21,500 $ 22,575.00 30 O8/15/14 08/22/11 

| 8 | Steelpin Inc. Augi1005 5319 Shielded Cable/t. $1.10. 17,500' $ 19,259.00 30 O8/20/11 O8/3 1/11 

) Fast-Tie Aerospace = Augt' 1006 5462 Shielded Cable/t. $ 1.05 22500 $ 23,625.00 30 08/20/11 08/26/11 


cams wee ahh 


a Figure A1.7 
Using DATEDIF to Compute Lead Times 
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> Figure A1.8 asa rane Reem! 


Defined Range Name for Cell | Fixed_cost 
B3 Using the Name Box 


ij A 2 eee 
Total Cost Model 


| 

‘| _ Fixed cost (F)|_$50, ah 
| 

| 
| 


i 
2 
3 
4 | Unit variable cost (V) $125) 
5 
6 
¥| 


Quantity produced (Q) 1500 } 


|pumenermeeR, 
i 


1 |____Total_cost $237,500) 

1. Use the Name box. The name box is at the upper left of a spreadsheet between 
the ribbon and the column headers. Usually, it displays the cell reference that is 
selected. To name a range, first select a cell or range and enter the range name 
in the Name box. Range names cannot contain any spaces, so it is common to 
use an underscore between words. 


2. Use Create from Selection. This option is particularly useful when the names 
you want to use are listed in the column immediately to the right or left of 
the cell, or in the row immediately above or below the cell or range. The next 
example illustrates this procedure. 


EXAMPLE A1.6 Using Create from Selection to Define Range Names 


In the Total Cost Model spreadsheet, we will use the text will automatically be checked. Click OK. If you select any 
labels to the left of the numerical inputs as the range names. numerical cell, you will see the range name in the Name box 
First, highlight the range A3:B5. Then, on the Formulas tab, as shown in Figure A1.9. 

choose Create from Selection. The box for the left column 


3. Use Define Name. This allows you to enter the name but also provides an option 
to restrict the name to the current worksheet or allow it to be used in any work- 
sheet of the workbook. 


Using Define Name to Create a Range Name 


In the Total Cost Model spreadsheet, select cell B3. Click dialog that allows you to enter a range name. Figure A1.10 
Define Name on the Formulas tab. This will bring up a illustrates this. Click OK. 


» Figure A1.9 


Defined Range Name for 
Cell B4 Using Create from 
Selection 


{Perl 


FF inche cchare 


ANAT EE AERIS 
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> Figure A1.10 ae RS ee 
Defined Range Name for Cell | 1. Total Cost Model 
; : i>] 
B3 Using Define Name peeeval 
q ee Fixed cost (F)[ $50,000] | ec i 

_ 4 Unit variable cost (V) $125 4 | Name: |Fixed_cost 2 ee 
[ 2 Guantity produced (@)/ 150014) sepa Tonoa ig 
; 3 4 4 —- SSS eee 
a7 Total cost $237,500 4| Comment | 
cs ee 
2] 
| 40 
Evy || Refersto: | -Modeli$8$3 
4 13 | men Waaatee ieee 
414 
pio 


After range names have been defined, we can display a summary by clicking the Name 
Manager in the Formulas tab. Figure Al.11 shows this. (Note: The Name Manager button 
in the Formulas tab is only available in Windows. On a Mac, you can click Define Name 
and see a list of your range names, and then modify, add, or delete them.) This allows you 
to easily add, edit, or delete range names. 

Finally, you can apply range names to the formulas in the spreadsheet. This replaces 
the cell references by the names, making it easy to understand the formulas. To do this, 
click on the drop-down arrow next to Define Name and select Apply Names. . . . In the dia- 
log box, select all the names you wish to use and click OK. Figure Al.12 shows the result 
for the total cost cell, B7. We see that the original formula=B3+B4*B5 now displays the 


names. 
fe Figure A111 | Name Manone aan ° c fh Gof ] 
Name Manager Dialog Seca ei er oar 
(Windows) ) Sa es a beeen 


Scope Comment 


Refers To 


|| |=! Quantity_produced 1500 =Model!$8$5 Workbook 
i | 3) Total_cost $237,500 =Model!$8$7 Workbook 
| | unitvariablecost $125 =Model!$8$4 Workbook 


| | 


4 | Refers to: 
| Pit | =Model!$B$3 


yl : snare fees 8B = Cc D E F H G 
| Total Cost Model 


men rs te rit SSS as ao. Say ELL SES ee eels 


ss ses Sa ean 


1 
2 
#3 | Fixed cost (F) $50,000 
| 4 Unit variable cost (V) $125 
5 
6 
7 


| Quantity produced (Q) 1500 


ees Total cost[$237,500] 


PSSST NTT ES a SR ae 


i 
t 


a Figure A1.12 
Using Range Names in Formulas 


» Figure A1.13 
Paste Special Dialog 


EXAMPLE A1.8 
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VALUE Function 


It’s not unusual to download data from the Web that looks numerical but is actually 
expressed as text; this is often true of data from U.S. government Web sites. One way 


to tell is that text is usually left justified, while numbers are right justified. The function 
VALUE(texrt) can be used to convert a text string that represents a number to a number. 


Paste Special 


If you cut and paste a cell or a range, Excel will copy any formulas that are contained 
within the cell or range (using the appropriate relative or absolute addressing). In some 
cases, you may only want to paste the numerical values, not the formulas. This can be 
accomplished using the Paste Special command. From the Edit group, click the down 
arrow on the Paste icon to display the options and choose Paste Special. 

Figure Al.13 shows the Excel Paste Special dialog. There are many options, but we 
will only illustrate three of them. First, copy the range of cells of interest and click on the 
cell where you want to paste the results. 


@ ‘To paste only the values in cells (not the formulas), select Values and then click OK. 
m= ‘To transpose data in columns to rows and vice versa, check the Transpose box 
and then click OK. (Make sure you won’t overwrite any existing data!) 


The Operation choices allow you to transform a range of numbers by adding, subtracting, 
dividing, or multiplying each number in the range by a constant. We illustrate this in the 
following example. 


Currency Conversion Using Paste Special 


Figure A1.14 shows sales data in column B expressed in to the conversion factor. Next, select the range of data in 
euros. Assume that the current conversion factor to U.S. dol- column C and open the Paste Special dialog. Select Multiply 
lars is 1 euro = $1.117. To convert these into U.S. dollars, and then press OK. The original data in euros will be con- 
first copy the data to column C (if you don’t, the procedure verted into dollars, as shown in the figure (you will need to 
will convert the data in column B to dollars, but you will no reformat the data as dollars). 

longer have the original data). Select cell C3 corresponding 


Paste Special 
Paste 
® fail » All using Source theme 
Formulas () All except borders 
) Values Column widths 
Formats () Formulas and number formats i 
Comments () Values and number formats | 
Validation All merging conditional formats i 
| Ly 
| Operation 
1 6 None _) Multiply 
_) Add {> Divide 
Subtract i 
|| [”] skip blanks {| Transpose f 
| 
2 [ Paste Link | 
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> Figure A1.14 


Converting Sales Data from 
Euros to Dollars 


til 


5 as | Euro-Doliar conversion factor _ 1.117 4 
: eetes Seat i 
P55] . far i 
- 6 | Month Sales (Euros) Sales (Dollars) | 
| 7 January €24,169.00 $26,996.77 | 
i & (february _ € 30,472.00 $34,037.22 | 
|S [March | €29,547.00| $33,004.00 | 
(10 | € 25,695.00 $28,701.32 | 


| €27,580.00 $30,806.86 | 
€ 27,963.00, $31,234.67 || 


123 [July | €29,647.00| $33,115.70) 
| 14 | August __| €32,513.00) $36,317.02) 
i. 15(September | €35,176.00| $39,291.59}, 
| 26 | October € 31,468.00) $35,149.76 | 
) 27 | November € 30,274.00 $33,816.06 | 
| 18 [December € 27,486.00 _ $30,701.86 | 


Concatenation 


To concatenate means to join. In many applications, you might wish to take text data that 
are in different columns and join them together (for example, first and last names). The 
Excel function CONCATENATE(tfext/, text2, ..., text30) can be used to join up to 30 text 
strings into a single string. For example, suppose that you have a database of names, with 
last names in column A and first names in column B. Suppose that cell Al contains the last 
name Smith, and cell B1 contains the first name John. Then CONCATENATE(B1, “ “*, Al) 
will result in the text string John Smith. Note that the cells are separated by a field of open 
quotes around a blank space; this provides a space between the first and last name; other- 
wise, the function would have produced JohnSmith. 

We may also perform concatenation using Excel formulas and the operator &. For 
example, to concatenate the text in cells B1 and A1, enter the formula =B1&A1, which 
would result in JohnSmith. If we use the formula = B1&“ ”*&A1, then we are simply 


inserting a blank between the names: John Smith. Any text string can be used; for example, 
="Dr. "&B1&* °& AI would result in Dr. John Smith. 


Error Values 


Excel displays various error values if it cannot compute a formula. These error values are 
the following: 


m #DIV/0!—A formula is trying to divide by zero. 

a #N/A—‘Not available,’ meaning that the formula could not return a result. 

@ #NAME?—An invalid name is used in a formula. 

@ #NUM!—An invalid argument is used in a function, such as a negative number in 
SQRT. 

@ #REF!—A formula contains an invalid cell reference. 


m #VALUE!—Excel cannot compute a function because of an invalid argument. 


Sometimes these are not user errors, but quirks in the data. For instance, you might have 
missing data in a column that is used in a denominator of a formula and obtain a #DIV/0! 
error, You might use the Excel function IFERROR(value, value_if_error) to display a spe- 
cific value if an error is present. For example, if you are computing A1/B1, then if B1 is zero 
or blank, the function =IFERROR(A1/B1, “ ”’) will display a blank cell instead of #DIV/0!: 
or =IFERROR(A1/B1, “Check the data in cell B1!’”) will provide better guidance. 
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a PROBLEMS AND EXERCISES APPENDIX A1 


Excel Formulas and Addressing Excel Functions 


1. Develop a spreadsheet for computing the demand 6. In the Accounting Professionals database, use Excel 


for any values of the input variables in the linear 
demand and nonlinear demand prediction models in 
Examples 1.7 and 1.8 in the chapter. 


. The Excel file Science and Engineering Jobs shows 
the number of jobs in thousands in the year 2000 and 
projections made for 2010 from a government study. 
Use the Excel file to compute the projected increase 
from the 2000 baseline and the percentage increase 
for each occupational category. 


- A new graduate has taken a job with an annual sal- 
ary of $60,000. She expects her salary to go up by 
2.5% each year for the first five years. Her starting 
salary is stored in cell A4 of an Excel worksheet, and 
the salary increase rate is stored in cell B4. Construct 
a table with years | through 5 in cells A6:A10 and 
her salary in cells B6:B10. Write the formula for her 
salary in year 2 (in cell B7) that can be copied and 
pasted correctly in cells B8 through B10. 


. Example 1.2 in the chapter described a scenario for 
new product sales that can be characterized by a for- 
mula called a Gompertz curve: 


3 =a¢" 


ct 


Develop a spreadsheet for calculating sales using this 
formula for t = 0 to 160 in increments of 10 when 
a = 15,000, b = —8, andc = —0.05. 


. Return on investment (ROI) is profit divided by 
investment. In marketing, ROI is determined as 
incremental sales times gross margin minus market- 
ing investment, all divided by marketing investment. 
Suppose that a company plans to spend $3 million to 
place search engine ads and expects $15 million in 
incremental sales. Its gross margin is estimated to be 

A4S%. 

a. Develop a spreadsheet to compute the marketing 
ROL. 

b. Use the spreadsheet to predict how ROI will 
change if the incremental sales estimate is wrong 
(consider a range of values above and below the 
expected sales). 


functions to find 

a. the maximum number of years of service. 

b. the average number of years of service. 

c. the number of male employees in the database. 
d 


. the number of female employees who have a 
CPA. 


. Acompany forecasts its net revenue for the next three 


years as $172,800, $213,580, and $293,985. Find the 
net present value of these cash flows, assuming a dis- 
count rate of 4.2% 


. A pharmaceutical manufacturer has projected net 


profits for a new drug that is being released to the 
market over the next five years: 


Year Net Profit 

1 ($300,000,000) 
2 ($145,000,000) 
3 $50,000,000 

4 $125,000,000 
5 $530,000,000 


A fixed cost of $80,000,000 has been incurred for 
research and development (in year 0). Use a spread- 
sheet to find the net present value of these cash flows 
for a discount rate of 3%. 


. The worksheet Base Data in the Excel file Credit 


Risk Data provides information about 425 bank cus- 
tomers who had applied for loans. The data include 
the purpose of the loan, checking and savings account 
balances, number of months as a customer of the 
bank, months employed, gender, marital status, age, 
housing status and number of years at current resi- 
dence, job type, and credit-risk classification by the 
bank.! Use the COUNTIF function to determine 
(1) how many customers applied for new-car, used- 
car, business, education, small-appliance, and furni- 
ture loans and (2) the number of customers with 
checking account balances less than $500. 


Based on Efraim Turban, Ranesh Sharda, Dursun Delen, and David King, Business Intelligence: A Managerial Approach, 2nd ed. (Upper 
Saddle River NJ: Prentice Hall, 2011). 
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10. The Excel file Store and Regional Sales Database 12. Define range names for all the entities in the Crebo 
provides sales data for computers and peripherals Manufacturing Model spreadsheet and apply them to 
showing the store identification number, sales region, the formulas in the model. 


item number, item description, unit price, units sold, 
and month when the sales were made during the 
fourth quarter of last year.? Modify the spreadsheet to 
calculate the total sales revenue for each of the eight 
stores as well as each of the three sales regions. 


13. Define range names for all the entities in the Hotel 
Overbooking Model spreadsheet and apply them to 
the formulas in the model. 


Miscellaneous Excel Functions and Tools 


11. Define range names for all the data and model enti- 
ties in the Break-Even Decision Model spreadsheet 
and apply them to the formulas in the model. 


Based on Kenneth C. Laudon and J 


fssecgeett ane P. Laudon, Essentials of Management Information Systems, 9th ed. (Upper Saddle River, NJ: Prentice 
al, 2 7, ; : 
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_ LEARNING OBJ ECTIVES After studying this chapter, you will be able to: 
w Explain the difference between a data set anda 
database and apply Excel range names in data files. 
= Construct Excel tables and be able to sort and 
filter data. 
= Apply the Pareto principle to analyze data. 
= Use database functions to extract records. 


w Apply logical functions in Excel formulas. 

m Use Excel lookup functions to make database queries. 

m Design simple Excel templates for descriptive 
analytics. 


m Use PivotTables to analyze and gain insight from data. 
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Chapter 2 Database Analytics 


Most organizations begin their analytics journey using descriptive analytics tools 
to understand past and current performance to support customer service rep- 
resentatives, technical support, manufacturing, and other needs. This typically 
involves database analytics— querying databases and “drilling down” to better 
understand relationships within data, developing summarized reports, sorting 
data, and creating charts to visualize data (discussed in the next chapter) — 
techniques most commonly associated with business intelligence/information 
systems. These techniques provide a means of translating data into meaning- 
ful information. Data are raw numbers and facts, for example, information about 
customers, sales, costs, revenue, and so on. When data are manipulated, sum- 
marized, or processed in some way to provide insight and understanding, infor- 
mation results, which allows managers to make informed decisions. 

In your career, you will likely need to extract or manipulate information from a 
database. Typical questions that you might address or be asked to determine are 
the following: 


How many units did we sell last quarter in each store? 
What was our total cost of materials last month? 
How much profit did we make last month? 


What percentage of customers responded that they are highly likely to recom- 
mend us? 


How many defective items did each factory make? 
m How many orders were delivered on time? 
m= How does employee satisfaction differ by job classification and region or factory? 


You might also use database analytics in your personal life, for example: 


m How did my investment portfolio perform this year as compared to the previ- 
ous year? 

In what stocks or mutual funds should | invest? 

Which of my fantasy sports players ranked in the top 10% of performance? 
How did we spend our money last year as compared to our budget? 


How can | compare the cost of living among various cities where | am inter- 
viewing for a job? 
m= What foods should | eat to meet my health goals or nutritional requirements? 


The applications are endless! All you need is data, and data are everywhere. 
Many sophisticated tools, such as Microsoft Access, SQL (structured query 

language), and OLAP (online analytical processing) software, are available to 

organize and query data to answer routine business questions, and to process 


ASV SET SSE. A TET TTT ERROR : 
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data to create meaningful information. However, in this book, we won’t be delving 
deeply into databases or database management systems but will work with indi- 
vidual database files or simple data sets. Because spreadsheets are convenient 
tools for storing and manipulating data sets and database files, we will use them 
for all examples and problems. Thus, in this chapter, we focus only on basic con- 
cepts and approaches that can be implemented easily using Excel. We will intro- 
duce many useful advanced functions available in Excel and illustrate how they 
can be used for descriptive analytics. These functions are also useful in spread- 
sheet modeling, which we will study later in this book. 


Data Sets and Databases 


A data set is simply a collection of data. Marketing survey responses, a table of historical 
stock prices, and a collection of measurements of dimensions of a manufactured item are 
examples of data sets. As we embark on statistical analysis procedures in subsequent chap- 
ters, we will see many examples of empirical data—data that come from experimentation 
and observation. 

Most data that managers work with are stored in databases. A database is a collection 
of related files containing records on people, places, or things. Databases provide structure 
to data. The people, places, or things for which we store and maintain information are 
called entities.! A database is usually organized in a two-dimensional table, where the col- 
umns correspond to each individual element of data (called fields, or attributes), and the 
rows represent records of related data elements. 

Empirical data, such as those obtained from questionnaires and surveys, are often 
organized as databases, and all the database tools that we will learn can be used. The Drout 


A Purchase Order Database? 


Figure 2.1 shows a portion of the Excel file Purchase quantity, A/P (accounts payable) terms, and so on. Each 
Orders that shows a list of orders for parts used in airplane record starting in row 4 provides the data for each of these 
assemblies. The fields are listed in row 3 of the database fields for one order. 

and consist of the supplier name, order number, cost, 


BUCA A A SESE SAS EPIRA EMG AE RB EAS DODGE ESD REE LEANED NNDB EEE SLB DS fT PELL BELG LAE RE LEE ITTE ROLLE SIEE 


A B tee D te ee Breet chases a = 
| 7 Feachare Orders 
i 
i 2. Supplier Order No. Item No. Item Description Item Cost Quantity Cost per order _AIP Terms (Months) Order Date Arrival Date 
‘4 |Hulkey Fasteners ~ Augt 1001 1122 Airframe fasteners $ 4.25 10500 $ 82,875.00 30 08/05/11 08/13/11 
§ Alum Sheeting Aug11002 1243 Airframe fasteners $4.25 10,000 $ 42,500.00 30 08/08/11 08/14/11 i 
#6) ‘Fast-Tie Aerospace Aug11003 5462 Shielded Cable/ft. $ 1.05, 23,000! $ 24,150.00 30 08/10/11 08/15/11 | 
7 \Fast-Tie Aerospace Aug11004 5462 Shielded Cable/ft. $ 1.05; 21,500, $ 22,575.00 30 08/15/41 08/22/11 i 
i 8 Steelpin Inc. Aug11005 5319 Shielded Cable/ft. $ 1.10} 17,500} $ 19,250.00 30 08/20/11 08/31/11 
i 9 \Fast- Tie Aerospace Aug11006 5462 Shielded Cable/ft. $ 1.05' 22,500.$ 23,625.00 30 08/20/11 08/26/11 5 
| 10 /Steelpin inc. _Augtt007 4312 _Bolt-nut package | $_3.75.|_4,250 | $18,097.50 30a OBI25/N1__OO/ONH1 | 
» Figure 2.1 


A Portion of Excel File Purchase Orders 


‘kenneth C. Laudon and Jane P. Laudon, Essentials of Management Information Systems, 9th ed. (Upper 
Saddle River, NJ: Prentice Hall, 2011): 159. 


2Based on Laudon and Loudon, ibid. 
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> Figure 2.2 
Monthly Product Sales Data 


Name box, enter Product_A and press Enter. Alternatively, 


Advertising case at the end of this chapter is one example where you can apply database 
tools to empirical data. Although the databases we will use in this book are “clean,” you 
must be aware that many encountered in practice have typos, missing values, or other 
errors, which must be corrected in order to use them effectively. 


Using Range Names in Databases 


We introduced the concept of range names in spreadsheets in the Appendix to Chapter 1. 
Using range names for data arrays (that is, rows, columns, or rectangular matrix arrays) can 
greatly simplify many database calculations. The following example shows how to do this. 


Defining and Using Range Names for a Database 


Figure 2.2 shows a simple database for monthly sales of you can use Define Name to do this. Finally, you can select 
five products for one year (Excel file Monthly Product Sales). the entire range of data including the product names and 
We will define names for each row (months) and column use the Create from Selection option to define range names 
(product name) of data. Any of the techniques described in for all products at the same time. 

the Appendix to Chapter 1 can be used (we suggest that You may use range names to simplify calculations. 

you review this material first). For instance, select the range For example, to find the total sales, you can use the 
B4:B15, which consists of the sales of Product A. In the function =SUM(Product_A) instead of =SUM(B4:B 15). 


Excel also provides a convenient way to include all data in a row or column in a 
function. For example, the range for column B is expressed as B:B; the range for row 4 is 
expressed as 4:4, and so on. Therefore, =SUM(B:B) will calculate the sum of all data in 
column B; in Figure 2.2, this will be the total sales of Product A. The function = SUM (4:4) 
will calculate the sum of all data in row 4; in Figure 2.2, this will be the sum of January 
sales for all products. Using these ranges is particularly helpful if you add new data to a 
spreadsheet; you would not have to adjust any defined range names. 


egg CHECK YOUR UNDERSTANDING 


1. Explain the difference between a data set and a database. 


2. For the Monthly Product Sales Excel file, use the Create from Selection option to 
define range names for all products (column data) and all months (row data). 


3. For the Monthly Product Sales Excel file, use the function SUM(B:B) to calculate the 
total sales for Product A. What happens if you enter this function in column B? 


nc ieee inate er emcee ne rere 


fea Oe Bs ee Sa ore Nae bagel F 
| 1. Sales Units — 
Bi 
3 Month ProductA ProductB ProductC ProductD ProductE 
4 January 7792 5554 3105. 3168 10350 
5S February 7268 3024, 3228 3751 8965 | 
} 6 March 7049 5543 2147 3319 6827 
| 7 April 7560 5232 2636 4057 8544 | 
8 May 8233 5450 2726 3837 7535 
| 9 \June 8629 3943 2705 4664 9070, 
10 July 8702 5991 2891 5418 8389 | 
| 11 August 9215 3920 2782 4085 7367 | 
| 12 September 8986 4753 2524 5575 5377 
| 13 October 8654 4746 3258 5333 7645 | 
| 14 November 8315 3566 2144 4924 8173 | 


15 December 7978 5670 3071 6563 6088 
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Se ee ee oe ee 


ANALYTICS IN PRACTICE: Using Big Data to Monitor Water Usage in Cary, 
North Carolina? 


When the Town of Cary installed wireless meters for 60,000 m The town can notify customers of potential leaks 

customers in 2010, it knew the new technology wouldn’t within days. 

just save money by eliminating manual monthly readings; Customers can set alerts that notify them within hours if 

the town also realized it would get more accurate and there is a spike in water usage. 

timely information about water consumption. The Aquastar = Customers can track their water usage online, helping 

wireless system reads meters once an hour—that’s 8,760 them to be more proactive in conserving water. 

data points per customer each year instead of 12 monthly 

readings. The data had tremendous potential, if it could be The town estimates that by just removing the need for 

easily consumed. The challenge was to analyze half-a- manual readings, the Aquastar system will save more than $10 

billion data points on water usage and make them avail- million after the cost of the project. But the analytics compo- 

able, visually, to all customers, and gain a big-picture view nent could provide even bigger savings. Already, both the town 

of water consumption to better plan future water plant and individual citizens have saved money by catching water 

expansions and promote targeted conservation efforts. leaks early. As the Town of Cary continues to plan its future 
Cary used advanced analytics software from SAS infrastructure needs, having accurate information on water 

Institute. The ability to visually look at data by household USa9e will help it invest in the right amount of infrastructure at 


or commercial customer, by hour, has led to some very the right time. Additionally, understanding water usage will help 
practical applications: the town if it experiences something detrimental like a drought. 


as Data Queries: Tables, Sorting, and Filtering 


Managers make numerous queries about data. For example, Figure 2.3 shows a portion of 
the Credit Risk Data Excel file, which summarizes loan application data and credit risk 
assessment. This database contains the purpose of the loan, the balance of checking and sav- 
ings accounts, how long the applicant has been a customer and length of employment, other 
demographic information, and an assessment of credit risk. A manager might be interested 
in comparing the amount of financial assets as related to the number of months employed, 
finding all loans of a certain type, or the proportion of low credit risk individuals who own 
a home. To address these queries, we need to sort the data in some way. Extracting a set of 
records having certain characteristics is called filtering the data. Excel provides a convenient 
way of formatting databases to facilitate such types of analyses, called Tables. 
An Excel table allows you to use table references to perform basic calculations, as the 

next example illustrates. 

» Figure 2.3 

Portion of Excel File Credit Risk Data (Based on Kenneth C. Laudon and Jane P. Laudon, Essentials of Management Information 

Systems, 9th ed. zai Saddle a Berd NJ: Prentice Hall, 2011). 


ERLE PE ESE IE TEP LIT BILE TO LITE AIL DEAL P LEG) LE LD DILL 


Pye eee a ios unis HEE cL eee ee ] 
| 1 | Credit Risk Data : 
# 2 | 
3 Loan Purpose Checking Savings Months Customer Months Employed Ge Gender Marital Status Age Housing Years Job Credit Risk | 
4) Small | Appliance $0 $739 13 f 2, OM Single 23 Own 3 Unskilled Low] 
ee Furniture $0 $1,230 25 0 M Divorced 32 Own 1 Skilled High | 
bel New Car — $0 $389 19 119 M Single 38 Own 4 Management High | 
Ere Furniture $638 $347 13 14 M Single 36 Own 2 Unskilled High | 
} 8. Education $963 $4,754 40 45 M Single 31 Rent 3 Skilled Low | 
oO Furniture $2,827 $0 14 13 M Married 25 Own 1 Skilled Low | 
i rau RIE CUTEZE 2 2k HEE PLT A 


3“Municipality puts wireless water meter-reading data to work,” Copyright 2016 SAS Institute Inc. Carey, 
NC USA. https://www.sas.com/en_us/customers/townofcary-aquastar.html 
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A B c D E ig G H j J K | by 


Credit Risk Data 


> Figure 2.4 


Portion of Credit Risk Data 
Formatted as an Excel Table 


Creating an Excel Table 


We will use the Credit Risk Data file to illustrate an Excel the result. Note that the rows are shaded and that each col- 
table. First, select the range of the data, including head- umn header has a drop-down arrow to filter the data (we’ll 
ers (a useful shortcut is to select the first cell in the upper discuss this shortly). If you click within a table, the Table 

left corner, then click Ctrl+Shift+down arrow, and then Tools Design tab will appear in the ribbon, allowing you to 
Ctrl+Shift+right arrow; on a Mac, use the Command key do a variety of things, such as change the color scheme, 
instead of Ctrl). Next, click Table from the Tables group on remove duplicates, and change the formatting. 

the /nsert tab and make sure that the box for My Table Has A useful option in the Design tab is to add a total row. 
Headers is checked. (You may also just select a cell within In the Table Style Options group, check the box for Total 
the table and then click on Table from the /nsert menu. Row, and Excel will add a new row at the bottom of the 
Excel will choose the table range for you to verify.) The table table. If you click on any cell in the total row, you can select 
range will now be formatted and will continue automatically the type of calculation you want from the drop-down box; 
when new data are entered. Figure 2.4 shows a portion of this includes SUM, AVERAGE, COUNT, MAX, and MIN. 


Table-Based Calculations 


Mac. Note that Savings is the name of the header in column 
C. One of the advantages of doing this is that if we add 

new records to the table, the calculation will be updated 
automatically, and we don’t have to change the range in 
the formula or get a wrong result if we forget to. As another 
example, we could find the number of home owners using 
the function =COUNTIF(Table1 [Housing], “Own”). 


Suppose that in the Credit Risk Data table, we wish 

to calculate the total amount of savings in col- 

umn C. We could, of course, simply use the function 
=SUM(C4:C428). However, with a table, we could use the 
formula =SUM(Table1[Savings]). The table name, Tablet, 
can be found (and changed) in the Properties group of the 
Table Tools Design tab in Windows or in the Table tab on a 


If you add additional records at the end of the table, they will automatically be included 
and formatted, and if you create a chart based on the data, the chart will automatically be 
updated if you add new records. 


Sorting Data in Excel 


Excel provides many ways to sort lists by rows or column or in ascending or descending 
order and using custom sorting schemes. The sort buttons in Excel can be found under the 
Data tab (see Figure 2.5; the Mac Data tab ribbon is similar). Select a single cell in the 
column you want to sort on and click the “AZ down arrow” button to sort from smallest to 
largest or the “AZ up arrow” button to sort from largest to smallest. You may also click the 
Sort button to specify criteria for more advanced sorting capabilities. 
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> Figure 2.5 
Excel Data Tab Ribbon 
Sorting Data in the Purchase Orders Database 
In the Purchase Orders database, suppose we wish to sort the data and sort by name of supplier in column A, a por- 
the data by supplier. Click on any cell in column A of the tion of which is shown in Figure 2.6. This allows you to eas- 
data (but not the header cell A3) and then the “AZ down” ily identify the records that correspond to all orders froma 


button in the Data tab. Excel will select the entire range of particular supplier. 


Pareto Analysis 


Pareto analysis is a term named after an Italian economist, Vilfredo Pareto, who, in 1906, 
observed that a large proportion of the wealth in Italy was owned by a relatively small pro- 
portion of the people. The Pareto principle is often seen in many business situations. For 
example, a large percentage of sales usually comes from a small percentage of customers, 
a large percentage of quality defects stems from just a couple of sources, or a large percent- 
age of inventory value corresponds to a small percentage of items. As a result, the Pareto 
principle is also often called the “80-20 rule,” referring to the generic situation in which 
80% of some output comes from 20% of some input. A Pareto analysis relies on sorting 
data and calculating the cumulative percentage of the characteristic of interest. 


Applying the Pareto Principle 


The Excel file Bicycle Inventory lists the inventory of bicycle inventory value for each product and the cumulative per- 
models in a sporting goods store.* To conduct a Pareto centage. See columns G through | in Figure 2.7. We see 
analysis, we first compute the inventory value of each prod- that about 75% of the inventory value is accounted for by 
uct by multiplying the quantity on hand by the purchase less than 40% (9 of 24) of the items. If these high-value 
cost; this is the amount invested in the items that are cur- inventories aren’t selling well, the store manager may wish 
rently in stock. Then we sort the data in decreasing order of to keep fewer in stock. 


inventory value and compute the percentage of the total 


; A _B Cc D £ F G H \ ae 
1 Purchase Orders 
ve] 
3 Supplier Order No. Item No. Item Description Item Cost Quantity Cost per order A/P Terms (Months) Order Date Arrival Date 
4 Alum Sheeting Aug11002 1243 Airfrarne fasteners $ 4.25 10,000 $ 42,500.00 30 08/08/11 08/14/11 
5 Alum Sheeting Sep11002 5417 Control Panel $ 255.00 406 $ 103,530.00 30 09/01/11 09/10/11 
6 Alum Sheeting Sep11008 1243 Airframe fasteners $ 4.25 9,000 $ 38,250.00 30 09/05/11 09/12/11 
7 Alum Sheeting Oct11016 1243 Airframe fasteners $ 425 10500 $ 44,625.00 30 10/10/11 10/17/11 
8 Alum Sheeting Oct11022 4224 __Bolt-nut package $ 3.95 4,500 $ 17,775.00 30 10/15/11 10/20/11 
9 Alum Sheeting Oct11026 5417 Control Panel $ 255.00 500 $ 127,500.00 30 10/20/11 10/27/11 
10 Alum Sheeting Oct11028 5634 Side Panel $ 185.00 150 $ 27,750.00 30 10/25/11 11/03/11 
11 Alum Sheeting Oct11036 5634 Side Panel $ 185.00 140 $ 25,900.00 30 10/29/11 11/04/11 
112 Durrable Products Aug11008 7258 Pressure Gauge $ 90.00 100 $ 9,000.00 45 08/25/11 08/28/11 1 
13 Durrable Products Sep11009 7258 Pressure Gauge $ 90.00 120 $ 10,800.00 45 09/05/11 09/09/11 
14 Durrable Products Sep11027 1369 Airframe fasteners $ 420 16000 $ 63,000.00 45 09/25/11 09/30/11 | 
15 Durrable Products _ is _ Sep11031_ ___ 1369 _ Airframe fasteners ert 4.20 14,000 — 58,800.00 _ a 45 } o9/27/41 _ \0/03ii = 
> Figure 2.6 


Portion of Purchase Orders Database Sorted by Supplier Name 


4Based on Kenneth C. Laudon and Jane P. Laudon, Essentials of Management Information Systems, 
9th ed. (Upper Saddle River, NJ: Prentice Hall, 2011). 
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A B C D E F : Eee {He St 
Bicycle Inventory 

3 Product Category ProductName Purchase Cost Selling Price Supplier Quantity on Hand|Inventory Value Percentage Cumulative % 
4 Road Runroad 5000 $450.95 $599.99 Run-Up Bikes 51 $ 2,254.75 11.2% 11.2% 
5 Road Runroad 1000 $250.95 $350.99 Run-Up Bikes 81 $ 2,007.60 10.0% 21.1%} 
6 Road Elegant 210 $281.52 $394.13 Bicyclist's Choice 7 $ 1,970.64 9.8% 30.9% | 
7 Road Runroad 4000 $390.95 $495.99 Run-Up Bikes 5) $ 1,954.75 9.7% 40.6%|' 
8 Mtn. Eagle 3 $350.52 $490.73 Bike-One 5| $ 1,752.60 8.7% 49.3%] 
9 Road Classic 109 $207.49 $290.49 Bicyclist's Choice 7|$ 1,452.43 7.2% 56.5%), 
10 Hybrid Eagle 7 $150.89 $211.46 Bike-One 9] $ 1,358.01 6.7% 63.3% 
11 Hybrid Tea for Two $429.02 $609.00 Simpson's Bike Supply 3) $ 1,287.06 6.4% 69.7%) 
12 Mtn Bluff Breaker $375.00 $495.00 The Bike Path 3| $ 1,125.00 5.6% 75.2% || 
13 Mtn. Eagle 2 $401.11 $561.54 Bike-One 2! $ 802.22 4.0% 79.2%|| 
14 Leisure Breeze LE $109.95 $149.95 The Bike Path 5} $ 549.75 2.7% 81.9% i 
15 Children Runkidder 100 $50.95 $75.99 Run-Up Bikes 10! $ 509.50 2.5% 84.5%). 
16 Mtn. Jetty Breaker $455.95 $649.95 The Bike Path 11$ 455.95 2.3% 86.7% |, 
17 Leisure Runcoo! 3000 $85.95 $135.99 Run-Up Bikes 5| $ 429.75 2.1% 88.9%] 
18 Children Coolest 100 $69.99 $97.98 Bicyclist's Choice 6| $ 419.94 2.1% 91.0%) | 
19 Mtn. Eagle 1 $410.01 $574.01 Bike-One 1] $ 410.01 2.0% 93.0%). 
20 Children Green Rider $95.47 $133.66 Simpson's Bike Supply 4|$ 381.88 1.9% 94.9%) | 
21 Leisure Breeze $89.95 $130.95 The Bike Path. 4|$ 359.80 1.8% 96.7%|! 
22 Leisure Blue Moon $75.29 $105.41. Simpson's Bike Supply 4\$ 301.16 1.5% 98.2%|) 
23 Leisure Supreme 350 $50.00 $70.00 Bicyclist's Choice 3} $ 150.00 0.7% 98.9%) 
24 Children Red Rider $15.00 $25.50 Simpson's Bike Supply’ 8) $ 120.00 0.6% 99.5% 
25 Leisure Starlight $100.47 $140.66 Simpson's Bike Supply 11$ 100.47 0.5% 100.0% 
26 Hybrid Runblend 2000 $180.95 $255.99 Run-Up Bikes O1$ - 0.0% 100.0%] 
27 Road Twist & Shout $490.50 $635.70 Simpson's Bike Supply ol $ : 0.0% 100.0%]. 
28 Total| $ 20,153.27 


> Figure 2.7 
Pareto Analysis of Bicycle Inventory 


Filtering Data 


For large data files, finding a particular subset of records that meet certain characteristics 
by sorting can be tedious. Filtering simplifies this process. Excel provides two filtering 
tools: AutoFilter for simple criteria and Advanced Filter for more complex criteria. These 
tools are best understood by working through some examples. 


Filtering Records by Item Description 


In the Purchase Orders database, suppose we are inter- column of data. Click the one next to the Item Description 
ested in extracting all records corresponding to the item header. Uncheck the box for Select All and then check 
bolt-nut package. First, select any cell within the database. the box corresponding to the bolt-nut package, as shown 
Then, from the Excel Data tab, click on Filter. A drop-down in Figure 2.8. Click the OK button, and the Filter tool will 
arrow will then be displayed on the right side of each display only those orders for this item (Figure 2.9). To 
header column. Clicking on one of these will display a restore the original data file, click on the drop-down arrow 
drop-down box. These are the options for filtering on that again and then click Clear filter from “Item Description.” 


> Figure 2.8 C= ra Ea Soae REG eae — 2 = 
: | 4 Purchase Orders Saro 
Selecting Records for Bolt- 2 | | 
Nut Package | 3 Supplier (=| Order N(~| Item Ni~ | Item Description 
j 4'|Hulkey Fasteners Augl $1 sotatoz 
: ejAun Sheeting Augt i! sonZtoa 
| 6 \Fast-Tie Aerospace Augt ; : 
7_|Fast-Tie Aerospace Augt _ ee 
f 8 | Steelpin Inc. Aug1 * , 
i 9 |Fast-Tie Aerospace Augi filter by Color 
| 10 | Steelpin inc Augi —_Text£ilters 
4} 14 | Durrable Products Aug icann 
42 Fast-Tie Aerospace Aug{ —— 
| 13 /Fast-Tie Aerospace Aug1 ees 
Prine reinas lant | Sen 
8 (1 Control Panel 
| 16 | Hulkey Fasteners Aug1 )Door Decal 
17 | Steelpin Inc Aug : ape SRUUESEED 
18 Steelpin inc. Sep‘ ©) Hatch b: 
| 19 Alum Sheeting Sep? Oo acusa ie 
!| 20 | Hulkey Fasteners Sep‘ O10.Ring 
| 21 /Steelpin inc Sep‘ Poy Di | 
} 22 Steelpin inc Sep! aaa | 


23 | Hulkey Fasteners Sep* 
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| 1. Purchase Orders 
a 2) 


| 3. Supplier ~ | Order Ni~| Item Ni~| Item Description (Item Co{~| Quanti{~|Cost per orde~ | AJP Terms (Months ~ | Order Daf ~ | Arrival Dat 
| 49 Steelpin Inc. Augi1007 4312 — Bolt-nut package $3.75, 4.250 $15,937.50 30 08/25/11 09/01/11 
{f 48 | Steelpin Inc. Sep11001 4312 — Bolt-nut package $3.75 4,200 $15,750.00 30 09/01/11 09/10/14 
iy 22 | Steelpin Inc. Sep11005 4312 Bolt-nut package $3.75 4150 $15,562.50 30 ; 09/03/14 09/11/14 

24 | Spacetime Technologies Sep11007 4111  Bolt-nut package $3.55 4800 $17,040.00 25 09/05/11 09/20/14 
: 32, 2 | Spacetime Technologies Sep11015 4111 Bolt-nut package $3.55 4,585 $16,276.75 25 09/10/14 09/30/14 
36 | Spacetime Technologies Sep11019 4111 Bolt-nut package $3.55. — 4,200 $14,910.00 25 09/15/14 10/15/44 

38| Spacetime Technologies Sepi1022 4111 Bolt-nut package $3.55, 4.250 $15,087.50 25 09/20/11 10/10/14 
j 43 | Spacetime Technologies Sep11026 4111 Bolt-nut package $3.55 4.200 $14,910.00 25 09/25/14 10/25/11 
81|Spacetime Technologies Oct11010 4111 Bolt-nut package $3.55, 4,600 $16,330.00 25 | 40/05/14 10/19/11 |! 
62 | Durrable Products Oct11011 4569 —_ Bolt-nut package $3.50 3,900 $13,650.00 45 10/05/11 10/10/11 
| 73 |Alum Sheeting Oct11022 4224 Bolt-nut package $3.95 4500 $17,775.00 30 10/15/11 10/20/11 | 
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> Figure 2.9 
Filter Results for Bolt-Nut Package 


EXAMPLE 2.8 Filtering Records by Item Cost 


In this example, suppose we wish to identify all records in interface is slightly different, but has the same capabilities.) 
the Purchase Orders database whose item cost is at least This brings up a Custom AutoFilter dialog (Figure 2.11) that 
$200. First, click on the drop-down arrow in the Item Cost allows you to specify up to two specific criteria using “and” 
column and position the cursor over Numbers Filter. This and “or” logic. Enter 200 in the box as shown in Figure 2.11 
displays a list of options, as shown in Figure 2.10. Select and then click OK. The tool will display all records having an 
Greater Than Or Equal To... from the list. (The Mac item cost of $200 or more. 


AutoFilter creates filtering criteria based on the type of data being filtered. For 
instance, in Figure 2.10 we see that the Number Filters menu list includes numerical crite- 
ria such as “equals,” “does not equal,” and so on. If you choose to filter on Order Date or 
Arrival Date, the AutoFilter tools will display a different Date Filters menu list for filtering 


of 66 


that includes “tomorrow,” “next week,” “year to date,” and so on. 

AutoFilter can be used sequentially to “drill down” into the data. For example, after 
filtering the results by bolt-nut package in Figure 2.9, we could then filter by order date 
and select all orders processed in September. 


» Figure 2.10 


Selecting Records 
for Item Cost Filtering 


Le Ee 143) Sort Smallest to Largest | 49, 500 $82,875. 00 

q 5 Alum Sheeting F Aug1 1002 12 Z| Sort Largest to Smallest { 10,000 $42, 500.00 

1 6 |Fast-Tie Aerospace Augi1003 | 54 cou ny color | 23,000 $24,150.00 | 

| 7 |Fast-Tie Aerospace Augi1004 54 0 = 21,500 $22,575.00 

1 8 |Steelpin inc. ‘Aug41005 | 53, <larFiter From “tem Cos | 17,500 $19,250.00 | 

} 9 |Fast-TieAerospace _ Aug11006 54 _—filterby Color ; | 22,500 __ $23,625.00. 

| 10 | Steelpin Inc. Aug11007 : % 

4 41 |Durrable Products _ Aug11008 

4 12 |Fast-Tie Aerospace Aug11009 } ar 

1 13|Fast-Tie Aerospace Aug11010_ Gepies D 

; : Steelpin Inc. (Aug11011 1} $0.75 

44 a eee Fasteners Aug11012 \-{¥j $0.85 5 Than. 

el s|Hukey Fasteners __Aug11013 | ) e me ess Than Or Equal To... 

} Es _-___/Aug1014 | 52 | iWsi.0s Between... 
8 | Steelpin Inc. Sep11001 | Lfaisi.10 = 

449/Alum Sheeting —-s- Sep11002 54) -is1.15 

! = Hulkey Fasteners ‘Sep11003 MAsi.25 Above Average 

{24 Steelpin Inc. —__ Sep11004 | | Below Average 

| 22 | Steelpin Inc. _,Sep11005 | SE AOR S| el Giktoin Fibers 

a) Hulkey ast Seo OO a enon 


Equals... 
Does Not Equal... 


sane Than, 


Tep 10... 
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> Figure 2.11 
Custom AutoFilter Dialog 


We will use the Purchase Orders database. Figure 2.12 
shows the criteria by which we want to filter the records. 
These criteria will find all the records for Hulkey Fasteners 
having order quantities that exceed 5,000 and order dates 
before 9/1/11, as well as all records for Steelpin Inc. with 
order quantities less than 5,000 and order dates before 
9/1/11. You need not include columns that have no crite- 
ria; in this case, we could have simply listed the columns 
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Custom Autofilter 


| Show rows where: 
Mem: Cost 
aay es 
is greater than or equal to |v! 200, 
@) And © Or 


? to represent any single character 
Use * to represent any’ series of characters 


Caution! The Filter tool does not extract the records; it simply hides the records 
that don’t match the criteria. This means that if you highlight a range of filtered data to 
compute a sum or average, for example, you will get the results for all records, including 
those that are hidden from view. However, you can copy and paste the filtered data to 
another range or Excel worksheet, which then uses only the filtered records, and get the 
correct results. 

The Advanced Filter provides a way of explicitly defining criteria by which to fil- 
ter a database. To do this, first copy the headers from the database to an open location 
in the worksheet. Under the headers, specify the criteria that you want to use to filter 
the data. Multiple criteria in the same row are logically joined by “and,” while cri- 
teria in rows are joined by “or.” In general, criteria for numerical values can include 
=, >, <, <> (not equal), >=, or <=, 


Using the Advanced Filter 


Supplier, Quantity, and Order Date along with the speci- 
fied criteria. 

To use the Advanced Filter, choose Advanced next 
to the Filter in the Data tab. In the dialog box, enter the 
list range of the database and the criteria range (see 
Figure 2.13). Figure 2.14 shows the results; note that only 
the records meeting the criteria are displayed. 


Database Functions 


You are already familiar with basic Excel functions such as SUM, AVERAGE, COUNT, 
and so on. Database functions start with a “D” (for example, DSUM, DAVERAGE, 
DCOUNT) and allow you to specify criteria that limit the calculations to a subset of records 


Sa a ce ee 

= B c 3 D Bead t F ! | { J 

| 1 Purchase Orders ; a ees: = Sas ae eee 

| 3 Supplier Order No. Item No. Item Description Item Cost Quantity Cost per order A/P Terms (Months) Order Date Arrival Date 

| 4 Hulkey Fasteners >5000 <9/1/11 ; 
5 Steelpin Inc ; <5000 <9/1/11 


» Figure 2.12 


Criteria for Using the Advanced Filter for the Purchase Orders Database 
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i ce a or eT Seer | 


| ee | A 
bf pirchace onder g 8 Cc D aap eae 2 G Hee A Sg OE Hl 
a 2 i 
} 2 Supplier : : Order No. item No. Item Description Item Cost Quantity Cost per order A/P Terms (Months) Order Date Arrival Date 
f Hulkey Fasteners >5000 <O/T/11 q 
| 2 Steelpin Inc. <5000 <O/T/11 
17 
a E 
A ‘Hulkey Fasteners f : $82,875.00 30 08/05/11 08/13/11 
‘Alum Sheeting Tu ae eee $4.25 10,000 $42,500.00 30 08/08/11 os/i4itt | 

fi )Fast-Tie Aerospace Aug 101 | seas $1.05 23,000 $24,150.00 30 A011 08/15/11 | 

i {2 'Fast-Tie Aerospace Aug 10} Soe smother location $4.05 21,500 | $22,575.00 30 08/15/11 osztt | 
13 {Seen ine. Aug110 sasesisi0q $1.10 17,500 $19,250.00 20 08/20/11 os/3titt | 
14 'Fast-Tie Aerospace Aug 11048 $1.05 22,500 $23,625.00 30 08/20/11 0g/26/11 | 
15 ‘Steelpin Inc. Aug110 = | SASS$I$5 $3.75 4,250 $15,937.50 30 08/25/11 Os/ot/t1 i 
16 /Durrable Products Aug 108 -. % $90.00 100 $9,000.00 45 O8/25/11 08/28/11 | 

| 17 Fast-Tie Aerospace ; Augt 10 $2.45 1,300 $3,185.00 30 og/25/11 Oo/O4/11 | 
18 |Fast-Tie Aerospace Aug 10h = $1.05 22,500 $23,625.00 30 08/25/11 09/02/11 i 
19 |Steelpin Inc. Aug1 16) $1.10 18,100 $19,910.00 30 08/25/11 OSS/11 | 
20 ‘Hulkey Fasteners Aug 10} $1.25 5,600 $7,000.00 30 08/25/11 OR2G/11 | 
} 21 ‘Hulkey Fasteners Augt1Gi) $0.75 500 $375.00 30 08/25/11 08/31/11 I 
| 22 |Steeipin inc. Aug! 10pm EEE $1.65 4,500 $7,425.00 30 0828/11 —— O/O5/11 | 
| 23 }Steelpin Inc. Sep11001 4312 “Balt package _ $3.75 4,200 S15, 1750.00 30 00/01/14 os/tortt | 


» Figure 2.13 
Advanced Filter Dialog 


___tem No. Description _ltem Cost ‘Cuiity Cost per order_A/P 


Sica Se >5000 SA 


a ee ea ea 


5 | Steelpin Inc. satel '<5000 : <B/1/11 
6 
7 j 
& Supplier Order No. Item No, Item Description ttem Cost Quantity Cost per order A/P Terms = {Monts} Order Date Arrival Date 
9 | Hulkey Fasteners _ Aug11001 1122 Airframe fasteners _ $4.25 19,500 $82,875.00. 08/05/11 O8M3itt | 
15. Steelpin Inc. ; Aug 1007 4312 _ Bolt-nut package ___ 33.75) 4,250 | $15,937.50 3 08/25/11 09/04/44 
| 20 | Hulkey Fasteners Aug11012 3166 Electrical Connector $1.25 5,600 $7,000.00 30 08/25/11 08/28/11 
§ 22 Steelpmn Inc. ; Augi1014 5234 Electrical Connector S165 4, 500 | $7,425.00 30 08/28/11 09/05/11 
—— SS APR I AC EA tS EB RSLS RB NIA LTT ARID NB A DEER TED AERC as LDA TTS ID tA RODE EDAD ABSIT STEERS BLS SRE ETE ASE NTIS ESLER AEN REET ADA INE INSTEAD TALE GARI EOE EIB 
» Figure 2.14 


Advanced Filter Results for the Purchase Orders Database 


in a database using the same format as the Advanced Filter. You can find all database func- 
tions by selecting the category Database in the Insert Function dialog. For example, the 
syntax for the DSUM function is DSUM(database, field, criteria). Database is the range 
that includes the column labels; field is the column name that contains the values to sum, 
enclosed in quotation marks, or a reference to the column name; and criteria is the range 
that specifies the records you want to sum (the same format as in Figure 2.12). 


Using a Database Function 


In the Purchase Orders database, suppose that we wish worksheet. Note that the function references cell G3 for the 
to find the total cost of all orders that meet the criteria field, which corresponds to cost per order (we might also 
specified in Figure 2.12. Figure 2.15 shows the application have created a range name for the entire database). Alter- 
of the DSUM function. In this function, Criteria is a range natively, we could have used the function =DSUM(A8:J102, 


name that corresponds to the criteria range A3:J5, in the “Cost per order”, A3:J5). 
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=DSUM(A8J102,G3, Criteria) j 


A B Cc D E S H | J i 
1 Purchase Orders } 
2 ; | it 
3 Supplier Order No. Item No. Item Description Item Cost Quantity Cost per order A/P Terms (Months) Order Date Arrival Date | i 
4 Hulkey Fasteners ae eee PS eee >5000 <9/1/11 i i 
5 Steelpin Inc <5000 <9/1/11 i oe 
6 Total Cost $113,237.50 a 

> Figure 2.15 


Using the DSUM Function 


eg CHECK YOUR UNDERSTANDING 


1. What does the term filtering mean in the context of a database? 


2. Convert the Credit Risk database to an Excel table, and use a table-based function to 
count the number of records designated as having high credit risk. 


Sort the data in the Purchase Orders database from lowest cost per order to highest. 


4. Use both the AutoFilter and the Advanced Filter to identify all orders for bolt-nut 
packages that are processed in September in the Purchase Orders database. 


Ce ee ae oe 
ANALYTICS IN PRACTICE: Discovering the Value of Database 
Analytics at Allders International® 


Allders International specializes in duty-free operations 
with 82 tax-free retail outlets throughout Europe, includ- 
ing shops in airports and seaports and on cross-channel 
ferries. Like most retail outlets, Allders International must 
track masses of point-of-sale data to assist in inventory 
and product-mix decisions. Which items to stock at 
each of its outlets can have a significant impact on the 
firm's profitability. To assist them, they implemented a 
computer-based data warehouse to maintain the data. 
Prior to doing this, they had to analyze large quanti- 
ties of paper-based data. This manual process was so 
overwhelming and time-consuming that the analyses 
were often too late to provide useful information for their 
decisions. The data warehouse allowed the company to 
make simple queries, such as finding the performance 
of a particular item across all retail outlets or the finan- found that about 20% of the product lines were generating 
cial performance of a particular outlet, quickly and eas- 80% of the profits. This allowed them to selectively elimi- 
ily. This allowed them to identify which inventory items nate some of the items from the other 80% of the product 
or outlets were underperforming. For instance, a Pareto lines, which freed up shelf space for more profitable items 
analysis of its product lines (groups of similar items) and reduced inventory and supplier costs. 


2jenn/Shutterstock 


*Based on Stephen Pass, “Discovering Value in a Mountain of Data,’ OR/MS Today, 
24, 5 (December 1997): 24-28. (OR/MS Today was the predecessor of Analytics magazine.) 
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Logical Functions 


Logical functions depend on whether one or more conditions are true or false. A condition 
is a statement about the value of a cell, either numeric or text. Three useful logical func- 
tions in business analytics applications are the following: 


IF(condition, value if true, value if false)—a logical function that returns one value if 
the condition is true and another if the condition is false 

AND(condition 1, condition 2, ... )—a logical function that returns TRUE if all 
conditions are true and FALSE if not 

OR(condition 1, condition 2, .. . )—a logical function that returns TRUE if any con- 
dition is true and FALSE if not 


The IF function, IF(condition, value if true, value if false), allows you to choose one 
of two values to enter into a cell. If the specified condition is true, value if true will be put 
in the cell. If the condition is false, value if false will be entered. Value if true and value if 
false can be a number or a text string enclosed in quotes. For example, if cell C2 contains 
the function =IF(A8 = 2,7,12), it states that if the value in cell A8 is 2, the number 7 will 
be assigned to cell C2; if the value in cell A8 is not 2, the number 12 will be assigned to 
cell C2. Conditions may include the following: 


= equal to 
> greater than 
< less than 
>= greater than or equal to 
<= less than or equal to 
<> not equal to 


Note that if a blank is used between quotes, “”’, then the result will simply be a blank cell. 
This is often useful to create a clean spreadsheet. 

AND and OR functions simply return the values of true or false if all or at least 
one of multiple conditions are met, respectively. You may use AND and OR functions 
as the condition within an IF function; for example, =IF(AND(B1=3,C1=5),12,22). 
Here, if cell B1=3 and cell C1=5, then the value of the function is 12; otherwise, 


itis 22. 


Using the IF Function 


In the Purchase Orders database, suppose that the aircraft the value Smai/. Further, suppose that large orders with a 


component manufacturer considers any order of 10,000 total cost of at least $25,000 are considered critical. We 
units or more to be large, whereas any other order size is may flag these orders as critical by using the function in 
considered to be small. We may use the IF function to clas- cell L4: 

sify the orders. First, create a new column in the spreadsheet —IF(AND(K4 = “Large”, G4 >= 25000), “Critical”, “ ”) 


for the order size, say, column K. In cell K4, use the formula 
Note that we use open quotes to return a blank cell if the 


SRA ce 0000 Farge pa) order is not critical. After copying these formulas down the 


This function will return the value Large in cell K4 if the columns, Figure 2.16 shows a portion of the results. 


order size in cell F4 is 10,000 or more; otherwise, it returns 
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A 
Purchase Orders 


Supplier Order No. Item No. Item Description _ Item Cost_Quanti p - ip 
Hulkey Fasteners + +~+~<Augi1001.+~«=«~=«#1122+~«SAirframefasteners S 4.25 19,500 $ 82,875.00 30 08/05/11 08/13/11 Large Critical 
Alum Sheeting Aug11002 1243 Airframe fasteners $ 425 10,000 $ 42,500.00 30 08/08/11 08/14/11 Large Critical 
Fast-Tie Aerospace Aug11003 5462 Shielded Cable/ft. $ 1.05 23,000 $ 24,150.00 30 08/10/11 08/15/11 Large 
Fast-Tie Aerospace Aug11004 8462 Shielded Cable/ft $ 1.065 21,600 $ 22,575.00 30 08/15/11 08/22/11 Large 
Steelpin Inc Aug11005 5319 Shielded Cable/ft. $ 1.10 17,500 §$ 19,250.00 30 08/20/11 08/31/11 Large 
Fast-Tie Aerospace Aug11006 5462 Shielded Cable/ft. $ 1.05! 22°500- 5 23,625.00 30 08/20/11 08/26/11 Large 
Steelpin Inc Aug11007 4312  Bolt-nut package $ 3.75 4,250 $ 15,937.50 30 08/25/11 09/01/11 Small 
Durrable Products Aug11008 7258 Pressure Gauge $ 90.00 100 $ 9,000.00 45 08/25/11 08/28/11 Small 
Fast-Tie Aerospace Aug11009 6321 O-Ring $ 2.45 1,300 $ 3,185.00 30 08/25/11 09/04/11 Small 
13 Fast-Tie Aerospace Aug11010 5462 Shielded Cable/ft. $ 1.05 22500 $ 23,625.00 30 08/25/11 09/02/11 Large 
Steelpin Inc Aug11011 5319 Shielded Cable/ft $ 1.10 18,100 $ 19,910.00 30 08/25/11 09/05/11 Large 
Hulkey Fasteners Aug11012 3166 Electrical Connector $ 1.25 5,600 $ 7,000.00 30 08/25/11 08/29/11 Small 


» Figure 2.16 


Classifying Order Sizes Using the IF Function 


> Figure 2.17 prrenrueeenprmncereienesenncebameanctintenna 


Spreadsheet Implementa- 


i 

f 
tion of Quantity Discount ey eee: ee Oe Cl eB Se Sie POM MBAS he haa ery 
Calculation | 1 | Quantity purchased Price Sank jy ite ¢ 2 as ae: 

#2 | 1-1000 $10.00 

| 3 | 1001-5000 $9.00 

: > 5000 $7.50 

4.6 Quantity 10000 

Mees | Total Cost[__ $75,000] 


You may “nest” up to seven IF functions by replacing value if true or value if false in 
an IF function with another IF function: 


=lF(A8=2k( BS =senves 0°), 15) 


This says that if cell A8 equals 2, then check the contents of cell B3. If cell B3 is 5, then 
the value of the function is the text string YES; if not, it is a blank space. However, if cell 
A8 is not 2, then the value of the function is 15 no matter what cell B3 is. One tip to do this 
easily is to write out each IF formula first, then successively embed them into one formula. 


Calculating the Price of Quantity Discounts 


Suppose that a company offers quantity discounts on If this is false, we would have the following IF statement: 
purchases. For quantities of 1,000 or less, the unit price is 
$10; for quantities of 1,001 to 5,000, the unit price is $9.00; 
and for quantities that exceed 5,000, the unit price is $7.50. If this is false, the value must be Q times 7.5. 
We may use nested IF functions to compute the total cost Now substitute: 

for any purchase quantity. Here is the logic. Let Q represent 
the purchase quantity. If Q <= 1,000, the price is $10 x Q; 
if this is not true, then we need to check if Q <= 5,000. 

If so, the price will be $9.00 x Q. Finally, if this is false, 
then the quantity must exceed 5,000, and the price will be Figure 2.17 shows the formula used in the spread- 
$7.50 x Q. Write the first IF statement as sheet implementation. 


IF(Q <= 5,000, Q*9, value if false ) 


IF(Q <= 1,000, Q*10, vaiue if false) 
IF(Q <= 1,000, Q*10, IF(Q< = 5,000, Q*9, value if false) 
IF(Q <= 1,000, Q*10, IF(Q< = 5,000, Q*9, Q*7.5)) 


IF(Q <= 1,000, Q*10, value if false ) 


B7 "|i X fe | =IF(B6<=1000,86"B2,1F(B6<=5000,86*B3,B6*B4)) 


eee 
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Mt CHECK YOUR UNDERSTANDING 


1. Write an IF function that returns the word “Valid” if the value of cell B16 is greater 
than or equal to 0 and the word “Invalid” if not. 


2. Explain the difference between the AND and OR functions. 


3. Write an IF function that performs the following and explain how it should be imple- 
mented: If the contents of cell D10 is the text string “Invoice received” and the contents 
of cell E10 is “Paid,” then set the contents of cell F10 to “Order Completed”; other- 
wise, set the contents of cell F10 to “Order Open.” 


an Lookup Functions for Database Queries 


Excel provides some useful lookup functions for finding specific data in a spreadsheet. 
These are the following: 


VLOOKUP(lookup_value, table_array, col_index_num, [range lookup]) looks up a 
value in the leftmost column of a table (specified by the table_array) and returns 
a value in the same row from a column you specify (col_index_num). 

HLOOKUP(lookup_value, table_array, row_index_num, [range lookup]) looks up a 
value in the top row of a table and returns a value in the same column from a row 
you specify. 

INDEX(array, row_num, col_num) returns a value or reference of the cell at the 
intersection of a particular row and column in a given range. 

MATCH (lookup_value, lookup_array, match_type) returns the relative position of an 
item in an array that matches a specified value in a specified order. 

CHOOSE (index_num, valuel, value2,... ) returns a value from a list based on the 
position in the list, specified by index_num. 


In the VLOOKUP and HLOOKUP functions, range lookup is optional. If this is omit- 
ted or set as True, then the first column of the table must be sorted in ascending numerical 


Using the VLOOKUP Function 


True. Thus, if we enter the formula below in any blank cell of 
the spreadsheet (we recommend using absolute references 
for arrays) 


A database of sales transactions for a firm that sells instruc- 
tional fitness books and DVDs is provided in the Excel file 
Sales Transactions. The database is sorted by customer ID, 
and a portion of it is shown in Figure 2.18. Suppose that 

a customer calls a representative about a payment issue. 
The representative finds the customer ID—for example, 
10007—and needs to look up the type of payment and 
transaction code. We may use the VLOOKUP function to do 
this. In the function =VLOOKUP(lookup_value, table_array, 
col_index_num), lookup_value represents the customer 

ID. The table_array is the range of the data in the spread- 


=VLOOKUP(10007,$A$4:$H$475,3) 
it returns the payment type Credit. If we use the following 
formula: 

=VLOOKUP(10007,$A$4:$H$475,4) 
the function returns the transaction code 80103311. 


Now suppose the database was sorted by 
transaction code so that the customer ID column is 


sheet; in this case, it is the range A4:H475. The value for 
col_index_num represents the column in the table range we 
wish to retrieve. For the type of payment, this is column 3; 
for the transaction code, this is column 4. Note that the first 
column is already sorted in ascending numerical order, so 
we can either omit the range lookup argument or set it as 


no longer in ascending numerical order, as shown 

in Figure 2.19. If we use the function =VLOOKUP 
(10007,$A$4:$H$475,4, True), Excel returns #N/A. 
However, if we change the range lookup argument to 
False, then the function returns the correct value of the 
transaction code. 
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> Figure 2.18 


Portion of Sales Transac- 
tions Data Sorted by Cus- 
tomer ID 


» Figure 2.19 


Portion of Sales Transac- 
tions Data Sorted by Trans- 
action Code 


LA fe G D e F G H 

| 1 Sales Transactions: July 14 

a 

| 3 CustID Region Payment Transaction Code Source Amount Product Time Of Day | 
4 10001 East Paypal 93816545 Web $20.19 DVD 22:19 Fj 
5 10002 West Credit 74083490 Web $17.85 DVD SRCRPA 

1 6 10003 North Credit 64942368 Web $23.98 DVD 14:27 
7 10004 West Paypal 70560957 Email $23.51 Book 15:38 | 

| 8 10005 South Credit 35208817 Web $15.33 Book 15:21} 
AS) 10006 West Paypal 20978903 Email $17.30 DVD 3erd | 

; 10 10007 East Credit 80103311 Web $177.72 Book 21:59 

} 11 10008 West Credit 14132683 Web $21.76 Book 4:04 

| 12 10009 West Paypal 40128225 Web $15.92 DVD 19:35 
13 10010 South Paypal 49073721 Web $23.39 DVD 13:26 | 

A B C D E z G H 

1 Sales Transactions: July 14 
2 
3 CustID_ Region Payment Transaction Code Source Amount Product Time Of Day — 
4 10391 West Credit 10325805 Web $22.79 Book 0:00 
5 10231 North Paypal 10400774 Web $216.20 Book 10:33 
6 | 10267 West Paypal 10754185 Web $23.01 DVD 17:44 
7 10228 West Credit 10779898 Web $15.33 DVD 5:05 
8 10037 South Paypal 11165609 Web $217 Book 0:00" 
9 10297 North Credit 11175481 Web $22.65 Book 6:06 
10 10294 West Paypal 11427628 Web $15.40 Book 17:16 
11 10081 North Credit 11673210 Web $16.14 DVD 4:04° 
12 10129 West Credit 11739665 Web $22.03 DVD 14:49. 
13 10406 East Credit 12075708 Web $22.99 Book 9:09 
14 10344 East Credit 12222505 Web $15.55 DVD 6:06 


order. If an exact match for the Jookup_value is found in the first column, then Excel will 
return the value of the col_index_num of that row. If an exact match is not found, Excel 
will choose the row with the largest value in the first column that is less than the lookup_ 
value. If range lookup is False, then Excel seeks an exact match in the first column of the 
table range. If no exact match is found, Excel will return #N/A (not available). We recom- 
mend that you specify the range lookup to avoid errors. 

The HLOOKUP function works in a similar fashion. For most spreadsheet databases, 
we would normally need to use the VLOOKUP function. In some modeling situations, 
however, the HLOOKUP function can be useful if the data are arranged column by column 
rather than row by row. 

The INDEX function works as a lookup procedure by returning the value in a par- 
ticular row and column of an array. For example, in the Sales Transactions database, 
=INDEX($A$4:$H$475, 7, 4) would retrieve the transaction code 80103311 that is in 
the 7th row and 4th column of the data array (see Figure 2.18), as the VLOOKUP func- 
tion did in Example 2.13. The difference is that it relies on the row number rather than the 
actual value of the customer ID. 

In the MATCH function, Jookup_value is the value that you want to match in lookup_ 
array, which is the range of cells being searched. The match_type is either —1, 0, or 1. The 
default is 1. If match _type = 1, then the function finds the largest value that is less than or 
equal to lookup_value; however, the values in the lookup_array must be placed in ascend- 
ing order. If match_type = 0, MATCH finds the first value that is exactly equal to lookup_ 
value; in this case the values in the lookup_array can be in any order. If match type = —1, 
then the function finds the smallest value that is greater than or equal to lookup_value; in 
this case the values in the /ookup_array must be placed in descending order. Example 2.14 
shows how the INDEX and MATCH functions can be used. 

The VLOOKUP function will not work if you want to look up something to the left of a 
specified range (because it uses the first column of the range to find the lookup value). How- 
ever, we can use the INDEX and MATCH functions easily to do this, as Example 2.14 shows. 


Figure 2.20 shows the data in the Excel file Monthly Product 
Sales Queries. Suppose we wish to design a simple query 
application to input the month and product name, and 
retrieve the corresponding sales. The three additional work- 
sheets in the workbook show how to do this in three dif- 
ferent ways. The Query? worksheet (see Figure 2.21) uses 
the VLOOKUP function with embedded IF statements. The 


formula in cell 18 is 


» Figure 2.20 


The IF functions are used to determine the column in the 
lookup table to use and, as you can see, is somewhat com- 
plex, especially if the table were much larger. 
The Query2 worksheet (not shown here; see the 
Excel workbook) uses the VLOOKUP and MATCH func- 
tions in cell 18. The formula in cell 18 is 


=VLOOKUP(I5,A4:F15,MATCH(I6,B3:F3,0) + 1,FALSE) 


= VLOOKUP(I5, A4:F15, IF(I6 =A”, 2, IF(I6 = “B”, 3, 
IF(I6 = “C”,4, IF(I6 = “D”, 5, IF(I6 = “E”, 6))))), FALSE) 
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Using INDEX and MATCH Functions for Database Queries 


In this case, the MATCH function is used to identify the 
column in the table corresponding to the product name in 
cell 16. Note the use of the “+1” to shift the relative column 
number of the product to the correct column number in the 
lookup table. 

Finally, the Query3 worksheet (also not shown here) 
uses only INDEX and MATCH functions in cell 18. The for- 
mula in cell 18 is 


=INDEX(A4:F15,MATCH(I5,A4:A15,0), MATCH(I6,A3:F3,0)) 


The MATCH functions are used as arguments in the INDEX 
function to identify the row and column numbers in the table 
based on the month and product name. The INDEX func- 
tion then retrieves the value in the corresponding row and 
column. This is perhaps the cleanest formula of the three. 
By studying these examples carefully, you will better under- 
stand how to use these functions in other applications. 


A B Cc D E F = 
Monthly Product Sales pe nal a L | 
: Za Product | | 
Queries Workbook = tamara A 6 : D = | 
4 January 7,792 5,554 3,105 3,168 10,350 | 
5 February 7,268 3,024 3,228 3,751 8,965 
6 March 7,049 5,543 2,147 3,319 6,827 I | 
7 April 7,560 5,232 2,636 4,057 8,544 | 
8 May 8,233 5,450 2,726 3,837 7,535 | 
9 June 8,629 3,943 2,705 4,664 9,070 | 
10 July 8,702 5,991 2,891 5,418 8,389 
11 August 9,215 3,920 2,782 4,085 7,367 
12 September 8,986 4,753 2,524 5,575 5,377 
13 October 8,654 4,746 3,258 5,333 7,645 
14 November 8,315 3,566 2,144 4,924 8,173 
15 December 7.978 5,670 3.071 6,563 6,088 I~ 
! Data Queryl | Query2 | Query3 @) «| > 
> Figure 2.21 A B c D E Fiat G H | is} 
Using VLOOKUP + IF 
Query1 Worksheet in : wo a are : iq 
Monthly Product Sales 3 Month A B c D E Sales Lookup ia 
Queries Workbook 4 January 7,792 5,554 3,105 3,168 10,350 i | 
5 February 7,268 3,024 3,228 3,751 8,965 Month {April in 
6 March 7,049 5,543 2,147 3,319 6,827 Product ii 
7 April 7,560 5,232 2,636 4,057 8,544 | 
8 May 8,233 5,450 2,726 3,837 7,535 Sales 8,544 | 
9 June 8,629 3,943 2,705 4,664 9,070 | 
10 July 8,702 5,991 2,891 5,418 8,389 | 
11 August 9,215 3,920 2,782 4,085 7,367 
12 September = 8,986 4,753 2,524 5,575 5,377 
13 October 8,654 4,746 3,258 5,333 7,645 
14 November 8,315 3,566 2,144 4,924 8,173 
15 December 7,978 5,670 3,071 6,563 6,088 . 


| Data 


Query1 | Query2 Query3 | ‘| : : 
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Using INDEX and MATCH for a Left Table Lookup 


Suppose that, in the Sales Transactions database, we wish =INDEX(A4:A475,MATCH(K2,D4:D475,0),1) 
to find the customer ID associated with a specific transac- 
tion code. Refer back to Figure 2.18 or the Excel workbook. 
Suppose that we enter the transaction code in cell K2 and 
want to display the customer ID in cell K4. Use the following 


formula in cell K4: 


Here, the MATCH function is used to identify the row num- 
ber in the table range that matches the transaction code 
exactly, and the INDEX function uses this row number and 
column 1 to identify the associated customer ID. 


To illustrate the CHOOSE function, suppose that in the monthly product sales 
data (see Figure 2.20), we want to select the January sales of product B. We could 
use =CHOOSE(2,B4,C4,D4,E4,F4), which would return the value 5,554. We may also 
specify a list of text names, such as =CHOOSE(2,“A”,“B”,“C”,“D”,“E”), which would 
return B, 


CHECK YOUR UNDERSTANDING 


1. Explain the purpose of the VLOOKUP, INDEX, and MATCH functions. 


2. Inthe Purchase Orders database, what will =VLOOKUP(4111,C4:J97, 5, TRUE) and 
=VLOOKUP(4111,C4:J97, 5, FALSE) find? Explain the difference. 


3. Write an Excel function that is entered in cell J2 that will find the amount of an order 
for any customer ID in the Sales Transactions database using (1) only VLOOKUP, and 
(2) only the INDEX and MATCH functions. 


ae Excel Template Design 


Many database queries are repetitive; think of customer service representatives who must 
look up order information, prices, and so on. We may use the logical and lookup functions 
that we studied in the previous section to create user-friendly Excel templates for repeti- 
tive database queries. We did this in Example 2.14 for finding sales for a specific month 
and product name. In this section, we discuss some design approaches and Excel tools. 

An Excel template would typically have input cells, result cells, and possibly interme- 
diate calculations. Templates should be “clean,” well organized, and easy to use. Validation 
tools should be used to ensure that users do not inadvertently make errors in input data. 
Visualizations, such as charts, which will be discussed in the next chapter, can be included 
for additional insight. 


A Tax Bracket Calculator 


The table below shows the 2016 U.S. federal income tax rates for the four different types of filing status. 


2. Married filing jointly or 3. Married filing 


1. Single qualifying widow/widower seperately 4. Head of household Tax rate 
Up to $9,275 Up to $18,550 Up to $9,275 Up to $13,250 10% 
$9,276 to $37,650 $18,551 to $75,300 $9,276 to $37,650 $13,251 to $50,400 15% 
$37,651 to $91,150 $75,301 to $151,900 $37,651 to $75,950 $50,401 to $130,150 25% 
$91,151 to $190,150 $151,901 to $231,450 $75,951 to $115,725 $130,151 to $210,800 28% 
$190,151 to $413,350 $231,451 to $413,350 $115,726 to $206,675 $210,801 to $41 3,350 33% 
$413,351 to $415,050 $413,351 to $466,950 $206,676 to $233,475 $413,351 to $441 000 35% 
$415,051 or more $466,951 or more $233,476 or more $441,001 or more 39.60% 


We will create a simple template (see the Excel 
file Tax Bracket Template) that allows an individual to 
enter their filing status and taxable income and then 
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to select the proper lookup range based on the filing 
status code. 


An alternative way of doing this would be to use the 


returns the corresponding tax bracket. This is shown in 
Figure 2.22. We can use a lookup table to identify the 
tax rate. First, note that the main worksheet does not 
include the lookup table to keep the template clean. 
The input and results cells are color-coded to separate 
inputs from the result. We used a nested IF statement 


CHOOSE function as follows (“Lookup” is the name of the 
worksheet containing the lookup table): 


=CHOOSE($8$9, VLOOKUP($B$10,Lookup!$A$2:$E$8,5), 
VLOOKUP($8$10,Lookup!$B$2:$E$8,4), VLOOKUP($8$10, 
Lookup!$C$2:$E$8,3), VLOOKUP($B$10,Lookup!$D$2:$E$8,2)) 


Data Validation Tools 


Excel provides various data validation tools to reduce the chances that users will make 
a mistake. First, select the cell range for which data validation will be applied, and then 
choose Data Validation trom the Data Tools group on the Data tab in Excel 2016, or select 
Validation from the Data menu on the a Mac. 


a a 


§ B12 ~ Boney > fk =IF(B9=1, VLOOKUP(B10, Lookup!$A$2: SESS; 5), IF(B9=2 MLGOKUP(B1O,_ 
) | Lookup!SBS2:SESS,4},JF(B9=3, VLOOKUP(B10,Lookup!SC$2:SESS, 3}, 
; VLOCOKUP(B10,Lookup!SD$2:SES8, 2.) 


AEDS L LEER OLE DOIS 


SECRET 


| 1 2016 Tax Brackets 
b 2 

| 3 Filing Status 

4 1.Single 


"5 2. Married filing jointly or qualifying widow/widower 
| 6 3.Married filing separately 


| 7. 4.Head of household 
Enter Filing Status (1 through 4)| 
Enter Taxable Income $85,000 


8 
[3 


= ee ae pcestameccrerao reper 


1 Lookup Table | 
t 2 | 
| x $9,275.00 $18,550.00 $9,275.00 $13,250.00 15 ! 
re $37,650.00 $75,300.00 $37,650.00 $50,400.00 25%), 
5 | $91,150.00 $151,900.00 $75,950.00 $130,150.00 28%| | 
I 6 $190,150.00 $231,450.00 $115,725.00 $210,800.00 33%|| 
7 $413,350.00 $413,350.00 $206,675.00 $413,350.00 35%] 
is] $415,050.00 $466,950.00 $233,475.00 $441,000.00 39.60% . 
Bec 
10 anes ——if~ 
“| Tat tepate| toot [O _ ee 
» Figure 2.22 


Excel Template for Identifying Tax Bracket 
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SEEDS SEAS EERE INE OG EEN SSE ETE EIA TET 


(MEAT ESET AS EATON RRS ANES SADE D RRS TNE A | 


| B9 fi | 3 | ' 


| fe age B (EO Rae 
1 2016 Tax Brackets se . 
2 3} Data Validation 
3. Filing Status a 
| 4 (1. Single || ones = - 
| | Validation criteria 
| 5. 2. Married filing jointly or qualifying widow/widower alow . ua 
6 3.Married filing separately 7] | {Whole number ix] k= Ignore blank 
7 4, Head of household | Data: 
is 4\\ | between 
fie. Enter Filing Status (1 through 7 eames aie: 4 Minimum: 
10 Enter Taxable Income $35,000] ji} 1 
11 = f)| Mesimum: 
12 Federal Tax Bracket| oy \4 
113 
114 
/15 


> Figure 2.23 
Data Validation Dialog 


patties, Pl siicrosofe ne ‘ 
Data Validation Error Alert } 


Applying Data Validation 


For the Tax Bracket template, choose cell B9 (filing sta- can be customized from the Error Alert tab in the Data 


tus). In the Data Validation dialog, specify that the value Validation dialog. You may also use the /nout Message 
must be a whole number between 1 and 4, as shown in tab to create a prompt to guide the user when an input 
Figure 2.23. If the input value does not meet these crite- cell is selected. 


ria, a default error alert will pop up (See Figure 2.24). This 


Another way of applying data validation for numerical inputs is to use the ISNUMBER 
function. This function returns TRUE if the cell or range contains a number; otherwise, it 
returns FALSE. This can help to avoid any typing mistakes resulting from inadvertently 
pressing a letter or symbol key. 


EXAMPLE 2.18 Using the ISNUMBER Function for Data Validation 


In the Tax template, we will use ISNUMBER to ensure box, enter the formula =ISNUMBER(B10), as shown in 


that the taxable income in cell B10 is numeric. In the Data Figure 2.25. An error alert message will pop up if an invalid 
Validation dialog, choose Custom, and in the Formula entry is made. 


> Figure 2.25 
ISNUMBER Data Validation 


» Figure 2.26 
Excel 2016 Developer Tab 
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Data Validation 


Sa eR I NSE 
[a 
Settings || Input Message | Error Alert | 


| 
| | Validation criteria 
| 


Allow: 
| | Custom a lv’) Ignore blank 

H D | | 
ull bet | | ; 
| | betwee vv | i 
Formula: i 
P | | =ISNUMBER(810) EA 

i 


| [") Apply these changes to all other cells with the same settings 


[ ctearait_| (ea OKs i} [ cance 


Form Controls 


95 


Form controls are buttons, boxes, and other mechanisms for inputting or changing data 
on spreadsheets easily that can be used to design user-friendly spreadsheets. They allow 
the user to more easily interface with models to enter or change data without the potential 
of inadvertently introducing errors in formulas. To use form controls, you must first acti- 
vate the Developer tab on the ribbon. Click the File tab, then Options, and then Customize 
Ribbon. Under Customize the Ribbon, make sure that Main Tabs is displayed in the drop- 
down box, and then click the check box next to Developer (which is typically unchecked 
in a standard Excel installation). You will see the new tab in the Excel ribbon, as shown 
in Figure 2.26. If you click the /nsert button in the Controls group, you will see the form 
controls available (do not confuse these with the Active X Controls in the same menu!). On 
a Mac, select Excel > Preferences > View and check the box for Developer tab. The Mac 
ribbon is different and shows graphics of the form controls. 
The most common form controls are 


Spin button—a button used to increase or decrease a numerical value 
Scroll bar—a slider used to change a numerical value 

Check box—a box used to select or deselect a scenario 

Option button—a radio button used to select an option 

List box—a box that provides a list of options 

Combo box—a box that provides an expandable list of options 
Group box—a box that can hold a group of controls 


Page Layout 


we ee et M FE) Properties j 


i A4 acl, PjRecord Macro a 

, HEH Use Relative References Q-lView Code | 

| Visual Macros Po is Reiter aletene Add- £xcel COM © Insert Design i ; j 
Basic A, Macro Security ins Add-ins Add-ins Mode (8) Run Dialog 4 

{ Code Add-ins } Controls j 


Developer 


=) ant «| 
=} @ [F 


Option Spinner 
Button , 


: =a © | (a. Giga eae eee 
ia el fF eC) ie we 

| Macros Record Add-Ins Button Group Combo Label Check Scroll List 
Macro Box Box —-BOx Bar __—Box 


Visual 
| Basic 
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nana RRC ENT ARIES DERI ROR) | 


| 

Filing Status Taxable Income i 
oe j 

a 4 r f 

(Sess i 

i 

2 aes 1451 j 


1 |2016 Tax Brackets 

2 

3 Filing Status 

4 1.Single 

5 2. Married filing jointly or qualifying widow/widower 
6 3.Married filing separately 

74. Head of household 

§ 

co) Enter Filing Status (1 through 4) 
10 Enter Taxable Income 
41 

i2 


» Figure 2.27 
Tax Bracket Template with Form Controls 


$145,100 pai 


Federal Tax Bracket] _ 


To insert a form control, click the /nsert button in the Controls tab under the Developer 
menu, click on the control you want to use, and then click within your worksheet. The follow- 
ing example shows how to use both a spin button and scroll bar in the Tax Bracket template. 


In the Tax Bracket template, we will use a spin button for 
the filing status and a scroll bar for the taxable income (in 
unit increments of $100, from $0 through $500,000). The 
completed spreadsheet is shown in Figure 2.27. 

First, click the Insert button in the Controls group of the 
Developer tab, select the spin button, click it, and then click 
somewhere in the worksheet. The spin button (and any form 
control) can be re-sized by dragging the handles along the 
edge and moving the button within the worksheet. Move it to 
a convenient location, and enter the name you wish to use 
(such as Filing Status) adjacent to it. Next, right click the spin 
button and select Format Control. You will see the dialog box 
shown in Figure 2.28. Enter the values shown and click OK. 
Now if you click the up or down buttons, the value in cell B9 
will change within the specified range. 


Using Form Controls in the Tax Bracket Template 


Next, repeat this process by inserting the scroll bar 
next to the taxable income cell. Right click the scroll bar 
and select Format Control. For a scroll bar, the maxi- 
mum value is limited to 30,000, so we need to scale the 
parameters so that the taxable income can vary up to 
$500,000. Set the parameters in the dialog for a minimum 
value of 0 and maximum value of 5,000, with an incre- 
mental change of 1. Choose a blank cell for the cell link 
(say, D9). Then, in cell B10, enter the formula =D9*100. 
Now when the scroll bar is moved, the income will 
change from 0 to $500,000. You may also click the 
arrows on the end of the scroll bar to fine-tune the value. 
Using these controls, you can easily change the inputs in 
the template. 


Form controls only allow integer increments, so you would also have to scale values 
to change a number by a fractional value. For example, suppose that we want to use a spin 
button to change an interest rate that is in cell B8 from 0% to 10% in increments of 0.1% 
(that is, 0.001). Choose some empty cell, say, C8, and enter a value between 0 and 100 in 
it. Then enter the formula =C8/1000 in cell B8. Note that if the value in C8 = 40, for 
example, then the value in cell B8 will be 40/1000 = 0.04, or 4%. Then as the value in cell 
C8 changes by 1, the value in cell B8 changes by 1/1,000, or 0.1%. In the Format Control 
dialog, specify the minimum value at 0 and the maximum value at 100 and link the button 
to cell C8. Now as you click the up or down arrows on the spin button, the value in cell C8 
changes by | and the value in cell B8 changes by 0.1%. 
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» Figure 2.28 
Format Control Dialog 


Format Control BRET ote ae eon xX | 
; TIT alee Aa osm Cg thes Ne i 


 eerrase Say 3 Sr] ETI THC { 

| z t i i { } rr 

| Size | Protection | Properties | aText |[ Control] 
Current value: ‘5 ~ 

Mininnum vahue: 


Maximum value: 


DNAS: 


Cell tink: 


Pe 

| 

| 

} 

} 

| 

|| Incremental change: | 3 
| 

¥) 3-D shading 

t 


Other form controls can also be used; for instance, in the Tax Bracket template, you 
might use a list box to select the filing status. We encourage you to experiment and identify 
creative ways to use them. The next example shows the use of the combo box. 


Using a Combo Box 


column number references the entire row, so the func- 
tion sums all the columns in the row listed in cell H1. In 


Figure 2.29 shows the application of a combo box to com- 
pute the total sales for any month in the Monthly Product 


Sales database. We set the cell link to H1; this provides 
the row number of the month in the data array to use in 
an INDEX function to compute total sales. The formula in 
cell H7 is =SUM(INDEX(B4:F15,H1,0)). Using a0 as the 


Product B = Product C 
5 


5584 3105 

30124 3228 

5643 2147 

5232 2636 

5450 2126 3837 

3843 2705) 4664) 

5994 2391, 5418 

3920 2782 4085, 

4753 2524 BET 

4746. 3258 5333 
: 3566 2144 4924 
135 |Oecember 5 5670 3071) 6563 

é | 


>» FIGURE 2.29 
Combo Box Application 


the Format Control dialog, set the Drop Down lines to 12; 
this will display all 12 months when the arrow button is 
clicked. A smaller number will require you to scroll down 
to seem them all. 
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by CHECK YOUR UNDERSTANDING 


1. State the purpose of an Excel template and the key properties that it should have. 
What is the purpose of Data Validation in Excel? 


3. What will the function =ISNUMBER(A1) return when the contents of cell Al is 
either 10 or the word ten? 


4. Explain the value of form controls in Excel templates. 


“ PivotTables 


Excel provides a powerful tool for distilling a complex database into meaningful informa- 
tion: PivotTables (yes, it is one word!). PivotTables allows you to create custom summa- 
ries and charts of key information in the data and to drill down into a large set of data in 
numerous ways. In this section, we will introduce PivotTables in the context of databases; 
however, we will also use them in other chapters to facilitate data visualization and statisti- 
cal analysis of data sets. 

To apply PivotTables, first, select any cell in the database and choose PivotTable 
under the /nsert tab and follow the steps of the wizard. We will use the Sales Transactions 
database (see Figure 2.18). Excel first asks you to select a table or range of data; if you 
click on any cell within the database before inserting a PivotTable, Excel will default to the 
complete range of your data. You may either put the PivotTable into a new worksheet or in 
a blank range of the existing worksheet. Excel then creates a blank PivotTable, as shown 
in Figure 2.30. 

In the PivotTable Fields window on the right side of Figure 2.30 is a list of the fields 
that correspond to the headers in the database. You select which ones you want to include, 
as row labels, column labels, values, or a filter. You should first decide what types of tables 
you wish to create—that is, what fields you want for the rows, columns, and data values. 


Creating a PivotTable 


We will use a PivotTable for the Sales Transactions data- names out of the field areas (or just uncheck the boxes 

base to find the total amount of revenue in each region, and in the PivotTable Field list) or drag them to differ- 

also the total revenue in each region for each product. If ent areas. For example, if you drag the Product field 

you drag the field Region from the PivotTable Fields list in into the Columns area, you will create the PivotTable 

Figure 2.30 to the Rows area and the field Amount into the in Figure 2.33, showing the breakdown of revenues 

2 Values area, you will create the PivotTable shown in Fig- by product for each region. Another option is to drag 

ure 2.31. The values in column B are the sum of the sales Product to the Rows area, as shown in Figure 2.34. 

revenues for each region. You may select the range of the The order in which the fields are listed will also change 

value, right click, and format the cells as currency to make the view (try moving Region after Product). The best 

the PivotTable more meaningful. You may also replace the way to learn about PivotTables is simply to experiment 

names in the headers; for instance, change Row Labels to with them. 

Region and Sum of Amount to Revenue. The drop-down Dragging a field into the Filters area in the PivotTable 

arrow next to Row Labels allows you to filter the results Field list allows you to add a third dimension to your 

and display only selected regions. These modifications are analysis. For example, moving Payment to the Filters area 

shown in Figure 2.32. allows you to filter revenues by PayPal or credit, as shown 
The beauty of PivotTables is that if you wish to in Figure 2.35. 


change the analysis, you can simply drag the field 


> Figure 2.30 
Blank PivotTable 


> Figure 2.31 


PivotTable for Total Revenue 
by Region 


» Figure 2.32 


Re-formatted PivotTable for 
Total Revenue by Region 
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PivotTable Customization 


When you drag a field into the = Values area, the PivotTable defaults to the sum of the 
values in that field. Often, this is not what you want, but it can be easily changed. For 
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example, suppose that you wanted a count of the number of transactions for each region 
and product. In Figure 2.31, click the dropdown arrow next to Revenue in the = Values 
area and choose Value Field Settings. In the dialog shown in Figure 2.36, select Count 
(many other options exist that perform statistical calculations; we will use these in Chap- 
ter 4). This results in the PivotTable shown in Figure 2.37 (after reformatting the values 
to numbers instead of currency). Now we can see how many books and DVDs were sold 
in each region. 

An easier way to reformat data in a PivotTable is to select any cell, right click, and 
choose Value Field Settings. Notice the Number Format button at the bottom left in 
Figure 2.36. If you click this, you will be able to choose a format for all the data in the 
PivotTable. 


» Figure 2.36 
Value Field Settings Dialog 
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> Figure 2.37 


PivotTable for Count of 
Regional Sales by Product 


You may express the data in a PivotTable in various percentage views, such as the 
percent of the grand total, percent of row total, percent of column total, and other options. 
g, click the tab Show Values As. Select the option in the 
dropdown box; Figure 2.38 illustrates the selection of % of Row Total. Figure 2.39 shows 
the results; we now can see the percentage breakdown of product sales for each individual 
region. 

Other options for customizing PivotTables can be found in the PivotTable Tools 


In the Value Field Settings dialo 


OWMH aA wNMA>a, | 


© 


a SRLS Ae SR 


r PivotTable Fields 


ae | Choose fields to add to report: 

{Count of Amount |Product |» | | 

Region » Book DVD Grand Total i | (Search 

East 56 42 98 i 

{North 43 42 85 | | Region 

: South 62 RY 99 | i Payment 

West 100 90 190 Transaction Code 

‘Grand Total 261 211 472 | St source 
| | |v Amount 
j Y Product 
! | Time Of Day 
| 
| Drag fields between areas below: 
| 
} YP FILTERS Mt GOLUMNS 
{| 
| Product 
| 
| 
| | Rows © VALUES 
| Region vid Count of Amount 
| 

| Sheet1 | Data | @ eal ea | " | |) Defer Layout Update 
1 ae L 


Siete eb ee ae 


Design tab. Again, we invite you to experiment with them. 
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> Figure 2.39 


Percentage of Product Sales 
by Region 


» Figure 2.40 


Revenues Sliced by Web 
Sales 
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eo Bese 
DVD Grand Total | 
19.33% 100.00% | 
29.48%  — 100.00% | 
16.71% 100.00% | 
24.25% — 100.00% | 
100.00% | 
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Excel has a tool called slicers—for drilling down to “slice” a PivotTable and display a 
subset of data. Slicers simplify the process of filtering a PivotTable and are very useful in 
presentations to quickly show alternate PivotTable views. To create a slicer for any of the 
columns in the database, click on the PivotTable and choose Insert Slicer from the Analyze 
tab in the PivotTable Tools ribbon in Windows, or from the PivotTable Analyze tab on a 


Mac. 


Using Slicers 


For the PivotTable we created in Figure 2.33 for the rev- 
enues by region and product, let us insert a slicer for the 
source of the transaction, as shown in Figure 2.40. From 
the /nsert Slicers dialog, check the box for Source. This 
results in the slicer window shown in Figure 2.40. If you 
click on one of the Source buttons, Email or Web, the 


PivotTable reflects only those records corresponding to that 
source. In Figure 2.40, we are viewing only the total reve- 
nues generated through Web sales. If you click on the small 
red “x” by the filter in the top right of the slicer, you would 


clear the filter and the PivotTable would show revenues 


from all sources, as in Figure 2.33. 


CHECK YOUR UNDERSTANDING 


1. What is the purpose of a PivotTable? 


Explain how to construct a PivotTable for the Sales Transactions database so that it 


shows the count of the number of transactions using PayPal and credit for each region. 
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What is a slicer? How does it simplify the use of PivotTables? 
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am KEY TERMS 


Data set 

Data validation 
Database 

Database functions 
Empirical data 
Excel table 

Excel template 


Filtering 

Form controls 
Logical functions 
Lookup functions 
Pareto analysis 
PivotTables 
Slicers 


tes CHAPTER 2 TECHNOLOGY HELP 


Useful Excel Functions 


IF(condition, value if true, value if false) A logical func- 
tion that returns one value if the condition is true and 
another if the condition is false. 


AND(condition 1, condition 2,...) A logical function 
that returns TRUE if all conditions are true and FALSE if 
not. 


OR(condition 1, condition 2, ...) A logical function that 
returns TRUE if any condition is true and FALSE if not. 


VLOOKUP(lookup_value, table_array, col_index_num, 
[range lookup]) Looks up a value in the leftmost column 
of a table (specified by the table_array) and returns a 
value in the same row from a column you specify (col_ 
index_num). 


HLOOKUP(lookup_value, table_array, row_index_num, 
[range lookup]) Looks up a value in the top row of a table 
and returns a value in the same column from a row you 
specify. 


INDEX(array, row_num, col_num) Returns a value or 
reference of the cell at the intersection of a particular row 
and column in a given range. 


MATCH (lookup_value, lookup_array, match_type) 
Returns the relative position of an item in an array that 
matches a specified value in a specified order. 


CHOOSE(index_num, value, value2, . . . ) Returns a 
value from a list based on the position in the list, specified 
by index_num. 


DSUM(database, field, criteria) Sums values in the 
field column from a specified database that includes the 
column labels, using a criteria range that specifies the 


records you want to sum using the same format as the 
Advanced Filter. Other useful database functions include 
DAVERAGE and DCOUNT. 


Excel Techniques 
Create a range name (Example 2.2): 


There are three options. 


1. Select a cell; in the Name box, type the name and press 
Enter. 

2. Select a cell; click Define Name on the Formulas tab 
and complete the dialog. 

3. Highlight a range with text labels immediately to the 
right or left of the cell or range, or in the row immediately 
above or below the cell or range. On the Formulas tab, 
choose Create from Selection and complete the dialog. 


Create an Excel table (Example 2.3): 
Select the range of the data, including headers. 
Click Table from the Tables group on the Insert tab 
and make sure that the box for My Table Has Head- 
ers is checked. 


Sort data (Example 2.5): 
Select a single cell in the column you want to sort 
on, and in the Data tab, click the “AZ down arrow” 
button to sort from smallest to largest or the “AZ up 
arrow” button to sort from largest to smallest. Click 
the Sort button to specify criteria for more advanced 
sorting capabilities. 

Filter data (Example 2.7): 
Select any cell within the database. Then, from the 


Excel Data tab, click on Filter. Choose the filtering 
criteria. 


Using the Advanced Filter (Example 2.9): 
Copy the headers from the database to an open 
location in the worksheet. Under the headers, 
specify the criteria that you want to use to filter the 
data. Multiple criteria in the same row are logically 
joined by “and,” while criteria in rows are joined by 
“or.” In general, criteria for numerical values can 
include =, >, <, <> (not equal), >=, or <=. 
Choose Advanced next to the Filter in the Data tab. 
In the dialog box, enter the list range of the database 
and the criteria range. 


Apply Data Validation (Example 2.17): 
Select the cell range for which data validation will 
be applied, and then choose Data Validation from 
the Data Tools group on the Data tab in Excel 
2016, or select Validation from the Data menu on a 
Mac. Complete the dialog. 


Use Form Controls (Examples 2.19 and 2.20): 
Activate the Developer tab on the ribbon. To insert a 
form control, click the /nsert button in the Controls 
tab under the Developer menu, click on the control 
you want to use, and then click within your 
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worksheet. Right click the form control and select 
Format Control and specify the parameters. 


Create a PivotTable (Example 2.21): 
Select any cell in the database and choose Pivot- 
Table trom the Tables group under the Insert tab 
and follow the steps of the wizard. 


Insert a Slicer in a PivotTable (Example 2.22): 
Click on the PivotTable and choose Insert Slicer from 
the Analyze tab in the PivotTable Tools ribbon in Win- 
dows, or from the PivotTable Analyze tab on a Mac. 


StatCrunch 


StatCrunch provides the ability to easily create surveys 
for collecting data. This is useful for creating your own 
data sets and databases for class assignments. You can 
find video tutorials and step-by-step procedures with 
examples at https://www.statcrunch.com/5.0/example.php. 
We suggest that you first view the tutorials Getting started 
with StatCrunch and Working with StatCrunch sessions in 
the Basics section. Scroll down to the Surveys section and 
click on Creating surveys and Administering surveys and 
analyzing the results. 


PROBLEMS AND EXERCISES 


Data Sets and Databases 


1. The Excel file MBA Motivation and Salary Expecta- 
tions provides data on students’ pre-MBA salary and 
post-MBA salary expectations. Define range names 
for each of these ranges and then use the range names 
in formulas to find the expected salary increase for 
each of the respondents. 


2. The Excel file Airbnb Samples provides 15 sample 
room rates for five randomly selected Airbnb accom- 
modations. Define range names for each of the 
samples and then use these range names in formulas 
to find the average value for each sample. 


3. The Financial Forecasts database shows estimated 
variable and fixed expenses of a firm for the first nine 
months of the coming year. Define range names for 
each month and the type of expense. Then use the 
range names in formulas to find the total for each 
month and type of expense. 


Data Queries: Tables, Sorting, and Filtering 


4. Convert the Hospital Claim database to an Excel 
table. Use the techniques described in Example 2.4 to 
find: 

a. the total number of claims. 
b. the total number of outpatient claims. 
c. the total number of claims in January. 
5. Convert the Order Specifications database to an 


Excel table. Use the techniques described in Exam- 
ple 2.4 to find: 


a. the total cost of all orders. 


b. the total cost of all orders placed with Multipur- 
pose Fasteners. 


c. the total quantity of airframe bolts purchased. 


6. The Excel file Stationary provides the sales data for a 
stationary company, and each row represents an order 
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10. 


11. 


12. 


13. 


14. 


15. 
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for its products. Convert these data into an Excel 
table and filter the central region for those that have 
sold more than 50 units. What is the distribution of 
their order? 


. The Excel file Global Industry Default and Rating 


summarizes financial information for 32 European 
firms, in the manufacturing and services industries, 
and their perceived risk of default. Convert these data 
into an Excel table. Use table-based calculations to 
find the average credit score, average debt, and aver- 
age equity for companies with a risk of default, and 
also for those without a risk of default. Does there 
appear to be a difference between firms with and 
without a risk of default? 


. Open the Excel file Store and Regional Sales Data- 


base. Sort the data by units sold, high to low. 


. In the Excel file Automobile Quality Ranking, search 


for and add a new column for the country of origin for 
each brand. Then sort the data from the lowest to high- 
est by number of problems per 100 vehicles in Excel. 
What conclusions can you reach? 


In the Purchase Orders database, conduct a Pareto 
analysis of the cost per order data. What conclusions 
can you reach? 


Conduct a Pareto analysis for the number of minutes 
that flights are late in the Global Airline Data Excel 
file. Interpret the results. 


Use Excel’s filtering capability in the Car database to 

extract 

a. all Japanese cars. 

b. all cars having more than 400 horsepower. 

c. all cars having less than 8 cylinders and weighing 
more than 3,500 kilograms. 

In the Sales Transactions database, use Excel’s filter- 

ing capability to extract 

a. all orders that used PayPal. 

b. all orders under $100. 

c. all orders that were over $100 and used a 
credit card. 


Filter the data in the Cereal database to obtain the 
cereals that are of type C. What are the average calo- 
ries and total sales for this type of cereal? 


Use the Excel file Credit Risk Data that was introduced 
in this chapter to perform the following activities: 


16. 


Ws 


18. 


19. 


a. Compute the combined checking and savings 
account balance for each record in the Base Data 
worksheet. Then sort the records by the number 
of months as a customer of the bank. From exam- 
ining the data, does it appear that customers with 
a longer association with the bank have more 
assets? 

b. Apply Pareto analysis to draw conclusions about 
the combined amount of money in checking and 
savings accounts. 


c. Use Excel’s filtering capability to extract all 
records for new-car loans. How many individu- 
als with new-car loans are single, married, and 
divorced? 


d. Use Excel’s filtering capability to extract all 
records for individuals employed less than 
12 months. Can you draw any conclusions about 
the credit risk associated with these individuals? 


Apply the Advanced Filter to the Credit Risk Data 
(Base Data worksheet) to find the following: 
a. All new car loans obtained for single females. 


b. All furniture loans obtained for single individuals 
who rent. 


c. All education loans obtained by unskilled 
workers. 


d. All used car loans obtained by individuals who 
are employed 12 months or less. 


e. All car loans (new or used) obtained by males 
who have been employed at least 36 months. 


In the Credit Risk Data file, use database functions 
to find the average amount of savings for each of the 
situations listed in Problem 16. 


For the Bicycle Inventory database, use database 
functions to find the following: 
a. The total number of leisure bicycles on hand. 


b. The average purchase cost and selling price of 
road bicycles. 


Logical Functions 


Modify the data in the Base Data worksheet in the 
Excel file Credit Risk Data using IF functions to 
include new columns, classifying the checking and 
savings account balances as low if the balance is 
less than $250, medium if at least $250 but less than 
$2000, and high otherwise. 


20. 


The Excel file President's Inn Guest Database pro- 
vides a list of customers, rooms they occupied, arrival 
and departure dates, number of occupants, and daily 
rate for a small bed-and-breakfast inn during one 
month.’ Room rates include breakfast and are the same 
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to that movie by the database. If they are the same, 
the database assigns the number of the duplicate. An 
example is shown in the following table. The first 
four people watched the same movie, so the codes 
are assigned from | to 4, and so on. Explain how to 


for one or two guests; however, any additional guests 
must pay an extra $20 per person per day for breakfast. 


assign the correct code using an IF function. 


Parties staying for seven days or more receive a 10% A : 
discount on the room rate as well as any additional 1 Type of Movie Repeat Code 
breakfast fees. Modify the spreadsheet to calculate the 2 Action 1 
number of days that each party stayed at the inn and 3. Action 2 
the total revenue for the length of stay. Aes Action 3 
21. Figure 2.41 shows the 2016 U.S. federal income 5 Action 4 
tax rates for the four different types of filing status. 6 Comedy 1 
Suppose an individual 1S single. Write one logical IF 7 | Comedy 9 
function that will determine the correct tax rate for 
any income that is entered in cell B3 of a spread- Pig) Comedy 3 
sheet. Implement this on a spreadsheet and verify its 9 Drama 1 
correctness. 10 Drama 2 
22. For the Cereal database, write a logical IF function 11 Drama 3 
that enters “Review” in column M if the rating is 12 Drama 4 
more than 45 and the sales is less than 150; if not, 13 Drama 5 
then enter a blank. 14 Drama 6 
23. A survey was conducted to identify the type of moy- 15 Drama 7 
ies watched by 15 people in the past two weeks. If 16 Drama 8 


the type of movie watched by one person is differ- 
ent from the others, then the code 1 will be assigned 


v Figure 2.41 
2016 Federal Income Tax Rates for Problem 21 


2. Married filing jointly or 3. Married filing 


1. Single qualifying widow/widower __ separately 4. Head of household Tax rate 
Up to $9,275 Up to $18,550 Up to $9,275 Up to $13,250 10% 
$9,276 to $37,650 $18,551 to $75,300 $9,276 to $37,650 $13,251 to $50,400 15% 
$37,651 to $91,150 $75,301 to $151,900 $37,651 to $75,950 $50,401 to $130,150 25% 
$91,151 to $190,150 $151,901 to $231,450 $75,951 to $115,725 $130,151 to $210,800 28% 
$190,151 to $413,350 $231,451 to $413,350 $115,726 to $206,675 $210,801 to $413,350 33% 
$413,351 to $415,050 $413,351 to $466,950 $206,676 to $233,475 $413,351 to $441,000 35% 
$415,051 or more $466,951 or more $233,476 or more $441,001 or more 39.60% 


7 Based on Kenneth C. Laudon and Jane P. Laudon, Essentials of Management Information Systems, 
9th ed. (Upper Saddle River, NJ: Prentice Hall, 2011). 
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Lookup Functions for Database Queries 


24. 


25. 


26. 


Pi fi 


28. 


A shirt manufacturer needs to supply invoices to cus- 
tomers based on data from the Shirt Production Excel 
file, which indicates the costs (in £) and sizes. Modify 
the file to use the VLOOKUP function to compute 
the customer invoice when product specifications, 
such as type, size, or quantity ordered, are entered. 


The Excel file S&P 500 provides open, high, low, 
and close values for the S&P 500 index over a period 
of time. 


a. Enter any date (using the format month/day/year) 
within the range of the data in cell G2. Use a 
MATCH function in cell G3 to find the row in the 
database that corresponds to this date. 


b. Write an INDEX function in cell G4 that finds 
the closing value on this date using your answer 
to part a. 

c. Combine the MATCH and INDEX functions in 
parts a and b into one function that displays the 
closing value in cell GS. 


Enhance the Sales Transactions database file to per- 
form a database query that finds the transaction code 
and amount associated with any customer ID input. 
Apply your results to customer ID 10029. 


Enhance the Yield Rates database file to perform a data- 
base query that finds the rate associated with any date 
and term. (This is a challenging question because you 
will not be able to use the term headers in a MATCH 
function. Hint: Add a row that assigns a code from 1 
to 11 for each term. Then use the code for your input 
value. You might also use a lookup function to convert 
the code back to the actual term as part of the output.) 


For this exercise, use the Wikipedia database. 

Use MATCH and/or INDEX functions to find the 

following: 

a. The row numbers corresponding to the first and last 
instance of name Affaire _RA@veillon in column 
B (be sure column B is sorted by order number). 


b. The date associated with the first instance of 
name Affaire_RA@veillon that you identified in 
part a. 

c. The total changes for Affaire RA@©veillon. Use 
the answers of parts a. and b. along with the SUM 
function to do this. In another words, you should 
use appropriate INDEX and MATCH functions 
within the SUM function to find the answer. Vali- 
date your result by applying the SUM function 
directly to the data in column E. 


29. Use INDEX and MATCH functions to fill in a table 
that extracts the amounts shipped between each pair 
of cities in the Excel file General Appliance Cor- 
poration, which shows the solution to an optimiza- 
tion model that finds the minimum cost and amounts 
shipped from two plants to four distribution centers. 
Your table should be set up as follows, and the for- 
mulas for the Amount Shipped column should refer- 
ence the names in the From and To columns: 


From To Amount Shipped 
"Marietta Cleveland 

Marietta Baltimore 

Marietta Chicago 

Marietta Phoenix 

Minneapolis Cleveland 

Minneapolis _—_ Baltimore 

Minneapolis Chicago 

Minneapolis Phoenix 


30. In the Factvalue database, you need to find the 
country with a birth rate of 29.43 and identify the 
country’s death rate. Write functions for a left table 
lookup to answer these queries. 


31. An auditor found an expense receipt for $179.24 with- 
outa name. Write a left table lookup function that would 
identify the sales rep in the Travel Expenses database. 


32. Use the CHOOSE function to develop a database 
query for the Time Spent data that will complete the 
following table for any individual specified in the top 
left corner: 


nn“ “nn SS eee 


Household 
Personal Free and Family 
Individual Care Sleep Eating Time Care 
Time Spent 


ee a ee 


Each empty cell should contain only one CHOOSE 
function. Hint: Use other appropriate function to deter- 
mine the row associated with the specified individual. 


Excel Template Design 


33. Suppose that an electricity supplier in your country 
offers specific rates to domestic consumers. For the 
first 2,000 units of electricity consumed, it charges 
€0.14 per unit; and if more than 2,000 units are con- 
sumed, it charges €0.11 per unit consumed. Develop 
an Excel template using the VLOOKUP function to 
find the costs associated with any amount of consump- 
tion and compute the total cost of the consumption. 


34. 


35. 


Develop an Excel template for computing the IQ 
scores obtained by males and females based on 
the brain size (in count obtained from MRI scans, 
count/10,000), height (in inches) and weight (in 
pounds). Use the following formulas. For a male, the 
IQ score is determined by 


110.6 + 2.16 X brain size — 3.73 
X height + 0.051 X weight 


For a female, the IQ score is determined by 


101.45 + 3.59 X brain size + 2.83 
x height — 0.006 X weight 


Use form controls to input each individual’s brain 
size, height, weight, and gender. 


A college graduate who is living in Edinburgh, the 
United Kingdom, expects to earn a monthly salary 
of £598. The Excel file UK Cost of Living shows the 
comparative salaries in other cities and the adjustments 
for living expenses. Develop an Excel template that 
allows the user to enter current annual expenses (in 
Edinburgh) for cost of living, rent, groceries, and din- 
ing and compute the corresponding expenses for any 
selected city and the monthly wages surplus for both 
Edinburgh and the selected city. The following table is 
an example of what the output should look like: 


Edinburgh Newcastle 

Monthly Wages £598.00 £501.00 
Monthly Expenses 

Cost of Living £79.39 £90.50 
Rent £35.55 £37.33 
Groceries £63.89 £70.92 
Dining £86.39 £98.48 
Total £265.22 £297.23 
Wage Surplus £332.78 £203.77 


CASE: PEOPLE’S CHOICE BANK 


The People’s Choice Bank is a small community bank 
that has three local branches, in Blue Ash, Delhi, and 
Anderson Hills. The Excel file Peoples Choice Bank is a 
database of major account transactions for the month of 
August. 


1. Note that it is difficult to determine whether each trans- 
action in the Amount column represents a positive cash 
inflow or a negative cash outflow without information 


36. 
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Use a list box form control to select the city and slid- 
ers to input current monthly expenses. 


The Excel file Payroll Data provides hourly salaries 
for a group of employees. Create an Excel template 
that allows the user to select an employee by employee 
ID, enter the number of regular hours and overtime 
hours worked, and display a payroll summary with the 
employee name, gross pay, federal tax, state tax, Social 
Security, Medicare withholding deductions, and net 
pay. Assume that the federal tax rate is 11%, the state 
tax rate is 2.385%, Social Security withholding is 6.2%, 
and Medicare withholding is 1.45%. Use a form control 
to select the employee ID. (Hint: Use the CONCAT- 
ENATE function to join the first and last name in your 
template. See Chapter 1 Appendix A1 for a discussion 
of this function.) 


PivotTables 


37. 


38. 


39. 


40. 


Construct PivotTables showing the counts of region 
versus social media platform marketshare, and tab- 
let versus mobile device usage in Asia in the Excel 
file Social Media Marketshare. What might you con- 
clude from this analysis? 


Use PivotTables to find the number of loans by dif- 
ferent purposes, marital status, and credit risk in the 
Excel file Credit Risk Data (Base Data worksheet). 


Use PivotTables to find the number of sales transac- 
tions by product and region, total amount of revenue 
by region, and total amount of revenue by region and 
product in the Sales Transactions database. 


The Excel file Retail Survey provides data about cus- 
tomers’ preferences for denim jeans. Use PivotTables 
and slicers to draw conclusions about how prefer- 
ences differ by gender and age group and summarize 
your results in a brief memo. 


in other columns. Modify the database as appropriate to 
more easily analyze the data. 


Suppose that you have been asked to prepare a sum- 


mary of these transactions that would be clear and 
meaningful to the bank’s president. Use PivotTables 
(that are well-designed and properly formatted) to pro- 
vide a summary of the key information that the presi- 
dent and his direct reports would want to know. Justify 
and explain your reasoning. 
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ig CASE: DROUT ADVERTISING RESEARCH PROJECT® 


Jamie Drout is interested in perceptions of gender stereotypes 
within beauty product advertising, which includes soap, 
deodorant, shampoo, conditioner, lotion, perfume, cologne, 
makeup, chemical hair color, razors, skin care, feminine care, 
and salon services, as well as the perceived benefits of empow- 
erment advertising. Gender stereotypes specifically use cul- 
tural perceptions of what constitutes an attractive, acceptable, 
and desirable man or woman, frequently exploiting specific 
gender roles, and are commonly employed in advertisements 
for beauty products. Women are represented as delicately 
feminine, strikingly beautiful, and physically flawless, occu- 
pying small amounts of physical space that generally exploit 
their sexuality; men are represented as strong and masculine, 
with chiseled physical bodies, occupying large amounts of 
physical space to maintain their masculinity and power. In 
contrast, empowerment advertising strategies negate gender 
stereotypes and visually communicate the unique differences 
in each individual. In empowerment advertising, men and 
women are to represent the diversity in beauty, body type, 
and levels of perceived femininity and masculinity, Jamie’s 
project is focused on understanding consumer perceptions of 
these advertising strategies. 

Jamie conducted a survey using the following 
questionnaire: 


1. What is your gender? 
Male 
Female 
2. What is your age? 
3. What is the highest level of education you have 
completed? 
Some High School Classes 
High School Diploma 
Some Undergraduate Courses 
Associate Degree 
Bachelor Degree 
Master Degree 
va 
M.D. 
Doctorate Degree 


4, What is your annual income? 
$0 to <$10,000 


$10,000 to <$20,000 
$20,000 to <$30,000 
$30,000 to <$40,000 
$40,000 to <$50,000 
$50,000 to <$60,000 
$60,000 to <$70,000 
$70,000 to <$80,000 
$80,000 to <$90,000 
$90,000 to <$110,000 
$110,000 to <$130,000 
$130,000 to <$150,000 
$150,000 or More 


On average, how much do you pay for beauty and 
hygiene products or services per year? Include refer- 
ences to the following products: soap, deodorant, sham- 
poo, conditioner, lotion, perfume, cologne, makeup, 
chemical hair color, razors, skin care, feminine care, 
and salon services. 


On average, how many beauty and hygiene advertise- 
ments, if at all, do you think you view or hear per day? 
Include references to the following advertisements: 
television, billboard, Internet, radio, newspaper, maga- 
zine, and direct mail. 


On average, how many of those advertisements, if any, 
specifically subscribe to gender roles and stereotypes? 


On the following scale, what role, if any, do these adver- 
tisements have in reinforcing specific gender stereotypes? 
Drastic 

Influential 

Limited 

Trivial 

None 


To what extent do you agree that empowerment adver- 
tising, which explicitly communicates the unique differ- 
ences in each individual, would help transform cultural 
gender stereotypes? 


Strongly agree 
Agree 
Somewhat agree 
Neutral 


The author expresses appreciation to Jamie Drout for providing this original material from her class 


project as the basis for this case. 


Somewhat disagree 
Disagree 


Strongly disagree 


10. On average, what percentage of advertisements that 
you view or hear per day currently utilize empower- 
ment advertising? 


Assignment: Jamie received 105 responses, which are 
organized as a database in the Excel file Drout Advertis- 
ing Survey. 


1. Explain how the data and subsequent analysis using 
business analytics might lead to a better understand- 
ing of stereotype versus empowerment advertising. 
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Specifically, state some of the key insights that you 
would hope to answer by analyzing the data. 

2. Create some PivotTables to draw some initial insights 
from the data. 


An important aspect of business analytics is good com- 
munication. Write up your answers to this case formally 
in a well-written report as if you were a consultant to 
Ms. Drout. This case will continue in Chapters 3, 4, 6, 
and 7, and you will be asked to use a variety of descrip- 
tive analytics tools to analyze the data and interpret 
the results. Your instructor may ask you to add your 
insights to the report, culminating in a complete project 
report that fully analyzes the data and draws appropriate 
conclusions. 
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CHAPTER 


Data Visualization 


ESB Professional/Shutterstock 


I ARNING OBJECTIVES, _ After studying this chapter, you will be able to: 


= Create Microsoft Excel charts. w Apply data bars, color scales, icon sets, and 
, = Determine the appropriate chart to visualize different sparklines to create other types of visualizations. 
: types of data. ws Develop useful dashboards for communicating data 


and information. 
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Making sense of large quantities of disparate data is necessary not only for gaining 
competitive advantage in today’s business environment, but also for surviving in 
it. Converting data into information to understand past and current performance 
is the core of descriptive analytics and is vital to making good business deci- 
sions. The old adage “A picture is worth 1,000 words” is probably truer in today’s 
information-rich environment than ever before. Data visualization is the process 
of displaying data (often in large quantities) in a meaningful fashion to provide 
insights that will support better decisions. Researchers have observed that data 
visualization improves decision making, provides managers with better analysis 
capabilities that reduce reliance on IT professionals, and improves collaboration 
and information sharing. In your career, you will most likely use data visualization 
extensively as an analysis tool and to communicate data and information to oth- 
ers. For example, if you work in finance, you can use data visualization to track 
revenues, costs, and profits over time; to compare performance between years 
or among different departments; and to track budget performance. In marketing, 
you can use data visualization to show trends in customer satisfaction, compare 
Sales among different regions, and show the impact of advertising strategies. In 
operations, you might illustrate the performance of different facilities, product 
quality, call volumes in a technical support department, or supply chain metrics 
such as late deliveries. 

In this chapter, we will illustrate how to construct and use Excel charts and 
other Excel visualization tools and how to build dashboards that summarize and 
communicate key information visually. 


s The Value of Data Visualization 


Raw data are important, particularly when one needs to identify accurate values or com- 
pare individual numbers. However, it is quite difficult to identify trends and patterns, find 
exceptions, or compare groups of data in tabular form. The human brain does a surpris- 
ingly good job of processing visual information—if presented in an effective way. Visual- 
izing data provides a way of communicating data at all levels of a business and can reveal 
surprising patterns and relationships, thereby providing important insights for making 
decisions. It also helps users to more quickly understand and interpret data, and helps 
analysts choose the most appropriate data analysis tool. For many unique and intriguing 
examples of data visualization, visit the Data Visualization Gallery at the U.S. Census 
Bureau Web site, www.census.gov/dataviz/, 

In addition to descriptive analytics, data visualization is important for predictive and 
prescriptive analytics as well. For example, recall the chart predicting new product sales 
over time, shown in Figure 1.2 in Chapter 1. This graph conveys the concept much more 
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easily than would either a verbal description or mathematical model. Visualizing a pat- 
tern also helps analysts select the most appropriate mathematical function to model the 
phenomenon. Complex prescriptive models often yield complex results. Visualizing the 
results often helps in understanding and gaining insight about model output and solutions. 


Figure 3.1 shows the data in the Excel file Monthly Product 
Sales. We can use the data to determine exactly how many 
units of a certain product were sold in a particular month, or 
to compare one month to another. For example, we see that 
sales of product A dropped in February, specifically by 6.7% 
(computed by the Excel formula = 1 — B3/B2). Beyond 
such calculations, however, it is difficult to draw big-picture 


Tabular Versus Visual Data Analysis 


conclusions. Figure 3.2 displays a chart of monthly sales 
for each product. We can easily compare overall sales of 
different products (product C sells the least, for example) 
and identify trends (sales of product D are increasing), other 
patterns (sales of product C are relatively stable, while sales 
of product B fluctuate more over time), and exceptions 
(product E’s sales fell considerably are September). 


> Figure 3.1 r 5 2 = oy ier 
Monthly Product Sales Data 1 Month Product A Product B Product C Product D Product E 
| 2 January 7792 5554 3105 3168 10350 
3 February 7268 3024 3228 3751 8965 
| 4 March 7049 5543 2147 3319 6827 
5 April 7560 5232 2636 4057 8544 
6 May 8233 5450 2726 3837 7535 
7 June 8629 3943 2705 4664 9070 
8 July 8702 5991 2891 5418 8389 
3 August 9215 3920 2782 4085 7367 
| 10 September 8986 4753 2524 5575 5377 
11 October 8654 4746 3258 5333 7645 
| 12 November 8315 3566 2144 4924 8173 
| 13 December 7978 5670 3071 6563 6088 
» Figure 3.2 
Visualization of Monthly Monthly Product Sales 
Product Sales Data 12000 
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System! 


The New York City Police Department (NYPD), the largest 
state or local police force in the United States, is charged 
with securing New York City from crime and terrorism. The 
department had accumulated a tremendous amount of 
information but had limited means of sharing it among its 
officers. Much of the information was available only to offi- 
cers in the precinct house with permission to access stand- 
alone software applications, with little analytics or data 
visualization techniques to give the officers any insight. 

In 2008, the NYPD began developing a new system, 
the Domain Awareness System (DAS), which is a citywide 
network of sensors, databases, devices, software, and 
infrastructure that informs decision making by delivering 
analytics and tailored information to officers’ smartphones 
and precinct desktops. The NYPD has used the system to 
employ a unique combination of analytics and information 
technology. 


oe ee 


ANALYTICS IN PRACTICE: Data Visualization for the New York City 
Police Department’s Domain Awareness 


A key feature of the system is data visualization. Prior to 
the DAS, reports simply listed data in numerical tables. The 
only analysis presented might be a year-to-year percentage 
change. Using it to pick out geographic clusters or potential 
patterns was virtually impossible. Today, information is pre- 
sented in an interactive form. If a user clicks on a number, DAS 
brings up all the records included in that number and marks 
them on the map. The NYPD also constructed a data visualiza- 
tion engine to enable the user to explore trends and patterns 
in the statistics. Bar and pie charts of categorical data and line 
charts of temporal data are available with the press of a button. 

Through improving the efficiency of the NYPD’s staff, 
DAS has generated estimated savings of $50 million per year. 
Most importantly, the NYPD has used it to combat terrorism 
and improve its crime-fighting effectiveness. Since DAS was 
deployed department-wide in 2013, the overall crime index in 
the city has fallen by six percent. 


Tools and Software for Data Visualization 


Data visualization ranges from simple Excel charts to more advanced interactive tools and 
software that allow users to easily view and manipulate data with a few clicks, not only on 
computers, but also on iPads and other devices. In this chapter, we discuss basic tools avail- 
able in Excel. Commercial software packages such as Tableau, Qlik View, and SAS Visual 
Analytics offer more powerful tools, especially for applications involving big data. In par- 
ticular, we suggest that you look at the capabilities of Tableau (www.tableau.com), which 
we describe in the Appendix to this chapter. Tableau is easy to use and offers a free trial. 


CHECK YOUR UNDERSTANDING 


1. Explain the pros and cons of tabular versus visual data analysis. 


2. How is data visualization used in descriptive, predictive, and prescriptive analytics? 


Tn Creating Charts in Microsoft Excel 


Microsott Excel provides a comprehensive charting capability with many features. With a 
little experimentation, you can create professional charts for business analyses and presen- 
tations. These include vertical and horizontal bar charts, line charts, pie charts, area charts, 


'B. S. Levine, Jessica Tisch, Anthony Tasso, and Michael Joya, “The New York City Police Department’s 


Domain Awareness System,” Interfaces, Vol. 47, No. 1, January—February 2017 . 70-84, © 20 
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scatter plots, and many other special types of charts. We will not guide you through every 
application but do provide some guidance for new procedures as appropriate. 

Certain charts work better for certain types of data, and using the wrong chart can make 
the data difficult for the user to interpret and understand. While Excel offers many ways 
to make charts unique and fancy, naive users often focus more on the attention-grabbing 
aspects of charts rather than their effectiveness in displaying information. So we recom- 
mend that you keep charts simple, and avoid such bells and whistles as 3-D bars, cylinders, 
cones, and so on. We highly recommend books written by Stephen Few, such as Show Me 
the Numbers (Oakland, CA: Analytics Press, 2004), for additional guidance in developing 
effective data visualizations. 

To create a chart in Excel, it is best to first highlight the range of the data you wish to 
chart. The Excel Help files provide guidance on formatting your data for a particular type 
of chart. Click the /nsert tab in the Excel ribbon (Figure 3.3; the Mac ribbon is similar). 
Click the chart type, and then click a chart subtype that you want to use. Once a basic chart 
is created, you may use the options in the Design (Chart Design in Mac) and Format tabs 
to customize your chart (Figure 3.4). In the Design tab, you can change the type of chart, 
data included in the chart, chart layout, and styles. The Format tab provides various for- 
matting options. You may also customize charts easily by right clicking on elements of the 
chart or by using the Quick Layout options within the Design tab. 

You should realize that up to 10% of the male population are affected by color blind- 
ness, making it difficult to distinguish between different color variations. Although we 
generally display charts using Excel’s default colors, which often, unfortunately, use red, 
experts suggest using blue-orange palettes. We suggest that you be aware of this for profes- 
sional and commercial applications. 


Column and Bar Charts 


Excel distinguishes between vertical and horizontal bar charts, calling the former column 
charts and the latter bar charts. A clustered column chart compares values across cat- 
egories using vertical rectangles; a stacked column chart displays the contribution of each 
value to the total by stacking the rectangles; and a 100% stacked column chart compares 
the percentage that each value contributes to a total. Column and bar charts are useful for 
comparing categorical or ordinal data, for illustrating differences between sets of values, 
and for showing proportions or percentages of a whole. 
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Creating Column Charts 


The Excel file EEO Employment Report provides data on the and change it to “Alabama Employment.” The names of the 
number of employees in different categories broken down data series can be changed by clicking on the Select Data 


by racial/ethnic group and gender (Figure 3.5). We will con- button in the Data group of the Design tab. In the Select Data 
struct a simple column chart for the various employment cat- Source dialog (see Figure 3.6), click on “Series1” and then 
egories for all employees. First, highlight the range C3:K6, the Edit button. Enter the name of the data series, in this 
which includes the headings and data for each category. case “All Employees.” Change the names of the other data 
Click on the Column Chart button found in the Insert tab, series to “Men” and “Women” in a similar fashion. You can 


and then on the first chart type in the list (a clustered column also change the order in which the data series are displayed 
chart). To add a title, click on the Add Chart Elements button on the chart using the up and down buttons. The final chart 
in the Design tab ribbon. Click on “Chart Title” in the chart is shown in Figure 3.7. 


Be cautious when changing the scale of the numerical axis. The heights or lengths of 
the bars only accurately reflect the data values if the axis starts at zero. If not, the relative 
sizes can paint a misleading picture of the true relative values of the data. 


Data Label and Data Table Chart Options 


Excel provides options for including the numerical data on which charts are based within 
the charts. Data labels can be added to chart elements to show the actual value of bars, 
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: . : ren | 
«2 Tanicender empiament “"g” Pfesionle Tecinians sles Workers QUE Ct operatves Laborers Sect 
| 4 ALLEMPLOYEES 632,329 60,258 80,733 39,868 62,019 67,014 61,322 120,810 68,752 71,553 | 
|9 Men = 349,353 41,777 39,792 19,848 23,727 11,200) 88,853). 84,724) 144,796), 27,60315 
| Women — 282,976 _—- 18,481 40,941 20,020 38,292 55,721 5,469 36,086 +. 24.016 43,950 | 
7 
18 WHITE 407,545 51,252 67,622 28,830 41,091 44,565 45,742 67,555 26,712 34,176 | 
9 Men — 237,516 36,536 34,842 16,004 17,756 7,656 42,699 50,537 17,802 13,684 | 
| 10. Women — 170,029 14,716 32,780 12,826 23,335 36,909 3,043 17,018 8,910 20,492 | 
14 } 
112 MINORITY 224,784 —9,006 13,111 11,038 20,928 22,449 15,580 53,255 42,040 37,377 | 
113 Men 111,837 5,241 4,950 3,844 5,971 3,637 13,154 34,187 26.934 13.919 | 
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Portion of EEO Employment Report Data 
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Column Chart for Alabama 


Employment Data 
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for example. Data tables can also be added; these are usually better than data labels, 
which can get quite messy. Both can be added from the Add Chart Element button in 
the Chart Tools Design tab, or from the Quick Layout button, which provides standard 
design options. Figure 3.8 shows a data table added to the Alabama Employment chart. 
You can see that the data table provides useful additional information to improve the 


visualization. 


Line Charts 


Line charts provide a useful means for displaying data over time, as Example 3.3 illus- 


trates. You may plot multiple data series in line charts; however, they can be difficult to 
interpret if the magnitude of the data values differs greatly. In that case, it would be advis- 


able to create separate charts for each data series. 
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Alternate Column Chart Format with a Data Table 
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Pie Charts 


Figure 3.9 shows a line chart giving the amount of U.S. 
exports to China in billions of dollars from the Excel file 
China Trade Data. The chart clearly shows a significant rise 


A Line Chart for China Export Data 


in exports starting in the year 2000, which began to level off 
around 2008 and then show a sharp increase in subsequent 
years. 


For many types of data, we are interested in understanding the relative proportion of each 
data source to the total. A pie chart displays this by partitioning a circle into pie-shaped 
areas showing the relative proportions. Example 3.4 provides one application. 


Consider the marital status of individuals in the U.S. popu- 
lation in the Excel file Census Education Data, a portion of 
which is shown in Figure 3.10. To show the relative propor- 
tion in each category, we can use a pie chart, as shown in 


> Figure 3.9 


Line Chart for China Trade 
Data 


> Figure 3.10 


A Pie Chart for Census Data 


U.S. Exports to China (S$ billions) 


Figure 3.11. This chart uses a layout option that shows the 
labels associated with the data as well as the actual pro- 
portions as percentages. A different layout that shows the 
values and/or proportions can also be chosen. 


ss j 7 fi c D 
Portion of Census Education | 1 Census Education Data ae. E 
Bare Not a High High Some 
| School School College Associate's Bachelor's Advanced _ 
2 Grad Graduate No Degree Degree Degree Degree 
18 Marital Status | 
| 19 Never Married 4,120,320 7,777,104 4,789,872 


20 Married, spouse present 15,516,160 36,382,720 18,084 352 


1,828,392 5,124,648 2,137,416 
8,346,624 19,154,432 9,523,712 


| 21 Married, spouse absent 1,847,880 2,368,024 1,184,012 465,392, 670,712 301,136. 
22 Separated 1,188,090 1,667,010 842.715 336,165 405,240 165,780 
23 Widowed 5,145,683 4,670,488 1,765,010 556,657 977,544 475,195 

| 24 Divorced 2,968,680 7,003,040 3,806,000 1,674,640 2,340,690 1,217,920 
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> Figure 3.11 
Pie Chart for Marital Status: Marital Status: Not a High School Grad 
Not a High School Grad Divorced 
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Data visualization professionals don’t recommend using pie charts. For example, con- 
trast the pie chart in Figure 3.11 with the column chart in Figure 3.12 for the same data. In 
the pie chart, it is difficult to compare the relative sizes of areas; however, the bars in the 
column chart can easily be compared to determine relative ratios of the data. If you do use 
pie charts, restrict them to small numbers of categories, always ensure that the numbers add 
to 100%, and use labels to display the group names and actual percentages. Avoid three- 
dimensional (3-D) pie charts—especially those that are rotated—and keep them simple. 


Area Charts 


An area chart combines the features of a pie chart with those of line charts. Area charts 
present more information than pie or line charts alone but may clutter the observer’s mind 
with too many details if too many data series are used; thus, they should be used with care. 


An Area Chart for Energy Consumption 


Figure 3.13 displays total energy consumption (billions Btu) proportion of fossil fuel consumption has remained generally 
and consumption of fossil fuels from the Excel file Energy consistent at about half of the total, indicating that alterna- 
Production & Consumption. This chart shows that although tive energy sources have not replaced a significant portion 
total energy consumption has grown since 1949, the relative of fossil fuel consumption. 


» Figure 3.12 
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> Figure 3.13 
Energy Consumption 


Area Chart for Energy 
Consumption 
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Scatter Charts and Orbit Charts 


Scatter charts show the relationship between two variables. To construct a scatter chart, 
we need observations that consist of pairs of variables. For example, students in a class 
might have grades for both a midterm and a final exam. A scatter chart would show whether 
high or low grades on the midterm correspond strongly to high or low grades on the final 
exam, or whether the relationship is weak or nonexistent. 


A Scatter Chart for Real Estate Data 


Figure 3.14 shows a scatter chart of house size (in square Market Value. The data clearly suggest that higher market 
feet) versus the home market value from the Excel file Home values are associated with larger homes. 


An orbit chart is a scatter chart in which the points are connected in sequence, such 
as over time. Orbit charts show the “path” that the data take over time, often showing 
some unusual patterns that can provide unique insights. You can construct an orbit chart 
by creating a scatter chart with smooth lines and markers from the scatter chart options. 
Figure 3.15 shows an example from the Gasoline Sales Excel file using the first 10 weeks 


of data. 
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> Figure 3.15 
Orbit Chart 


» Figure 3.16 


Bubble Chart for Stock 
Comparisons 
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A bubble chart is a type of scatter chart in which the size of the data marker corresponds 
to the value of a third variable; consequently, it is a way to plot three variables in two 


dimensions. 
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Figure 3.16 shows a bubble chart for displaying price, P/E 
(price/earnings) ratio, and market capitalization for five dif- 
ferent stocks on one particular day from the Excel file Stock 
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Stock Comparisons 


A Bubble Chart for Comparing Stock Characteristics 


Comparisons. The position on the chart shows the price and 
P/E; the size of the bubble represents the market cap in bil- 


lions of dollars. 
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Combination Charts 


Often, we wish to display multiple data series on the same chart using different chart types. 
Excel 2016 for Windows provides a Combo Chart option for constructing such a combination 
chart; in Excel 2016 for Mac, it must be done manually. We can also plot a second data 
series on a secondary axis; this is particularly useful when the scales differ greatly. 


EXAMPLE 3.8 


Figure 3.17 shows data that have been added to the Monthly 
Product Sales data—a sales goal for product E and the per- 
cent of the goal that was actually achieved. We will first con- 
struct a chart that shows the sales of product E as compared 
to the monthly goals. In Excel 2016 for Windows, select the 
data in columns G and H, and from the Charts options in the 
Insert ribbon, select Insert Combo Chart. Figure 3.18 shows 
the result. On a Mac, create a standard column chart using 
both data series. Then right click the product E goal data 
series, select Change Chart Type, and select Line. 


Creating a Combination Chart and Secondary Axis 


Next, to plot product E sales and the percent of the goal 
achieved, select the data in columns F and H (first select the 
data in column F, then hold the Ctrl key and select the data 
in column H). Choose a Combo Chart again. Because the 
percent of goal data series is very small in comparison to 
product sales, the line chart will look like it is on the x-axis. 
Carefully right click on this data series and select Format 
Data Series > Axis > Plot series on secondary axis. Tne scale 
for % Goal will be added on the secondary axis on the right 
of the chart, as in Figure 3.19. 


» Figure 3.17 | A AZ ar C ! 5 

Monthly Product Sales | 1. Sales Units 7 Bae a Cas 

with Additional Data aaa | | 
| 3 |Month ProductA ProductB ProductC ProductD ProductE Product E Goal % Goal 
| 4. January 7792 5554 3105 3168 10350 10000 104% 
| 5. February 7268 3024 3228 3751 8965 9000 100% 
| 6 March 7048 5543 2147 3319 6827 8000 85% 
7 April 7560 5232 2636 4057 8544 7000 122% 
| 8 May 8233 5450 2726 3837 7535 7000 108% 
| 9 June 8629 3943 2705 4664 9070 8000 113% 
10 July 8702 5991 2891 5418 8389 8000 105% | 
| 11 August 9215 3920 2782 4085 7367 7000 105% | 
12 September 8986 4753 2524 5575 5377 6000 80% | 
| 13 October 8654 4746 3258 5333 7645 7000 
| 14 November 8315 3566. 2144 4924 8173 
15 December 7978 5670 3071 6563 6088 

> Figure 3.18 


Combination Chart 


Product E Sales vs. Goal 
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» Figure 3.19 
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Radar Charts 


Radar charts show multiple metrics on a spider web. This is a useful chart to compare 
survey data from one time period to another or to compare performance of different entities 
such as factories, companies, and so on using the same criteria. 


A Radar Chart for Survey Responses 


Figure 3.20 shows average Survey responses for six questions the average responses between the first and second quarters. 
on a customer satisfaction survey. The radar chart compares You can easily see which responses increased or decreased. 


Stock Charts 


A stock chart allows you to plot stock prices, such as daily high, low, and close values. It 
may also be used for scientific data such as temperature changes. We will explain how to 
create stock charts in Chapter 6 to visualize some statistical results, and again in Chapter 15 
to visualize optimization results. 


Charts from PivotTables 


If you click inside a PivotTable, you can easily insert a chart that visualizes the data in the 
PivotTable from the Jnsert tab using any of the recommended charts, or by choosing your 
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own. In Excel for Windows, this is called a PivotChart (see the Appendix to this chapter 
for further information about PivotCharts). You can do this on a Mac also; however, charts 
created from PivotTables will not have the Filter buttons as described in the Appendix. 


Geographic Data 


Many applications of business analytics involve geographic data. For example, finding the 
best location for production and distribution facilities, analyzing regional sales perfor- 
mance, transporting raw materials and finished goods, and routing vehicles such as deliv- 
ery trucks involve geographic data. In such problems, data mapping can help in a variety of 
ways. Visualizing geographic data can highlight key data relationships, identify trends, and 
uncover business opportunities. In addition, it can often help to spot data errors and help 
end users understand solutions, thus increasing the likelihood of acceptance of decision 
models. Companies like Nike use geographic data and information systems for visualizing 
where products are being distributed and how that relates to demographic and sales infor- 
mation. This information is vital to marketing strategies. The use of prescriptive analytic 
models in combination with data mapping was instrumental in the success of Procter & 
Gamble’s North American supply chain study, which saved the company in excess of $200 
million dollars per year.” We discuss this application in Chapter 14. 

Excel 2016 for Windows includes a geographic visualization tool called 3D Maps. 
We encourage you to explore this. Another excellent option is Tableau, which is described 
in the Appendix to this chapter, in which we will illustrate its geographic visualization 
capabilities. 


Gh CHECK YOUR UNDERSTANDING 


1. Summarize the most useful charts available in Excel and the types of applications for 
which they should be used. 


What is the difference between a bar and a column chart? 
Why don’t data visualization professionals recommend the use of pie charts? 


How do you create a combination chart in Excel? 


Other Excel Data Visualization Tools 


Microsoft Excel offers numerous other tools to help visualize data. These include data 
bars, color scales, icon sets, and sparklines. These options are part of Excel’s Conditional 
Formatting rules, which allow you to visualize different numerical values through the use 
of colors and symbols. Excel has a variety of standard templates to use, but you may also 
customize the rules to meet your own conditions and styles using the New Formatting Rule 
option. This allows you to format cells that only contain certain values, those that are above 
or below average, as well as other rules. We encourage you to experiment with these tools. 


Data Bars 


Data bars display colored bars that are scaled to the magnitude of the data values (similar 
to a bar chart) but placed directly within the cells of a range. 


*J. Camm et al., “Blending OR/MS, Judgment and GIS: Restructuring P&G’s Supply Chain,” Interfaces, 
27, 1 (1997): 128-142. 


> Figure 3.21 
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Example of Data Bars a erm EE ee eee on! 
i 3 | Month Product A Product B Product C Product D ProductE | 
| 4 January E7792 M5554 3105 3168 BROS50 | 
45 |February 2% 7268/3024 M3228) 3751 8965 | 
| 6 |March 7049 BN 5543 BE 2147 13319 | fl 
| 7 April HE 7560 Bi 5232 MER _2636 1) 4057 MES 44 | 
| 8 May M6235 BN 5450 M736 BE _ 3837 7505 : 
| 9 |June 4 E3043 M2705 4664 0 
| 10 |July 702 $901 ME 2801 75418 ae 6369 | 
| 11 August ee Gi_3020 MEI2782 [4085 BEE 7307 | 
| 12|September [78986 [4753 ME 2524 5575 M5377 | 
|| 13 October — 4746 WE S258) 5333 ol | 
4 14 


15 | ‘December 


Figure 3.21 shows data bars applied to the data in the 
Monthly Product Sales worksheet. Highlight the data in each 
column, click the Conditional Formatting button in the Styles 
group within the Home tab, select Data Bars, and choose the 
fill option and color. 

You may also display data bars without the data in the 
cells. A useful tip is to copy the data next to the original 
data to display the data bars along with the original data. 


Color Scales 


November [78315 3566 ME 21441 4924 S173 | 
ss 


670 GE 3071 6563 M6088 | 
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Data Visualization with Data Bars 


Figure 3.22 illustrates this for the total monthly sales. We first 
summed the monthly sales in column G, then copied these 
to column H. Then highlight the range of data in column H, 
click Conditional Formatting, choose Data Bars, and select 
More Rules. |In the Edit Formatting Rule dialog, check the 
box Show Bar Only. \f some data are negative, data bars will 
display them on the left side of a vertical axis, allowing you 
to clearly visualize both positive and negative values. 


Color scales shade cells based on their numerical value using a color palette. This is 
another option in the Conditional Formatting menu. 


Figure 3.23 shows the use of a green-yellow-red color scale 
for the monthly product sales, which highlights cells contain- 
ing large values in green, small values in red, and middle 
values in yellow. The darker the green, the larger the value; 


» Figure 3.22 


Data Visualization with Color Scales 


the darker the red, the smaller the value. For intermediate 
values, you can see that the colors blend together. This 
provides a quick way of identifying the largest and smallest 
product-month sales values. 
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> Figure 3.23 yeasts aa RMR ; oe 
: PN al ele eo Diya ec tae Eancead & 


Example of Color Scales 


» Figure 3.24 
Example of Icon Sets 
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Color-coding of quantitative data is commonly called a heatmap. Heatmaps are often 
used to display geographic data, such as population densities, or other socioeconomic metrics 
by nation, state, county, and so on. 


icon Sets 


Icon sets provide similar information as color scales using various symbols such as arrows 
(see Figure 3.24) or red/yellow/green stoplights. Many companies use green, yellow, and 
red stoplight symbols to show good, marginal, and poor performance, respectively, in busi- 
ness dashboards. The next example illustrates this, and also shows how to customize a 


conditional formatting rule. 


Figure 3.25 shows a set of stoplight icons that code the 
monthly product sales for each product as green if they are 
in the top 20% of the data range, red if in the bottom 20%, 
and yellow if in between. Note that because of the relative 
differences in the magnitude of sales among products, we 
created a new rule for each column of data. Highlight the 
data in a column, click Conditional Formatting, select Icon 
Sets, and then select More Rules. In the Edit Formatting 
Rule dialog, change the default values of 67 and 33% to 80 
and 20%, as shown in the figure. To understand how this 


Data Visualization with Customized Icon Sets 


works, look at product B. The minimum value is 3,024 and 
the maximum is 5,991. So 80% is 3024 + 0.8 x (5991 — 3024) 
= 5397.6. Thus, any cell value above this is coded as green. 
Similarly, 20% is 3024 + 0.2 x (6991 - 3024) = 3617.4: any 
cell value below this is coded as red. In the Edit Formatting 
Rule dialog, you may also change the rule to code the cells 
based on their actual values by changing Percent to Number 
from the drop-down box. For example, you could code all 
values for product B greater than or equal to 5,000 as green 
and all values below 4,000 as red. 
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4 Figure 3.25 
Creating Customized Icon Sets 
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Sparklines are graphics that summarize a row or column of data in a single cell. Spar- 
klines were introduced by Edward Tufte, a famous expert on visual presentation of data. 
He described sparklines as “data-intense, design-simple, word-sized graphics.” Excel has 
three types of sparklines: line, column, and win/loss. Line sparklines are useful for time- 
series data, while column sparklines are more appropriate for categorical data. Win/loss 
sparklines are useful for data that move up or down over time. They are found in the Spar- 
klines group within the Jnsert tab on the ribbon. 


Examples of Sparklines 


We will again use the Monthly Product Sales data. Figure 3.26 
shows line sparklines in row 16 for each product. In column 
G, we display column sparklines, which are essentially small 
column charts. Generally, you need to expand the row or col- 
umn widths to display them effectively. Notice, however, that 
the lengths of the bars are not scaled properly to the data; 
for example, in the first one, products D and E are roughly 
one-third the value of product E, yet the bars are not scaled 
correctly. Excel defaults to automatic scaling of the minimum 
and maximum values of the vertical axis. You can change this 


and scale the bars properly by choosing Axis from Group in 
the Sparkline Tools Design tab. 

Figure 3.27 shows a modified worksheet in which we 
computed the percentage change from one month to the 
next for products A and B. The win loss sparklines in row 16 
show the patterns of sales increases and decreases, sug- 
gesting that product A has a cyclical pattern while product 
B changed in a more random fashion. If you click on any 
cell containing a sparkline, the Sparkline Tools Design tab 
appears, allowing you to customize colors and other options. 
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> Figure 3.26 
Line and Column Sparklines 
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> Figure 3.27 
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CHECK YOUR UNDERSTANDING 


1. Explain the purpose of data bars, color scales, and icon sets. 
2. What is a heatmap, and what are some typical applications? 


3. How are sparklines different from standard Excel charts? 


as Dashboards 


Monthly Product Sales 


Product A Percent Change 


§ 100% 10.00% 
§ 300% 0.00% 
$5008 noe 
h 4c0x 1 i 40.00% 
B 2005 : 
aa Ps 00% 
B -200% i | | j ] 0.005 
| “s00% 200% 
500% 40.00% 
H s00% 60.00% 
Se es Po oS PS i 
@e* “a Por. & 
i 
b - 


a Figure 3.28 
Dashboard for Product Sales 
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Making data visible and accessible to employees at all levels is a hallmark of effective 
modern organizations. A dashboard is a visual representation of a set of key business 
measures. It is derived from the analogy of an automobile’s control panel, which displays 
speed, gasoline level, temperature, and so on. Dashboards provide important summaries 
of key business information to help manage a business process or function. For example, 
the Cincinnati Zoo (see the introduction in Chapter 1) uses hourly, daily, and yearly dash- 
boards that show such metrics as attendance and types of admission, cities where visitors 
come from, and revenue at different food and retail locations. 

Dashboards are particularly useful for senior managers who don’t have the time to sift 
through large amounts of data and need a summary of the state of business performance 
during monthly or quarterly reviews. Dashboards might include tabular as well as visual 
data to allow managers to quickly locate key data. Figure 3.28 shows a simple dashboard 
for the product sales data in Figure 3.1. Dashboards often incorporate color scales or icon 
sets to quickly pinpoint areas of concern. This one displays the monthly sales for each 
product individually, sales of all products combined, total annual sales by product, a com- 
parison of the last two months, and monthly percent changes by product. 

An effective dashboard should capture all the key information that the users need 
for making good decisions. Important business metrics are often called key performance 
indicators (KPIs). People tend to look at data at the top left first, so the most important 
charts should be positioned there. An important principle in dashboard design is to keep 
it simple—don’t clutter the dashboard with too much information or use formats (such as 
3-D charts) that don’t clearly convey information. 
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CHECK YOUR UNDERSTANDING 


1. What is a dashboard? 
2. What are the key design principles for dashboards? 


3. What is a key performance indicator (KPI)? 
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ANALYTICS IN PRACTICE: Driving Business Transformation with 
IBM Business Analytics? 


Founded in the 1930s and headquartered in Ballinger, 
Texas, Mueller is a leading retailer and manufacturer of 
pre-engineered metal buildings and metal roofing products. 
Today, the company sells its products directly to consum- 
ers all over the southwestern United States from 35 loca- 
tions across Texas, New Mexico, Louisiana, and Oklahoma. 

Historically, Mueller saw itself first and foremost as a 
manufacturer; the retail aspects of the business were a sec- 
ondary focus. However, in the early 2000s, the company 
decided to shift the focus of its strategy and become much 
more retail-centric—getting closer to its end-use custom- 
ers and driving new business through a better understand- 
ing of their needs. To achieve its transformation objective, 
the company needed to communicate its retail strategy to 
employees across the organization. 

As Mark Lack, Manager of Strategy Analytics and 
Business Intelligence at Mueller, explains: “The transforma- 
tion from pure manufacturing to retail-led manufacturing 
required a more end-customer-focused approach to sales. 
We wanted a way to track how successfully our sales teams 
across the country were adapting to this new strategy, and 
identify where improvements could be made.” 

To keep track of sales performance, Mueller worked 
with IBM to deploy IBM Cognos Business Intelligence. The 
IBM team helped Mueller apply technology to its balanced 
scorecard process for strategy management in Cognos 
Metric Studio. 

By using a common set of KPls, Mueller can eas- 
ily identify the strengths and weaknesses of all of its sales 
teams through sales performance analytics. “Using Metric 
Studio in Cognos Business Intelligence, we get a clear pic- 
ture of each team’s strategy performance,” says Mark Lack. 
“Using sales performance insights from Cognos score- 
cards, we can identify teams that are hitting their targets, 
and determine the reasons for their success. We can then 
share this knowledge with underperforming teams, and 
demonstrate how they can change their way of working to 
meet their targets.” 

Instead of just trying to impose or enforce new ways 
of working, we are able to show sales teams exactly how 
they are contributing to the business, and explain what they 


need to do to improve their metrics. It’s a much more effec- 
tive way of driving the changes in behavior that are vital for 
business transformation.” 

Recently, IBM Business Analytics Software Services 
helped Mueller upgrade to IBM Cognos 10. With the new 
version in place, Mueller has started using a new feature 
called Business Insight to empower regional sales man- 
agers to track and improve the performance of their sales 
teams by creating their own personalized dashboards. 

“Static reports are a good starting point, but people 
don’t enjoy reading through pages of data to find the infor- 
mation they need,” comments Mark Lack. “The new version 
of Cognos gives us the ability to create customized interac- 
tive dashboards that give each user immediate insight into 
their own specific area of the business, and enable them to 
drill down into the raw data if they need to. It’s amuch more 
intuitive and compelling way of using information.” 

Mueller now uses Cognos to investigate the reasons 
why some products sell better in certain areas, which of its 
products have the highest adoption rates, and which have 
the biggest margins. Using these insights, the company can 
adapt its strategy to ensure that it markets the right prod- 
ucts to the right customers— increasing sales. 

By using IBM SPSS Modeler to mine enormous vol- 
umes of transactional data, the company aims to reveal 
patterns and trends that will help to predict future risks 
and opportunities, as well as uncover unseen problems 
and anomaiies in its current operations. One initial project 
with IBM SPSS Modeler aims to help Mueller find ways to 
reduce its fuel costs. Using SPSS Modeler, the company is 
building a sophisticated statistical model that will automate 
the process of analyzing fuel transactions for hundreds of 
vehicles, drivers, and routes. 

“With SPSS Modeler, we will be able to determine the 
average fuel consumption for each vehicle on each route over 
the course of a week,” says Mark Lack. “SPSS will automati- 
cally flag up any deviations from the average consumption, 
and we then drill down to find the root cause. The IBM solution 
helps us to determine if higher-than-usual fuel transactions 
are legitimate—for example, a driver covering extra miles—or 
the result of some other factor, such as fraud.” 


“Mueller builds a customer-focused business,” IBM Software, Business Analytics, © IBM Corporation, 2013, 
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Area chart 

Bar chart 

Bubble chart 
Color scales 
Column chart 
Combination chart 
Dashboard 

Data bars 

Data visualization 
Heatmap 


CHAPTER 3 TECHNOLOGY HELP 


Icon sets 

Key performance indicator (KPI) 
Line chart 

Orbit chart 

Pie chart 

Radar chart 

Scatter chart 

Sparklines 

Stock chart 


Excel Techniques 


Creating a chart (Example 3.2): 

Highlight the range of the data to chart. Click the 
Insert tab in the Excel ribbon. Click the chart type, 
and then click a chart subtype that you want to use. 
Use the options in the Design (Chart Design on a 
Mac) and Format tabs within the Chart Tools tabs 
to customize the chart, or use the Quick Layout op- 
tions. To add a title, click on the Add Chart Elements 
button in the Design tab ribbon. The names of the 
data series can be changed by clicking on the Select 
Data button in the Data group of the Design tab. 


Creating combination charts (Example 3.8): 

To display multiple data series on the same chart using 
different chart types in Excel 2016 for Windows, 
select the data series in two columns, and from the 
Charts options in the Jnsert ribbon, select Insert Com- 
bo Chart. On a Mac, create a standard column chart 
using both data series. Then right click the data series 
you wish to change and select Change Chart Type. 


Display data bars, color scales, and icon sets (Examples 

3.10-3.12): 
Highlight the data, click the Conditional Formatting 
button in the Styles group within the Home tab, and 
select Data Bars, Color Scales, or Icon Sets. Choose 
the display you want or select More Rules to custom- 
ize it. You may also select from other predetermined 
rules from the Conditional Formatting menu. 


Displaying Sparklines (Example 3.13): 
Select Sparklines from the Insert tab. Choose Line, 
Column, ot Win/Loss, and complete the dialog. Ex- 
pand the height or width of the cells to improve the 
visualization. 


StatCrunch 


StatCrunch provides various ways to chart and visual- 
ize data, including charts that are difficult to implement 
in Excel and are not discussed in this chapter. You can 
find video tutorials with step-by-step procedures and 
Study Card examples at https://www.statcrunch.com/5.0/ 
example.php. We suggest that you first view the tutorials 
Getting started with StatCrunch and Working with Stat- 
Crunch sessions. The following tutorials are listed in the 
Graphs section on this Web page and explain how to create 
basic charts: 


Pie charts from raw data 

Pie charts with summary data 

Split and stacked bar plots 

Charting values across multiple columns 
Scatter plots 

Bubble plots 


You can also find tutorials for additional charts and meth- 
ods for customizing colors and styles: 


@ Dotplots 

m Stem and leaf plots 

m Boxplots with a group by column 
@ Painting/annotating graphs 


Example: Loading a file 
Click the Data menu, choose Load, and select the option. 


Example: Create a Scatter Plot 


1. Select the X column and Y column for the plot. 

2. Enter an optional Where statement to specify the data 
rows to be included. 

3. Color-code points with an optional Group by column. 

4. Click Compute! to produce the plot. 
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2. Enter an optional Where statement to specify the data 
rows to be included. 

3. Click Compute! to produce the plot. 


Example: Create a Pie Chart with Summary Data 


1. Select the variable that contains the categories and the 
variable that contains the counts for the plot. 


ag PROBLEMS AND EXERCISES 


Creating Charts in Microsoft Excel 


ue 


Create clustered column and stacked column charts 
for the pre-MBA and post-MBA salary data in the 
Excel file MBA Motivation and Salary Expectations. 
Discuss which type of chart you feel is better to use 
to explain the information. 


. Create a line chart illustrating the number of AM 


and PM travelers for each month in the Excel file 
Traveler. 


. Create a pie chart for all the given dates and a stock 


chart for the high/low/close prices for March 2018 in 
the Stock Excel file. 


. The Excel file Expenditure contains data on a coun- 


try’s expenditure on various sports during a particu- 
lar year. Create a pie chart showing the percentage 
breakdown of total expenditure. 


. Create a stacked area chart for the monthly average 


sales of the different types of fuel in the Excel file 
Average Fuel Sales. What conclusion can you reach? 


10. 


wale 


12. 


13. 


each product with the date. Would any other charts be 
better for visually conveying this information? Why? 


The Excel file Transportation provides sales data 
about 10 different industries. Construct two stacked 
bar charts that will allow you to compare any differ- 
ences due to time or age groups and draw any conclu- 
sions that you can. Suggest another type of chart that 
may be more appropriate. 


Construct an appropriate chart to show the sales per 
unit for the primary industry in the Excel file Primary 
Industry. 


Construct an appropriate chart or charts to visualize 
the information in the Budget Forecasting Excel file. 
Explain why you chose the chart(s) you used. 


A survey was conduct for determine the number of 
vegetarians and non-vegetarians between two differ- 
ent group of age of people. The survey results the 
followings 


Age Group Vegetarians +~Non-vegetarians 
6. The Excel file Mortgage Installment provides the 30 to < 40 186 432 
monthly installment of a mortgage loan by different = 40 239 293 


fixed interest rate (%) provided by different banks. 
Construct a scatter diagram to show the relationship 
between the monthly installment and the fixed inter- 
est rate (%).What conclusion can you reach? 


. The Excel file Monthly Visits provides the data for 


monthly visitors visited a playground and the number 
of shows prepared by the playground organizer dur- 
ing the specific month. Create a scatter diagram to 
show the relationship between the number of visitors 
and the number of shows. What conclusion can you 
reach? 


. Create a bubble chart for the first five colleges in the 


Excel file Colleges and Universities for which the 
X-axis is the top 10% HS, y-axis is acceptance rate, 
and bubbles represent the expenditures per student. 


. Construct a column chart for the data in the Excel file 


Purchasing Rate to allow comparison of the rate for 


a IS 


Convert the data into percentages for each age 
group. Then construct a chart of count and a chart 
of percentages. Interpret both the charts and discuss 
whether there is a difference between the two charts. 


Other Excel Data Visualization Tools 


14. 


In the Excel file Banking Data, apply the following 
data visualization tools: 


a. Use data bars to visualize the relative values of 
median home value. 


b. Use color scales to visualize the relative values of 
median household wealth. 


c. Use an icon set to show high, medium, and low 
average bank balances, where high is above 
$30,000, low is below $10,000, and medium is 
anywhere in between. 


15. Apply three different colors of data bars to lunch, din- 
ner, and delivery sales in the Excel file Restaurant Sales 
to visualize the relative amounts of sales. Then sort the 
data by the day of the week beginning on Sunday. Com- 
pare the nonsorted data with the sorted data and com- 
ment on the information content of the visualizations. 


16. For the Store and Regional Sales database, apply a 
four-traffic-light icon set to visualize the distribu- 
tion of the number of units sold for each store, where 
green corresponds to at least 30 units sold, yellow to 
at least 20 but less than 30, red to at least 10 but less 
than 20, and black to below 10. 


17. For the Excel file Closing Stock Prices, 


a. apply both column and line sparklines to visual- 
ize the trends in the prices for each of the four 
stocks in the file. 


b. compute the daily change in the Dow Jones index 
and apply a win/loss sparkline to visualize the 
daily up or down movement in the index. 


Dashboards 


18. Create a useful dashboard for the data in the Excel 
file President’s Inn Guest Database. Use the addi- 
tional information stated in Problem 20 of Chap- 
ter 2: Room rates are the same for one or two guests; 
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however, additional guests must pay an additional 
$20 per person per day for meals. Guests staying for 
seven days or more receive a 10% discount. Modify 
the spreadsheet to calculate the number of days that 
each party stayed at the inn and the total revenue for 
the length of stay. Use appropriate charts and layouts 
and other visualization tools that help to convey the 
information. Explain why you chose the elements of 
the dashboard and how a manager might use them. 


19. Create a useful dashboard for the data in the Excel 
file Restaurant Sales. Use appropriate charts and 
layouts and other visualization tools that help to 
convey the information. Explain why you chose the 
elements of the dashboard and how a manager might 
use them. 


20. Create a useful dashboard for the data in the Excel 
file Store and Regional Sales Database. Use appro- 
priate charts and layouts and other visualization tools 
that help to convey the information. Explain why you 
chose the elements of the dashboard and how a man- 
ager might use them. 


21. Create a useful dashboard for the data in the Excel 
file Employees. Use appropriate charts, layouts, and 
other visualization tools that help to convey the infor- 
mation. Explain why you chose the elements of the 
dashboard and how a manager might use them. 


5 CASE: PERFORMANCE LAWN EQUIPMENT 


Part 1: PLE originally produced lawn mowers, but a 
significant portion of sales volume over recent years has 
come from the growing small-tractor market. As we noted 
in the case in Chapter 1, PLE sells their products worldwide, 
with sales regions including North America, South America, 
Europe, and the Pacific Rim. Three years ago, a new region 
was opened to serve China, where a booming market for 
small tractors has been established. PLE has always empha- 
sized quality and considers the quality it builds into its prod- 
ucts as its primary selling point. In the past two years, PLE 
has also emphasized the ease of use of their products. 

Before digging into the details of operations, Eliza- 
beth Burke wants to gain an overview of PLE’s overall 
business performance and market position by examining 
the information provided in the database for this com- 
pany. Specifically, she is asking you to construct appropri- 
ate charts for the data in the following worksheets in the 
Performance Lawn Equipment Database and summarize 
your conclusions from analysis of these charts. 


Dealer Satisfaction 
End-User Satisfaction 
Complaints 

Mower Unit Sales 
Tractor Unit Sales 
On-Time Delivery 
Defects After Delivery 


Response Time 


saxo aoc DB 


Part 2: Propose a monthly dashboard of the most important 
business information that Ms. Burke can use on a routine 
basis as data are updated. Create one using the most recent 
data. Your dashboard should not consist of more than six to 
eight charts, which should fit comfortably on one screen. 


Write a formal report summarizing your results for both 
parts of this case. 


APPENDIX 


ef A3 
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Additional Tools for Data 
Visualization 


In this appendix, we describe some additional charts that are only available in the Windows 
version of Excel 2016 and also illustrate the capabilities of Tableau, a powerful software 
package for data visualization. 


as Hierarchy Charts 


Hierarchical data are organized in a tree-like structure. A simple example is the Purchase 
Orders database. At the top level we have suppliers; at the next level we have the items 
purchased; then the order quantity or cost per order, and so on. A treemap chart divides 
the chart area into rectangles that represent different levels and relative sizes of hierarchi- 
cal data. Each rectangle is subdivided into smaller rectangles representing the next level 
in the hierarchy. Rectangles at the top level of the hierarchy are arranged with the largest 
in the upper left corner of the chart to the smallest in the lower right corner. Within a rect- 
angle, the next level of the hierarchy is also arranged with rectangles from the upper left 
to the lower right. 


A Treemap for Purchase Order Data 


For the Purchase Orders database, we used a PivotTable result. We see that the largest order costs come from 
to create a new worksheet showing the items purchased Hulkey Fasteners, followed by Durrable Products, Steel- 
from each supplier and the total cost of the orders. High- pin Inc., and so on. Within each colored area you can also 
light the data and select /nsert Hierarchy Chart from the see the relative sizes of the orders from each supplier. 

Charts group on the /nsert tab. Figure A3.1 shows the 


An alternative to a treemap chart is a sunburst chart. In this chart, the hierarchy is 
represented by a series of circles, with the highest level of the hierarchy in the center and 
lower levels of the hierarchy as rings displayed outside the center. The lowest level of the 


hierarchy is the outside ring. Figure A3.2 shows a sunburst chart for the Purchase Orders 
data in the previous example. 


Waterfall Charts 


A waterfall chart shows a running total as values are added or subtracted. A common 


application of waterfall charts is to show the impact of positive or negative cash flows on 
net income or profit. 
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Sunburst Chart 


Airframe . 
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Creating a Waterfall Chart 


Figure A3.3 shows the calculation of net income as sales Insert Waterfall or Stock Chart from the Charts group on the 


less cost of goods sold, administrative expenses, sell- Insert tab, and select the waterfall chart. In the default chart, 
ing expenses, depreciation expenses, interest expense, double click on the net income data point. In the Format 
and taxes (these data are found in a slightly different for- Data Point window, check the box Set as tota/. This posi- 


mat in the Excel file Net Income Models, which we will use tions the net income bar on the x-axis. The chart shows how 
in Chapter 11). Simply highlight the range A3:B10, choose each component adds to or decreases the net income. 


on PivotCharts 


Microsoft Excel for Windows provides a simple one-click way of creating charts to visual- 
ize data in PivotTables called PivotCharts. To display a PivotChart for a PivotTable, first 
click inside the PivotTable. From the Analyze tab, click on PivotChart. Excel will display 
an Insert Chart dialog that allows you to choose the type of chart you wish to display. 


A PivotChart for Sales Transactions Data 


Figure 2.34 showed a PivotTable for revenues by region and PivotChart menu. Figure A3.4 shows the chart generated by 
product for the Sa/es Transactions database. To display a Excel. By clicking on the drop-down filter buttons, you can 
column PivotChart, choose Clustered Column from the easily change the display. 


PivotCharts make it easy to create dashboards. However, you should consider what 
message you are trying to convey in choosing the design of PivotCharts. In Figure A3.4, 
for instance, it is easier to compare product sales within a region, while in Figure A3.5, 
which was created by reversing the order of region and product in the Rows area, it is eas- 
ier to compare regional sales for a given product. PivotCharts are also highly effective in 
oral presentations since the Filter buttons allow you to drill down into the data to respond 
to questions from the audience. 
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a Figure A3.3 
Waterfall Chart 
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> Figure A3.4 
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Tableau 


Tableau (www.tableau.com) is professional business intelligence software that facilitates 
data visualization using intuitive drag-and-drop capabilities. It can be used for spread- 
sheets as well as other types of database formats such as geographic data and has the power 
to handle big data easily. It also applies best practices in data visualization and facilitates 
the development of dashboards, which can easily be published and shared on the web and 


on mobile devices. We briefly illustrate some of its basic capabilities. 

Figure A3.6 shows the window for the Purchase Orders database after it has been 
loaded into Tableau. Tableau automatically partitions the data in the left pane as “dimen- 
sions,” namely, the columns that correspond to names or dates, and “measures,” those that 
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> Figure A3.6 
Tableau Window 


» Figure A3.7 
Tableau Stacked Bar Chart 


correspond to numerical data in the database. Similar to PivotTables, you simply drag 
these into the areas for Columns, Rows, Filters, and Pages. In Figure A3.6, we first drag 
Item Description into the Columns area and Supplier into the Rows area; then drag Cost 
per order inside of the rectangular area formed by the rows and columns. Note that this 
displays SUM(Cost per order) as shown in the green oval. From a drop-down menu, you 
can change this to average, count, minimum, maximum, and other measures, similar to 
changing the field settings in a PivotTable. 

The Show Me window provides one-click visualizations for a wide variety of charts, 
including common bar, column, and pie charts, along with more advanced charts such 
as treemaps and heat maps. Tableau intelligently shows only those charts that apply to 
the data and hides the others (grayed out). Figure A3.7 shows a stacked bar chart, and 
Figure A3.8 shows a bubble chart view of the data. 

Tableau provides free licenses for classroom use and a host of training materials and 
instructional videos. We encourage you to visit www.tableau.com/products/desktop to see 
more of the capabilities and features of Tableau. 
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> Figure A3.8 = ae 
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Tableau Bubble Chart 


Pressure Gauge | 
Fast-Tie Aerospace | 
Cost per order. 20,425 


ae PROBLEMS AND EXERCISES 


Hierarchy Charts 


1. Create a treemap for the regions, items, and units sold 
in the Excel file Store and Regional Sales Database. 


2. Create a sunburst chart for the regions, items, and 
units sold in the Excel file Store and Regional Sales 
Database. 


3. Compute the total expenses for each month in the 
Budget Forecasting Excel file. Then develop water- 
fall charts for each month to visualize the data. 


PivotCharts 


4. Use PivotTables to find the number of loans by dif- 
ferent purposes, marital status, and credit risk in the 
Excel file Credit Risk Data. Illustrate the results in a 
PivotChart. 


5. Use PivotCharts to create a useful dashboard for the 
data in the Excel file President's Inn Guest Data- 
base. Explain why you chose the elements of the 
dashboard and how a manager might use them. 


6. 


Use PivotCharts to create a useful dashboard for the 
data in the Excel file Restaurant Sales. Explain why 
you chose the elements of the dashboard and how a 
manager might use them. 


. Use PivotCharts to create a useful dashboard for 


the data in the Excel file Store and Regional Sales. 
Explain why you chose the elements of the dash- 
board and how a manager might use them. 


. Use PivotCharts to create a useful dashboard for the 


data in the Excel file Corporate Default Database. 
Explain why you chose the elements of the dash- 
board and how a manager might use them. 


. Use PivotCharts to create a useful dashboard for the 


data in the Excel file Peoples Choice Bank. Explain 
why you chose the elements of the dashboard and 
how a manager might use them. 
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ARNING OBJECTIVES 


Define a metric and explain the concepts of 
measurement and measures. 

Explain the difference between a discrete metric and 
continuous metric, and provide examples of each. 
Describe the four groups of data classification: 
categorical, ordinal, interval, and ratio, and provide 
examples of each. 

Explain the science of statistics and define the term 
statistic. 

Construct a frequency distribution for categorical, 
numerical, and grouped data. 


Construct a relative frequency distribution and histogram. 
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After studying this chapter, you will be able to: 


Compute cumulative relative frequencies. 

Find percentiles and quartiles for a data set. 
Construct a cross-tabulation (contingency table). 
Explain the difference between a population 

and a sample. 

Understand statistical notation. 

List different measures of location. 

Compute the mean, median, mode, and midrange of a 
set of data. 

Use measures of location to make practical business 
decisions. 

List different measures of dispersion. 
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s State the empirical rules and apply them to practical data. 
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Compute the range, interquartile range, variance, and 
standard deviation of a set of data. 
Explain Chebyshev’s theorem. 


= Compute a standardized value (z-score) for 


observations in a data set. 
Define and compute the coefficient of variation. 


m Explain the nature of skewness and kurtosis in a 


distribution. 

Interpret the coefficients of skewness and kurtosis. 
Use the Excel Descriptive Statistics tool to 
summarize data. 

Calculate the mean, variance, and standard deviation 
for grouped data. 


Calculate a proportion. 

Use PivotTables to compute the mean, variance, and 
standard deviation of summarized data. 

Explain the importance of understanding relationships 
between two variables. Explain the difference between 
covariance and correlation. 

Calculate measures of covariance and correlation. 
Use the Excel Correlation tool. 

Identify outliers in data. 

State the principles of statistical thinking. 

Interpret variation in data from a logical and practical 
perspective. 

Explain the nature of variation in sample data. 


Statistics, as defined by David Hand, past president of the Royal Statistical Soci- 
ety in the UK, is both the science of uncertainty and the technology of extracting 
information from data.' Statistics involves collecting, organizing, analyzing, inter- 
preting, and presenting data. A statistic is a summary measure of data. You are 
undoubtedly familiar with the concept of statistics in daily life as reported in the 
media: baseball batting averages, airline on-time arrival performance, and eco- 
nomic statistics such as the Consumer Price Index are just a few examples. Sta- 
tistics helps to understand and quantify uncertainty in data and to incorporate 
uncertainty for predicting the future. 

You have undoubtedly been using statistics informally for many years. 
Numerical measures, such as your GPA, average incomes, and housing prices, 
are examples of statistics. While we see averages all the time in sports, finance, 
and marketing, these are only the tip of the iceberg. Statistics is much more than 
just computing averages. Statistics provides the means of gaining insight—both 
numerically and visually —into large quantities of data, understanding uncertainty 
and risk, and drawing conclusions from sample data that come from very large 
populations. For example, marketing analysts employ statistics extensively to 
analyze survey data to understand brand loyalty and satisfaction with goods and 
services, to segment customers into groups for targeted ads, and to identify fac- 
tors that drive consumer demand; finance personnel use statistics to evaluate 
stock and mutual fund performance in order to identify good investment oppor- 
tunities and to evaluate changes in foreign currency rates; and Operations man- 
agers use statistics to gauge production and quality performance to determine 
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David Hand, “Statistics: An Overview,” in Miodrag Lovric, Ed., International Encyclopedia of Statistical 


Science, Springer Major Reference; http://w ww.springer.com/statistics/book/978-3-642-04897-5, p. 1504. 
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process and design improvements. You will find yourself routinely using many of 
the statistical concepts in this chapter in your daily work. 

Statistical methods are essential to business analytics and are used through- 
out this book. Microsoft Excel supports statistical analysis in two ways: 


1. with statistical functions that are entered in worksheet cells directly or 
embedded in formulas 

2. with the Excel Analysis Toolpak add-in to perform more complex statistical 
computations. While previous versions of Excel for Mac did not support 
the Analysis Toolpak, Excel 2016 now includes it. 


We use both statistical functions and the Analysis Toolpak in many examples. 

Descriptive statistics refers to methods of describing and summarizing data 
using tabular, visual, and quantitative techniques. In this chapter, we focus on 
both tabular and visual methods, as well as quantitative measures for statistical 
analysis of data. We begin with a discussion of different types of metrics and 
ways to classify data. 


. ee Soe os ee a a i 
ANALYTICS IN PRACTICE: Applications of Statistics in Health Care? 


w Researchers gather data on human population samples. 
The health care industry benefits from knowing consumer 


The science of statistics is vitally important to health care 
decision makers. Descriptive statistics summarize the util- 


ity, efficacy, and costs of medical goods and services. 
Increasingly, health care organizations employ statistical 
analysis to measure their performance outcomes. Some 
examples include the following: 


= Descriptive statistics summarize the utility, efficacy, 
and costs of medical goods and services. For exam- 
ple, government health and human service agencies 
gauge the overall health and well-being of populations 
with statistical information. 
= Hospitals and other large provider service organi- 
zations implement data-driven, continuous quality 
improvement programs to maximize efficiency. Statis- 
tics are important to health care companies in mea- 
suring performance success or failure. By establishing 
benchmarks, or standards of service excellence, qual- 
ity improvement managers can measure future out- 
comes. Analysts map the overall growth and viability of 
a health care company by using statistical data gath- 
ered over time. 


market characteristics such as age, Sex, race, income, 
and disabilities. These demographic statistics can predict 
the types of services that people are using and the level of 
care that is affordable to them. 

Statistical information is invaluable in determining what 
combination of goods and services to produce, which 
resources to allocate in producing them, and to which 
populations to offer them. 

Public and private health care administrators, charged 
with providing continuums of care to diverse populations, 
compare existing services to community needs. Statistical 
analysis is a critical component in a needs assessment. 
Statistics is equally important to pharmaceutical and tech- 
nology companies in developing product lines that meet 
the needs of the populations they serve. 

Innovative medicine begins and, sometimes, ends with 
statistical analysis. Data are collected and carefully 
reported in Clinical trials of new technologies and treat- 
ments to weigh products’ benefits against their risks. 


ZN daptol from Rae Casto, “Why Are Statistics Important in the Health Care Field?” https://www.livestrong.com/article/ 
186334-why-are-statistics-important-in-the-health-care- -field/. 
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uw Metrics and Data Classification 


A metric is a unit of measurement that provides a way to objectively quantify perfor- 
mance. For example, senior managers might assess overall business performance using 
such metrics as net profit, return on investment, market share, and customer satisfaction. A 
plant manager might monitor such metrics as the proportion of defective parts produced or 
the number of inventory turns each month. For a Web-based retailer, some useful metrics 
are the percentage of orders filled accurately and the time taken to fill a customer’s order. 
Measurement is the act of obtaining data associated with a metric. Measures are numeri- 
cal values associated with a metric. 

Metrics can be either discrete or continuous. A discrete metric is one that is derived 
from counting something. For example, a delivery is either on time or not; an order is 
complete or incomplete; or an invoice can have one, two, three, or any number of errors. 
Some discrete metrics associated with these examples would be the number of on-time 
deliveries, the number of incomplete orders each day, and the number of errors per invoice. 
Continuous metrics are based on a continuous scale of measurement. Any metrics involy- 
ing dollars, length, time, volume, or weight, for example, are continuous. 

Another classification of data is by the type of measurement scale. Data may be clas- 
sified into four groups: 


1. Categorical (nominal) data, which are sorted into categories according to 
specified characteristics. For example, a firm’s customers might be classified 
by their geographical region (e.g., North America, South America, Europe, and 
Pacific); employees might be classified as managers, supervisors, and associ- 
ates. The categories bear no quantitative relationship to one another, but we 
usually assign an arbitrary number to each category to ease the process of man- 
aging the data and computing statistics. Categorical data are usually counted or 
expressed as proportions or percentages. 

2. Ordinal data, which can be ordered or ranked according to some relationship to 
one another. College football or basketball rankings are ordinal: a higher ranking 
signifies a stronger team but does not specify any numerical measure of strength. 
Ordinal data are more meaningful than categorical data because data can be com- 
pared. A common example in business is data from survey scales—for example, 
rating a service as poor, average, good, very good, or excellent. Such data are 
categorical but also have a natural order (excellent is better than very good) and, 
consequently, are ordinal. However, ordinal data have no fixed units of measure- 
ment, sO we cannot make meaningful numerical statements about differences 
between categories. Thus, we cannot say that the difference between excellent 
and very good is the same as between good and average, for example. Similarly, 
ateam ranked number | may be far superior to the number 2 team, whereas there 
may be little difference between teams ranked 9th and 10th. 

3. Interval data, which are ordinal but have constant differences between obser- 
vations and have arbitrary zero points. Common examples are time and temper- 
ature. Time is relative to global location, and calendars have arbitrary starting 
dates (compare, for example, the standard Gregorian calendar with the Chinese 
calendar). Both the Fahrenheit and Celsius scales represent a specified measure 
of distance—degrees—but have arbitrary zero points. Thus we cannot compute 
meaningful ratios; for example, we cannot say that 50 degrees is twice as hot 
as 25 degrees. However, we can compare differences. Another example is SAT 
or GMAT scores. The scores can be used to rank students, but only differences 
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between scores provide information on how much better one student performed 
over another; ratios make little sense. In contrast to ordinal data, interval data 
allow meaningful comparison of ranges, averages, and other statistics. 

In business, data from survey scales, while technically ordinal, are often 
treated as interval data when numerical scales are associated with categories (for 
instance, 1 = poor, 2 = average, 3 = good, 4 = very good, 5 = excellent). 
Strictly speaking, this is not correct because the “distance” between catego- 
ries may not be perceived as the same (respondents might perceive a larger gap 
between poor and average than between good and very good, for example). Nev- 
ertheless, many users of survey data treat them as interval when analyzing the 
data, particularly when only a numerical scale is used without descriptive labels. 

4. Ratio data, which are continuous and have a natural zero point. Most business 
and economic data, such as dollars and time, fall into this category. For example, 
the measure dollars has an absolute zero. Ratios of dollar figures are meaningful. 
For example, knowing that the Seattle region sold $12 million in March whereas 
the Tampa region sold $6 million means that Seattle sold twice as much as Tampa. 


This classification is hierarchical in that each level includes all the information content 
of the one preceding it. For example, ordinal data are also categorical, and ratio information 
can be converted to any of the other types of data. Interval information can be converted to 
ordinal or categorical data but cannot be converted to ratio data without the knowledge of 
the absolute zero point. Thus, a ratio scale is the strongest form of measurement. 


Classifying Data Elements in a Purchasing Database® 


Figure 4.1 shows a portion of a data set containing all items @ \tem description—categorical 


that an aircraft component manufacturing company has & Item cost—ratio 

purchased over the past three months. The data provide the ® Quantity—ratio 

supplier; order number; item number, description, and cost; @ Cost per order—ratio 

quantity ordered; cost per order; the suppliers’ accounts @ A/P terms—ratio 

payable (A/P) terms; and the order and arrival dates. We @ Order date—interval 

may classify each of these types of data as follows: @ Arrival date—interval 

& Supplier—categorical We might use these data to evaluate the average speed 
@ Order number—ordinal of delivery and rank the suppliers (thus creating ordinal data) 
@ \tem number—categorical by this metric. 


A 8 Cc D Ee E G H | J 


4 Purchase Orders | 
a { 
3 Supplier Order No. Item No, Item Description Item Cost Quantity Costper order _A/P Terms (Months) Order Date Arrival Date | 
4 HulkeyFastenes ~—~—«-Aug11001 1122 Alrframefasteners  $ 4.25 19,500 $ 82,875.00 30 08/05/11 08/13/11 
| 6 Alum Sheeting Aug11002 1243 Airframe fasteners $ 425 10,000 $ 42,500.00 30 08/08/11 08/14/11 | 
6 Fast-Tie Aerospace Augi1003 5462 Shielded Cable/ft. $ 1.05 23,000 $ 24,150.00 30 08/10/11 08/15/11 | 
7 Fast-Tie Aerospace Aug11004 5462 Shielded Cable/ft. $ 1.05 21,500 $ 22,575.00 30 08/15/11 08/22/11 
8 | Steelpin Inc. Aug11005 5319 Shielded Cable/ft. $ 1.10 17,500: $ 19,250.00 30 08/20/11 cent 
9 Fast-Tie Aerospace Aug11006 5462 Shielded Cable/ft. $ 1.05. 22,500 $ 23,625.00 30 08/20/11 08/26/11 | 
10 Steelpin Inc. Aug11007 4312 _Bolt-nut package $ 3.75 4,250 $ 15,937.50 30 08/25/11 09/01/11 
11 ‘Durrable Products Aug11008 7258 Pressure Gauge $ 90.00 100 $ 9,000.00 45 08/25/11 08/28/11 | 
12 Fast-Tie Aerospace Aug11009 6321 O-Ring $ 2.45 1, 300 Sia z 3,185.00 ME 30 3 =be 08/26/1 uy 0904/41 i 


a Figure 4.1 
Portion of Purchase Orders Database 


3B ased on Kenneth C. Laudon and Jane P. Laudon, Essentials of Management Information Systems. 9th ed. 
(Upper Saddle River, NJ: Prentice Hall, 2011). 
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ts CHECK YOUR UNDERSTANDING 


Explain the science of statistics. 
What is a metric? How does it differ from a measure? 


Explain the difference between a discrete and a continuous metric. 


oe NS 


Describe the four types of measurement scales and give an example of each. 


an Frequency Distributions and Histograms 


A frequency distribution is a table that shows the number of observations in each of sev- 
eral nonoverlapping groups. A graphical depiction of a frequency distribution in the form 
of a column chart is called a histogram. Frequency distributions and histograms summa- 
rize basic characteristics of data, such as where the data are centered and how broadly data 
are dispersed. This is usually the first step in using descriptive statistics. In this section, we 
discuss how to create them for both categorical and numerical data. 


Frequency Distributions for Categorical Data 


Categorical variables naturally define the groups in a frequency distribution. For example, in 
the Purchase Orders database (see Figure 4.1), orders were placed for the following items: 


Airframe fasteners Machined valve 
Bolt-nut package O-ring 

Control panel Panel decal 

Door decal Pressure gauge 
Electrical connector Shielded cable/ft. 
Gasket Side panel 


Hatch decal 


To construct a frequency distribution, we need only count the number of observations that 
appear in each category. This can be done using the Excel COUNTIEF function. 


Constructing a Frequency Distribution for Items in 
the Purchase Orders Database 


First, list the item names in a column on the spreadsheet. The resulting frequency distribution for the items is shown 
We used column A, starting in cell A100, below the existing in Figure 4.3. Thus, the company placed 14 orders for 
data array. It is important to use the exact names as used in airframe fasteners and 11 orders for the bolt-nut package. 
the data file. To count the number of orders placed for each We may also construct a column chart to visualize these 
item, use the function =COUNTIF($D$4:$D$97, cell_refer- frequencies, as shown in Figure 4.4. We might wish to sort 
ence), where cell_reference is the cell containing the item these using Pareto analysis to gain more insight into the 


name, in this case, cell A101. This is shown in Figure 4.2. order frequency. 


> Figure 4.2 


Using the COUNTIF Function 
to Construct a Frequency 
Distribution 


» Figure 4.3 


Frequency Distribution for 
Items Purchased 


» Figure 4.4 


Column Chart for Frequency 
Distribution of Items 
Purchased 
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i B | 
| 100 Item Description Frequency | 
'101 Airframe fasteners =COUNTIF($D$4:$D$97,A101) | 
| 102 Bolt-nut package =COUNTIF($DS4:$D$97,A102) 
/103 Control Panel =COUNTIF($D$4:$D$97,A103) 
1104 Door Decal =COUNTIF($D$4:$D$97,A104) | 
|105 Electrical Connector =COUNTIF($D$4:$D$97,A105) 
106 Gasket =COUNTIF(SD$4:$D$97,A106) | 
|107 Hatch Decal =COUNTIF($D$4:$D$97,A107) | 
1408 Machined Valve =COUNTIF($D$4:$D$97,A108) | 
1109 O-Ring =COUNTIF($D$4:$D$97,A109) | 
1110 Panel Decal =COUNTIF(S$D$4:$D$97,A110) 
/111 Pressure Gauge =COUNTIF($D$4:$D$97,A111) 
1412 Shielded Cable/ft. =COUNTIF($D$4:$D$97,A112) 
| pits Side Panel _SCOUNTIF(SD$4: $D$97, Al 13) 
re A : 8 
| 100 Item Description Frequency | 
| 101 Airframe fasteners 14 | 
102 Bolt-nut package 114 
103) Control Panel 4 
104 Door Decal 2 
105 Electrical Connector 8 
/106 Gasket 10 | 
107 Hatch Decal Zz H 
/108 Machined Valve 4 
1109 | O-Ring 2) | 
110 Panel Decal 1 
yi Pressure Gauge 7 | 
112 Shielded Cable/ft, 11 | 
8! 
j 


|113)Side Panel 


i 


Frequency Distribution for Purchase Order Items 
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Relative Frequency Distributions 

We may express the frequencies as a fraction, or proportion, of the total; this is called the 
relative frequency. If a data set has n observations, the relative frequency of category 7 is 
computed as 


Frequency of Category i 


Relative Frequency of Category i = ; (4.1) 


We often multiply the relative frequencies by 100 to express them as percentages. A 
relative frequency distribution is a tabular summary of the relative frequencies of all 


categories. 
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> Figure 4.5 A B Cc 
lative Fi 100 Item Description Frequency Relative Frequency 
Re ative : ak tees A 101 Airframe fasteners 14 0.1489 | 
Distribution for Items 102 Bolt-nut package 11 0.1170 
|103 Control Panel 4 0.0426 
Buehesed 104 Door Decal 7a 0.0213 | 
105 Electrical Connector 8 0.0851 | 
108 Gasket 10 0.1064 | 
107 Hatch Decal 2 0.0213 
108 Machined Valve 4 0,0426 
109 O-Ring 12 0.1277) 
110 Panel Decal 1 0.0106 | 
111 Pressure Gauge 7 0.0745 
112 Shielded Cable/ft. 11 0.1170 
113 Side Panel 8 0.0851 | 
114 Toial 94 1.0000 | 
Constructing a Relative Frequency Distribution 
for Items in the Purchase Orders Database 
The calculations for relative frequencies are simple. First, copy this formula down the column to compute the other 
sum the frequencies to find the total number (note that relative frequencies. Note that the sum of the relative fre- 
the sum of the frequencies must be the same as the total quencies must equal 1.0. A pie chart of the frequencies 
number of observations, n). Then divide the frequency of is sometimes used to show these proportions visually, 
each category by this value. Figure 4.5 shows the relative although it is more appealing for a smaller number of 
frequency distribution for the purchase order items. The for- categories. For a large number of categories, a column or 


mula in cell C101, for example, is =B101/$B$114. You then bar chart would work better, as we noted in Chapter 3. 


Frequency Distributions for Numerical Data 


For numerical data that consist of a small number of values, we may construct a frequency 
distribution similar to the way we did for categorical data; that is, we simply use COUNTIF 
to count the frequencies of each value. 


EXAMPLE 4.4 Frequency and Relative Frequency Distribution for A/P Terms 


In the Purchase Orders data, the A/P terms are all whole A bar chart showing the proportions, or relative fre- 
numbers: 15, 25, 30, and 45. A frequency and relative fre- quencies, in Figure 4.7, clearly shows that the majority of 
quency distribution for these data are shown in Figure 4.6. orders had accounts payable terms of 30 months. 


Excel Histogram Tool 


Frequency distributions and histograms can be created using the Analysis Toolpak in 
Excel. To do this, click the Data Analysis tools button in the Analysis group under the 
Data tab in the Excel menu bar and select Histogram from the list. In the dialog box (see 
Figure 4.8), specify the Input Range corresponding to the data. If you include the column 
header, then also check the Labels box so Excel knows that the range contains a label. The 


> Figure 4.6 ri A —— _ 
Frequency and Relative 117 AIP Terms _ Frequency Relative Frequenc 
Se are 118 15 5 0.0532 
Frequency Distribution for 119 25 12 0.1277. 
A/P Terms 120 30 64 0.6809 - 
121 45 13 0.1383 


122 Total 94 1.0000 
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> Figure 4.7 


Bar Chart of Relative Proportions of A/P Terms 
Frequencies of A/P Terms 


Months 


a5 ee 
| 
| 
0.0000 0.1000 0.2000 0.3000 0.4000 0.5000 0.6000 0.7000 0.8000 
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Bin Range defines the groups (Excel calls these “bins’’) used for the frequency distribution. 
If you do not specify a Bin Range, Excel will automatically determine bin values for the 
frequency distribution and histogram, which often results in a rather poor choice. If you 
have discrete values, set up a column of these values in your spreadsheet for the bin range 
and specify this range in the Bin Range field. We describe how to handle continuous data 
shortly. Check the Chart Output box to display a histogram in addition to the frequency 
distribution. You may also sort the values as a Pareto chart and display the cumulative fre- 
quencies by checking the additional boxes. 


Using the Histogram Tool 


We will create a frequency distribution and histogram for If you check the Labels box, it is important that 
the A/P Terms variable in the Purchase Orders database. both the Input Range and the Bin Range have labels 
Figure 4.9 shows the completed Histogram dialog. The included in the first row. Figure 4.10 shows the results 
input range includes the column header as well as the data from this tool. 


in column H. We define the bin range below and enter it in 
cells H99:H103 (including the header “Months”): 


Months 
15 
25 
30 
45 


Grouped Frequency Distributions 


For numerical data that have many different discrete values with little repetition or are con- 
tinuous, we usually group the data into “bins.” A grouped frequency distribution requires 


that we specify 
1. the number of groups, 


2. the width of each group, and 
3. the upper and lower limits of each group. 
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> Figure 4.8 
Histogram Tool Dialog 


» Figure 4.9 


Histogram Dialog for A/P 
Terms Data 


> Figure 4.10 


Excel Frequency Distribution 
and Histogram for A/P Terms 
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It is important to remember that the groups may not overlap, so that each value is counted 
in exactly one group. 

You should define the groups after examining the range of the data. Generally, you 
should choose between 5 and 15 groups, and the range of each should be equal. The more 
data you have, the more groups you should generally use. Note that with fewer groups, the 
group widths will be wider. Wider group widths provide a “coarse” histogram. Sometimes 
you need to experiment to find the best number of groups to provide a useful visualiza- 
tion of the data. Choose the lower limit of the first group (LL) as a whole number smaller 
than the minimum data value and the upper limit of the last group (UL) as a whole number 
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larger than the maximum data value. Generally, it makes sense to choose nice, round whole 
numbers. Then you may calculate the group width as 


Group Width = 


EXAMPLE 4.6 
for Cost per Order 


In this example, we apply the Excel Histogram tool to the 
cost per order data in column G of the Purchase Orders 
database. The data range from a minimum of $68.75 to a 
maximum of $127,500. You can find this either by using 
the MIN and MAX functions or simply by sorting the data. 
To ensure that all the data will be included in some group, 
it makes sense to set the lower limit of the first group to $0 
and the upper limit of the last group to $130,000. Thus, if we 
select five groups, using equation (4.2), the width of each 
group is ($130,000 — 0) /5 = $26,000; if we choose ten 
groups, the width is ($130,000 — 0)/10 = $13,000. We 
select five groups. Doing so, the bin range is specified as 


Upper Group Limit 
$ 0.00 
$ 26,000.00 
$ 52,000.00 
$ 78,000.00 
$104,000.00 
$130,000.00 


GES ets 


Number of Groups saa, 


Constructing a Frequency Distribution and Histogram 


This means that the first group includes all values less than 
or equal to $0; the second group includes all values greater 
than $0 but less than or equal to $26,000, and so on. Note 
that the groups do not overlap because the lower limit of 
one group is strictly greater than the upper limit of the pre- 
vious group. We suggest using the header “Upper Group 
Limit” for the bin range to make this clear. In the spread- 
sheet, this bin range is entered in cells G99:G105. The 
Input Range in the Histogram dialog is G4:G97. Figure 4.11 
shows the results. These results show that the vast majority 
of orders were for $26,000 or less and fall rapidly beyond 
this value. Selecting a larger number of groups might help 
to better understand the nature of the data. Figure 4.12 
shows results using ten groups. This shows that there were 
a higher percentage of orders for $13,000 or less than for 
between $13,000 and $26,000. 


» Figure 4.11 a ps ae ¥ halal 
Frequency Distribution and ; Upper Group me. Frequency. i ; | 
Histogram for Cost per = naan = Histogram | 
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> Figure 4.12 A a C D - © G H 
Frequency Distribution and 1 | Upper Group Limit Frequency 7 j 
Histogram for Cost per : er an ro Histogram 
Order (Ten Groups) 4 26000 26 
5 39000 5 
6 52000 3 
7 65000 6 
8 78000 5 
9g 91000 2 
10 104000 2 ae 
14 117000 1 
12 130000 2 
ae : Bg 8s ore oye aye & 
14 RSSxggesesess 
15 palit iatarh tra) Cems Me B ere a 
16 Upper Group Limit 
17 [ ; 


One limitation of the Excel Histogram tool is that the frequency distribution and 
histogram are not linked to the data; thus, if you change any of the data, you must repeat 
the entire procedure to construct a new frequency distribution and histogram. 


Cumulative Relative Frequency Distributions 


For numerical data, we may also compute the relative frequency of observations in each 
group. By summing all the relative frequencies at or below each upper limit, we obtain 
the cumulative relative frequency. The cumulative relative frequency represents the pro- 
portion of the total number of observations that fall at or below the upper limit of each 
group. A tabular summary of cumulative relative frequencies is called a cumulative rela- 
tive frequency distribution. 


Computing Cumulative Relative Frequencies 


Figure 4.13 shows the relative frequency and cumulative of the next group to the cumulative relative frequency. For 
relative frequency distributions for the cost per oder data in example, the cumulative relative frequency in cell D3 is 

the Purchase Orders database using ten groups. The rela- computed as =D2+C3 = 0.000+0.4468 = 0.4468; the 

tive frequencies are computed using the same approach cumulative relative frequency in cell D4 is computed as 

as in Example 4.3—namely, by dividing the frequency by =D3+C4 = 0.4468+0.2766 = 0.7234, and so on. Because 
the total number of observations (94). In column D, we set relative frequencies must be between 0 and 1 and must 
the cumulative relative frequency of the first group equal to add up to 1, the cumulative frequency for the last group 


its relative frequency. Then we add the relative frequency must equal 1. 


Figure 4.14 shows a chart for the cumulative relative frequency, which is called an 
ogive. From this chart, you can easily estimate the proportion of observations that fall 
below a certain value. For example, you can see that slightly more than 70% of the data fall 
at or below $26,000, about 90% of the data fall at or below $78,000, and so on. Note that 
cumulative frequencies can also be displayed using the Histogram tool. 
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> Figure 4.13 Sn SERRE emmememeeeeee ae | 
A B C D 
Cumulative Relative Cumulative | 
Frequency Distribution for Relative Relative 
Cost per @rdor Data | 2 Upper Group nt Frequency Preateney Frequency 
| 3 13000 42 0.4468 0.4468 | 
4 26000 26 0.2766 0.7234 | 
| 5 39000 5 0,0532 0.7766 | 
| 6 52000 3 0.0319 0.8085 | 
a 65000 6 0.0638 0.8723 | 
| 8 78000 5 0.0532 0.9255 | 
| 9 91000 2 0.0213 0.9468 | 
110 104000 2 0.0213 0.9681 | 
}11 117000 { 0.0106 0.9787 
112 130000 2 0.0213 ~—-1.0000 | 
| 13 More Q 0.0000 1.0000 | 
114 Total 4 


'o 


} 
if 
{ 
\ 
| 
{ 
I 
| 
| 
f 
| 
} 
| 
} 


> Figure 4.14 et Se. 9. 0, Ses, 2 nr ere oe 
Ogive for Cost per Order Cumulative Relative Frequency (Ogive) 


1.0000 
0.9000 
0.8000 
0.7000 
0.6000 
0.5000 
0.4000 
0.3000 
0.2000 
0.1000 
0.0000 


Constructing Frequency Distributions Using PivotTables 


PivotTables make it quite easy to construct frequency distributions. For example, in the 
Purchase Orders data, we can simply build a PivotTable to find a count of the number 
of orders for each item, resulting in the same summary we saw in Figure 4.5. With Excel 
for Windows, a PivotChart (see Appendix A3 in Chapter 3) will display the histogram. For 
continuous numerical data, we can also use PivotTables to construct a grouped frequency 
distribution. 


EXAMPLE 4.8 Constructing a Grouped Frequency Distribution Using PivotTables 


Using the Purchase Orders database, create a PivotTable and from the Analyze tab for PivotTable Tools, select Group 
as shown in Figure 4.15. Note that this simply shows the Field. Edit the dialog to start at 0 and end at 130000, and 
frequencies of the cost per order values, each of which use 26000 as the group range, as shown in Figure 4.16. The 
is unique. It doesn’t matter what field is used in the Sum result is shown in Figure 4.17; this groups the data in the 
Values area; just ensure that the field settings specify same bins as we saw in Figure 4.11. 


“count.” Next, click on any value in the Row Labels column, 
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> Figure 4.15 


Count of Cost per Order 
PivotTable 


» Figure 4.16 
Group Field Dialog 


> Figure 4.17 


Grouped Frequency 
Distribution in a PivotTable 
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| 3 RowLabels (- Count of Order No. 
| 4 0-26000 

5 26000-52000 
6 52000-78000 

| 7 78000-104000 
| 8 104000-130000 
} 0 'Grand- total ee 


CHECK YOUR UNDERSTANDING 


What is a frequency distribution? 
Explain how to calculate a relative frequency. 


State how to use Excel for constructing frequency distributions for categorical and 
numerical data. 


State the features and limitations of the Excel Histogram tool. 
What does an ogive display? 


Use a PivotTable to construct the frequency distribution in Figure 4.12, 
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Percentiles and Quartiles 


Data are often expressed as percentiles and quartiles. You are no doubt familiar with 
percentiles from standardized tests used for college or graduate school entrance examinations 
(SAT, ACT, GMAT, GRE, etc.). Percentiles specify the percent of other test takers who 
scored at or below the score of a particular individual. Generally speaking, the kth 
percentile is a value at or below which at least k percent of the observations lie. However, 
the way by which percentiles are calculated is not standardized. The most common way to 
compute the kth percentile is to order the data values from smallest to largest and calculate 
the rank of the kth percentile using the formula 
nk 


sae ES) : 
100 a) 


where v7 is the number of observations. Round this to the nearest integer, and take the value 
corresponding to this rank as the kth percentile. 


EXAMPLE 4.9 Computing Percentiles 


In the Purchase Orders data, we have n = 94 observations. rounded, 85. The 85th ordered value is $74,375 and is the 
The rank of the 90th percentile (k = 90) for the cost per 90th percentile. This means that 90% of the costs per order 
order data is computed as 94(90)/100 + 0.5 = 85.1, or, are less than or equal to $74,375, and 10% are higher. 


Statistical software use different methods that often involve interpolating between 
ranks instead of rounding, thus producing different results. The Excel function 
PERCENTILE.INC(array, k) computes the 100 x kth percentile of data in the range 
specified in the array field, where k is in the range 0 to 1, inclusive. 


EXAMPLE 4.10 


To find the 90th percentile for the cost per order data percentile as $73,737.50, which is different from using 
in the Purchase Orders data, use the Excel function formula (4.3). 
= PERCENTILE.INC(G4:G97,0.9). This calculates the 90th 


Computing Percentiles in Excel 


Excel also has a tool for sorting data from high to low and computing percentiles 
associated with each value. Select Rank and Percentile from the Data Analysis menu in 
the Data tab and specify the range of the data in the dialog. Be sure to check the Labels in 
First Row box if your range includes a header in the spreadsheet. 


Excel Rank and Percentile Tool 


A portion of the results from the Rank and Percentile tool for that the Excel value of the 90th percentile that we computed 
the cost per order data is shown in Figure 4.18. You can see in Example 4.9 as $74,375 is the 90.3rd percentile value. 


Quartiles break the data into four parts. The 25th percentile is called the first quartile, 
Q,; the 50th percentile is called the second quartile, Qo; the 75th percentile is called the third 
quartile, Q3; and the 100th percentile is the fourth quartile, Qy. One-fourth of the data fall 
below the first quartile, one-half are below the second quartile, and three-fourths are below the 
third quartile. We may compute quartiles using the Excel function QUARTILE.INC(array, 
quart), where array specifies the range of the data and quart is a whole number between | 
and 4, designating the desired quartile. 
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> Figure 4.18 ge 'B PawE tad aa 
Portion of Rank and | i Point Costper order Rank Percent 
ir2 74 $127,500.00 1 100.00% | 
Percentile Too/ Results | : EEE CMI 2 98.00% | 
4 71 $110,000.00 3 97.80% | 
i 5 16 $103,530.00 4 96.70% | 
| 6 73 $ 96,750.00 5 95.60% | 
| 7 1 $ 82,875.00 6 94.60% } 
| 8 67 $ 81,937.50 7 93.50% | 
| 9 82 $ 77,400.00 8 92.40% | 
} 10 54 $ 76,500.00 9 91.30% | 
i 11 80 $ 74,375.00 10 90.30% | 
| 12 68 $ 72,250.00 11 89.20% 
113 20 $ 65,875.00 12 88.10% | 
14 65 $ 64,500.00 13 87.00% | 
115 28 $ 63,750.00 14 86.00% | 
Computing Quartiles in Excel 
For the cost per order data in the Purchase Orders database, We may conclude that 25% of the order costs fall at 
we may use the Excel function =QUARTILE.INC(G4:G97,k), or below $6,757.81; 50% fall at or below $15,656.25; 75% 
where k ranges from 1 to 4, to compute the quartiles. The fall at or below $27,593.75, and 100% fall at or below the 
results are as follows: maximum value of $127,500. 


Kasi First quartile $6,757.81 
hee Second quartile $15,656.25 
eas Third quartile $27,593.75 
Kaa Fourth quartile $127,500.00 


We can extend these ideas to other divisions of the data. For example, deciles divide 
the data into ten sets: the 10th percentile, 20th percentile, and so on. All these types of 
measures are called data profiles, or fractiles. 


es CHECK YOUR UNDERSTANDING 


1. Explain how to interpret the 75th percentile. 
2. How do quartiles relate to percentiles? 


3. What Excel functions can you use to find percentiles and quartiles? 


an Cross-Tabulations 


One of the most basic statistical tools used to summarize categorical data and examine 
the relationship between two categorical variables is cross-tabulation. A cross-tabulation 
is a tabular method that displays the number of observations in a data set for different 
subcategories of two categorical variables. A cross-tabulation table is often called a 
contingency table. The subcategories of the variables must be mutually exclusive and 
exhaustive, meaning that each observation can be classified into only one subcategory, 
and, taken together over all subcategories, they must constitute the complete data set. 
Cross-tabulations are commonly used in marketing research to provide insight into 
characteristics of different market segments using categorical variables such as gender, 
educational level, and marital status. 


Let us examine the Sales Transactions database, a por- 
tion of which is shown in Figure 4.19. Suppose we wish to 
identify the number of books and DVDs ordered by region. 
A cross-tabulation will have rows corresponding to the dif- 
ferent regions and columns corresponding to the products. 
Within the table we list the count of the number in each pair 
of categories. A cross-tabulation of these data is shown 

in Table 4.1. PivotTables make it easy to construct cross- 
tabulations. Visualizing the data as a chart is a good way 

of communicating the results. Figure 4.20 shows the differ- 
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Constructing a Cross-Tabulation 


regions or products, particularly as the totals for each 
category differ. Table 4.2 shows the percentage of book 
and DVD sales within each region; this is computed by 
dividing the counts by the row totals and multiplying by 
100 (in Excel, simply divide the count by the total and 
format the result as a percentage by clicking the 

% button in the Number group within the Home tab in 
the ribbon). In Chapter 2, we saw how to do this easily 
in a PivotTable. For example, we see that although 
more books and DVDs are sold in the West region than 


ences between product and regional sales. 
Expressing the results as percentages of a row or 
column makes it easier to interpret differences between 


in the North, the relative percentages of each product 
are similar, particularly when compared to the East and 
South regions. 


> Figure 4.19 1 ee i ee er BAtC OL A edt ShcA sates eres 
Portion of Sales 1 Sales Transactions: July 14 
: | 2 
Transactions Database 3 CustID Region Payment Transaction Code Source Amount Product Time Of Day © 
14 10001 East Paypal 93816545 Web $20.19 DVD 22:19 
15 10002 West Credit 74083490 Web $17.85 DVD 13:27 
16 10003 North Credit 64942368 Web $23.98 DVD 14:27 
7 10004 West Paypal 70560957 Email $23.51 Book 15:38 
i 8 10005 South Credit 35208817 Web $15.33 Book 15:21 
| 9 10006 West Paypal 20978903 Email $17.30 DVD 13:11 
110 10007 East Credit 80103311 Web $177.72 Book 21:59 
141 10008 West Credit 14132683 Web $21.76 Book 4:04 
112 10009 West Paypal 40128225 Web $15.92 DVD 19:35 
113 10010 South Paypal 49073721 Web $23.39 DVD ee Pees. 13:26 | 
» Table 4.1 Region Book DVD Total 
Cross-Tabulation of Sales East 56 42 98 
Transaction Data 
North 43 42 85 
South 62 37 99 
West 100 90 190 
Total 261 211 472 
> Table 4.2 Region Book DVD Total 
Percentage Sales of East 57.1% 42.9% 100.0% 
Bee OO Seon North 50.6% 49.4% 100.0% 
Region 
South 62.6% 37.4% 100.0% 
West 52.6% 47.4% 100.0% 
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> Figure 4.20 seinem 
Chart of Regional Regional Sales by Product 
Sales by Product 120 
100 
80 
60 
40 
“Hii 
8) 
East North South West 


@Book BDVD 


betes CHECK YOUR UNDERSTANDING 


1. What is a cross-tabulation? 


2. Use a PivotTable to construct the cross-tabulation shown in Table 4.1. 


ae Descriptive Statistical Measures 


In this section, we introduce numerical measures that provide an effective and efficient 
way of obtaining meaningful information from data. Before discussing these measures, 
however, we need to understand the differences between populations and samples. 


Populations and Samples 


A population consists of all items of interest for a particular decision or investigation—for 
example, all individuals in the United States who do not own cell phones, all subscribers to 
Netflix, or all stockholders of Google. A company like Netflix keeps extensive records on its 
customers, making it easy to retrieve data about the entire population of customers. However, 
it would probably be impossible to identify all individuals who do not own cell phones. 

A sample is a subset of a population. For example, a list of individuals who rented 
a comedy from Netflix in the past year would be a sample from the population of all 
customers. Whether this sample is representative of the population of customers—which 
depends on how the sample data are intended to be used—may be debatable; nevertheless, 
it is a sample. Most populations, even if they are finite, are generally too large to deal with 
effectively or practically. For instance, it would be impractical as well as too expensive to 
survey the entire population of TV viewers in the United States. Sampling is also clearly 
necessary when data must be obtained from destructive testing or from a continuous pro- 
duction process. Thus, the purpose of sampling is to obtain sufficient information to draw a 
valid inference about a population. Market researchers, for example, use sampling to gauge 
consumer perceptions on new or existing goods and services: auditors use sampling to 
verify the accuracy of financial statements: and quality-control analysts sample production 
output to verify quality levels and identify opportunities for improvement. 

Most data with which businesses deal are samples. For instance, the Purchase Orders 
and Sales Transactions databases that we used in previous chapters represent samples 
because the purchase order data include only orders placed within a three-month time 
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period, and the sales transactions represent orders placed on only one day, July 14. There- 
fore, unless it is obvious or noted otherwise, we will assume that any data set is a sample. 


Statistical Notation 


We typically label the elements of a data set using subscripted variables, x,, x», and so 
on. In general, x; represents the ith observation. It is a common practice in statistics to 
use Greek letters, such as 4 (mu), o (sigma), and 7 (pi), to represent population mea- 
sures and italic letters such as Xx (x-bar), s, and p to represent sample statistics. We will 
use N to represent the number of items in a population and n to represent the number 
of observations in a sample. Statistical formulas often contain a summation operator, 
> (Greek capital sigma), which means that the terms that follow it are added together. 
nN 
Thus, Sx; =X; + X% +++: + x,. Understanding these conventions and mathematical 
i=1 
notation will help you to interpret and apply statistical formulas. 


Measures of Location: Mean, Median, Mode, and Midrange 


Measures of location provide estimates of a single value that in some fashion represents 


9 


the “centering” of a set of data. The most common is the average. We all use averages 
routinely in our lives, for example, to measure student accomplishment in college (e.g., 
grade point average), to measure the performance of athletes (e.g., batting average), and to 


measure performance in business (e.g., average delivery time). 


Arithmetic Mean 


The average is formally called the arithmetic mean (or simply the mean), which is the sum 
of the observations divided by the number of observations. Mathematically, the mean of a 
population is denoted by the Greek letter , and the mean of a sample is denoted by x. If a 
population consists of N observations x), x2,.. ., Xj, the population mean, jz, is calculated as 


=e (4.4) 


The mean of a sample of n observations, x), X3,.. ., X,, denoted by x, is calculated as 


y= ou (4.5) 


Note that the calculations for the mean are the same whether we are dealing with a popula- 
tion or a sample; only the notation differs. We may also calculate the mean in Excel using 


the function AVERAGE(data range). 
One property of the mean is that the sum of the deviations of each observation from 


the mean is zero: 


ee (4.6) 


This simply means that the sum of the deviations above the mean is the same as the sum of 
the deviations below the mean; essentially, the mean “balances” the values on either side of 
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it. However, it does not suggest that half the data lie above or below the mean—a common 
misconception among those who don’t understand statistics. 

In addition, the mean is unique for every set of data and is meaningful for both interval 
and ratio data. However, it can be affected by outliers—observations that are radically 
different from the rest—which pull the value of the mean toward these values. We discuss 
more about outliers later in this chapter. 


EXAMPLE 4.14 


In the Purchase Orders database, suppose that we are $2,471,760/94 = $26,295.32. We show these calculations 


Computing the Mean Cost per Order 


interested in finding the mean cost per order. We calculate in a separate worksheet, Mean, in the Purchase Orders 

the mean cost per order by summing the values in col- Excel workbook. A portion of this worksheet in split-screen 
umn G and then dividing by the number of observations. mode is shown in Figure 4.21. Alternatively, we used the 
Using equation (4.5), note that x} = $2,700, xo = $19,250, Excel function =AVERAGE(B2:B95) in this worksheet to 
and so on, andn = 94. The sum of these order costs arrive at the same value. We encourage you to study the 


is $2,471,760. Therefore, the mean cost per order is calculations and formulas used. 


> Figure 4. 21 noe ee eal 
Aa i 48 

Excel Calculations of Mean |1\___ Observation ——sCost per order | 
Cost per Order 2 x1 $82,875.00 }) 
a 3. x2 $42,500.00 

4 | x3 $24,150.00 | 

: ee x4 $22,575.00 | 

a6 | x5 $19,250.00 |) 

fo x90 $467.50 | 

1 92 | x91 $9,975.00 4 

| 93 | x92 $30,625.00 | 

| 94 | x93 $21,450.00)! 

Jos x94 $68.75 | 

| 96) Sum of Cost per Order $2,471,760.00 { 

‘| 97 Number of observations 94 | 

| 98 : 

| 99 | Mean Cost per Order (=B96/B97) $26,295.32 i 

}100) ; 


|101. Excel AVERAGE function $26,295 2 | 


SSS TARE RE PLIES ARISES 


Median 


The measure of location that specifies the middle value when the data are arranged from least 
to greatest is the median. Half the data are below the median, and half the data are above it. 
For an odd number of observations, the median is the middle of the sorted numbers. For an 
even number of observations, the median is the mean of the two middle numbers. We could 
use the Sort option in Excel to rank-order the data and then determine the median. The Excel 
function MEDIAN(data range) could also be used. The median is meaningful for ratio, 
interval, and ordinal data. As opposed to the mean, the median is not affected by outliers. 


Finding the Median Cost per Order 


In the Purchase Orders database, sort the data in column of ($15,562.5 + $15,750)/2 = $15,656.25. Thus, we may 
G from smallest to largest. Since we have 94 observations, conclude that the costs of half the orders were less than 
the median is the average of the 47th and 48th observa- $15,656.25 and half were above this amount. In this case, 
tions. You should verify that the 47th sorted observation the median is not very close in value to the mean. These 
is $15,562.50 and the 48th observation is $15,750, Taking calculations are shown in the worksheet Median in the 


the average of these two values results in the median value Purchase Orders Excel workbook, as shown in Figure 4.22. 
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> Figure 4.22 = —— 
A B Cc D 
Excel Calculations for | 1 Rank Cost per order 
Median Cost per Order | 2 1 $68.75 
3 2 $82.50 
4 3 $375.00 
5 4 $467.50 
45 44 $14,910.00 
46 45 $14,910.00 
47 46 $15,087.50 | 
48 $15,562.50 | 
49 $15,750.00 | 
50 49 $15,937.50 Average $15,656.25 | 
54 50 $16,276.75 | 
| 52 51 $16,330.00 


Mode 


A third measure of location is the mode. The mode is the observation that occurs most 
frequently. The mode is most useful for data sets that contain a relatively small number 
of unique values. For data sets that have few repeating values, the mode does not pro- 
vide much practical value. You can easily identify the mode from a frequency distribution 
by identifying the value having the largest frequency or from a histogram by identifying 
the highest bar. You may also use the Excel function MODE.SNGL(data range). For fre- 
quency distributions and histograms of grouped data, the mode is the group with the great- 
est frequency. Some data sets have multiple modes; to identify these, you can use the Excel 
function MODE.MULT(data range), which returns an array of modal values. 


EXAMPLE 4.16 Finding the Mode 


In the Purchase Orders database, from the frequency dis- Therefore, the mode is 30 months. For the grouped fre- 
tribution and histogram for A/P terms in Figure 4.10, we quency distribution and histogram of the cost per order 
see that the greatest frequency corresponds to a value of variable in Figure 4.12, we see that the mode corresponds 


30 months; this is also the highest bar in the histogram. to the group between $0 and $13,000. 


Midrange 


A fourth measure of location that is used occasionally is the midrange. This is simply the 
average of the largest and smallest values in the data set. 


Computing the Midrange 


We may identify the minimum and maximum values using is $68.78 and the maximum value is $127,500. Thus, the 
the Excel functions MIN and MAX or sort the data and find midrange is ($127,500 + $68.78)/2 = $63,784.39. 
them easily. For the cost per order data, the minimum value 


Caution must be exercised when using the midrange because extreme values easily 
distort the result, as this example illustrates. This is because the midrange uses only two 
pieces of data, whereas the mean uses all the data; thus, it is usually a much rougher esti- 
mate than the mean and is often used for only small sample sizes. 


Using Measures of Location in Business Decisions 


Because everyone is so familiar with the concept of the average in daily life, managers often 
use the mean inappropriately in business when other statistical information should be consid- 
ered. The following hypothetical example, which was based on a real situation, illustrates this. 


164 Chapter 4 Descriptive Statistics 


EXAMPLE 4.18 


Quoting Computer Repair Times 


The Excel file Computer Repair Times provides a sample Histogram tab in the Excel file). We see that the longest 


of the times it took to repair and return 250 computers to repair time took almost six weeks. So should the 
customers who used the repair services of a national elec- company give customers a guaranteed repair time of six 
tronics retailer. Computers are shipped to a central facility, weeks? They probably wouldn’t have many customers 
where they are repaired and then shipped back to the stores because few would want to wait that long. Instead, the 
for customer pickup. The mean, median, and mode are all frequency distribution and histogram provide insight into 
very close and show that the typical repair time is about two making a more rational decision. You may verify that 
weeks (See Figure 4.23). So you might think that if a cus- 90% of the time, repairs are completed within 21 days; 
tomer brought in a computer for repair, it would be reason- on the rare occasions that it takes longer, it generally 
able to quote a repair time of two weeks. What would happen means that technicians had to order and wait for a part. 
if the stores quoted all customers a time of two weeks? So it would make sense to tell customers that they could 
Clearly about half the customers would be upset because probably expect their computers back within two to 
their computers would not be completed by this time. three weeks and inform them that it might take longer if 
Figure 4.24 shows a portion of the frequency dis- a special part was needed. 


tribution and histogram for these repair times (see the 


From this example, we see that using frequency distributions, histograms, and percen- 
tiles can provide more useful information than simple measures of location. This leads us to 
introduce ways of quantifying variability in data, which we call measures of dispersion. 


» Figure 4.23 = errs, 

A B 
Measures of Location for 1 Computer Repair Times 
Computer Repair Times 2 


3 Sample Repair Time (Days) | 
1 


Relative Cumulative 


Days Frequency Frequency Percentage 


0 0 0.000 0.0% | 
{ 0 0.000 0.0% te Ti 
4 . Sens nae Repair Times 
3 0 0.000 0.0% no 
4 0 0.000 0.0% 5. 20 
10 5 1 0.004 0.4% 15 
11 a 2 0.008 1.2% ae 
12 7 5 0.020 3.2% i 
13 8 12 0.048 8.0% 5 
14 9 14 0.056 13.6% (e) 
15 10 19 0.076 21.2% Or oF 4 
ss a ae pn eee 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 
W7 12 23 0.092 38.0% oye 
18 13 22 0.088 PT eee 


4 Figure 4.24 


Frequency Distribution and Histogram for Computer Repair Times 
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Measures of Dispersion: Range, Interquartile Range, 
Variance, and Standard Deviation 


Dispersion refers to the degree of variation in the data, that is, the numerical spread (or 
compactness) of the data. Several statistical measures characterize dispersion: the range, 
interquartile range, variance, and standard deviation. 


Range 


The range is the easiest to compute, and is the difference between the maximum value and the 
minimum value in the data set. Although Excel does not provide a function for the range, it 
can be computed easily by the formula =MAX(data range) — MIN(data range). Like the 
midrange, the range is affected by outliers and, thus, is often only used for very small data sets. 


EXAMPLE 4.19 Computing the Range 


For the cost per order data in the Purchase Orders maximum value is $127,500. Thus, the range is 
database, the minimum value is $68.78 and the $127,500 — $68.78 = $127,481.22. 


interquartile Range 


The difference between the first and third quartiles, Q; — Q), is often called the inter- 
quartile range (IQR), or the midspread. This includes only the middle 50% of the data 
and, therefore, is not influenced by extreme values. Thus, it is sometimes used as an alter- 
native measure of dispersion. 


EXAMPLE 4.20 Computing the Interquartile Range 


For the cost per order data in the Purchase Orders over a relatively small range of $20,835.94. Note that the 
database, we identified the first and third quartiles as upper 25% of the data span the range from $27,593.75 to 
Q,; = $6,757.81 and Q3 = $27,593.75 in Example 4.12. $127,500, indicating that high costs per order are spread 
Thus, IQR = $27,593.75 — $6,757.81 = $20,835.94. out over a large range of $99,906.25. 


Therefore, the middle 50% of the data are concentrated 


Variance 


A more commonly used measure of dispersion is the variance, whose computation 
depends on all the data. The larger the variance, the more the data are spread out from the 
mean and the more variability one can expect in the observations. The formula used for 
calculating the variance is different for populations and samples. 

The formula for the variance of a population is 


. 2 
» (x; — #) 
2 i=] 
Gn Sipe a (4.7) 
N 
where x; is the value of the ith item, N is the number of items in the population, and y is 
the population mean. Essentially, the variance is the average of the squared deviations of 
the observations from the mean. 
A significant difference exists between the formulas for computing the variance of a 
population and that of a sample. The variance of a sample is calculated using the formula 


3S ( - 3) 


eg aa (4.8) 
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> Figure 4.25 


Excel Calculations for 
Variance of Cost per Order 


where n is the number of items in the sample and x is the sample mean. It may seem pecu- 
liar to use a different denominator to “average” the squared deviations from the mean for 
populations and samples, but statisticians have shown that the formula for the sample vari- 
ance provides a more accurate representation of the true population variance. We discuss 
this more formally in Chapter 6. For now, simply understand that the proper calculations 
of the population and sample variance use different denominators based on the number of 
observations in the data. 

The Excel function VAR.S(data range) may be used to compute the sample variance, 
s°, whereas the Excel function VAR.P(data range) is used to compute the variance of a 
population, a. 


Computing the Variance 


Figure 4.25 shows a portion of the Excel worksheet Variance observation and the mean, as shown in column C. Next, 


in the Purchase Orders workbook. To find the variance of square these differences, as shown in column D. Finally, add 
the cost per order using equation (4.8), we first need to these square deviations (cell D96) and divide byn — 1 = 93. 
calculate the mean, as was done in Example 4.14. Then This results in the variance 890,594,573.82. Alternatively, the 
for each observation, calculate the difference between the Excel function =VAR.S(B2:B95) yields the same result. 


Senet tamer tent tt Spa sac ee SE RS SIS I NERS HT SIS SSA DS TS TACO A GUSTS 


fl 
4 | Observation Cost per order (xi - mean) (xi - mean)*2 4 
2 | x1 $82,875.00 $56,579.68) $3,201,260,285.21 | 
ape] x2 $42 500.00 $16,204.68 $262,591 681.48 4 
4 | x3 $24,150.00 -$2,145.32 $4,602,394.25 4 
15 | x4 $22,575.00 -$3,720.32 $13,840,774.57 | 
6 | x6 $19,250.00 -$7,045.32, $49,636,521.91 : 
91 | x90 $467.50 -$25,827.82 $667,076,241.99 
92 x91 $9,975.00 -$16,320.32 $266,352,817.12 
93 x92 $30,625.00 $4,329.68 $18,746,136.27 | 
1 94 | x93 $21,450.00! -$4 845.32) $23,477,117.66 , 
| 95. x94 $68.75 -$26,226.57 $687,832,929.32 | 
96 | Sum of Cost per Order $2,471,760.00 Sum of squared deviations $82,825,295,365.68 ; 
| 97) Number of observations 94 
98 | 
| 99 | Mean Cost per Order (=B96/B97) $26,295.32 Variance (=D96/(B97-1)) $890,594,573.82. 
100} i 
; 101) Excel VAR.S function $890,594 573.82 | 


Note that the dimension of the variance is the square of the dimension of the observa- 
tions. So for example, the variance of the cost per order is not expressed in dollars, but 
rather in dollars squared. This makes it difficult to use the variance in practical applica- 
tions. However, a measure closely related to the variance that can be used in practical 
applications is the standard deviation. 


Standard Deviation 


The standard deviation is the square root of the variance. For a population, the standard 
deviation is computed as 


(4.9) 


and for samples, it is 


(4.10) 
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The Excel function STDEV.P(data range) calculates the standard deviation for a pop- 
ulation (a); the function STDEV.S(data range) calculates it for a sample (s). 


Computing the Standard Deviation 


We may use the same worksheet calculations as in 

Example 4.21. All we need to do is to take the square 
root of the computed variance to find the standard devia- 
tion. Thus, the standard deviation of the cost per order is 


VV 890,594,573.82 = $29,842.8312. Alternatively, we could 
use the Excel function =STDEV.S(B2:B95) to find the 
same value. 


The standard deviation is generally easier to interpret than the variance because its 
units of measure are the same as the units of the data. Thus, it can be more easily related to 
the mean or other statistics measured in the same units. 

The standard deviation is a popular measure of risk, particularly in financial analysis, 
because many people associate risk with volatility in stock prices. The standard deviation 
measures the tendency of a fund’s monthly returns to vary from their long-term average (as 
Fortune stated in one of its issues, “. . . standard deviation tells you what to expect in the 
way of dips and rolls. It tells you how scared you’ll be.”).* For example, a mutual fund’s 
return might have averaged 11% with a standard deviation of 10%. Thus, about two-thirds 
of the time, the annualized monthly return was between 1% and 21%. By contrast, another 
fund’s average return might be 14% but have a standard deviation of 20%. Its returns would 
have fallen in a range of —6% to 34% and, therefore, it is more risky. Many financial Web 
sites, such as IFA.com and Morningstar.com, provide standard deviations for market 
indexes and mutual funds. 

To illustrate risk, the Excel file Closing Stock Prices (see Figure 4.26) lists daily clos- 
ing prices for four stocks and the Dow Jones Industrial Average index over a one-month 
period. The average closing prices for Intel (INTC) and General Electric (GE) are quite 


» Figure 4.26 a " : - . : : 
Excel File Closing Stock 1 Closing Stock Prices 

Hs DJ Industrials 

3 Date IBM INTC CSCO GE Index 

4 9/3/2010 $127.58 $18.43 $21.04 $15.39 10447.93 | 

5 9/7/2010 $125.95 $18.12 $20.58 $15.44 10340.69 | 

6 9/8/2010 $126.08 $17.90 $20.64 $15.70 10387.01 | 

7 9/9/2010 $126.36 $18.00 $20.61 $15.91 10415.24 | 

8 9/10/2010 $127.99 $17.97 $20.62 $15.98 {0462.77 | 

9 9/13/2010 $129.61 $18.56 $21.26 $16.25 10544.13 | 

10 9/14/2010 $128.85 $18.74 $21.45 $16.16 10526.49 | 

11 9/15/2010 $129.43 $18.72 $21.59 $16.34 10572.73 | 

12 9/16/2010 $129.67 $18.97 $21.93 $16.23 10594.83 | 

113 9/17/2010 $130.19 $18.81 $21.86 $16.29 10607.85 | 

14 9/20/2010 $131.79 $18.93 $21.75 $16.55 10753.62 | 

15 9/21/2010 $131.98 $19.14 $21.64 $16.52 10761.03 | 

16 9/22/2010 $132.57 $19.01 $21.67 $16.50 10739.31 | 

17 9/23/2010 $131.67 $18.98 $21.53 $16.14 10662.42 

18 9/24/2010 $134.11 $19.42 $22.09 $16.66 10860.26 | 

19 9/27/2010 $134.65 $19.24 $22.11 $16.43 10812.04 | 

4 20 9/28/2010 $134.89 $19.51 $21.86 $16.44 10858.14 | 

21 9/29/2010 $135.48 $19.24 $21.87 $16.36 10835.28 | 

22 9/30/2010 $134.14 $19.20 $21.90 $16.25 10788.05 | 

4 23 10/1/2010 $135.64 $19.32 $21.91 $16.36 10829.68 | 


4 Fortune, 1999 Investor’s Guide (December 21, 1998). 
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similar, $18.81 and $16.19, respectively. However, the standard deviation of Intel’s price 
over this time frame was $0.50, whereas GE’s was $0.35. GE had less variability and, 
therefore, less risk. A larger standard deviation implies that while a greater potential of a 
higher return exists, there is also greater risk of realizing a lower return. Many investment 
publications and Web sites provide standard deviations of stocks and mutual funds to help 
investors assess risk in this fashion. We learn more about risk in other chapters. 


Chebyshev’s Theorem and the Empirical Rules 


One of the more important results in statistics is Chebyshev’s theorem, which states that for 
any set of data, the proportion of values that lie within k standard deviations (k > 1) of the 
mean is at least 1 — bh Thus, for k = 2, at least 3/4, or 75%, of the data lie within two 
standard deviations of the mean; for k = 3, at least 8/9, or 89%, of the data lie within three 
standard deviations of the mean. We can use these values to provide a basic understanding of 
the variation in a set of data using only the computed mean and standard deviation. 


Applying Chebyshev’s Theorem 


For the cost per order data in the Purchase Orders of the mean. A three-standard-deviation interval is 


database, a two-standard-deviation interval around [-$63,233.17, $115,823.81], and we see that 92 of 94, or 
the mean is [-$33,390.34, $85,980.98]. If we count the 97.9%, fall in this interval. Both percentages are above the 
number of observations within this interval, we find that thresholds of 75% and 89% in Chebyshev’s theorem. 


89 of 94, or 94.7%, fall within two standard deviations 


For many data sets encountered in practice, such as the cost per order data, the per- 
centages are generally much higher than what Chebyshev’s theorem specifies. These are 
reflected in what are called the empirical rules: 


1. Approximately 68% of the observations will fall within one standard deviation 
of the mean, or between ¥ — s and xX + s. 

2. Approximately 95% of the observations will fall within two standard deviations 
of the mean, or within ¥ + 2s, 

3. Approximately 99.7% of the observations will fall within three standard devia- 
tions of the mean, or within x + 3s. 


We see that the cost per order data reflect these empirical rules rather closely. Depend- 
ing on the data and the shape of the frequency distribution, the actual percentages may be 
higher or lower. 

To illustrate the empirical rules, suppose that a retailer knows that on average, an 
order is delivered by standard ground transportation in ei ght days with a standard deviation 
of one day. With the first empirical rule, about 68% of the observations will fall between 
seven and nine days. Using the second empirical rule, 95% of the observations will fall 
between six and ten days. Finally, using the third rule, almost 100% of the observations 
will fall between 5 and 11 days. These rules can be used to predict future observations, 
assuming that the sample data are representative of the future. Generally, rules 2 and 3 are 
commonly used. Note, however, that using rule 2, there is a 5% chance that an observation 
will fall outside the predicted range. Since the third empirical rule generally covers nearly 
all of the observations, it provides a better prediction and reduces the risk that a future 
observation will fall outside of the predicted range. 

As another example, it is important to ensure that the output from a manufacturing 
process meets the specifications that engineers and designers require. The dimensions for 
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a typical manufactured part are usually specified by a target, or ideal, value as well as a 
tolerance, or “fudge factor,” that recognizes that variation will exist in most manufactur- 
ing processes due to factors such as materials, machines, work methods, human perfor- 
mance, and environmental conditions. For example, a part dimension might be specified 
as 5.00 + 0.2 cm. This simply means that a part having a dimension between 4.80 and 
5.20 cm will be acceptable: anything outside of this range would be classified as defective. 
To measure how well a manufacturing process can achieve the specifications, we usually 
take a sample of output, measure the dimension, compute the total variation using the third 
empirical rule (that is, estimate the total variation by six standard deviations), and then 
compare the result to the specifications by dividing the specification range by the total 
variation. The result is called the process capability index, denoted as C,: 


__ Upper Specification — Lower Specification 


C 


. (4.11) 


Total Variation 


Manufacturers use this index to evaluate the quality of their products and determine when 
they need to make improvements in their processes. 


EXAMPLE 4.24 Using Empirical Rules to Measure the Capability of a 
Manufacturing Process 


Figure 4.27 shows a portion of the data collected from a Figure 4.28 shows a frequency distribution and 
manufacturing process for a part whose dimensions are histogram of these data (worksheet Histogram in the 
specified as 5.00 + 0.2 centimeters. These are provided in Manufacturing Measurements workbook). Note that 
the Excel workbook Manufacturing Measurements. The mean the bin values represent the upper limits of the group- 
and standard deviation are first computed in cells J3 and ings in the histogram; thus, three observations fell at or 
J4 using the Excel AVERAGE and STDEV.S functions (these below 4.8, the lower specification limit. In addition, five 
functions work correctly whether the data are arranged ina observations exceeded the upper specification limit of 
single column or in a matrix form). Using the third empirical 5.2. Therefore, 8 of the 200 observations, or 4%, were 
rule, the total variation is then calculated as the mean plus or actually defective, and 96% were acceptable. Although 
minus three standard deviations. In cell J14, C, is calculated this doesn’t meet the empirical rule exactly, you must 
using equation (4.11). A C, value less than 1.0 is not good; remember that we are dealing with sample data. Other 
it means that the variation in the process is wider than the samples from the same process would have different 
specification limits, signifying that some of the parts will not characteristics, but overall, the empirical rule provides a 
meet the specifications. In practice, many manufacturers good estimate of the total variation in the data that we 
want to have C, values of at least 1.5. can expect from any sample. 
pS A B g D E F G H I J 
1 Manufacturing Measurements 
2 
1 3 5.21 5.87 4.85 4.95 5.07 4.96 4.96 Bt Mean 4.99 
4 5.02 5,55 4.82 4.86 4.82 4.96 5.06 Bet Standard deviation 0.117 
5 4.90 Seat 5.02 5.13 5.03 4.94 4.86 5,08 
6 5.00 5.07 4.90 4.95 4.85 5,19 4.96 5.03 Mean - 3*Stdev 4.640 
7 5.16 4.93 4.73 E22 4.89 4.91 4,99 4.94 Mean + 3*Stdev 5.340 
8 5.03 4.99 5.04 4.81 4.82 5.01 4.94 4.88 Total variaton 0.700 
| 9 4.96 5.04 5.07 4.91 5.18 4.93 5.06 4,91 
; 10 5.04 5.14 4.81 4.95 5.02 5.05 4.95 4.86 Lower Specification 4.8 
Tt 4.98 5.09 5.04 4.94 5.05 4.96 5.02 4.89 Upper Specification ey 
12 5.07 5.06 5.03 4.81 4.88 4.92 5.01 4.91 Specification range 0.4 
a 5.02 4.85 5.01 Dili 5.08 4.95: 5.04 4.87 
;14 5.08 4.93 5.14 4.81 4.98 5.08 5.01 4.93 Cp 0.57 | 


a Figure 4.27 
Calculation of C, Index 
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» Figure 4.28 


Frequency Distribution and 
Histogram of Manufacturing 
Measurements 
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Standardized Values (Z-Scores) 


A standardized value, commonly called a z-score, provides a relative measure of the dis- 
tance an observation is from the mean, which is independent of the units of measurement. 
The z-score for the ith observation in a data set is calculated as follows: 


zi (4.12) 


We subtract the sample mean from the ith observation, x;, and divide the result by the 
sample standard deviation. In formula (4.12), the numerator represents the distance that Xj 
is from the sample mean; a negative value indicates that x; lies to the left of the mean, and 
a positive value indicates that it lies to the right of the mean. By dividing by the standard 
deviation, s, we scale the distance from the mean to express it in units of standard devia- 
tions. Thus, a z-score of 1.0 means that the observation is one standard deviation to the 
right of the mean; a z-score of —1.5 means that the observation is 1.5 standard deviations 
to the left of the mean. Thus, even though two data sets may have different means and 
standard deviations, the same z-score means that the observations have the same relative 
distance from their respective means. 

Z-scores can be computed easily on a spreadsheet; however, Excel has a function that 
calculates it directly, STANDARDIZE(x, mean, standard_dev). 


Computing Z-Scores 


Figure 4.29 shows the calculations of z-scores for a portion 
of the cost per order data. This worksheet may be found 

in the Purchase Orders workbook as z-scores. In cells 

B97 and B98, we compute the mean and standard devia- 
tion using the Excel AVERAGE and STDEV.S functions. In 
column C, we could use either formula (4.12) or the Excel 
STANDARDIZE function. For example, the formula in cell 
C2 is =(B2—$B$97)/$B$98, but it could also be calculated 


as =STANDARDIZE(B2,$B$97,$B$98). Thus, the first 
observation, $82,875, is 1.90 standard deviations above the 
mean, whereas observation 94 ($68.75) is 0.88 standard 
deviations below the mean. Only two observations are 
more than three standard deviations above the mean. We 
saw this in Example 4.23, when we applied Chebyshev’s 
theorem to the data. 
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> Figure 4.29 aes TS 


- j A | 

Computing Z-Scores for ja Observation —s-Costperorder z-score Wer | 
Cost per Order Data | 2 x1 $82,875.00 1.90 =(B2-SBS96)/SBS97 | 
13 | x2 $42,500.00 0.54 

[a | x3 $24,150.00 -0.07 

15) x4 $22,575.00 0.12 

| 6 x5 $19,250.00 -0.24 

jo. x90 $467.50 -0.87 

| 92 x91 $9,975.00 -0.55 

(93, x92 $30,625.00 0.15 

194 | x93 $21,450.00 -0.16 

{95 x94 $68.75 -0.88 
8 96 | Mean $26,295.32 
$29,842.83 j 


197 Standard Deviation 


Coefficient of Variation 


The coefficient of variation (CV) provides a relative measure of the dispersion in data 
relative to the mean and is defined as 


ab Standard Deviation 
Mean 


CV 


(4.13) 


Sometimes the coefficient of variation is multiplied by 100 to express it as a percent. This sta- 
tistic is useful when comparing the variability of two or more data sets when their scales differ. 

The coefficient of variation provides a relative measure of risk to return. The smaller 
the coefficient of variation, the smaller the relative risk is for the return provided. The 
reciprocal of the coefficient of variation, called return to risk, is often used because it is 
easier to interpret. That is, if the objective is to maximize return, a higher return-to-risk 
ratio is often considered better. A related measure in finance is the Sharpe ratio, which is 
the ratio of a fund’s excess returns (annualized total returns minus Treasury bill returns) to 
its standard deviation. If several investment opportunities have the same mean but different 
variances, a rational (risk-averse) investor will select the one that has the smallest vari- 
ance. This approach to formalizing risk is the basis for modern portfolio theory, which 
seeks to construct minimum-variance portfolios. As Fortune magazine once observed, “It’s 
not that risk is always bad. . . . It’s just that when you take chances with your money, you 
want to be paid for it’’° One practical application of the coefficient of variation is in com- 
paring stock prices. 


EXAMPLE 4.26 Applying the Coefficient of Variation 


lf examining only the standard deviations in the Clos- the coefficients of variation for these variables. For IBM, the 
ing Stock Prices worksheet, we might conclude that IBM CV is 0.025; for Intel, 0.027; for Cisco, 0.024; for GE, 0.022; 
is more risky than the other stocks. However, the mean and for the DJIA, 0.016. We see that the coefficients of 
stock price of IBM is much greater than the other stocks. variation of the stocks are not very different; in fact, Intel is 
Thus, comparing standard deviations directly provides little just slightly more risky than IBM relative to its average price. 
information. The coefficient of variation provides a more However, an index fund based on the Dow would be less 
comparable measure. Figure 4.30 shows the calculations of risky than any of the individual stocks. 


5David G. Luenberger, Investment Science (New York: Oxford University Press, 1998). 
°Fortune, 1999 Investor’s Guide (December 21, 1998). 
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> Figure 4.30 Pr es a es es : | 
Calculating Coefficients of | 1 Closing Stock Prices | 
yatetian tan Clos MaenenCe | 3 Date IBM INTC CSCO GE Dv Industrials Index 
Prices i 4 9/3/2010 $127.58 $18.43 $21.04 $15.39 10447.93 | 
5 9/7/2010 $125.95 $18.12 $20.58 $15.44 10340.69 
6 9/8/2010 $126.08 $17.90 $20.64 $15.70 10387.01 | 
22 9/30/2010 $134.14 $19.20 $21.90 $16.25 10788.05 | 
| 23 10/1/2010 $135.64 $19.32 $21.91 $16.36 10829.68 | 
4 Mean $130.93 $18.81 $21.50 $16.20 $10,639.98 | 
25 Standard Deviation $3.22 $0.50 $0.52 $0.35 $171.94 
| 26 Coefficient of Variation 0.025 0.027 0.024 0.022 0.016 | 


Measures of Shape 


Histograms of sample data can take on a variety of different shapes. Figure 4.31 shows 
the histograms for cost per order and A/P terms that we created for the Purchase Orders 
data. The histogram for A/P terms is relatively symmetric, having its modal value in the 
middle and falling away from the center in roughly the same fashion on either side. How- 
ever, the cost per order histogram is asymmetrical, or skewed; that is, more of the mass is 
concentrated on one side, and the distribution of values “tails off’ to the other. Those that 
have more mass on the left and tail off to the right, like this example, are called positively 
skewed; those that have more mass on the right and tail off to the left are said to be nega- 
tively skewed. Skewness describes the lack of symmetry of data. 

The coefficient of skewness (CS) measures the degree of asymmetry of observations 
around the mean. The coefficient of skewness for a population is computed as 


ihagted : 
Ne (x L) 


cs = 1 (4.14) 
ze 


It can be computed using the Excel function SKEW.P(data range). For sample data, 
the formula is different, but you may calculate it using the Excel function SKEW(data 
range). If CS is positive, the distribution of values is positively skewed; if negative, it is 
negatively skewed. The closer CS is to zero, the less the degree of skewness. A coefficient 
of skewness greater than | or less than —1 suggests a high degree of skewness. A value 
between 0.5 and 1 or between —0.5 and —1 represents moderate skewness. Coefficients 
between 0.5 and —0.5 indicate relative symmetry. 


Measuring Skewness 


Using the Excel function SKEW in the Purchase Orders This tells us that the cost per order data are highly 
database, the coefficients of skewness for the cost per positively skewed, whereas the A/P terms data are more 
order and A/P terms data are calculated as symmetric. These are evident from the histograms in 


CS (cost per order) = 1.66 Figure 4.31. 


CS (A/P terms) = 0.60 


Histograms that have only one “peak” are called unimodal. (If a histogram has 
exactly two peaks, we call it bimodal. This often signifies a mixture of samples from dif- 
ferent populations.) For unimodal histograms that are relatively symmetric, the mode is a 
fairly good estimate of the mean. For example, the mode for the A/P terms data is clearly 
30 months; the mean is 30.638 months. On the other hand, for the cost per order data, 
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Cost per Order A/P Terms 
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Histograms of Cost per Order and A/P Terms 


> Figure 4.32 
Characteristics of Skewed 
Distributions 
Median™ Median 


Mean Mode Mode Mean 


the mode occurs in the group (0, 13,000). The midpoint of the group, $6,500, which can 
be used as a numerical estimate of the mode, is not very close at all to the true mean of 
$26,295.32. The high level of skewness pulls the mean away from the mode. 

Comparing measures of location can sometimes reveal information about the shape of 
the distribution of observations. For example, if the distribution was perfectly symmetrical 
and unimodal, the mean, median, and mode would all be the same. If it was negatively 
skewed, we would generally find that mean < median < mode, whereas a positive skew- 
ness would suggest that mode < median < mean (see Figure 4.32). 

Kurtosis refers to the peakedness (that is, high, narrow) or flatness (that is, short, flat- 
topped) of a histogram. The coefficient of kurtosis (CK) measures the degree of kurtosis 
of a population and is computed as 


Ck = (4.15) 


Distributions with values of CK less than 3 are more flat, with a wide degree of disper- 
sion; those with values of CK greater than 3 are more peaked, with less dispersion. Excel 
computes kurtosis differently; the function KURT (data range) computes “excess kurtosis” 
for sample data (Excel does not have a corresponding function for a population), which is 
CK —3. Thus, to interpret kurtosis values in Excel, distributions with values less than 0 
are more flat, while those with values greater than 0 are more peaked. 

Skewness and kurtosis can help provide more information to evaluate risk than just 
using the standard deviation. For example, both a negatively and positively skewed distribu- 
tion may have the same standard deviation, but clearly if the objective is to achieve a high 
return, the negatively skewed distribution will have higher probabilities of larger returns. 
The higher the kurtosis, the more area the histogram has in the tails rather than in the middle. 
This can indicate a greater potential for extreme and possibly catastrophic outcomes. 
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EXAMPLE 4.28 


> Figure 4.33 
Descriptive Statistics Dialog 


> Figure 4.34 


Purchase Orders Data 
Descriptive Statistics 
Summary 


Excel Descriptive Statistics Tool 


Excel provides a useful tool for basic data analysis, Descriptive Statistics, which provides 
a summary of numerical statistical measures that describe location, dispersion, and shape 
for sample data (not a population). Click on Data Analysis in the Analysis group under 
the Data tab in the Excel menu bar. Select Descriptive Statistics from the list of tools. 
The Descriptive Statistics dialog shown in Figure 4.33 will appear. You need to enter only 
the range of the data, which must be in a single row or column. If the data are in multiple 
columns, the tool treats each row or column as a separate data set, depending on which 
you specify. This means that if you have a single data set arranged in a matrix format, you 
would have to stack the data in a single column before applying the Descriptive Statistics 
tool. Check the box Labels in First Row if labels are included in the input range. You may 
choose to save the results in the current worksheet or in a new one. For basic summary 
statistics, check the box Summary statistics; you need not check any others. 


Using the Descriptive Statistics Tool 


We will apply the Descriptive Statistics tool to the cost workbook and are shown in Figure 4.34. The tool provides 


per order and A/P terms data in columns G and H of the all the measures we have discussed as well as the standard 
Purchase Orders database. The results are provided in the error, which we discuss in Chapter 6, along with the mini- 
Descriptive Statistics worksheet in the Purchase Orders mum, maximum, Sum, and count. 


Input 


Input Range: | eee 


Grouped By: ®) Columns 


© Bows | Help J 
f_) Labels in First Row aa : 


Output options 

j () Qutput Range: 

H ®) New Worksheet Ply: 
New Workbook 

i | Summary statistics 

!"] Confidence Level for Mean: (95° all % 

Po) Kth Largest: fi a 


{| Kth Smallest: 


A B . c D 
1 _ Cost per order A/P Terms (Months) 
2 
3 Mean 26295.31915 Mean 30.63829787 
4 Standard Error 3078.053014 Standard Error 0.702294026 | 
| 5 Median 15656.25 Median 30 
6 Mode 14910 Mode 30 
7 Standard Deviation 29842.8312 Standard Deviation 6.808993205 
8 Sample Variance 890594573.8 Sample Variance 46 36238847 
9 Kurtosis 2.079637302 Kurtosis 1.512188562 
10 Skewness 1.664271519 Skewness 0.599265003 - 
11 Range 127431.25 Range 30 
12 Minimum 68.75 Minimum 15 
13. Maximum 127500 Maximum 45 
14 Sum 2471760 Sum 2880 


15 Count 94 Count 94 
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One important point to note about the use of the tools in the Analysis Toolpak versus 
Excel functions is that while Excel functions dynamically change as the data in the 
spreadsheet are changed, the results of the Analysis Toolpak tools do not. For exam- 
ple, if you compute the average value of a range of numbers directly using the function 
AVERAGE(range), then changing the data in the range will automatically update the 
result. However, you would have to rerun the Descriptive Statistics tool after changing 
the data. 


C CHECK YOUR UNDERSTANDING 


Explain the difference between a population and a sample. 

List and explain the common measures of location used in statistics. 

List and explain the common measures of dispersion used in statistics. 
How are Chebyshev’s theorem and the empirical rules useful in business? 
What is a standardized value (z-score)? 

Explain the value of the coefficient of variation. 


Define the common measures of shape used in statistics. 


a eae SS Sel hos 


What information does the Excel Descriptive Statistics tool provide? 


as Computing Descriptive Statistics for Frequency Distributions 


When data are summarized in a frequency distribution, we can use the frequencies to com- 
pute the mean and variance. The following formulas provide a way to calculate the mean 
and variance of data expressed as a frequency distribution. 

The mean of a population expressed as a frequency distribution may be computed 
using the formula 


6 (4.16) 


For samples, the formula is similar: 


n 
> 
aes (4.17) 
n 


where f; is the frequency of observation i. Essentially, we multiply the frequency by the 
value of observation i, add them up, and divide by the number of observations. 
We may use similar formulas to compute the population variance 


N 
Ses be) 
g? = FL (4.18) 
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and sample variance 


ae 
oe ae! ek (4.19) 
(owe 


To find the standard deviation, take the square root of the variance, as we did earlier. 
Note the similarities between these formulas and formulas (4.16) and (4.17). In multi- 


plying the values by the frequency, we are essentially adding the same values f; times. So 
they really are the same formulas, just expressed differently. 


EXAMPLE 4.29 Computing Statistical Measures from Frequency Distributions 


In Example 4.4, we constructed a frequency distribution for 
A/P terms in the Purchase Orders database. Figure 4.35 
shows the calculations of the mean and sample variance 
using formulas (4.17) and (4.19) for the frequency distribu- 
tion. In column C, we multiply the frequency by the value of 


the observations [the numerator in formula (4.17)] and then 
divide by n, the sum of the frequencies in column B, to find 
the mean. Columns D, E, and F provide the calculations 
needed to find the variance. We divide the sum of the data 
in column F by n — 1 = 98 to find the variance. 


In some situations, data may already be grouped in a frequency distribution, and we 
may not have access to the raw data. This is often the case when extracting information 
from government databases such as the Census Bureau or Bureau of Labor Statistics. In 
these situations, we cannot compute the mean or variance using the standard formulas. 

If the data are grouped into k cells in a frequency distribution, we can use modified 
versions of these formulas to estimate the mean and variance by replacing x; with a rep- 
resentative value (such as the midpoint, M) for all the observations in each cell group and 
summing over all groups. The corresponding formulas follow. In these formulas, k is the 
number of groups and Mj is the midpoint of group i. 


Population mean estimate for grouped data: 


San ee ae (4.20) 


ma (4.21) 


> Figure 4.35 ere er erence SS 
da A | B Cease et an oe See Rese I 


Calculations of Mean and | 1 Frequency Distribution Calculations ce hee Ein 
Variance Using a Frequency 2 | 
Dieiibotion 43 | A/P Terms (x) | Frequency (f) _f*x X-Mean___(x-Mean)*2__f*(x- Mean)‘2_| 
14 | 15 5 75 -15.6383  244.5563603 1222 781802 
eal 25 12 300 -5.6383 31.7904029 381.4848348 | 
| 6 30 64 1920 -0.6383 _0.407424174 26.07514713 
eis __ 45 13 585 14.3617 206.258488 _2681.360344 | 
8 |Sum 94 2880 4311.702128 
110 Mean _ 30.6383 Sample variance 46,.36238847 _ 
SS SU SR A SE SRE ASE EEE IR ENCE R ET ST 
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Se Ae Te ue C ee ub eee ys ; 
Grouped Frequency 1 Grouped Frequency Distribution Calculations #8 4 
Calculations for Cost per 2 
Order _ 3 | Cost/Order Group Midpoint (x) Frequency (f) _ f*x x - Mean (x-Mean)2___ f*(x-Mean)*2 | 
4 (0 to 26000 413000 68 884000 -14936.17 223089180.6 15170064282' 
} 5 (26000 to 52000 39000 8 312000 11063.8298  122408329.6 979266636.5 | 
6 (52000 to 78000 65000 11 715000 37063.8298 1373727478 15111002263. 
| 7_\78000 to 104000 91000 4 364000 63063.8298 3977046627 15908186510. 
i 8 (104000 to 130000 117000 3351000 89063.8298 7932365776 23797097329 
. Sum 94 2626000 7096561 7021, 
10 
_. ae eree Mean 27936.2, 0 Sample variance 763071150.8) 


k 
2 
DAM - 2) 
2) i=1 
Oa pe Se 4.22 
N ( ) 
Sample variance estimate for grouped data: 
Shu 
= 
a= (4.23) 
Hes ol 
EXAMPLE 4.30 Computing Descriptive Statistics for 
a Grouped Frequency Distribution 
In Figure 4.11, we illustrated a grouped frequency important to understand that because we have not used all 
distribution for cost per order in the Purchase Orders the original data in computing these statistics, they are only 
database. Figure 4.36 shows the calculations of the mean estimates of the true values. 


and sample variance using formulas (4.21) and (4.23). It is 


CHECK YOUR UNDERSTANDING 


1. Explain the process of computing the mean and variance from a frequency distribution 
and from a grouped frequency distribution. 


2. Use Excel to find the mean and variance for the grouped frequency distribution in 
Figure 4.12. 


as Descriptive Statistics for Categorical Data: The Proportion 


Statistics such as means and variances are not appropriate for categorical data. Instead, we 
are generally interested in the fraction of data that have a certain characteristic. The formal 
statistical measure is called the proportion, usually denoted by p. The proportion is com- 
puted using the formula 


p=x/n (4.24) 


where x is the number of observations having a certain characteristic and n is the sam- 
ple size. Note that proportions are analogous to relative frequencies for categorical data. 
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Proportions are key descriptive statistics for categorical data, such as demographic data 
from surveys, defects or errors in quality-control applications, or consumer preferences in 
market research. 


Computing a Proportion 


In the Purchase Orders database, column A lists the placed with Spacetime Technologies, we used the func- 
name of the supplier for each order. We may use tion =COUNTIF(A4:A97, “Spacetime Technologies”). This 
the Excel function =COUNTIF (data range, criteria) to returns a value of 12. Because 94 orders were placed, the 
count the number of observations meeting specified proportion of orders placed with Spacetime Technologies 
characteristics. For instance, to find the number of orders is p = 12/94 = 0.128. 


It is important to realize that proportions are numbers between 0 and 1. Although we 
often convert these to percentages—for example, 12.8% of orders were placed with Space- 
time Technologies in the last example—we must be careful to use the decimal expression 
of a proportion when statistical formulas require it. 


a. CHECK YOUR UNDERSTANDING 


1. What is a proportion, and how is it computed? 


2. Find the proportion of orders placed for bolt-nut packages in the Purchase Orders 
database. 


= Statistics in PivotTables 


We introduced PivotTables in Chapter 2. PivotTables also have the functionality to cal- 
culate many basic statistical measures from the data summaries. If you look at the Value 
Field Settings dialog shown in Figure 4.37, you can see that you can calculate the average, 
standard deviation, and variance of a value field. 


miigute 4:37 i Value Feld Setngs sus 
Value Field Settings Dialog ae Gant : 


ks 
Custom Name: | 
‘es 


i 


SS ee 
| Summarize Values By | Show Values As «| 


i | Summarize value field by 


Choose the type of calculation that you want to use to summarize 
| data from the selected field 
{| pal 
#}| {Count 
Average 
Wt | |Max 
) |Mio 
| | Product 
} | | Count Numbers 


| [ tmber forma, 
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> Figure 4.38 — oy 
A B C 
PivotTable for Average 1 
Checking and Savings 2 = 
Account Balances by Job 3 |Row Labels ~ Average of Checking Average of Savings | 
4 Management $606.94 $1,616.83 | 

5 Skilled $1,079.24 $1,836.43 | 

6 Unemployed $1,697.64 $2,760.91 | 

7 Unskilled $1,140.27 $1,741.44 | 

8 Grand Total $1,048.01 $1,812.56 


Statistical Measures in PivotTables 


In the Credit Risk Data Excel file, suppose that we want to and “Sum of Savings” to the averages. The result is 


find the average amount of money in checking and sav- shown in Figure 4.38; we have also formatted the val- 
ings accounts by job classification. Create a PivotTable, ues as Currency using the Number Format button in the 
and in the PivotTable Field List, move Job to the Row dialog. In a similar fashion, you could find the standard 
Labels field and Checking and Savings to the Values field. deviation or variance of each group by selecting the 


Then change the field settings from “Sum of Checking” appropriate field settings. 


gs CHECK YOUR UNDERSTANDING 


1. What statistical information can be displayed in a PivotTable? 


2. Use a PivotTable to find the standard deviation of the amount of money in checking 
and savings accounts for each job classification in the Credit Risk Data Excel file. 


as Measures of Association 


Two variables have a strong statistical relationship with one another if they appear to move 
together. We see many examples on a daily basis; for instance, attendance at baseball 
games is often closely related to the win percentage of the team, and ice cream sales likely 
have a strong relationship with daily temperature. We can examine relationships between 
two variables visually using scatter charts, which we introduced in Chapter 3. 

When two variables appear to be related, you might suspect a cause-and-effect relation- 
ship. Sometimes, however, statistical relationships exist even though a change in one 
variable is not caused by a change in the other. For example, the New York Times reported a 
strong statistical relationship between the golf handicaps of corporate CEOs and their 
companies’ stock market performance over three years. CEOs who were better-than-average 
golfers were likely to deliver above-average returns to shareholders.’ Clearly, the ability to 
golf would not cause better business performance. Therefore, you must be cautious in 
drawing inferences about causal relationships based solely on statistical relationships. (On 
the other hand, you might want to spend more time out on the practice range!) 

Understanding the relationships between variables is extremely important in making 
good business decisions, particularly when cause-and-effect relationships can be justified. 
When a company understands how internal factors such as product quality, employee train- 
ing, and pricing affect such external measures as profitability and customer satisfaction, it 
can make better decisions. Thus, it is helpful to have statistical tools for measuring these 


relationships. 


7Adam Bryant, “CEOs’ Golf Games Linked to Companies’ Performance,” Cincinnati Enquirer, June 7, 
1998, El. 
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A B Cc D E F G 
| Colleges and Universities 
2 ; 
3 School Type Median SAT Acceptance Rate Expenditures/Student Top 10% HS Graduation % 
| 4 Amherst Lib Arts 1315 22% $ 26,636 85 93 | 
| 5 Barnard Lib Arts 1220 53% $ 17,653 69 80 
6 Bates Lib Arts 1240 36% $§$ 17,554 58 88 
17 Berkeley University 1176 37% $ 23,665 95 68 | 
| 8 Bowdoin Lib Arts 1300 24% §$ 25,703 78 90 
| 9 Brown University 1281 24% $ 24,201 80 90 | 
| 10 Bryn Mawr Lib Arts 1255 56% $§$ 18,847 70 84 | 


4 Figure 4.39 
Portion of Excel File Colleges and Universities 


The Excel file Colleges and Universities, a portion of which is shown in Figure 4.39, 
contains data from 49 top liberal arts and research universities across the United States. 
Several questions might be raised about statistical relationships among these variables. 
For instance, does a higher percentage of students in the top 10% of their high school 
class suggest a higher graduation rate? Is acceptance rate related to the amount spent per 
student? Do schools with lower acceptance rates tend to accept students with higher SAT 
scores? Questions such as these can be addressed by computing statistical measures of 
association between the variables. 


Covariance 


Covariance is a measure of the linear association between two variables, X and Y. Like 
the variance, different formulas are used for populations and samples. Computationally, 
covariance of a population is the average of the products of deviations of each observation 
from its respective mean: 


cow(X, Y) =! (4.25) 


To better understand the covariance, let us examine formula (4.25). The covariance 
between X and Y is the average of the product of the deviations of each pair of observations 
from their respective means. Suppose that large (small) values of X are generally associ- 
ated with large (small) values of Y. Then, in most cases, both x; and y; are either above or 
below their respective means. If so, the product of the deviations from the means will be a 
positive number and when added together and averaged will give a positive value for the 
covariance. On the other hand, if small ( large) values of X are associated with large (small) 
values of Y, then one of the deviations from the mean will generally be negative while 
the other is positive. When multiplied together, a negative value results, and the value of 
the covariance will be negative. Thus, the larger the absolute value of the covariance, the 
higher the degree of linear association between the two variables. The sign of the covari- 
ance tells us whether there is a direct relationship (that is, one variable increases as the 
other increases) or an inverse relationship (that is, one variable increases while the other 
decreases, or vice versa). We can generally identify the strength of any linear associa- 
tion between two variables and the sign of the covariance by constructing a scatter dia- 
gram. The Excel function COVARIANCE. P(array1, array2) computes the covariance of 
a population. 


» Figure 4.40 


Scatter Chart of Graduation 
Rate Versus Median SAT 
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The sample covariance is computed as 


D5 -DO-7) 
covey) = ve 


(4.26) 


ij = Al 


Similar to the sample variance, note the use of n — 1 in the denominator. The Excel func- 
tion COVARIANCE. S(array/, array2) computes the covariance of a sample. 


Computing the Covariance 


Figure 4.40 shows a scatter chart of graduation rates (Y 4.41 shows the calculations using formula (4.26); these are 


variable) versus median SAT scores (X variable) for the Col- provided in the worksheet Covariance Calculations in the 
leges and Universities data. It appears that as the median Colleges and Universities Excel workbook. The Excel func- 
SAT scores increase, the graduation rate also increases; tion =COVARIANCE.S(B2:B50,C2:C50) in cell F55 verifies 
thus, we would expect to see a positive covariance. Figure the calculations. 


Correlation 


The numerical value of the covariance is generally difficult to interpret because it depends 
on the units of measurement of the variables. For example, if we expressed the graduation 
rate as a true proportion rather than as a percentage in the previous example, the numeri- 
cal value of the covariance would be smaller, although the linear association between the 
variables would be the same. 

Correlation is a measure of the linear relationship between two variables, X and Y, 
which does not depend on the units of measurement. Correlation is measured by the corre- 
lation coefficient, also known as the Pearson product moment correlation coefficient. 
The correlation coefficient for a population is computed as 


bye = (4.27) 
x 
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> Figure 4.41 


Covariance Calculations for 
Graduation Rate and Median 
SAT 


> Figure 4.42 
Examples of Correlation 


wie B C D E F 
1 Graduation % (X) Median SAT(Y) X - Mean(X) Y-Mean(Y) (X - Mean(X))(Y-Mean(Y)) 
2 93 1315 9.755 51.898 506.2698875 | 
| 3 80 1220 -3.245 -43.102 139.8617243 | 
4 88 1240. 4.755 -23.102—— sé 1109.85 25614 
| 47 == Fen ~ 4250)" 2.755 -13.102 -36.09745939 
48 91 1290 7.755 26.898 208.5964182 
| 49 93 1336 9.755 72.898 711.1270304 
50 93 _ 1350 9.755 ___ 86.898 847.698459 
51 Mean 83.245 1263.102| Sum 12641.77551 
52 Count 49 | 
153 Covariance 263.3703231 
54 
5 COVARIANCE.S 263.3703231 | 


Where oy is the standard deviation of X, and oy is the standard deviation of Y. By divid- 
ing the covariance by the product of the standard deviations, we are essentially scaling the 
numerical value of the covariance to a number between —-1 and 1. 

In a similar fashion, the sample correlation coefficient is computed as 


ip (4.28) 


Excel’s CORREL(array/, array2) function computes the correlation coefficient of two 
data arrays. 

A correlation of 0 indicates that the two variables have no linear relationship to each 
other. Thus, if one changes, we cannot reasonably predict what the other variable might 
do. A positive correlation coefficient indicates a linear relationship when one variable 
increases while the other also increases. A negative correlation coefficient indicates a lin- 
ear relationship when one variable that increases while the other decreases. In economics, 
for instance, a price-elastic product has a negative correlation between price and sales; as 
price increases, sales decrease, and vice versa. Visualizations of correlation are illustrated 
in Figure 4.42. Note that although Figure 4.42(d) shows a clear relationship between the 
variables, the relationship is not linear and the correlation is zero. 


(c) No Correlation (d) A Nonlinear Relationship with No Linear Correlation 
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det aA: B C 3) E Es | 
1 Graduation % (X) Median SAT(Y) X - Mean(X) Y -Mean(Y) (X - Mean(X))(Y-Mean(Y)) 


2 93 1315 9.755 51.898 5062698875 

3 80 1220 -3.245 -43.102 139.8617243 
4 88 1240 4.755 235.021 © -109.8525614 
| 47 86 1250 2.755 -13.102 -36.09745939 

48 91 1290 7.755 26.898 208.5964182 
| 49 93 1336 9.755 72.898 711.1270304 
{50 |__ 93 1350 9.755 86.898 847.698459 
| 51 Mean 83.245 1263.102 Sum 12641.77551 


52 Standard Deviation 7.449 62.676 Count 49 

53 Covariance 263.3703231 

54 Correlation 0.564146827 

55 

56 Se ieewemes CORREL Function : 0.564146827 | 
A Figure 4.43 


Correlation Calculations for Graduation Rate and Median SAT 


EXAMPLE 4.34 Computing the Correlation Coefficient 


Figure 4.43 shows the calculations for computing the variable in cells B52 and C52 and then divide the covari- 
sample correlation coefficient for the graduation rate and ance by the product of these standard deviations in cell 
median SAT variables in the Colleges and Universities F54. Cell F56 shows the same result using the Excel func- 


data file. We first compute the standard deviation of each tion =CORREL(B2:B50,C2:C50). 


When using the CORREL function, it does not matter if the data represent samples or 
populations. In other words, 


COVARIANCE.P(array1, array2) 


COVARIANCE.S (array1, array2) 
STDEV.S(arrayl) * STDEV.S(array2) 


CORREL(array1, array2) = 


For instance, in Example 4.34, if we assume that the data are populations, we find that the 
population standard deviation for X is 7.372 and the population standard deviation for Y 
is 62.034 (using the function STDEV.P). By dividing the population covariance, 257.995 
(using the function COVARIANCE.P), by the product of these standard deviations, we find 
that the correlation coefficient is still 0.564 as computed by the CORREL function. 


Excel Correlation Tool 


The Data Analysis Correlation tool computes correlation coefficients for more than two 
arrays. Select Correlation from the Data Analysis tool list. The dialog is shown in Figure 
4.44. You need to input only the range of the data (which must be in contiguous columns; 
if not, you must move them in your worksheet), specify whether the data are grouped by 
rows or columns (most applications will be grouped by columns), and indicate whether 
the first row contains data labels. The output of this tool is a matrix giving the correlation 
between each pair of variables. This tool provides the same output as the CORREL func- 
tion for each pair of variables. 
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> Figure 4.44 
Excel Correlation Too! Dialog 


Correlation atk ay 


[ Input 
: i Input Range: 


9) Columns 


‘eZ Rows. Help iu 


Grouped By: 


| Labels in First Row 


‘| Output options 


Output Range 


©) New Worksheet Phy 


") New Workbook 


» Figure 4.45 | SS ee i — aie ef Bae | 
Correlation Results for ied Median SAT Acceptance Rate Expenditures/Student Top 10% HS Graduation % 
: ree 2 Median SAT 1 | 
Pen edes che Ci otal | 3 Acceptance Rate —_-0.601901959 1 | 
Data | 4 Expenditures/Student 0.572741729 — -0.284254415 1 | 
5 Top 10% HS 0.503467995 —_ -0.609720972 0505782049 1 | 
6 Graduation % 0.564 146827 -0.55037751 0.042503514 0.138612667 é 1 | 
Using the Correlation Tool 
The correlation matrix among all the variables in the Col- indicating that schools with lower acceptance rates have 
leges and Universities data file is shown in Figure 4.45. higher graduation rates. We also see that the acceptance 
None of the correlations are very strong. The moderate rate is also negatively correlated with the median SAT and 
positive correlation between the graduation rate and SAT top 10% HS, suggesting that schools with lower accep- 
scores indicates that schools with higher median SATs tance rates have higher student profiles. The correlations 
have higher graduation rates. We see a moderate negative with expenditures/student also suggest that schools with 


correlation between acceptance rate and graduation rate, higher student profiles soend more money per student. 


CHECK YOUR UNDERSTANDING 


1. Explain the difference between covariance and correlation. 


2. What Excel functions and tools can you use to find the covariance and correlation of 
populations and samples? 


3. Explain how to interpret the correlation coefficient. 


Earlier we noted that the mean and range are sensitive to outliers—unusually large or small 
values in the data. Outliers can make a significant difference in the results we obtain from sta- 
tistical analyses. An important statistical question is how to identify them. The first thing to do 
from a practical perspective is to check the data for possible errors, such as a misplaced decimal 
point or an incorrect transcription to a computer file. Histograms can help to identify possible 
outliers visually. We might use the empirical rule and z-scores to identify an outlier as one that 
is more than three standard deviations from the mean. We can also identify outliers based on the 
interquartile range. “Mild” outliers are often defined as being between 1.5 x IQR and 3 x IQR to 
the left of Q; or to the right of Q3, and “extreme” outliers as more than 3 x IQR away from these 
quartiles. Basically, there is no standard definition of what constitutes an outlier other than an 
unusual observation as compared with the rest. However, it is important to try to identify outli- 
ers and determine their significance when conducting business analytic studies. 


EXAMPLE 4.36 Investigating Outliers 


The Excel data file Home Market Value provides a sample 
of data for homes in a neighborhood (Figure 4.46). Figure 
4.47 shows z-score calculations for the square feet and 
market value variables. None of the z-scores for either of 
these variables exceed 3 (these calculations can be found 
in the worksheet Outliers in the Excel Home Market Value 
workbook). However, while individual variables might not 
exhibit outliers, combinations of them might. We see this in 
the scatter diagram in Figure 4.48. The last observation has a 
high market value ($120,700) but a relatively small house size 
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(1,581 square feet). The point on the scatter diagram does 
not seem to coincide with the rest of the data. 

The question is what to do with possible outliers. 
They should not be blindly eliminated unless there is a 
legitimate reason for doing so—for instance, if the last 
home in the Home Market Value example has an outdoor 
pool that makes it significantly different from the rest of 
the neighborhood. Statisticians often suggest that analy- 
ses should be run with and without the outliers so that the 
results can be compared and examined critically. 


> Figure 4.46 : z : 
Portion of Home Market 1 Home Market Value 
Value Excel File 1 2 
8 House Age Square Feet Market Value 
| 4 | 33 1,812 $90,000.00 
15 32 1,914 $104,400.00 
16 32 1,842 $93,300.00 
\7 33 1,812 $91,000.00 
8 32 1,836 $101,900.00 
i9 33 2,028 $108,500.00 | 
110 32 1,732 $87,600.00 | 
ID ee BS rere 2850. $96,000.00 | 
» Figure 4.47 a oreaey Matte Oe he 5 E | 
Computing Z-Scores for | ; Home Market Value 
Examining Outliers 3 House Age Square Feet z-score Market Value z-score 
14 ai 33 1,812 0.5300 $90,000.00 -0.196 | 
5 32 1,914 0.9931 $104,400.00 1.168 | 
6 32 1,842 0.6662 $93,300.00 0.117 } 
| 7 33 1,812 0.5300 $91,000.00 -0.101 | 
lay 27 1,484  -0.9592 $81,300.00 -1.020 | 
| 42 27 1,520 -0.7957 $100,700.00 0.818 | 
43 28 1,520 -0.7957 $87,200.00 -0.461_ 
44 27 1,684 -0.0511 $96,700.00 0.439 | 
45 27 1,581 __-0.5188 __$120,700.00__—2.713 | 
46 Mean 1,695 92,069 
220.257 10553.083 | 


47 Standard Deviation 


» Figure 4.48 


Scatter Diagram of House 
Size Versus Market Value $130,000.00 , 
$120,000.00 | 
$110,000.00 | 
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egg CHECK YOUR UNDERSTANDING 


1. What rules are typically used to identify outliers? 


2. How should you handle outliers in your analysis? 


mn Using Descriptive Statistics to Analyze Survey Data 


Many business applications deal with survey data. Descriptive statistics tools are 
extremely valuable for summarizing and analyzing survey data. Consider, for example, 
the data in the Excel file Insurance Survey, which is shown in Figure 4.49. We may 
compute various statistical measures and apply statistical tools to understand these data, 
such as the following: 


@ Frequency distributions and histograms for the ratio variables (age, years 
employed, and satisfaction) 

m Descriptive statistical measures for the ratio variables using the Descriptive 
Statistics tool 

® Proportions for various attributes of the categorical variables in the sample, such 
as the proportion of males and females, different educational levels, and marital 
status 

m PivotTables that break down the averages of ratio variables by gender, education, 
and marital status 

® Cross-tabulations by gender and education, gender and marital status, and educa- 
tion and marital status 

m™ Z-scores for examination of potential outliers 


> Figure 4.49 "A 
Insurance Survey Data : 
3 Age Gender __ Education _Marital Status Years Employed Satisfaction* Premium/Deductible** 
4 36 F Some college Divorced 4 4 N i 
5 55 3 Some college —_— Divorced 2 1 Nie 
6:4 61 M_ Graduate degree Widowed 26 3 N 
Ta 65 F Some college Married 9 4 No 
cial 53 F Graduate degree Married 6 4 N 
9°} 50 F Graduate degree Married 10 5 N 
10 | 28 F College graduate Married 4 5 N 
11 | 62 F College graduate Divorced 9 3 N 
12 48 M __ Graduate degree Married 6 5 N 
243%} 31 M Graduate degree Married 1 5 N 
14 57 F College graduate Married 4 5 N 
15) 44 M College graduate Married 2 3 N 
16 | 38 M Some college Married 3 2 N 
17 27 M Some college Married 2 & N 
18 56 M _ Graduate degree Married 4 a Y 
19 | 43 F College graduate Married 5 3 Nf 
20 | 45 M College graduate Married 15 3 Y 
421] 42 F College graduate — Married 12 3 Ne 
22 29 M Graduate degree —_ Single 10 Br N 
23. 28 F Some college Married 3 4 ¥. 
24 36 M Some college Divorced 15 4 ve 
>| 49 F Graduate degree = Married 2 5 N 
46 E College graduate Divorced 20 4 N 
52 5 College graduate Married 18 2 N 


) “Measured from 1-5 with 5 being highly satisfied. 
430. *“Would you be willing to pay a lower premium for a higher deductible? 
SSS SSS nS onsaSeSnunassasansaisiscoa 
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Problem 69 at the end of this chapter asks you to use these approaches to analyze these 
data. These tools can be supplemented by various data visualization tools that we discussed 
in the previous chapter. Such analysis can provide the basis for formal reports and presen- 
tations that one might use to communicate and explain results to managers. 


CHECK YOUR UNDERSTANDING 


1. Summarize statistical tools that are typically used to analyze survey data. 


2. Explain the importance of using statistics for communicating survey data. 


as Statistical Thinking in Business Decisions 


The importance of applying statistical concepts to make good business decisions and 
improve performance cannot be overemphasized. Statistical thinking is a philosophy of 
learning and action for improvement that is based on the principles that 


@ all work occurs in a system of interconnected processes, 
® variation exists in all processes, and 
@ better performance results from understanding and reducing variation.® 

Work gets done in any organization through processes—systematic ways of doing 
things that achieve desired results. Understanding business processes provides the 
context for determining the effects of variation and the proper type of action to be 
taken. Any process contains many sources of variation. In manufacturing, for example, 
different batches of material vary in strength, thickness, or moisture content. During 
manufacturing, tools experience wear, vibrations cause changes in machine settings, 
and electrical fluctuations cause variations in power. Workers may not position parts 
on fixtures consistently, and physical and emotional stress may affect workers’ consis- 
tency. In addition, measurement gauges and human inspection capabilities are not uni- 
form, resulting in measurement error. Similar phenomena occur in service processes 
because of variation in employee and customer behavior, application of technology, 
and so on. Reducing variation results in more consistency in manufacturing and ser- 
vice processes, fewer errors, happier customers, and better accuracy of such things as 
delivery time quotes. 

Although variation exists everywhere, many managers often do not recognize it or 
consider it in their decisions. How often do managers make decisions based on one or two 
data points without looking at the pattern of variation, see trends in data that aren’t justi- 
fied, or try to manipulate measures they cannot truly control? Unfortunately, the answer is 
quite often. For example, if sales in some region fell from the previous quarter, a regional 
manager might quickly blame her sales staff for not working hard enough, even though the 
drop in sales may simply be the result of uncontrollable variation. Usually, it is simply a 
matter of ignorance of how to deal with variation in data. This is where business analytics 
can play a significant role. Statistical analysis can provide better insight into the facts and 
nature of relationships among the many factors that may have contributed to an event and 
enable managers to make better decisions. 


8Galen Britz, Don Emerling, Lynne Hare, Roger Hoerl, and Janice Shade, “How to Teach Others to Apply 
Statistical Thinking,” Quality Progress (June 1997): 67-79. 
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Figure 4.50 shows a portion of the data in the Excel file Sur- 
gery Infections that document the number of infections that 
occurred after surgeries over 36 months at one hospital, along 
with a line chart of the number of infections. (We will assume 
that the number of surgeries performed each month was the 
same.) The number of infections tripled in months 2 and 3 

as compared to the first month. Is this indicative of a trend 
caused by failure of some health care protocol or simply ran- 
dom variation? Should action be taken to determine a cause? 
From a statistical perspective, three points are insufficient to 
conclude that a trend exists. It is more appropriate to look at a 
larger sample of data and study the pattern of variation. 

Over the 36 months, the data clearly indicate that 
variation exists in the monthly infection rates. The number 
of infections seems to fluctuate between 0 and 3 with the 
exception of month 12. However, a visual analysis of the 
chart cannot necessarily lead to a valid conclusion. So 
let’s apply some statistical thinking. The average number 
of infections is 1.583, and the standard deviation is 1.180. 


Variability in Samples 


Applying Statistical Thinking 


If we apply the empirical rule that most observations 
should fall within three standard deviations of the mean, 
we would expect them to fall between —1.957 (clearly, the 
number of infections cannot be negative, so let’s set this 
value to zero) and 5.124. This means that, from a statisti- 
cal perspective, we can expect almost all the observations 
to fall within these limits. Figure 4.51 shows the chart dis- 
playing these ranges. The number of infections for month 
12 clearly exceeds the upper range value and suggests 
that the number of infections for this month is statistically 
different from the rest. The hospital administrator should 
seek to investigate what may have happened that month 
and try to prevent similar occurrences. 

Similar analyses are used routinely in quality contro} 
and other business applications to monitor performance 
Statistically. The proper analytical calculations depend on 
the type of measure and other factors and are explained 
fully in books dedicated to quality control and quality 
management. 


Because we usually deal with sample data in business analytics applications, it is extremely 


important to understand that different samples from any population will vary; that is, they 
will have different means, standard deviations, and other statistical measures and will have 
differences in the shapes of histograms. In particular, samples are extremely sensitive to 


the sample size—the number of observations included in the samples. 
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> Figure 4.51 = 


Infections with Empirical Number of Infections 
Rule Ranges 7 
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Month 
EXAMPLE 4.38 Variation in Sample Data 
For the 250 observations in the Computer Repair Times data- differ from each other as well as from the mean and variance 
base, we can determine that the average repair time is 14.9 of the entire sample shown in Figure 4.24. In addition, the 
days, and the variance of the repair times is 35.50. Suppose histograms show a slightly different profile. In Figure 4.53, we 
we selected some smaller samples from these data. Figure show the results for two smaller samples of size 25. Here we 
4.52 shows two samples of size 50 randomly selected from actually see more variability in both the statistical measures 


the 250 repair times. Observe that the means and variances and the histograms as compared with the entire data set. 


A B c D E F 6 Hq i ee i M N OG. coh a s 

4 | 
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(= Sr eae ae Sample 1 Sample 2 
| 4 2 10 4 =| 25 25 
is 3 10 ZA 20 20 
q | 2 = 
1 6 4 15 3 3 15 5 15 5 
i 7 5 21 ) g 10 1 g 10 
is 6 12 18 - 54 “5 
19 7 20 8 0 +—- 0 

10 8 19 33 0 5 10 15 20 25 30 35 40 More 0 5 10 15 20 25 30 35 40 More 
44 9 12 14 Bin | i Bin 
#12 10 16 13 
| 49 47 15 16 
iso 48 g 7 
152 49 18 16 
452 50 29 20 
| 53 Mean 15.78 13.62 


| 54 Variance 23.15469 22.28122 


sence rs ssaeeeceese sorapabiee resists: eerie puiernteecrierasiates 


a Figure 4.52 
Two Samples of Size 50 from Computer Repair Times 


This example demonstrates that it is important to understand the variability in sample 
data and that statistical information drawn from a sample may not accurately represent the 
population from which it comes. This is one of the most important concepts in applying 
business analytics. We explore this topic more in Chapter 6. 
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Two Samples of Size 25 from Computer Repair Times 


CHECK YOUR UNDERSTANDING 


1. What are the principles of statistical thinking? 


2. What factors cause variation in sample data? 


3. Why is understanding variation in sample data important? 


Over the past decade, there have been numerous discov- 
eries of management fraud that have led to the downfall 
of several prominent companies. These companies had 
been effective in hiding their financial difficulties, and 
investors and creditors are now seeking ways to identify 
financial problems before scandals occur. Even with the 
passage of the Sarbanes-Oxley Act in July 2002, which 
helped to improve the quality of the data being disclosed 
to the public, it is still possible to misjudge an organiza- 
tion’s financial strength without analytical evaluation. Sev- 
eral warning signs exist, but there is no systematic and 
objective way to determine whether a given financial met- 
ric, such as a write-off or insider-trading pattern, is high 
or unusual. 


Based on Deniz Senturk, Christina LaComb, Radu N 


I ee ee 


ANALYTICS IN PRACTICE: Applying Statistical Thinking to 
Detecting Financial Problems? 


Researchers have proposed using statistical thinking 
to detect anomalies. They propose an “anomaly detection 
score,” which is the difference between a target financial 
measure and the company’s own past performance or its 
competitors’ current performance using standard devia- 
tions. This technique is a variation of a standardized z-score. 
Specifically, their approach involves comparing perfor- 
mance to past performance (within analysis) and comparing 
performance to the performance of the company’s peers 
over the same period (between analyses). They created 
two types of exceptional anomaly scores: z-between (Zp) 
to address the variation between companies and z-within 
(Zy) to address the variation within the company. These 
measures quantify the number of standard deviations a 


(continued) 


Problems With Six Sigma,” Quality Progress (April 2006): 41-47. 


eagu, and Murat Doganaksoy, “Detect Financial 


company’s financial measure deviates from the average. 
Using these measures, the researchers applied the tech- 
nique to 25 case studies. These included several high- 
profile companies that had been charged with financial 
statement fraud by the SEC or had admitted account- 
ing errors, causing a restatement of their financials. The 
method was able to identify anomalies for critical metrics 
known by experts to be warning signs for financial state- 
ment fraud. These warning signs were consistent when 
compared with expert postmortem commentary on the 
high-profile fraud cases. More importantly, they signaled 
anomalous behavior at least six quarters before an SEC 
investigation announcement with fewer than 5% false 
negatives and 40% false positives. 


langstrup/123RF 
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wm KEY TERMS 


Arithmetic mean (mean) 


Bimodal 


Categorical (nominal) data 


Chebyshev’s theorem 


Coefficient of kurtosis (CK) 
Coefficient of skewness (CS) 
Coefficient of variation (CV) 


Contingency table 
Continuous metric 
Correlation 


Correlation coefficient (Pearson prod- 
uct moment correlation coefficient) 


Covariance 
Cross-tabulation 


Cumulative relative frequency 
Cumulative relative 


distribution 
Data profile (fractile) 
Descriptive statistics 
Discrete metric 
Dispersion 
Empirical rules 
Frequency distribution 
Histogram 


Interquartile range (IQR or midspread) 


Interval data 
kth percentile 
Kurtosis 


Measure 

Measurement 

Median 

Metric 

Midrange 

Mode 

Ogive 

Ordinal data 

Outlier 

Population 

Process capability index 
Proportion 

Quartile 

Range 

Ratio data 

Relative frequency 

Relative frequency distribution 
Return to risk 

Sample 

Sample correlation coefficient 
Skewness 

Standard deviation 
Standardized value (z-score) 
Statistic 

Statistical thinking 
Statistics 

Unimodal 

Variance 
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Lt CHAPTER 4 TECHNOLOGY HELP 


Useful Excel Functions 


COUNTIF (range, cell_reference) Used to count frequen- 
cies to construct a frequency distribution fer non-grouped 
data or to find a proportion. 


PERCENTILE.INC(array, k) Computes the 100xkth 
percentile of data in the range specified in the array field, 
where k is between 0 and 1, inclusive. 


QUARTILE.INC(array, quart) Computes quartiles, where 
array specifies the range of the data and quart is a whole 
number between | and 4, designating the desired quartile. 


AVERAGE(data range) Finds the average, or arithmetic mean. 
MEDIAN(data range) Finds the median. 

MODE.SNGL (data range) Finds the mode. 
MODE.MULT(data range) Finds an array of modes. 
VAR.S(data range) Computes the sample variance. 
VAR.P(data range) Computes the population variance. 


STDEV.S(data range) Computes the sample standard de- 
viation. 


STDEV.P(data range) Computes the population standard 
deviation. 


STANDARDIZE(x, mean, standard_dev) Calculates a 
standardized value, or z-score, for the value x given the 
mean and standard deviation. 


SKEW.P(data range) Finds the coefficient of skewness for 
population data. 


SKEW(data range) Finds the coefficient of skewness for 
sample data. 


KURT(data range) Computes the “excess kurtosis” for 
sample data. 


COVARIANCE.P(array/, array2) Computes the covari- 
ance between two sets of data for a population. 


COVARIANCE.S(array/, array2) Computes the covari- 
ance between two sets of data for a sample. 


CORREL(array/, array2) Computes the correlation coef- 
ficient between two sets of data for either a sample or a 
population. 


Excel Techniques 


Histogram tool (Examples 4.5 and 4.6): 
Click the Data Analysis tools button in the Analysis 
group under the Data tab in the Excel menu bar and 


select Histogram from the list. In the dialog box, 
specify the Input Range corresponding to the data 
and check the Labels box if appropriate. Specify 
a Bin Range (suggested). Check the Chart Output 
box to display a histogram in addition to the fre- 
quency distribution. Check the other optional boxes 
to display a Pareto distribution or cumulative fre- 
quencies. 


Descriptive Statistics tool (Example 4.28): 

Each data set to be analyzed must be in a single 
row or column. Click on Data Analysis in the Anal- 
ysis group under the Data tab in the Excel menu 
bar. Select Descriptive Statistics from the list. 
Check the box Labels in First Row if labels are in- 
cluded in the input range. Choose whether to save 
the results in the current worksheet or in a new one. 
For basic summary statistics, check the box Sum- 
mary Statistics. 


Displaying statistical information in PivotTables (Example 
4,32): 
Create a PivotTable. In the Value Field Settings dia- 
log, choose the average, standard deviation, or vari- 
ance of a value field. 


Correlation tool (Example 4.35): 

Select Correlation from the Data Analysis tool 
list. Input the range of the data (which must be 
in contiguous columns), specify whether the data 
are grouped by rows or columns, and indicate 
whether the first row contains data labels. The out- 
put provides correlations between every pair of 
variables. 


StatCrunch 


StatCrunch provides many tools for computing and 
visualizing statistical data. You can find video tutorials 
and step-by-step procedures with examples at https:// 
www.statcrunch.com/5.0/example.php. We suggest that 
you first view the tutorials Getting started with Stat- 
Crunch and Working with StatCrunch sessions. The fol- 
lowing tutorials, which are located under the Graphs, 
Summary Statistics and Tables, and Regression and Cor- 
relation groups on this Web page, explain how to create 
frequency distributions, histograms, summary statistics, 
and correlation tables: 


m@ Frequency tables 
® Histograms 
m@ Simple bar plots with raw data 
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® Simple bar plots with summary data b. Enter an optional Where statement to specify the 
@ Summary statistics for columns data rows to be included. 
= Summary statistics for rows c. Select an optional Group by column to do a side- 
® Correlations between columns by-side bar plot. 
2. Choose the With summary option to use summary 
Example: Create a Bar Plot information consisting of categories and counts. 
1. Choose the With data option to use data consisting of a. Select the column containing the categories. 
individual outcomes in the data table. b. Select the column containing the counts. 
a. Select the column(s) to be displayed. 3. Click Compute! to construct the bar plot(s). 


mT PROBLEMS AND EXERCISES 


Metrics and Data Classification 7. Use the COUNTIF function to construct frequency 
distributions for gender, preferred genre, and influ- 
ence, develop column charts to express the results 
visually, and compute the relative frequencies based 


- teak do you live? (1- On Campus 2- City on the data in the Excel file Video Streaming Services. 
- Other) 


@ How do you feel today? (using a scale of 1-5, 
ranging from very happy to very unhappy) 


1. A survey handed out to students at a local university 
in Munich, Germany, asked the following: 


8. A community health status survey obtained the 
following demographic information from the 


@ What is your family’s average annual income? respondents: 
@ What is your weight in kilograms? (less than 50 ——__ 
kgs, 51-70 kgs, 71-90 kgs, and more than 90 kgs) Age Frequency 
m@ Length of residency 18 to 29 250 
@ Overall satisfaction with university facilities (using 30 to 45 740 
a scale of 1-5, ranging from poor to excellent) 46 to 64 560 
What types of data (categorical, ordinal, interval, or 65 to 80 370 


ratio) do each of the survey items represent? Why? 
Compute the relative frequencies and cumulative rel- 


2. Classify each of the data elements in the Sales Trans- ative frequencies of the age groups. 


actions database as categorical, ordinal, interval, or 


ratio data and explain why. 9. Use the Histogram tool to construct frequency distri- 


- s butions and histograms for weekly usage and wait- 
3. Identify each of the variables in the Excel file Credit ing time in the Excel file Car Sharing Report. Do not 
Approval Decisions as categorical, ordinal, interval, group the data into bins. 


or ratio and explain why. . 
10. Construct frequency distributions and histograms 


4. Identify each of the variables in the Excel file Corpo- using the Excel Histogram tool for the gross sales 
rate Default Database as categorical, ordinal, inter- and gross profit data in the Excel file Sales Data. 
val, or ratio and explain why. First let Excel automatically determine the number of 


bins and bin ranges. Then determine a more appropri- 


5. Classify each of the variables in the Excel file Wed- 
ate set of bins and rerun the Histogram tool. 


dings as categorical, ordinal, interval, or ratio and 


explain why. 11. Use the Histogram tool to develop a frequency dis- 

‘ tribution and histogram for the number of months as 

Frequency Distributions and Histograms a customer of the bank in the Excel file Credit Risk 
6. Use the COUNTIF function to construct a frequency Data. Use your judgment for determining the number 
distribution of the types of loans in the Excel file Credit of bins to use. Compute the relative and cumulative 

Risk Data, develop a column chart to express the relative frequencies and use a line chart to construct 


results visually, and compute the relative frequencies. an ogive. 
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12. 


13. 


14. 


15. 
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Identify the bins for number of letters, width, and 
height in the provided data in the Excel file Letter. 
Then use the Histogram tool to compute frequency 
distributions and cumulative relative frequencies and 
create charts for the data. 


Use a PivotTable to construct a frequency distribu- 
tion and histogram of lunch sales amounts in the Res- 
taurant Sales database. 


Use a PivotTable to develop a frequency distribution 
with six bins for the age of individuals in the Base 
Data worksheet in the Credit Risk Data file. Com- 
pute and chart the relative and cumulative relative 
frequencies. 


Use a PivotTable to construct a frequency distribu- 
tion and histogram for GPA in the Excel file Grade 
Point Averages. 


Percentiles and Quartiles 


16. 


uUzé- 


18. 


19: 


Find the 25th and 70th percentiles of the costs in the 
Excel file Road Construction. Use formula (4.3), the 
Excel PERCENTILE.INC function, and the Rank 
and Percentile tool, and compare the results. 


Find the 10th and 90th percentiles and the first and 
third quartiles for the time difference between the 
scheduled and actual arrival times in the World Air- 
line Data Excel file. Use formula (4.3), the Excel 
PERCENTILE.INC function, and the Rank and Per- 
centile tool, and compare the results. 


Find the first, second, and third quartiles for the com- 
bined amounts of checking and savings accounts in the 
Excel file Credit Risk Data and interpret the results. 


Find the first, second, and third quartiles for the sales 
amounts in the Sales Transactions database and 
interpret the results. 


Cross-Tabulations 


20. 


4 IF 


Use a PivotTable to construct a cross-tabulation for 
loan purpose and credit risk for the Base Data work- 
sheet in the Excel file Credit Risk Data. 


Use a PivotTable to construct a cross-tabulation for 
marital status and housing type for the Base Data 
worksheet in the Excel file Credit Risk Data. 


. Use PivotTables to construct cross-tabulations for 


(1) neighborhood and improvement and (2) neigh- 
borhood and structure home for the Excel file Home. 


23. 


Use PivotTables to construct cross-tabulations 
between each pair of variables in the Excel file Bey- 
erage Preferences. 


Descriptive Statistical Measures 


24. 


25. 


26. 


PM fe 


28. 


29. 


30. 


31. 


32. 


Find the mean, median, and midrange for the data in 
the Excel file Automobile Quality using the appropri- 
ate Excel functions or formulas. 


In the Excel file Facebook Survey, find the mean, 
median, and midrange for hours online/week and 
number of friends in the sample using the appropriate 
Excel function or formulas. Compare these measures 
of location. 


Compute the mean, median, midrange, and mode 
for each of the importance factors in the Excel file 
Coffee Shop Preferences using the appropriate Excel 
functions. 


Considering the data in the Excel file House Market 
Value as a population of homeowners on this street, 
compute the mean, variance, and standard deviation 
for each of the variables using a spreadsheet and for- 
mulas (4.4), (4.7), and (4.9). Verify your calculations 
using the appropriate Excel function. 


Use the Excel file Course Marks to calculate the 
mean, variance and standard deviation for each 
variable using formulas (4.5), (4.8), and (4.10). 
Verify your calculations using the appropriate Excel 
function. 


In the Excel file Facebook Survey, find the range, 
variance, standard deviation, and interquartile range 
for hours online/week and number of friends in the 
sample using the appropriate Excel functions. Com- 
pare these measures of dispersion. 


Use the Descriptive Statistics tool to summarize the 
mean, median, variance, and standard deviation of 
the prices of shares in the Coffee Shares Excel file. 


Use the Excel file Land to find the mean, standard 
deviation, and interquartile range of the land size. 
Show that Chebyshev’s theorem holds for the data 
and determine how accurate the empirical rules are. 


The Excel file Atlanta Airline Data provides arrival 
and taxi-in time statistics for one day at Atlanta 
Hartsfield International Airport. Find the mean and 
standard deviation of the difference between the 
scheduled and actual arrival times and the taxi-in 


33. 


35. 


37. 


39. 


time to the gate. Compute the z-scores for each of 
these variables. 


Compute the mean and standard deviation of the data 
in the Cost of Living Adjustments Excel file. Then 
compute the z-scores for the comparative salaries and 
housing adjustments and interpret your results. 


. Compute the coefficient of variation for each variable 


in the Excel file Course Marks. Which has the least 
and greatest relative dispersion? 


Find 30 days of stock prices for three companies in 
different industries. The average stock prices should 
have a wide range of values. Using the data, compute 
and interpret the coefficient of variation. 


. Apply the Descriptive Statistics tool for subsets of 


liberal arts colleges and research universities in the 
Excel file Colleges and Universities. Compare the 
two types of colleges. What can you conclude? 


Use the Descriptive Statistics tool to summarize the 
percent gross profit, gross sales, and gross profit in 
the Excel file Sales Data. 


. Use the Descriptive Statistics tool to summarize the 


responses in the Excel file Job Satisfaction. What 
information can you conclude from this analysis? 


The Data worksheet in the Excel file Airport Service 
Times lists a large sample of the time in seconds to 
process customers at a ticket counter. The second 
worksheet shows a frequency distribution and histo- 
gram of the data. 


a. Summarize the data using the Descriptive Statis- 
tics tool. What can you say about the shape of the 
distribution of times? 


b. Find the 90th percentile. 


c. How might the airline use these results to manage 
its ticketing counter operations? 


Computing Descriptive Statistics for 
Frequency Distributions 


40. 


41. 


Construct a frequency distribution for education in the 
Excel file Voter. Develop a table to estimate the sam- 
ple mean and sample variance using formulas (4.17) 
and (4.19). Check your results using Excel functions 
with the original data. 


In Problem 9, we asked you to use the Histogram tool 
to construct frequency distributions and histograms 


42. 


43. 


44. 
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for weekly usage and waiting time in the Excel 
file Car Sharing Report without grouping the data 
into bins. Use your results and formulas (4.17) and 
(4.19) to find the mean and sample variance. Check 
your results using Excel functions with the original 
data. 


The amount of time it took 25 respondents to solve 
a particular task has been recorded in the following 
table: 


Time Frequency (f) 
Si teal |0 1 
Ot 4 
5 Sat 20 6 
20 st < 25 4 


Develop a table to estimate the sample mean and 
sample standard deviation of the time using formulas 
(4.17) and (4.19). 


A teacher recorded the amount of time taken by 21 
students to complete a sprint race, to the nearest sec- 
ond, as follows: 


@ Two students: between 51 and less than 56 seconds 
m@ Seven students: between 56 and less than 61 seconds 
w@ Eight students: between 61 and less than 66 seconds 
@ Four students: between 66 and less than 71 seconds 


Develop a table to estimate the sample mean and 
sample standard deviation for the recorded time 
using formulas (4.21) and (4.23). 


The data in the Excel file Church Contributions were 
reported on annual giving for a church. Estimate the 
mean and standard deviation of the annual contribu- 
tions by implementing formulas (4.20) and (4.22) 
on a spreadsheet, assuming these data represent the 
entire population of parishioners. 


Descriptive Statistics for Categorical Data: 
The Proportion 


45. 


46. 


The Excel file EEO Employment Report shows the 
number of people employed in different professions 
for various racial and ethnic groups. For all employ- 
ees and each racial/ethnic group, find the proportions 
of men and women in each profession. 


In the Excel file Bicycle Inventory, find the proportion 
of bicycle models that sell for less than $200. 
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47. 


48. 


49. 
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In the Excel file Postal Services, find the proportion 
of the number of items delivered to Portland, New 
York, and Chicago for six days in four consecutive 
weeks, 


In the Sales Transactions database, find the propor- 
tion of customers who used PayPal, the proportion of 
customers who used credit cards, the proportion that 
purchased a book, and the proportion that purchased 
a DVD. 


In the Excel file Sales Record, find the proportions 
for the first five variables. 


Statistics in PivotTables 


50. 


51. 


52. 


55. 


57. 


Create a PivotTable to find the mean and standard 
deviation of the amount of travel expenses for each 
sales representative in the Excel file Travel Expenses. 


Create a PivotTable for the data in the Excel file Wed- 
ding Services to analyze the average wedding cost by 
type of pay or and value rating. What conclusions do 
you reach? 

The Excel file Sample Sales provides sample data on 


the sales representatives’ record. Create a PivotTable 
to find the following: 


a. Cross-tabulation of region versus item. 


b. Mean units, unit cost, and accumulative sales in 
each region by item. State the conclusions for 
your results. 


- Use a PivotTable to find the mean annual income by 


level of education for the data in the Excel file Edu- 
cation and Income. 


. In the Excel file Debt and Retirement Savings, use a 


PivotTable to find the mean and standard deviation of 
income, long-term debt, and retirement savings for 
both single and married individuals. 


Using PivotTables, find the mean and standard devia- 
tion of sales by region in the Sales Transactions 
database. 


. Use the Excel file Graduation Employment to analyze 


the average salary and the average percentage of fail- 
ure rate in interviews among the graduates from the 
different colleges. What conclusions do you reach? 


Call centers have high turnover rates because of 
the stressful environment. The national average is 
approximately 50%. The director of human resources 
for a large bank has compiled data from about 70 


59. 


former employees at one of the bank’s call centers 

(see the Excel file Bank Call Centers). Use PivotTa- 

bles to find these statistics: 

a. The average length of service for males and 
females in the sample 

b. The average length of service for individuals with 
and without a college degree 

c. The average length of service for males and females 
with and without prior call center experience 


. For the Peoples Choice Bank database, use PivotTa- 


bles to find the average transaction amount for each 
account and branch. 


A national homebuilder builds single-family homes 
and condominium-style townhouses. The Excel file 
House Sales provides information on the selling 
price, lot cost, type of home, and region of the coun- 
try for closings during one month. Use PivotTables 
to find the average selling price and lot cost for each 
type of home in each region of the market. What 
conclusions might you reach from this information? 


Measures of Association 


60. 


61. 


62. 


63. 


65. 


Find the correlation between weekly food expendi- 
ture and monthly household income in the Excel file 
Food Expenditure. 


Use the Excel file Test Scores and Sales, developed 
by nine salespersons during the past year, to find 
the coefficient of correlation between the test scores 
and sales. 


The Excel file House Sales lists a sample of the area 
(in sq. ft) and prices (in dollars) of various houses. 
Compute the covariance and correlation between the 
area and prices. 


For the President’s Inn Guest Data, find the mean 
length of stay and mean number of guests per party. 
Is there any correlation between the size of the party 
and the length of stay? 


- For the Excel file TV Viewing Survey, is there a Sig- 


nificant correlation between (1) the number of TVs 
in a home and the hours of viewing per week, and 
(2) age and hours of viewing per week? 


For the Excel file Credit Risk Data, compute the cor- 
relation between age and months employed, age and 
combined checking and savings account balance, and 
the number of months as a customer and amount of 
money in the bank. Interpret your results. 


Outliers 


66. 


67. 


Suppose that the average height of all professional 
basketball players is 6 feet with standard deviation of 
5 feet. A player of interest to you is 5.5 feet. Would 
you consider this player as the outlier? Why? 


Examine the z-scores you computed in Problem 32 
for the Atlanta Airline Data. Do they suggest any 
outliers in the data? 


. In the Excel file Weddings Services, find the mean, 


median, and standard deviation of the wedding costs. 
What would you tell a newly engaged couple about 
what cost to expect? Consider the effect of possible 
outliers in the data. 


Using Descriptive Statistics to 
Analyze Survey Data 


69. 


70. 


fi. 


Use the following approaches to analyze the survey 
data in the Excel file /nsurance Survey. 


m@ Frequency distributions and histograms for the ratio 
variables (age, years employed, and satisfaction) 

= Descriptive statistical measures for the ratio vari- 
ables using the Descriptive Statistics tool 

m@ Proportions for various attributes of the categori- 
cal variables in the sample, such as the propor- 
tion of males and females, different educational 
levels, and marital status 

m PivotTables that break down the averages of ratio 
variables by gender, education, and marital status 

m Cross-tabulations by gender and education, gender 
and marital status, and education and marital status 

m Z-scores for examination of potential outliers 


The Excel file Auto Survey contains a sample of data 
about vehicles owned, whether they were purchased 
new or used, and other types of data. Use the appropri- 
ate statistical tools to analyze these data. Summarize 
the observations that you can make from these results. 


A producer of computer-aided design software for 
the aerospace industry receives numerous calls for 
technical support. Tracking software is used to moni- 
tor response and resolution times. In addition, the 
company surveys customers who request support 
using the following scale: 


0—Did not meet expectations 
1—Marginally met expectations 


2—Met expectations 


72. 
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3—Exceeded expectations 


4— Greatly exceeded expectations 


The questions are as follows: 


Q1: Did the support representative explain the 
process for resolving your problem? 

Q2: Did the support representative keep you in- 
formed about the status of progress in resolv- 
ing your problem? 

Q3: Was the support representative courteous and 
professional? 

Q4: Was your problem resolved? 

Q5: Was your problem resolved in an acceptable 
amount of time? 

Q6: Overall, how did you find the service provided 


by our technical support department? 


A final question asks the customer to rate the overall 
quality of the product using a scale: 0—very poor, 
l—poor, 2—good, 3—very good, 4—excellent. A 
sample of survey responses and associated resolution 
and response data are provided in the Excel file Cus- 
tomer Support Survey. Use whatever Excel tools you 
deem appropriate to analyze these sample data and 
write a report to the manager explaining your find- 
ings and conclusions. 


The Excel file Employee Selection contains role 
of employees in an organization, along with other 
specifics—gender, salary, years of education, date 
of birth, and whether they are citizens of the coun- 
try. Analyze the data using all the tools that have been 
discussed in this chapter. Write a brief report on your 
analysis. 


Statistical Thinking in Business Decisions 


73. 


74. 


Use the Manufacturing Measurements Data Excel file 
to compute sample means, assuming that each row in 
the data file represents a sample from the manufactur- 
ing process. Plot the sample means on a line chart, 
compute the standard deviation of the sample means 
(not the individual observations!), add empirical rule 
ranges for the sample means, and interpret your results. 


Airbnb is an online marketplace for arranging or 
offering lodging, primarily homestays, or tourism 
experiences. Airbnb provides a platform for hosts to 
accommodate guests with short-term lodging and 
tourism-related activities. Guests can search for lodg- 
ing using filters such as lodging type, dates, location, 
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and price. However, there are also many controver- 
sies around it. For example, Airbnb received criti- 
cism for allegedly resulting in increased housing 
prices. The data in the Excel file Airbnb Samples 
contains randomly selected samples that include 
prices for different Airbnb accommodations (same 
quality, same length of stay). Compute the sample 
means and the empirical rule ranges. Interpret your 
findings. 


The background for this case was introduced in Chapter 
2. For this part of the case, summarize the numerical data 
using frequency distributions and histograms, cross-tabu- 
lations, PivotTables, and descriptive statistics measures; 


mg CASE: PERFORMANCE LAWN EQUIPMENT 


Elizabeth Burke has received several questions from other 
PLE managers regarding quality, customer satisfaction, and 
operational performance. She would like you to summarize 
some data from the Performance Lawn Equipment Data- 
base using statistical tools and analysis: 


1. Frequency distributions and histograms for the 
data in the Customer Survey worksheet 

2. Descriptive statistical measures for engine pro- 
duction time in the worksheet Engines 

3. A frequency distribution and histogram for the 
blade weight samples in the worksheet Blade 
Weight 


CASE: DROUT ADVERTISING RESEARCH PROJECT 


75. Find the mean and variance of a deck of 52 cards, 
where an ace is counted as 11 and a picture card as 
10. Construct a frequency distribution and histogram 
of the card values. Shuffle the deck and deal two 
samples of 20 cards (starting with a full deck each 
time); compute the mean and variance and construct 
a histogram. How does the sample data differ from 
the population data? Repeat this experiment for two 
samples of 5 cards and summarize your conclusions. 


find proportions for categorical variables; examine correla- 
tions; and so on. Write up your findings in a formal docu- 
ment, or add your findings to the report you completed for 
the case in Chapter 2 at the discretion of your instructor. 


4. The proportion of samples that failed the functional 
performance test in the worksheet Mower Test 

5. PivotTables that summarize the data and pro- 
vide useful insights in the worksheet Employee 
Retention 

6. Correlations among the satisfaction survey vari- 
ables in the worksheet Purchasing Survey 


Write a report that clearly shows these results and explain 
the key insights. 


sh thm 
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Additional Charts for 
Descriptive Statistics in 
Excel for Windows 


APPENDIX 


Excel 2016 for Windows provides two additional charts for descriptive statistics that are not 
available on the Mac platform. The first is the Histogram chart, which can be chosen from 
the /nsert > Chart option. You may customize the number of bins and bin widths by right 
clicking the x-axis and choosing Format Axis from the pop-up menu. Figure A4.1 shows an 
example for the cost per order in the Purchase Orders database. The histogram is patterned 
after Figure 4.11. Select the bin width to be 26,000, and choose the underflow bin (which 
is the first group) to be the upper group limit of the first bin (26,000), and the overflow bin 
to be the upper group limit of the last bin (130,000). One useful feature of this chart is that 
you can easily change the number of bins to create the most visually appealing histogram. 
The second chart is called a box-and-whisker chart. A box-and-whisker chart dis- 
plays five key statistics of the data set: the minimum value, first quartile, median, third 
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quartile, and maximum value. Figure A4.2 shows a box-and-whisker chart for the sales 
data in the Monthly Product Sales database. The “whiskers” extend on either side of the 
box to show the minimum and maximum values in the data set. The box encloses the 
first and third quartiles (that is, the interquartile range, IQR), and the line inside the box 
shows the median value. Very long whiskers suggest possible outliers in the data. Box- 
and-whiskeis charts show the relative dispersion in the data and the general shape of the 
distribution (see the discussion of skewness in the chapter). For example, the distribution 
of product E is relatively symmetric, while that of product D shows more skewness. 
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Box-and-Whisker Chart 


a PROBLEMS AND EXERCISES 


1. Use the Histogram chart to construct histograms for 
weekly usage and waiting time in the Excel file Car 
Sharing Survey. 


- Construct histograms using the Histogram chart for 
the gross sales and gross profit data in the Excel file 
Sales Data. 


. For the Base Data in the Excel file Credit Risk Data, 
use the Histogram chart to develop a histogram 


with a bin width of 5 for the number of months as a 
customer of the bank. 


4. Create box-and-whisker charts for each type of 
expense in the Excel file Budget Forecasting. 


. Create box-and-whisker charts for each type of cost 
of living adjustment in the Excel file Cost of Living 
Adjustments. 


CHAPTER 


Probability Distributions 
and Data Modeling 


PeterVrabel/Shutterstock 


After studying this chapter, you will be able to: 


: = Explain the concept of probability and provide w Explain conditional probability and how it can be 
: examples of the three definitional perspectives of applied in a business context. 

: probability. a Compute conditional probabilities from 

 w Use probability rules and formulas to perform cross-tabulation data. 


probability calculations. 
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Determine if two events are independent using 
probability arguments. 
Apply the multiplication law of probability. 


ws Explain the difference between a discrete and a 


continuous random variable. 

Define a probability distribution. 

= Verify the properties of a probability mass function. 
Use the cumulative distribution function to compute 
probabilities over intervals. 

Compute the expected value and variance of a 
discrete random variable. 

Use expected values to support simple business 
decisions. 

Calculate probabilities for the Bernoulli, binomial, 


Explain how a probability density function differs from 
a probability mass function. 

List the key properties of probability density functions. 
Use the probability density and cumulative distribution 
functions to calculate probabilities for a uniform 
distribution. 

Describe the normal and standard normal distributions 
and use Excel functions to calculate probabilities. 

Use the standard normal distribution table and 
z-values to compute normal probabilities. 

Describe properties of the exponential and triangular 
distributions and compute probabilities. 

Explain the concepts of distribution fitting and data 
modeling. 


and Poisson distributions, using the probability mass 
function and Excel functions. 


Apply the Chi Square Goodness of Fit test. 


DADRSRR PAIL OE SS RON ATEN BERTINI EE NTRS SIR UO TE LIS OSS 


Most business decisions involve some elements of uncertainty and random- 
ness. For example, the times to repair computers in the Computer Repair Times 
Excel file that we discussed in Chapter 4 showed quite a bit of uncertainty that 
we needed to understand to provide information to customers about their com- 
puter repairs. We also saw that different samples of repair times result in different 
means, variances, and frequency distributions. Therefore, it would be beneficial 
to be able to identify some general characteristics of repair times that would 
apply to the entire population—even those repairs that have not yet taken place. 
In other situations, we may not have any data for analysis and simply need to 
make some judgmental assumptions about future uncertainties. For example, 
to develop a model to predict the profitability of a new and innovative product, 
we would need to make reliable assumptions about sales and consumer behav- 
ior without any prior data on which to base them. Characterizing the nature of 
distributions of data and Specifying uncertain assumptions in decision models 
relies on fundamental knowledge of probability concepts and probability distribu- 
tions—the subject of this chapter. 

Understanding probability and probability distributions is important in all 
areas of business. For example, marketing analysts who wish to predict future 
Sales might use probability to assess the likelihood that consumers will pur- 
chase their products. In finance, probability is useful in assessing risk of capital 
investments or product development initiatives. Operations managers apply it 
routinely in quality control, inventory management, design for product reliabil- 
ity, and customer service policies. Company executives use probability to make 
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competitive decisions and analyze long-term strategies. Coaches and manag- 
ers of sports teams use probability to make tactical decisions, such as the best 
football play to make when faced with third down and 4 yards to go on the 
opponent's 17-yard line. You use probability concepts in daily life more than 
you probably realize, such as when deciding whether or not to play golf or go 
to the beach based on the weather forecast. To experience using probability to 
make decisions in a game setting, check out one of the author’s favorite games, 
Qwixx! 


as Basic Concepts of Probability 


The notion of probability is used everywhere, both in business and in our daily lives, from 
market research and stock market predictions to the World Series of Poker and weather 
forecasts. In business, managers need to know such things as the likelihood that a new 
product will be profitable or the chances that a project will be completed on time. Probabil- 
ity quantifies the uncertainty that we encounter all around us and is an important building 
block for business analytics applications. Probability is the likelihood that an outecome— 
such as whether a new product will be profitable or not or whether a project will be com- 
pleted within 15 weeks—occurs. Probabilities are expressed as values between 0 and 1, 
although many people convert them to percentages. The statement that there is a 10% 
chance that oil prices will rise next quarter is another way of stating that the probability 
of a rise in oil prices is 0.1. The closer the probability is to 1, the more likely it is that the 
outcome will occur. 


Experiments and Sample Spaces 


To formally discuss probability, we need some new terminology. An experiment is a pro- 
cess that results in an outcome. An experiment might be as simple as rolling two dice, 
observing and recording weather conditions, conducting a market research study, or watch- 
ing the stock market. The outcome of an experiment is a result that we observe; it might be 
the sum of two dice, a description of the weather, the proportion of consumers who favor 
a new product, or the change in the Dow Jones Industrial Average (DJIA) at the end of a 
week. The collection of all possible outcomes of an experiment is called the sample space. 
For instance, if we roll two fair dice, the possible outcomes for the sum are the numbers 
2 through 12; if we observe the weather, the outcome might be clear, partly cloudy, or 
cloudy; the outcomes for customer reaction to a new product in a market research study 
would be favorable or unfavorable, and the weekly change in the DJIA can theoretically 
be any real number (positive, negative, or zero). Note that a sample space may consist of a 
small number of discrete outcomes or an infinite number of outcomes. 


Combinations and Permutations 


Enumerating and counting the outcomes for an experiment can sometimes be difficult, 
particularly when the experiment consists of multiple steps. A bit of logic and visualization 


often helps. 
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Rolling Two Dice 


Suppose we roll two dice. The first roll can be 1, 2, 3, 4, 5, 
or 6. For each of these outcomes, the second roll can also 
be 1, 2, 3, 4, 5, or 6. Thus, the outcomes of the experiment 
are (1, 1), (1, 2), (1, 3),..., (6, 4), (6, 5), (6, 6). We can visu- 
alize this as a tree diagram in Figure 5.1. A tree diagram is 
a visualization of a multistep experiment. Counting the out- 
comes, we find there are 36. 


In general, for an experiment with k steps, the number 
of outcomes is 


fh) SSD OS clan ON ia (5.1) 


where n; is the number of possible outcomes in step 
/. Applying this rule to the dice rolls, we have n; = 6 
and no = 6; therefore, the total number of outcomes is 
6 X 6 = 36. 


In some experiments, we want to select n objects from a set of N objects. 


three of them to make presentations. How many different 
ways can this be done? Note that the same student cannot 
be selected more than once. You might use the analogy of 
drawing three cards from a deck of five without replacing 


First Roll 


> Figure 5.1 


Tree Diagram for Rolling Two Dice 


Selecting n Objects from N 


In a group of five students, an instructor might wish to select 


the cards that are drawn. The first student selected can be 
student 1, 2, 3, 4, or 5. However, if student 1 is selected 
first, then the second student can be 2, 3, 4, or 5. Then, if 
the second student selected is student 4, the third student 
can be 2, 3, or 5. (Try to draw a tree diagram for this!) 


Second Roll 


Outcome 
crap) 


(1, 2) 


(1, 6) 
(2, 1) 


re 
(2, 6) 
(6, 1) 
6, 2) 


(6, 6) 
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Counting the number of outcomes is not as easy as you might think. Your first thought 
might be to use formula (5.1) for Example 5.2: We can choose five outcomes in the first 
step, four in the second, and three in the third, which would result in 5 X 4 X 3 = 60. 
However, many of these are duplicates, for instance, (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 
(3, 1, 2), and (3, 2, 1). Since the order does not matter, we only want to count unique out- 
comes, which we call combinations. The number of combinations for selecting n objects 
from a set of N is 


fF Be oy ia bek _ 
Ue 0 ale ni(N — n)! a 


The notation ! means factorial, and any number x! is computed as x X (x — 1) 
KAD Te) oi S 2X1, where... is. a nonnegative integer. Kor. anstanee, 
4!=4 xX 3 X 2 X 1 = 24. Zero factorial, 0!, is defined to be 1. 


Applying the Combinations Formula 


In Example 5.2, the number of ways of selecting three students from a group of five is 


C3, 5) = ( 


If we want to select n objects from N and the order is important, then we call the out- 
comes permutations. In general, the number of permutations of n objects selected from 


Nis 
N N! 
P(n, N) = ni( ) =a a (5.3) 
n (Ns 7)! 
Applying the Permutations Formula 
In Example 5.2, suppose we want to count the number of The permutations formula is easier to apply because we 
ways of selecting three students from a group of five where don’t have to think of how many outcomes can occur in 
the order is important (for instance, knowing which student each step of the process, particularly when the number of 
presents first, second, and third). Applying formula (5.3), we steps is large. 


have 
7 2 5! (5)(4)(3)(2)(1) 
( 


ea ai(3 6 — 3) (2)(1) 


Probability Definitions 


Probability may be defined from one of three perspectives. First, if the process that 
generates the outcomes is known, probabilities can be deduced from theoretical argu- 
ments; this is the classical definition of probability. 
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Classical Definition of Probability 


Suppose we roll two dice. If we examine the outcomes or not they like a new product, there could be four possible 
described in Example 5.1 and add the values of the outcomes: 
dice, we may find the probabilities of rolling each value 


2 and 12. The probability of rolli b Pm) 
behweern: an . The probability of ro ling any number 2. (like, dislike) 
is the ratio of the number of ways of rolling that number 3, (dislike, like) 
to the total number of possible outcomes. For instance, at De teaht Oe 

i ; i es 4. (dislike, dislike) 

the probability of rolling a 2 is 1/36, the probability of roll- 
ing a3 is 2/36 = 1/18, and the probability of rolling a 7 is If these are assumed to be equally likely, the probability that 
6/36 = 1/6. Similarly, if two consumers are asked whether at least one consumer would respond unfavorably is 3/4. 


The second approach to probability, called the relative frequency definition, is based 
on empirical data. The probability that an outcome will occur is simply the relative 
frequency associated with that outcome. 


Relative Frequency Definition of Probability 


Using the sample of computer repair times in the Excel it would be repaired in exactly ten days is 0.076, and so 


file Computer Repair Times, we developed the relative fre- on. In using the relative frequency definition, it is important 
quency distribution in Chapter 4, shown again in Figure 5.2. to understand that as more data become available, the 
We could state that the probability that a computer would distribution of outcomes and, hence, the probabilities may 


be repaired in as little as four days is 0, the probability that change. 


Finally, the subjective definition of probability is based on judgment and experience, 
as financial analysts might use in predicting a 75% chance that the DJIA will increase 10% 
over the next year, or as sports experts might predict at the start of the football season, a 
I-in-5 chance (0.20 probability) of a certain team making it to the Super Bowl. 

Which definition to use depends on the specific application and the information we 
have available. We will see various examples that draw upon each of these perspectives. 


A B e.. 


1 Computer Repair Times. 
2 
3 Relative Cumulative 
4 Days Frequency Frequency Percentage 
5 0 0 0.000 0.0% 
6 1 0 0.000 0.0% i i 
7 2 0 0.000 0.0% Repair Times 
8 3 0 0.000 0.0% = 
9 4 0 0.000 0.0% ~ 7a 
10 5 1 0.004 0.4% € 15 
11 6 2 0.008 1.2% = 10 
12 7 5 0.020 3.2% £ 
13 8 12 0.048 8.0% 5 
14 9 14 0.056 13.6% 0 
15 10 19 0.076 21.2% 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 
16 11 19 0.076 28.8% D oie 
17 12 23 0.092 38.0% se 
18 13 22 0.088 46.8% 
> Figure 5.2 


Distribution of Computer 
Repair Times 
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Probability Rules and Formulas 
Suppose we label the n outcomes in a sample space as Oj), Op, ..., O,, where O; repre- 
sents the ith outcome in the sample space. Let P(O;) be the probability associated with the 
outcome O;. Two basic facts govern probability: 
@ The probability associated with any outcome must be between 0 and 1, inclusive, or 
0 = P(O,) < 1 for each outcome O; (5.4) 
m The sum of the probabilities over all possible outcomes must be 1, or 
P( OLR (Os) Poe POR aM (5.5) 


An event is a collection of one or more outcomes from a sample space. Examples of events 
are rolling a sum of 7 or 11 with two dice, completing a computer repair in between 7 and 14 
days, and obtaining a positive weekly change in the DJIA. This leads to the following rule: 


Rule 1. The probability of any event is the sum of the probabilities of the outcomes that 
comprise that event. 


Computing the Probability of an Event 


Consider the event of rolling a 7 or 11 on two dice. The pro- O; = 0, Oo = 1, O3 = 2, O4 = 3, O5 = 4, Og = 5, O7 = 6, 
bability of rolling a 7 is S and the probability of rolling an 11 and Og = 7 days, or 0.004 + 0.008 + 0.020 = 0.032 

is Z; thus, the probability of rolling a7 or11is# + % = ¥. (note that the probabilities P(O;) = P(O2) = P(O3) = P(O,) 
Similarly, the probability of repairing a computer in seven = P(Os) = 0; see Figure 5.2). 

days or less is the sum of the probabilities of the outcomes 


If A is any event, the complement of A, denoted A‘, consists of all outcomes in the 
sample space not in A. 


Rule 2. The probability of the complement of any event A is P(A°) = | — P(A). 


EXAMPLE 5.8 


lf A = {7,11} in the dice example, then A° = Ae = {8,9,..., 42} and P(A’) = 1 — 0.032 = 0.968. This 
{2, 3, 4, 5, 6, 8, 9,10, 12}. Thus, the probability of roll- is the probability of completing the repair in more than a 
ing any sum other than a7 or 11 is P(A) = 1 — & = 3. If week. 

A = {0, 1, 2, 3, 4, 5, 6, 7} in the computer repair example, 


Computing the Probability of the Complement of an Event 


The union of two events contains all outcomes that belong to either of the two events. 
To illustrate this with rolling the sum of dice, let A be the event {7, 11} and B be the event 
{2, 3, 12}. The union of A and B is the event {2, 3, 7, 11, 12}. If A and B are two events, 
the probability that some outcome in either A or B (that is, the union of A and B) occurs is 
denoted as P(A or B). Finding this probability depends on whether the events are mutually 
exclusive or not. 

Two events are mutually exclusive if they have no outcomes in common. The events 
A and B in the dice example are mutually exclusive. When events are mutually exclusive, 
the following rule applies: 


Rule 3. If events A and B are mutually exclusive, then P(A or B) = P(A) + P(B). 
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Computing the Probability of Mutually Exclusive Events 


For the dice example, the probability of event A = {7, 11} B occurs, that is, the sum of the dice is 2, 3, 7, 11, or 12, is 
is P(A) = 3, and the probability of event B = {2,3,12}is &+4=% 


P(B) = ¥ Therefore, the probability that either event A or 


If two events are not mutually exclusive, then adding their probabilities would result 
in double-counting some outcomes, so an adjustment is necessary. This leads to the fol- 
lowing rule: 


Rule 4, If two events A and B are not mutually exclusive, then P(A or B) = 
PCA) PP (BP And 8). 


Here, (A and B) represents the intersection of events A and B—that is, all outcomes 
belonging to both A and B. 


Computing the Probability of Non mutually Exclusive Events 


In the dice example, let us define the events A = {2, 3, 12} in common. Thus, the intersection (A and B) = {2, 12}. 
and B = {even number }. Then A and B are not mutually Therefore, P(A or B) = P({2, 3, 12}) + P(even number) — 
exclusive because the events have the numbers 2 and 12 PAandB)=%+3%-5= 2. 


Joint and Marginal Probability 


In many applications, more than one event occurs simultaneously, or in statistical terminol- 
ogy, jointly. We will only discuss the simple case of two events. For instance, suppose that 
a sample of 100 individuals were asked to evaluate their preference for three new proposed 
energy drinks in a blind taste test. The sample space consists of two types of outcomes 
corresponding to each individual: gender (F = female or M = male) and brand prefer- 
ence (B), B>, or B3). We may define a new sample space consisting of the outcomes that 
reflect the different combinations of outcomes from these two sample spaces. Thus, for 
any respondent in the blind taste test, we have six possible (mutually exclusive) combina- 
tions of outcomes: 


- O| = the respondent is female and prefers brand | 
the respondent is female and prefers brand 2 
the respondent is female and prefers brand 3 
the respondent is male and prefers brand 1 
= the respondent is male and prefers brand 2 
the respondent is male and prefers brand 3 


= 
ll 


AW RON 
eS 
ll 


Ss 
] 


Here, the probability of each of these events is the intersection of the gender and brand 
preference event. For example, P(O,) = P(F and B,),P(O,) = P(F and By), and so 
on. The probability of the intersection of two events is called a joint probability. The 
probability of an event, irrespective of the outcome of the other joint event, is called a 
marginal probability. Thus, P(F), P(M), P(B;), P(B), and P(B3) would be marginal 
probabilities. 
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Figure 5.3 shows a portion of the data file Energy Drink Sur- 
vey, along with a cross-tabulation constructed from a Pivot- 
Table. The joint probabilities of gender and brand preference 
are easily calculated by dividing the number of respondents 
corresponding to each of the six outcomes listed above 
O sub 1 through O sub 6 by the total number of respon- 
dents, 100. Thus, P(F and B;,) = P(O;,) = 9/100 = 0.09, 
P(F and Bz) = P(Oz) = 6/100 = 0.06, and so on. Note 
that the sum of the probabilities of all these outcomes is 1. 
We see that the event F (respondent is female) is 
composed of the outcomes O;, Oo, and O3, and therefore 
P(F) = P(O,) + P(O2) + P(O3) = 0.37 using rule 1. 
The complement of this event is /; that is, the respondent 
is male. Note that P(M) = 0.63 = 1 — P(F), as reflected 
by rule 2. The event B; is composed of the outcomes O, 
and O4, and thus, P(B;) = P(O;) + P(O4) = 0.34. Simi- 
larly, we find that P(Bo) = 0.23 and P(B3) = 0.48. 
Events F and M are mutually exclusive, as are events 
B,, Bo, and Bs, since a respondent may be only male or 
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female and prefer exactly one of the three brands. 

We can use rule 3 to find, for example, P(B; or Bo ) 

= 0.34 + 0.23 = 0.57. Events F and By, however, are 

not mutually exclusive because a respondent can both be 
female and prefer brand 1. Therefore, using rule 4, we have 
P(60CBy) =P FE) A .P(B.) = Pte and Ba) = 0.3 facts 
0.34 — 0.09 = 0.62. 

The joint probabilities can easily be computed, as we 
have seen, by dividing the values in the cross-tabulation 
by the total, 100. Below the PivotTable in Figure 5.3 is 
a joint probability table, which summarizes these joint 
probabilities. 

The marginal probabilities are given in the margins of 
the joint probability table by summing the rows and col- 
umns. Note, for example, that P(F) = P(F and B,) + 
P(F and Bo) + P(F and B3) = 0.09 + 0.06 + 0.22 
= 0.37. Similarly, P(B,) = P(F and B,) + P(M and B;) 
= 0.09'+ 0.25 = 0.34. 


This discussion of joint probabilities leads to the following probability rule: 


Rule 5. If event A is comprised of the outcomes {Aj, A>, ...,A,} and event B is 


comprised of the outcomes { B;, Bo, .. 


P(A;) Rae P(A; and B, ) =P P(A; and B;) ap 2 


Be hy en 
+ P(A; and B,,) 


P(B;) = P(A, and B;) + P(A) and B;) + +:> + P(A, and B;) 
A B C D E F G H i 
1 Energy Drink Survey _ 
2 
3 _ Respondent Gender Brand Preference 
4 1 Male Brand 3 Count of Respondent Columntabels + 
5 2 Female Brand 3 Row Labels y Brand Brand2 Brand3 Grand Total 
6 3 Male Brand 3 Female 9 6 22 37 
7 4 Male Brand 1 Male 25 17 24 63 
is 5 Male Brand 1 Grand Total 34 23 43 100 
ig 6 Female Brand 2 / 
; 10 7 Male Brand 2 i 
il & Ferale Brand 2 Joint Probability Table Brand 1 Brand 2 Brand 3 Grand Total : 
12 9 Male Brand 1 Female 0.09 0.06 0.22 0.37) 
13) 10 Female Brand 3 Male 0.25 0.17 0,21 0.63 
14 11 Male Brand 3 Grand Total 0.34 0.23 0.43 1 
15 12 Male Brand 2 
16 13 Female Brand 3 


a Figure 5.3 


Portion of Excel File Energy 
Drink Survey 
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Conditional Probability 


Conditional probability is the probability of occurrence of one event A, given that another 
event B is known to be true or has already occurred. 


Computing a Conditional Probability in a Cross-Tabulation 


We will use the information shown in the energy drink survey of these, 25 prefer brand 1. Therefore, the probability that 

example in Figure 5.3 to illustrate how to compute conditional a male respondent prefers brand 1 is 2 We could have 

probabilities from a cross-tabulation or joint probability table. obtained the same result from the joint probability table by 
Suppose that we know that a respondent is male. What dividing the joint probability 0.25 (the probability that the 

is the probability that he prefers brand 1? From the Pivot- respondent is male and prefers brand 1) by the marginal 


Table, note that there are only 63 males in the group and probability 0.63 (the probability that the respondent is male). 


Conditional probabilities are useful in analyzing data in cross-tabulations, as well as 
in other types of applications. Many companies save purchase histories of customers to 
predict future sales. Conditional probabilities can help to predict future purchases based 
on past purchases. 


Conditional Probability in Marketing 


The Excel file Apple Purchase History presents a hypo- probability of purchasing an iPad given that the customer 
thetical history of consumer purchases of Apple products, first purchased an iMac is & = 0.15. Similarly, 74 custom- 
showing the first and second purchase for a sample of ers purchased a MacBook as their first purchase; the con- 
200 customers who have made repeat purchases (see ditional probability of purchasing an iPhone if a customer 
Figure 5.4). The PivotTable in Figure 5.5 shows the count first purchased a MacBook is a = 0.35. By understanding 
of the type of second purchase given that each product which products are more likely to be purchased by custom- 
was purchased first. For example, 13 customers purchased ers who already own other products, companies can better 
iMacs as their first Apple product. Then the conditional target advertising strategies. 
> Figure 5.4 ee ee 
: ; A B 
Portion of Excel File Apple 1 Apple Products Purchase History 
Purchase History 2 | 
4 iPod iMac | 
5 iPhone MacBook 
6 iMac iPhone 
7 iPhone iPod 
8 iPod iPhone 
9 MacBook iPod 
10 iPhone MacBook 
11 MacBook iPhone 
12 iPod MacBook 
> Figure 5.5 


PivotTable of Purchase 


1 

Behavior 2 
3 Count of Second Purchase Column Labels ~ | 
4 Row Labels y iMac iPad iPhone iPod MacBook Grand Total — 
5 iMac 2 3 
6 iPad 1 
7 iPhone 3 4 
8 iPod f) 12 2 
9 MacBook 8 16 26 


pe 
,o 


Grand Total 15 34 42 


abilities of brand preference g 


The following table summarizes the conditional prob- 
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In general, the conditional probability of an event A given that event B is known to 
have occurred is 


P(A|B) P(A and B) p 
er Ly 
Using the Conditional Probability Formula 
Using the data from the energy drink survey example | Sie ce i eee eee Nimes beer ian (rac 
; Brandi 8B 
substitute B; for A and M™ for B in formula (5.6). This results plas heel sll hme SL adam eens 
__in the conditional probability of By given M: Male 0.397 0.270 0.333 
P(B;andM) 0.25 Female 0.243 0.162 0.595 
Fe AA pe er te ee OGL Sg Se 2 ee ee 
P(M) 0.63 Such information can be important in marketing efforts. 
Similarly, the probability of preferring brand 1 if the respon- Knowing that there is a difference in preference by gender 
dent is female is can help focus advertising. For example, we see that about 
aise P(B,andF) 0.09 40% of males prefer brand 1, whereas only about 24% of 
ese sie P(F) ~ OF = females do, and a higher proportion of females prefer brand 


3. This suggests that it would make more sense to focus on 
advertising brand 1 more in male-oriented media and brand 


iven gender. : ; 
3 in female-oriented media. 


We read the notation P(A|B) as “the probability of A given B.” 

The conditional probability formula may be used in other ways. For example, multi- 
plying both sides of formula (5.6) by P(B), we obtain P(A and B) = P(A|B) P(B). Note 
that we may switch the roles of A and B and write P(B and A) = P(B|A) P(A). But P(B 
and A) is the same as P(A and B); thus we can express P(A and B) in two ways: 


P(A and B) = P(A|B) P(B) = P(B\A) P(A) (5.7) 


This is often called the multiplication law of probability. 
We may use this concept to express the probability of an event in a joint probability 
table in a different way. Using the energy drink survey in Figure 5.3 again, note that 


P(F) = P(F and Brand 1) + P(F and Brand 2) + P(F and Brand 3) 


Using formula (5.7), we can express the joint probabilities P(A and B) by P(A|B) P(B). 
Therefore, 


P(F) = P(F|Brand 1) P(Brand 1) + P(F|Brand2) P(Brand 2) + P(F| Brand 3) 
P(Brand 3) = (0.265) (0.34) + (0.261) (0.23) + (0.512) (0.43) = 0.37 (within 
rounding precision ). 

We can express this calculation using the following extension of the multiplication law of 


probability. Suppose B), Bo, ..., By, are mutually exclusive events whose union comprises 
the entire sample space. Then 


P(A) = P(A|B,)P(B,) + P(A|B,)P(Bo) +++: + P(A|Bn)P(Bn) (5.8) 
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Texas Holdem has become a popular game because 
of the publicity surrounding the World Series of Poker. 
At the beginning of a game, players each receive two 
cards face down (we won’t worry about how the rest 


Using the Multiplication Law of Probability 


P(ace on first card). Since the probability of an ace on the 
first card is 4/52 and the probability of an ace on the second 
card if she has already drawn an ace is 3/51, we have 


P(ace on first card and ace on second card ) 


of the game is played). Suppose that a player receives 
an ace on her first card. The probability that she will 
end up with “pocket aces” (two aces in the hand) 3 4 
is P(ace on first card and ace on second card) = = (2) x (3) = 0.004525 
P(ace on second card | ace on first card) x 


= P(ace on second card | ace on first card ) 
x P (ace on first card) 


In Example 5.14, we see that the probability of preferring a brand depends on gender. 
We may say that brand preference and gender are not independent. We may formalize this 
concept by defining the notion of independent events: Two events A and B are indepen- 
dent if P(A|B) = P(A). 


Determining if Two Events Are Independent 


We use this definition in the energy drink survey example. 
Recall that the conditional probabilities of brand preference 
given gender are 


We see that whereas P(B;|M) = 0.397, P(B;) was shown 
to be 0.34 in Example 5.11; thus, these two events are not 
independent. 


P(Brand|Gender) Brandi Brand2 _ Brand3 
Male 0.397 0.270 0.333 
Female 0.243 0.162 0.595 


Finally, we see that if two events are independent, then we can simplify the multiplica- 
tion law of probability in equation (5.7) by substituting P(A) for P(A|B): 


P(A and B) = P(A)P(B) = P(B) P(A) (5.9) 


Using the Multiplication Law for Independent Events 


Suppose A is the event that a sum of 6 is first rolled 
on a pair of dice and B is the event of rolling a sum 
of 2, 3, or 12 on the next roll. These events are 


independent because the roll of a pair of dice does not 
depend on the previous roll. Then we may compute 


P(A and B) = P(A)P(B) = (&)(4) = 3%. 


E CHECK YOUR UNDERSTANDING 


Define the terms experiment, outcome, and sample space. 


Explain the difference between a permutation and a combination. 

Give an example of each of the three definitions of probability. 

What are the two key facts that govern probability? 

What is an event? Explain how to compute P(A or B) for two events A and B. 


Explain the concepts of joint, marginal, and conditional probability, and independent 
events. 


Ob oe ( 
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Random Variables and Probability Distributions 


Some experiments naturally have numerical outcomes, such as a sum of dice, the time it 
takes to repair computers, or the weekly change in a stock market index. For other experi- 
ments, such as obtaining consumer response to a new product, the sample space is cat- 
egorical. To have a consistent mathematical basis for dealing with probability, we would 
like the outcomes of all experiments to be numerical. A random variable is a numerical 
description of the outcome of an experiment. Formally, a random variable is a function that 
assigns a real number to each element of a sample space. If we have categorical outcomes, 
we can associate an arbitrary numerical value to them. For example, if a consumer likes a 
product in a market research study, we might assign this outcome a value of 1; if the con- 
sumer dislikes the product, we might assign this outcome a value of 0. Random variables 
are usually denoted by capital italic letters, such as X or Y. 

Random variables may be discrete or continuous. A discrete random variable is 
one for which the number of possible outcomes can be counted. A continuous random 
variable has outcomes over one or more continuous intervals of real numbers. 


DON iameemmesee DiSCcrete and Continuous Random Variables 


The outcomes of the sum of rolling two dice (the numbers number; nevertheless, the number of hits can be counted. 


2 through 12) and customer reactions to a product (like Examples of continuous random variables are the weekly 
or dislike) are discrete random variables. The number of change in the DJIA, the daily temperature, the time to com- 
outcomes may be finite or theoretically infinite, such as plete a task, the time between failures of a machine, and 
the number of hits on a Web site link during some period the return on an investment. 


of time—we cannot place a guaranteed upper limit on this 


A probability distribution is the characterization of the possible values that a ran- 
dom variable may assume along with the probability of assuming these values. A probabil- 
ity distribution can be either discrete or continuous, depending on the nature of the random 
variable it models. Discrete distributions are easier to understand and work with, and we 
deal with them first. 

We may develop a probability distribution using any one of the three perspectives of 
probability. First, if we can quantify the probabilities associated with the values of a random 
variable from theoretical arguments, then we can easily define the probability distribution. 


Probability Distribution of Dice Rolls 


The probabilities of the sum of outcomes for rolling two outcomes. These, along with an Excel column chart depict- 
dice are calculated by counting the number of ways to ing the probability distribution, are shown from the Excel file 
roll each sum divided by the total number of possible Dice Rolls in Figure 5.6. 


Second, we can calculate the relative frequencies from a sample of empirical data to 
develop a probability distribution. Thus, the relative frequency distribution of computer 
repair times (Figure 5.2) is an example. Because this is based on sample data, we usually 
call this an empirical probability distribution. An empirical probability distribution is an 
approximation of the probability distribution of the associated random variable, whereas 
the probability distribution of a random variable, such as the one derived from counting 
arguments, is a theoretical model of the random variable. 
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> Figure’s.6 gly Oya Sea! SRR Te al G ted Jeske eee 
Probability Distribution of 1 Dice Roll Probabilities 


Rolls of Two Dice 2 
3 Outcome 2 3 4 5 6 7 8 9 10 11 12. Total 
4 Number of Ways 1 2 3 4 5 6 5 4 3 2 Zz 36 | 
5 Probability 0.0278 0.0556 0.0833 0,1111 0.1389 0.1667 0.1389 0.1111 0.0833 0.0556 0.0278 1} 
6 
U Probability Distribution of Rolls of Two Dice 
8 

| 9 0.2000 


10 0.1500 


tt 0.1000 
12 
113 0.0500 EB : & 
' 
14 .0000 ~ | 
i 2 3 4 5 6 7 8 2) e040 Oyen ir et2 


Finally, we could simply specify a probability distribution using subjective values and 
expert judgment. This is often done in creating decision models for phenomena for which 
we have no historical data. 


A Subjective Probability Distribution 


Figure 5.7 shows a hypothetical example of the distribution intuition and expert judgment, but we hope it would be sup- 
of one expert’s assessment of how the DJIA might change ported by some extensive analysis of past and current data 
in the next year. This might have been created purely by using business analytics tools. 


Researchers have identified many common types of probability distributions that are 
useful in a variety of applications of business analytics. A working knowledge of common 
families of probability distributions is important for several reasons. First, it can help you 
to understand the underlying process that generates sample data. We investigate the rela- 
tionship between distributions and samples later. Second, many phenomena in business 
and nature follow some theoretical distribution and, therefore, are useful in building deci- 
sion models. Finally, working with distributions is essential in computing probabilities of 


occurrence of outcomes to assess risk and make decisions. 


> Figure 5.7 


ay NE Aaa NT NN reals eR Pees ps MT 5 ham 

Subjective Probability 1 Change in DJIA Subjective Probability seg 
Distribution of DJIA Change 2 -20% 0.01 Predicted Change in DJIA 

3 -15% 0.05 as 

4 -10% 0.08 Rae 

5 -5% 0.15 

6 0% 0.2 Z 02 

7 5% 0.25 B 0.15 

8 10% 0.18 E01 

9 15% 0.06 0.05 ' 

10 20% 0.02 Pulteey i 3 = 

11 -20% -15% -10% -5% 0% 5% 10% 15% 20% \ 


Outcome 
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Mt. CHECK YOUR UNDERSTANDING 


1. Explain the difference between a discrete and a continuous random variable, and give 
an example of each. 


2. What is a probability distribution? 
3. What is an empirical probability distribution? 


4. Why is it important to understand the common types of probability distributions? 


as Discrete Probability Distributions 


For a discrete random variable X, the probability distribution of the discrete outcomes is 
called a probability mass function and is denoted by a mathematical function, f(x). The 
symbol x; represents the ith value of the random variable X, and f(.x;) is the probability 
associated with x;. 


Probability Mass Function for Rolling Two Dice 


For instance, in Figure 5.6 for the dice example, the 


; f(x5) = = 0.1389 
values of the random variable X, which represents 36 
the sum of the rolls of two dice, are x; = 2, xX. = 3, {Oe ee 10,1667 
x = 4, YO lla Shit = 6, Xe TG: 8, Xg 9, Xg AllO): 36 
X49 = 11, and x,,; = 12. The probability mass function fone — 0.1389 


for X is 


A probability mass function has the properties that (1) the probability of each outcome 
must be between 0 and 1, inclusive, and (2) the sum of all probabilities must add to 1; that is, 


OS fas) = beter all (5.10) 


pa dlei)) a (5.11) 


You can easily verify that this holds in each of the examples we have described. 

A cumulative distribution function, F(x), specifies the probability that the random 
variable X assumes a value less than or equal to a specified value, x. This is also denoted 
as P(X < x) and reads as “the probability that the random variable X is less than or equal 


LOR 
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The cumulative distribution function for the sum of rolling 
two dice is shown in Figure 5.8, along with an Excel line 
chart that describes it visually from the worksheet CumDist 
in the Dice Rolls Excel file. To use this, Suppose we want to 
know the probability of rolling a 6 or less. We simply look 
up the cumulative probability for 6, which is 0.4167. Alter- 
natively, we could locate the point for x = 6 in the chart 
and estimate the probability from the graph. Also note that 
since the probability of rolling a 6 or less is 0.4167, then the 
probability of the complementary event (rolling a 7 or more) 
is 1 — 0.4167 = 0.5833. We can also use the cumulative 


Using the Cumulative Distribution Function 


distribution function to find probabilities over intervals. For 
example, to find the probability of rolling a number between 
4 and 8, P(4 = X = 8), wecan find P(X = 8) and 
subtract P(X = 3); that is, 


P(4 <X <8) =P(X <8) —- P(X <3) 
= 0.7222 — 0.0833 = 0.6389 


A word of caution. Be careful with the endpoints when 
computing probabilities over intervals for discrete distribu- 
tions; because 4 is included in the interval we wish to com- 
pute, we need to subtract P(X = 3), not P(X = 4). 


Expected Value of a Discrete Random Variable 


The expected value of a random variable corresponds to the notion of the mean, or aver- 
age, for a sample. For a discrete random variable X, the expected value, denoted E[X], is 
the weighted average of all possible outcomes, where the weights are the probabilities: 


HXhi= Dovat len) 


i=] 


(5.12) 


Note the similarity to computing the population mean using formula (4.16) in Chapter 4: 


N 
Dd Aixi 


i=] 


N 


If we write this as the sum of x; multiplied by (f;/N), then we can think of /;/N as the 
probability of x;. Then this expression for the mean has the same basic form as the expected 
value formula. 


> Figure 5.8 F 


Cumulative Distribution 


1 Dice Roll Probabilities 
Function for Rolling Two 2 | 
Dice 3 Outcome 2 3 4 5 6 7 8 9 10 11 12 Total. 
4 \Number of Ways 1 he ee eee 6 Sate 3 2 1 36], 
5 Probability 0.0278 0.0556 0.0833 0.1111 0.1389 0.1667 0.1389 0.1111 0.0833 0.0556 0.0278 1 
6 Cumulative Probability 0.0278 0.0833 0.1667 0.2778 0.4167 0.5833 0.7222 0.8333 0.9167 0.9722 1.0000] 
7 
8 
Cumulative Distribution Function 
10 1.0000 
11 0.8000 
12 => 9.6000 
13 = 0.4000 
14 0.2000 
15 0.0000 
16 2 3 4 5 6 7 8 9 10 11 12 
17 x 


We may apply formula (5.12) to the probability distribution 
for the sum of rolling two dice. We multiply the outcome 2 
by its probability 1/36, add this to the product of the out- 
come 3 and its probability, and so on. Continuing in this 
fashion, the expected value is 


E[X] = 2(0.0278) + 3(0.0556) + 4(0.0833) + 5(0.0111) 
+ 6(0.1389) + 7(0.1667) + 8(0.1389) + 9(0.111) 
+ 10(0.0833) + 11(0.0556) + 12(0.0278) =7 
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Computing the Expected Value 


Figure 5.9 shows these calculations in an Excel spread- 
sheet (worksheet Expected Value in the Dice Rolls Excel 
file). Note that you can use the SUMPRODUCT function to 
easily calculate the expected value. For this example, we 
would use =SUMPRODUCT(A4:A14, B4:B14). As expected 
(no pun intended), the average value of the sum of the roll of 
two dice is 7. 


Using Expected Value in Making Decisions 


Expected value can be helpful in making a variety of decisions, even those we see in 


daily life. 


Expected Value on Television 


One of the author’s favorite examples stemmed from a task 
in season 1 of the former TV show, The Apprentice. Teams 
were required to select an artist and sell his or her art for 
the highest total amount of money. One team selected a 
mainstream artist who specialized in abstract art that sold 
for between $1,000 and $2,000; the second team chose 
an avant-garde artist whose surrealist and rather contro- 
versial art was priced much higher. Guess who won? The 
first team did, because the probability of selling a piece of 
mainstream art was much higher than the avant-garde art- 
ist whose bizarre art (the team members themselves didn’t 
even like it!) had a very low probability of a sale. A simple 
expected value calculation would have easily predicted the 
winner. 

A popular game show that took TV audiences by 
storm several years ago was called Deal or No Deal. The 
game involved a set of numbered briefcases that contain 
amounts of money from 1 cent to $1,000,000. Contestants 
begin choosing cases to be opened and removed, and their 
amounts are shown. After each set of cases is opened, 


the banker offers the contestant an amount of money to 
quit the game, which the contestant may either choose or 
reject. Early in the game, the banker’s offers are usually 
less than the expected value of the remaining cases, pro- 
viding an incentive to continue. However, as the number 
of remaining cases becomes small, the banker’s offers 
approach or may even exceed the average of the remain- 
ing cases. Most people press on until the bitter end and 
often walk away with a smaller amount than they could 
have had they been able to estimate the expected value of 
the remaining cases and make a more rational decision. In 
one case, a contestant had five briefcases left with $100, 
$400, $1,000, $50,000, and $300,000. Because the choice 
of each case is equally likely, the expected value was 
0.2($100 + $400 + $1000 + $50,000 + $300,000) = 
$70,300, and the banker offered $80,000 to quit. Instead, 
she said “No deal” and proceeded to open the $300,000 
suitcase, eliminating it from the game. She took the next 
banker’s offer of $21,000, which was more than 60% larger 
than the expected value of the remaining cases.! 


It is important to understand that the expected value is a “long-run average” and is 
appropriate for decisions that occur on a repeated basis. For one-time decisions, however, 
you need to consider the downside risk and the upside potential of the decision. The fol- 


lowing example illustrates this. 


lDeal or No Deal: A Statistical Deal.” www.pearsonified.com/2006/03/deal_or_no_deal_the_real_deal.php 
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> Figure 5.9 


Expected Value Calculations 
for Rolling Two Dice 


Suppose that you are offered the chance to buy one 
of 1,000 tickets sold in a charity raffle for $50, with the 
prize being $25,000. Clearly, the probability of winning 
is Ta00) or 0.001, whereas the probability of losing is 

1 — 0.001 = 0.999. The random variable X is your net 
winnings, and its probability distribution is 


x f(x) 
-$50 0.999 
$24,950 0.001 


(0.001) = 


g 


A at C | 
1 Expected Value Calculations | 
3 Outcome, x _ Probability, f(x) x*f(x) | 
2 0.0278 0.0556 
3 0,0556 0.1667 
4 0.0833 0.3333 
5 0.11141 0.5556 | 
6 0.1389 0.8333 
iL 0.1667 1.1667 | 
8 0.1389 1.1111 
9 0.1111 1.0000 | 
10 0.0833 0.8333 | 
11 0.0556 0.6111 
12 0.0278 0.3333 | 
Expected value 7.0000 | 


The expected value, E[X], is -$50(0.999) + $24,950 
—$25.00. This means that if you played this game 


Expected Value of a Charitable Raffle 


repeatedly over the long run, you would lose an average of 
$25.00 each time you piay. Of course, for any one game, 
you would either lose $50 or win $24,950. So the question 
becomes, Is the risk of losing $50 worth the potential of win- 
ning $24,950? Although the expected value is negative, you 
might take the chance because the upside potential is large 
relative to what you might lose, and, after all, it is for charity. 
However, if your potential loss is large, you might not take 
the chance, even if the expected value were positive. 


Decisions based on expected values are common in real estate development, day trad- 
ing, and pharmaceutical research projects. Drug development is a good example. The cost 
of research and development projects in the pharmaceutical industry is generally in the 
hundreds of millions of dollars and often approaches $1 billion. Many projects never make 
it to clinical trials or might not get approved by the Food and Drug Administration. Statis- 
tics indicate that 7 of 10 products fail to return the cost of the company’s capital. However, 
large firms can absorb such losses because the return from one or two blockbuster drugs 
can easily offset these losses. On an average basis, drug companies make a net profit from 


these decisions. 


Let us consider a simplified version of the typical revenue 
management process that airlines use. At any date prior 
to a scheduled flight, airlines must make a decision as 

to whether to reduce ticket prices to stimulate demand 
for unfilled seats. If the airline does not discount the fare, 
empty seats might not be sold and the airline will lose rev- 
enue. If the airline discounts the remaining seats too early 


Airline Revenue Management 


(and could have sold them at the higher fare), they will 
lose profit. The decision depends on the probability p of 
Selling a full-fare ticket if they choose not to discount the 
price. Because an airline makes hundreds or thousands of 
such decisions each day, the expected value approach is 
appropriate. 


Assume that only two fares are available: full and dis- 
count. Suppose that a full-fare ticket is $560, the discount 
fare is $400, and p = 0.75. For simplification, assume that 
if the price is reduced, then any remaining seats would be 
sold at that price. The expected value of not discounting the 
price is 0.25(0) + 0.75($560) = $420. Because this is higher 
than the discounted price, the airline should not discount at 
this time. In reality, airlines constantly update the probabil- 
ity p based on the information they collect and analyze in a 
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database. When the value of p drops below the break-even 
point: $400 = p ($560), or p = 0.714, then it is beneficial 
to discount. It can also work in reverse; if demand is such 
that the probability that a higher-fare ticket would be sold, 
then the price may be adjusted upward. This is why pub- 
lished fares constantly change and why you may receive 
last-minute discount offers or may pay higher prices if you 
wait too long to book a reservation. Other industries such as 
hotels and cruise lines use similar decision strategies. 


Variance of a Discrete Random Variable 


We may compute the variance, Var[X], of a discrete random variable X as a weighted aver- 
age of the squared deviations from the expected value: 


(5.13) 


Computing the Variance of a Random Variable 


We may apply formula (6.13) to calculate the variance of 
the probability distribution for the sum of rolling two dice. 


Figure 5.10 shows these calculations in an Excel spreadsheet 
(worksheet Variance in Random Variable Calculations Excel file). 


Similar to our discussion in Chapter 4, the variance measures the uncertainty of 
the random variable; the higher the variance, the higher the uncertainty of the outcome. 
Although variances are easier to work with mathematically, we usually measure the vari- 
ability of a random variable by its standard deviation, which is simply the square root of 
the variance. 


Bernoulli Distribution 


The Bernoulli distribution characterizes a random variable having two possible out- 
comes, each with a constant probability of occurrence. Typically, these outcomes repre- 
sent “success” (x = 1), having probability p, and “failure” (x = 0), having probability 


» Figure 5.10 | i . , . : ; 
Variance Calculations for | 1 Variance Calculations 
> 3 3 | 
se gi Acoma 3 Outcome, x Probability, f(x) x*f(x) (x = EDX) (x = E[X])*2. (x = E[X)42*f(x) 
| 4) 2 0.0278 0.0556 -5.0000 25.0000 0.6944 | 
5 3 0.0556 0.1667 -4.0000 16.0000 0.8889 | 
| 6 4 0.0833 0.3333 -3.0000 9.0000 0.7500 | 
|7 5 0.1111 0.5556 -2.0000 4.0000 0.4444 | 
8 6 0.1389 0.8333 -1.0000 4.0000 0.1389 | 
| 9 | 7 0.1667 1.1667. 0.0000 0.0000 0.0000 
110 8 0,1389 1.1111. 1.0000 1.0000 0.1389 | 
{11 9 0.1111 1.0000 2.0000 4.0000 0.4444 | 
12 | 10 0.0833 0.8333 3.0000 9.0000 0.7500 | 
13 11 0.0556 0.6111 4.0000 16.0000 0.8889 | 
14 | 12 0,0278 0.3333 5.0000 25.0000 0.6944 | 
15 Expected value 7.0000 Variance 5.8333 | 


} La NS i 
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| — p. A success can be any outcome you define. For example, in attempting to boot a new 
computer just off the assembly line, we might define a success as “does not boot up” in 
defining a Bernoulli random variable to characterize the probability distribution of a defec- 
tive product. Thus, success need not be a favorable result in the traditional sense. 

The probability mass function of the Bernoulli distribution is 


Pp ifx = 1 

x) (5.14) 
ne ee ifx = 0 

where p represents the probability of success. The expected value is p, and the variance 1s 

p(1 — p). 


PONV moeracsie Using the Bernoulli Distribution 


A Bernoulli distribution might be used to model whether an p = 0.2. Think of the following experiment. Suppose that 
individual responds positively (x = 1) or negatively (x = 0) you have a box with 100 marbles, 20 red and 80 white. For 
to a telemarketing promotion. For example, if you estimate each customer, select one marble at random (and then 

that 20% of customers contacted will make a purchase, replace it). The outcome will have a Bernoulli distribution. If a 
the probability distribution that describes whether or not red marble is chosen, then that customer makes a purchase; 
a particular individual makes a purchase is Bernoulli with if it is white, the customer does not make a purchase. 


Binomial Distribution 


The binomial distribution models n independent repetitions of a Bernoulli experiment, 
each with a probability p of success. The random variable X represents the number of suc- 
cesses in these 7 experiments. In the telemarketing example, suppose that we call n = 10 
customers, each of which has a probability p = 0.2 of making a purchase. Then the prob- 
ability distribution of the number of positive responses obtained from ten customers is 
binomial. Using the binomial distribution, we can calculate the probability that exactly x 
customers out of the ten will make a purchase for any value of x between 0 and 10, inclu- 
sive. A binomial distribution might also be used to model the results of sampling inspec- 
tion in a production operation or the effects of drug research on a sample of patients. 
The probability mass function for the binomial distribution is 


@ae seals (2) haleadi meee 8): accial|AaP RP Pe 
x) = (5.15) 


0, otherwise 


We saw the notation ( ) earlier in this chapter when discussing combinations; it rep- 
x 


resents the number of ways of choosing x distinct items from a group of n items and is 
computed using formula (5.2). 


Computing Binomial Probabilities 


We may use formula (5.15) to compute binomial probabili- 10 

ties. For example, if the probability that any individual will ( , )(0.2)*(0.8)"-» forx = 0,1,2,...,n 
make a purchase from a telemarketing solicitation is 0.2, f(x) = 

then the probability distribution that x individuals out of ten 0, otherwise 


calls will make a purchase is 
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Thus, to find the probability that three people will make a 10 3 hoes 
purchase among the ten calls, we compute iS ( 3 Oe te 


= (10!/(3!7!))(0.008)(0.2097152) 
= 120(0.008)(0.2097152) = 0.20133 


The formula for the probability mass function for the binomial distribution is rather 
complex, and binomial probabilities are tedious to compute by hand; however, they can 
easily be computed in Excel using the function 


BINOM.DIST (number_s, trials, probability_s, cumulative ) 


In this function, number_s plays the role of x, and probability_s is the same as p. If cumu- 
lative is set to TRUE, then this function will provide cumulative probabilities; otherwise 
the default is FALSE, and it provides values of the probability mass function, f(x). 


Using Excel’s Binomial Distribution Function 


Figure 5.11 shows the results of using this function to The probability that three or fewer individuals will make 
compute the distribution for the previous example (Excel a purchase is BINOM.DIST(A10, $B$3, $B$4, TRUE) = 
file Binomial Probabilities). For instance, the probabil- 0.87913 = F(3). Correspondingly, the probability that 
ity that exactly three individuals will make a purchase is more than three out of ten individuals will make a purchase 


BINOM.DIST(A10, $B$3, $B$4, FALSE) = 0.20133 = f(3). iS 1 — FS) = 1 — 0.87913 = 0112087. 


The expected value of the binomial distribution is np, and the variance is np(1 — p). 
The binomial distribution can assume different shapes and amounts of skewness, depend- 
ing on the parameters. Figure 5.12 shows an example when p = 0.8. For larger values 
of p, the binomial distribution is negatively skewed; for smaller values, it is positively 
skewed. When p = 0.5, the distribution is symmetric. 


Poisson Distribution 


The Poisson distribution is a discrete distribution used to model the number of occur- 
rences in some unit of measure—for example, the number of customers arriving at a Sub- 
way store during a weekday lunch hour, the number of failures of a machine during a 
month, the number of visits to a Web page during | minute, or the number of errors per line 
of software code. 


» Figure 5.11 rt - - ; 2 - : 
Computing Binomial 1 Binomial Probabilities . ae 
Probabilities in Excel 2 Binomial Distribution 
- S oe 0.40000 
5 | 0.30000 
6 |x f(x) F(x) 
1 7 0 0.10737 0.10737 0.20000 
1 8 1 0.26844 0.37581 
19) 2 030199 o.67780 °100 i 4 
10 | 3 0.20133 0.87913 — g.0000 a 
i 4 0.08808 0.96721 Gee ag gS) Fe gt a0 
#12 | 5 0.02642 0.99363 
113 6 0.00551 0.99914 
414) 7 0.00079 0.99992 
445 8 0.00007 1.00000 
116 | 9 0.00000 1.00000 
17 | 10 0.00000 _ 1.00000 
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» Figure 5.12 : en ee ae oC ee C H ‘| 
Example of the Binomial 1 Binomial Probabilities 
Distribution with p = 0.8 2 Binomial Distribution 
| ; : ae 0.40000 
5 0.30000 
6 |x f(x) F(x) § 
7 © 0.00000 0.00000 9.20000 
8 1 0.00000 0.00000 b dito a 
9 2 0.00007 0.00008 Fees i b 
10 3 0.00079 0.00086 —g go000 _ 
uty! 4 0.00551 0.00637 Gime Mo Pare. oS cae Bee Co cag 
12 5 0.02642 0.03279 
13 6 0.08808 0.12087 
14 7 0.20133 0.32220 
15 8 0.30199 0.62419 
16 9 0.26844 0.89263 | 
0 


i 

ar 
~ 
par 


0.10737 1.00000 


The Poisson distribution assumes no limit on the number of occurrences (meaning that 
the random variable X may assume any nonnegative integer value), that occurrences are 
independent, and that the average number of occurrences per unit is a constant, A (Greek 
lowercase lambda). The expected value of the Poisson distribution is A, and the variance 
also is equal to A. 

The probability mass function for the Poisson distribution is 


SNe 
e “Xr 
ee Ota (leo es 
f(x) = x! (5.16) 
0, otherwise 
Computing Poisson Probabilities 

Suppose that, on average, the number of customers e-1249x 
arriving at Subway during lunch hour is 12 customers f(x) = x «(forx =0,1,2,... 
per hour. The probability that exactly x customers will 0 otherwise 


arrive during the hour is given by a Poisson distribution 
with a mean of 12. The probability that exactly x custom- 
ers will arrive during the hour would be calculated using 
formula (5.16): 


Substituting x = 5 in this formula, the probability that 
exactly five customers will arrive is f(5) = 0.01274. 


Like the binomial, Poisson probabilities are cumbersome to compute by hand. Probabili- 
ties can easily be computed in Excel using the function POISSON.DIST(x, mean, cumulative). 


Using Excel’s Poisson Distribution Function 


Figure 5.13 shows the results of using this function to $B$3, TRUE) = 0.00760 = F(4), and so on. Because the 


compute the distribution for Example 5.31 with A = 12 possible values of a Poisson random variable are infi- 
(see the Excel file Poisson Probabilities). Thus, the nite, we have not shown the complete distribution. As x 
probability of exactly one arrival during the lunch hour is gets large, the probabilities become quite small. Like the 
calculated by the Excel function = POISSON.DIST(A7, binomial, the specific shape of the distribution depends 
$B$3, FALSE) = 0.00007 = f(1); the probability of four on the value of the parameter A; the distribution is more 


arrivals or fewer is calculated by = POISSON.DIST(A10, skewed for smaller values. 
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> Figure 5.13 2 ar ea eee am - 
A A A B C D E E F G H I J 
Computing Poisson 1 Poisson Probabilities = ; | 
agege . y | 
Probabilities in Excel ies es Poisson Probabilities | 
4 0.14000 | 
5 1X f(x) F(x) | 
| 6 0 0.00001 0.00001 22000 i 
7 1 0.00007 0.00008 | 
8 2 0.00044 0.00052 °°” | 
9 3 0.00177 0.00229 posao0 4 
10 4 0.00531 0.00760 
11 5 0.01274 0.02034 0.06000 | 
112 6 0.02548 0.04582 
13 7 0.04368 0.08950 9.04000 ! 
14 8 0.06552 0.15503 | 
15 9 0.08736 0.24239 © 02000 i | / | 
ig] 0 OES | caaen ———_— 0 La | 
18 12 0.11437 0.57597 G@ 4 2.8 4-5 (6 7 ‘S.—9) Bootie a2" to) a 25 te i e079 926 i 
19 13 0.10557 0.68154 
20 14 0.09049 0.77202 | 
21 15 0.07239 0.84442 | 
22 16 0.05429 0.89871 
23 17 0.03832 0.93703 
24 18 0.02555 0.96258 
25 19 0.01614 0.97872 
26 20 0.00968 0.98840 


Se oe 


ANALYTICS IN PRACTICE: Using the Poisson Distribution for 
Modeling Bids on Priceline? 


Priceline is well known for allowing customers to name 
their own prices (but not the service providers) in bidding 
for services such as airline flights or hotel stays. Some 
hotels take advantage of Priceline’s approach to fill empty 
rooms for leisure travelers while not diluting the business 
market by offering discount rates through traditional chan- 
nels. In one study using business analytics to develop a 
model to optimize pricing strategies for Kimpton Hotels, 
which develops, owns, or manages more than 40 inde- 
pendent boutique lifestyle hotels in the United States and 
Canada, the distribution of the number of bids for a given 
number of days before arrival was modeled as a Poisson 
distribution because it corresponded well with data that 
were observed. For example, the average number of bids 
placed per day three days before arrival on a weekend 
(the random variable X) was 6.3. Therefore, the distribu- 
tion used in the model was f(x) = e ©96.3*/x!, where x is 
the number of bids placed. The analytic model helped to 
determine the prices to post on Priceline and the inventory 
allocation for each price. After using the model, rooms 
sold via Priceline increased 11% in one year, and the 
average rate for these rooms increased 3.7%. 


2Based on Chris K. Anderson, “Setting Prices on Priceline,” 
Interfaces, 39, 4 (July-August 2009): 307-315. 
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pee CHECK YOUR UNDERSTANDING 


1. What properties must a probability mass function have? 


2. What is the difference between a probability mass function and a cumulative distribution 
function? 


Explain how to compute the expected value and variance of a discrete random variable. 
How can expected value concepts be used in business decisions? 


Provide examples of situations for which the Bernoulli, binomial, and Poisson 
distributions can be used. 


an Continuous Probability Distributions 


> Figure 5.14 


Refined Probability Distribu- 
tion of DJIA Change 


As we noted earlier, a continuous random variable is defined over one or more intervals of 
real numbers and, therefore, has an infinite number of possible outcomes. Suppose that the 
expert who predicted the probabilities associated with next year’s change in the DJIA in 
Figure 5.7 kept refining the estimates over larger and larger ranges of values. Figure 5.14 
shows what such a probability distribution might look like using 2.5% increments rather 
than 5%. Notice that the distribution is similar in shape to the one in Figure 5.7 but sim- 
ply has more outcomes. If this refinement process continues, then the distribution will 
approach the shape of a smooth curve, as shown in the figure. Such a curve that character- 
izes outcomes of a continuous random variable is called a probability density function 
and is described by a mathematical function f(x). 


Properties of Probability Density Functions 


A probability density function has the following properties: 


1. f(x) = 0 for all values of x. This means that a graph of the density function 
must lie at or above the x-axis. 

2. The total area under the density function above the x-axis is 1. This is analogous 
to the property that the sum of all probabilities of a discrete random variable 
must add to 1. 


A B 


Cc D E Fi G H I 
1 Change in DJIA Subjective Probability 
2 -20.0% 0.0050 
| 3. {> 247.596 0.0159 = 
4 ~15.0% 0.0250 0.1200 
i 5 -12.5% 0.0334 & 0.1000 
| 6 ~10.0% 0.0403 sepfiuede 
7 -7.5% 0.0584 =a 0.0600 
}8 -5.0% 0.0750 € ce 
9 | -2.5% 0.0884 rere I o 
12 5.0% 0.1250 Outcome 
3 7.5% 0.1084 
14 10.0% 0.0900 
15 12.5% 0.0609 
16 15.0% 0.0300 
17 17.5% 0.0209 


18 20.0% 0.0100 
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3. P(X = x) = 0. For continuous random variables, it does not make mathemati- 
cal sense to attempt to define a probability for a specific value of x because 
there are an infinite number of values. 

4. Probabilities of continuous random variables are only defined over inter- 
vals. Thus, we may calculate probabilities between two numbers a and b, 
P(a = X = b), orto the left or right of a number c—for example, P(X < c) 
and P(X > c). 

5. P(a = X S b) is the area under the density function between a and b. 


The cumulative distribution function for a continuous random variable is denoted the 
same way as for discrete random variables, F(x), and represents the probability that the ran- 
dom variable X is less than or equal to x, P(X = x). Intuitively, F(x) represents the area 
under the density function to the left of x. F(x) can often be derived mathematically from f(x). 

Knowing F(x) makes it easy to compute probabilities over intervals for continuous 
distributions. The probability that X is between a and b is equal to the difference of the 
cumulative distribution function evaluated at these two points; that is, 


P(a < X <b) = P(X Sb) — P(X Sa) = F(b) — F(a) (5.17) 


For continuous distributions, we need not be concerned about the endpoints, as we were 
with discrete distributions, because P(a = X S b) is the same as P(a < X <b) asa 
result of property 3 above. 

The formal definitions of expected value and variance for a continuous random vari- 
able are similar to those for a discrete random variable; however, to understand them, we 
must rely on notions of calculus, so we do not discuss them in this book. We simply state 
them when appropriate. 


Uniform Distribution 


The uniform distribution characterizes a continuous random variable for which all out- 
comes between some minimum and maximum value are equally likely. The uniform dis- 
tribution is often assumed in business analytics applications when little is known about a 
random variable other than reasonable estimates for minimum and maximum values. The 
parameters a and b are chosen judgmentally to reflect a modeler’s best guess about the 
range of the random variable. 

For a uniform distribution with a minimum value a and a maximum value b, the den- 
sity function is 


Long) 


ia)=\ bs (5.18) 
0, otherwise 


and the cumulative distribution function is 


0, ite 50 Se 
F(x) = ee ifa<x<b (5.19) 
Ne ifb<x 


Although Excel does not provide a function to compute uniform probabilities, the formulas 
are simple enough to incorporate into a spreadsheet. Probabilities are also easy to compute 
for the uniform distribution because of the simple geometric shape of the density function, 
as Example 5.33 illustrates. 
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Suppose that sales revenue, X, for a product varies uniformly 
each week between a = $1,000 and b = $2,000. The den- 
sity function is f(x) = 1/(2,000 — 1,000) = 1/1,000 and 
is shown in Figure 5.15. Note that the area under the density 
function is 1, which you can easily verify by multiplying the 
height by the width of the rectangle. 

Suppose we wish to find the probability that sales 
revenue will be less than x = $1,300. We could do this in 
two ways. First, compute the area under the density func- 
tion using geometry, as shown in Figure 5.16. The area is 
(1/1,000) (300) = 0.30. Alternatively, we could use for- 
mula (5.19) to compute f(1,300): 


F(1,300) = (1,300 — 1,000) /(2,000 — 1,000) = 0.30 


In either case, the probability is 0.30. 


Computing Uniform Probabilities 


Now suppose we wish to find the probability that rev- 
enue will be between $1,500 and $1,700. Again, using 
geometrical arguments (see Figure 5.17), the area of the rect- 
angle between $1,500 and $1,700 is (1/1,000) (200) = 0.2. 
We may also use formula (5.17) and compute it as follows: 


P(1,500 <= X < 1,700) = P(X < 1,700) — P(X = 1,500) 


= F(1,700)—F (1,500) 


(1,700 — 1,000) 


(2,000 — 1,000) 
=0.7-05=02 


(1,500 — 1,000) 


(2,000 — 1,000) 


The expected value and variance of a uniform random variable X are computed as 


follows: 


E(X] = a 3 b 
ip 2) 
Var[X] = Was = 


(5.20) 


(5.21) 


A variation of the uniform distribution is one for which the random variable is 
restricted to integer values between a and b (also integers); this is called a discrete uni- 
form distribution. An example of a discrete uniform distribution is the roll of a single die. 
Each of the numbers | through 6 has a é probability of occurrence. 


> Figure 5.15 

/1 
Uniform Probability Density /1,000 
Function 
> Figure 5.16 
Probability that X < $1,300 1/1,000 
> Figure 5.17 

1/1,000 


P($1,500 < X < $1,700) 
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> Figure 5.18 


Examples of Normal 
Distributions 
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Normal Distribution 


The normal distribution is a continuous distribution that is described by the familiar bell- 
shaped curve and is perhaps the most important distribution used in statistics. The normal 
distribution is observed in many natural phenomena. Test scores such as the SAT, devia- 
tions from specifications of machined items, human height and weight, and many other 
measurements are often normally distributed. 

The normal distribution is characterized by two parameters: the mean, 1, and the stan- 
dard deviation, 7. Thus, as y. changes, the location of the distribution on the x-axis also 
changes, and as @ is decreased or increased, the distribution becomes narrower or wider, 
respectively. Figure 5.18 shows some examples. 

The normal distribution has the following properties: 


i. 
° 


The distribution is symmetric, so its measure of skewness is zero. 

2. The mean, median, and mode are all equal. Thus, half the area falls above the 
mean and half falls below it. 

3. The range of X is unbounded, meaning that the tails of the distribution extend to 
negative and positive infinity. 

4. The empirical rules apply exactly for the normal distribution; the area under 

the density function within +1 standard deviation is 68.3%, the area under the 

density function within +2 standard deviations is 95.4%, and the area under 

the density function within +3 standard deviations is 99.7%. 


Normal probabilities cannot be computed using a mathematical formula. Instead, 
we may use the Excel function NORM.DIST(x, mean, standard_deviation, cumulative). 
NORM.DIST(x, mean, standard_deviation, TRUE) calculates the cumulative probability 
F(x) = P(X S x) for a specified mean and standard deviation. (If cumulative is set to 
FALSE, the function simply calculates the value of the density function f(x), which has 
little practical application other than tabulating values of the density function. This was 
used to draw the distributions in Figure 5.18 using Excel.) 


SS a 


Examples of Normal Distributions 
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Using the NORM.DIST Function to Compute Normal Probabilities 


Suppose that a company has determined that the distri- 
bution of customer demand (X) is normal with a mean of 
750 units/month and a standard deviation of 100 units/ 
month. Figure 5.19 shows some cumulative probabilities 
calculated with the NORM.DIST function (see the Excel file 
Normal Probabilities). The company would like to know the 
following: 


. What is the probability that demand will be at most 


900 units? 


. What is the probability that demand will exceed 


700 units? 


. What is the probability that demand wil! be between 


700 and 900 units? 


This is simply the cumulative probability for x = 900, 
which can be calculated using the Excel function 
=NORM.DIST(900, 750, 100, TRUE) = 0.9332. 

a Question 2. Figure 5.20(b) shows the probability that 
demand will exceed 700 units, P(X > 700). Using the 
principles we have previously discussed, this can be 
found by subtracting P(X < 700) from 1: 


P(X > 700) = 1 — P(X < 700) = 1 — F(700) 


= 1 — 0.3085 = 0.6915 


This can be computed in Excel using the formula 

=1 — NORM.DIST(700, 750, 100, TRUE). 

m Question 3. The probability that demand will be 
between 700 and 900, P(700 = X = 900), is illustrated in 


To answer the questions, first draw a picture. This helps to 
ensure that you know what area you are trying to calculate 
and how to use the formulas for working with a cumulative 


Figure 5.20(c). This is calculated by 
P(700 Ss X = 900) = P(X = 900) — P(X = 700) 


distribution correctly. 


= Question 1. Figure 5.20(a) shows the probability that 
demand will be at most 900 units, or P(X = 900). 


The NORM.INV Function 


With the NORM.DIST function, we are given a value, x, of the random variable X and can 
find the cumulative probability to the left of x. Now let’s reverse the problem. Suppose that 
we know the cumulative probability but don’t know the value of x. How can we find it? 
We are often faced with such a question in many applications. The Excel function NORM. 
INV (probability, mean, standard_dev) can be used to do this. In this function, probability 
is the cumulative probability value corresponding to the value of x we seek, and “INV” 


stands for inverse. 


>» Figure 5.19 a aa A 
Normal Probability 1 Normal Probabilities 
Calculations in Excel = 
| 3 Mean 750 
4 Standard Deviation 100 
5 
6 x F(x} 
| 7 500 0.0062 
8 | 550 0.0228 
| 9 600 0.0668 
10 650 0.1587 
11 700 0.3085 
12 750 0.5000 
13 800 0.6915 
14 850 0.8413 
15 900 0.9332 
16 950 0.9772 


17 1000 


= F(900) — F(700) = 0.9332 — 0.3085 = 0.6247 


In Excel, we would use the formula =NORM.DIST 
(900, 750, 100, TRUE) — NORM.DIST(700, 750, 100, TRUE). 


Cumulative Distribution Function 


500 550 600 650 700 750 800 850 900 950 1000 
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> Figure 5.20 P(X = 900) 
Computing Normal c= 100 o = 100 
Probabilities P(X > 700) 
= 
x % 
750 700 750 
(a) (b) 
o = 100 Area = 1—0.10 
P(700 = X = 900) o = 100 
Area = 0.10 
X aK 


700 750 


(c) 


exceeded at most 10% of the time? Here, we need to 
find the value of x so that P(X > x) = 0.10. This is illus- 
trated in Figure 5.20(d). Because the area in the upper 
tail of the normal distribution is 0.10, the Cumulative 
probability must be 1 — 0.10 = 0.90. From Figure 5.19, 


Using the NORM.INV Function 


In the previous example, what level of demand would be 


750 ? 


we can see that the correct value must be somewhere 
between 850 and 900 because F(850) = 0.8413 and 
F(900) = 0.9332. We can find the exact value using the 
Excel function =NORM.INV(0.90, 750, 100) = 878.155. 
Therefore, a demand of approximately 878 will satisfy the 
criterion. 


Standard Normal Distribution 


Figure 5.21 provides a sketch of a special case of the normal distribution called the stan- 
dard normal distribution—the normal distribution with uw = 0 and o = 1. This dis- 
tribution is important in performing many probability calculations. A standard normal 
random variable is usually denoted by Z, and its density function by f(z). The scale along 
the z-axis represents the number of standard deviations from the mean of zero. The Excel 
function NORM.S.DIST(z) finds probabilities for the standard normal distribution. 


We have previously noted that the empirical rules apply 
to any normal distribution. Let us find the areas under 
the standard normal distribution within 1, 2, and 3 stan- 
dard deviations of the mean. These can be found by 
using the function NORM.S.DIST(2). Figure 5.22 shows 

a tabulation of the cumulative probabilities for z ranging 
from —3 to +3 and calculations of the areas within 1, 2, 
and 3 standard deviations of the mean. We apply for- 
mula (5.17) to find the difference between the cumulative 


Computing Probabilities with the Standard Normal Distribution 


probabilities, F(6) — F(a). For example, the area within 

1 standard deviation of the mean is found by calculat- 

ing P(—1 < Z < 1) = F(1) — F(—1) = NORM.S.DIST(1) 
—NORM.S.DIST(—1) = 0.84134 — 0.15866 = 0.6827 (the 
difference due to decimal rounding). As the empirical rules 
stated, about 68% of the area falls within 1 standard devia- 
tion; 95% within 2 standard deviations; and more than 99% 
within 3 standard deviations of the mean. 
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> Figure 5.21 


Standard Normal 
Distribution 


» Figure 5.22 


Computing Standard Normal 


Probabilities 


rd Normal Distribution 
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1 Standard Normal Probabilities 
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3 Zz F(z) a b F(a) 

4 -3 0.00135 -4 1 0.15866 0.84134 0.6827 
5 -2 0.02275 -2 2 0.02275 0.97725 0.9545 
6 -4 0.15866 -3 3 0.00135 0.99865 0.9973 
7 | 0 0.50000 

8 1 0.84134 

9 2 0.97725 
ji 3 0.99865 
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Using Standard Normal Distribution Tables 


Although it is quite easy to use Excel to compute normal probabilities, tables of the stan- 
dard normal distribution are commonly found in textbooks and professional references 
when a computer is not available. Such a table is provided in Table A.1 of Appendix A at 
the end of this book. The table allows you to look up the cumulative probability for any 
value of z between —3.00 and +3.00. 

One of the advantages of the standard normal distribution is that we may compute 
probabilities for any normal random variable X having a mean p and standard deviation 
a by converting it to a standard normal random variable Z. We introduced the concept of 
standardized values (z-scores) for sample data in Chapter 4. Here, we use a similar formula 


to convert a value x from an arbitrary normal distribution into an equivalent standard nor- 
mal value, z: 


se (5.22) 
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Computing Probabilities with Standard Normal Tables 


We will answer the first question posed in Example 5.34: Note that 900 is 150 units higher than the mean of 750; 


What is the probability that demand will be at most x = 900 since the standard deviation is 100, this simply means that 
units if the distribution of customer demand (xX) is normal 900 is 1.5 standard deviations above the mean, which is the 
with a mean of 750 units/month and a standard deviation of value of z. Using Table A.1 in Appendix A, we see that the 
100 units/month? Using formula (5.22), convert x to a stan- cumulative probability for z = 1.5 is 0.9332, which is the 
dard normal value: same answer we found for Example 5.34. 
Ae 900-750 45 
100 


Exponential Distribution 


The exponential distribution is a continuous distribution that models the time between 
randomly occurring events. Thus, it is often used in such applications as modeling the 
time between customer arrivals to a service system or the time to or between failures of 
machines, lightbulbs, hard drives, and other mechanical or electrical components. 

Similar to the Poisson distribution, the exponential distribution has one parameter, 
A. In fact, the exponential distribution is closely related to the Poisson distribution; if the 
number of events occurring during an interval of time has a Poisson distribution, then the 
time between events is exponentially distributed. For instance, if the number of arrivals at 
a bank is Poisson-distributed, say with mean A = 12/hour, then the time between arrivals 
is exponential, with mean » = 1/12 hour, or 5 minutes. 

The exponential distribution has the density function 


fc Ne “oititor wes 0 (5.23) 
and its cumulative distribution function is 
Foy 1 er tore 0 (5.24) 


Sometimes, the exponential distribution is expressed in terms of the mean y rather than the 
rate A. To do this, simply substitute 1 / for A in the preceding formulas. 

The expected value of the exponential distribution is 1/A and the variance is (1/)) 
Figure 5.23 provides a sketch of the exponential distribution. The exponential distribution 
has the properties that it is bounded below by 0, it has its greatest density at 0, and the 
density declines as x increases. The Excel function EXPON.DIST(x, lambda, cumulative) 
can be used to compute exponential probabilities. As with other Excel probability distribu- 
tion functions, cumulative is either TRUE or FALSE, with TRUE providing the cumulative 
distribution function. 


2 


EXAMPLE 5.38 


Suppose that the mean time to failure of a critical com- portion of the cumulative distribution function, which may 


Using the Exponential Distribution 


ponent of an engine is . = 8,000 hours. Therefore, be found in the Excel file Exponential Probabilities. For 
d = 1/p = 1/8,000 failures/hour. The probability that example, the probability of failing before 5,000 hours is 
the component will fail before x hours is given by the F (5,000) = 0.4647. 


cumulative distribution function F(x). Figure 5.24 shows a 
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>» Figure 5.23 , i . - 
Example of an Exponential 1 Exponential Distribution 
Distribution (A = 1) fl 


> Figure 5.24 


Computing 
Exponential 
Probabilities in Excel 


Exponential Probabilities 
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Triangular Distribution 


The triangular distribution is defined by three parameters: the minimum, a; maximum, 
b; and most likely, c. Outcomes near the most likely value have a higher chance of occur- 
ring than those at the extremes. By varying the most likely value, the triangular distribu- 
tion can be symmetric or skewed in either direction, as shown in Figure 5.25. Because the 
triangular distribution can assume different shapes, it is useful to model a wide variety of 
phenomena. For example, triangular distribution is often used when no data are available 


to characterize an uncertain variable and the distribution must be estimated judgmentally. 
The mean of the triangular distribution is calculated as 


Mean = (a+ c + b)/3 (6) 
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> Figure 5.25 f(x) 
Examples of Triangular 
Distributions 
(symmetric) 
a G b x 
f(x) 
a @ b 
f(x) 
The variance is 
Variance = (a +¢+bh-—axc-axb—cxbyl8 (5.26) 


LM 6CHECK YOUR UNDERSTANDING 


1. How does a continuous probability distribution differ from a discrete probability distri- 
bution? What properties must it have? 


State how to compute probabilities over intervals for continuous distributions. 
Explain the uniform distribution and how it might be used. 


What properties does a normal distribution have? 


Re eer 


Explain how to use Excel functions NORM.DIST and NORM.INV to compute normal 
probabilities. 


6. What is a standard normal distribution? How can you convert a random variable X hav- 
ing an arbitrary normal distribution into a standard normal random variable Z? 


7. What typical situations do the exponential and triangular distributions model? 


ae Data Modeling and Distribution Fitting 


In many applications of business analytics, we need to collect sample data of important 
variables such as customer demand, purchase behavior, machine failure times, and ser- 
vice activity times, to name just a few, to gain an understanding of the distributions of 
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these variables. Using the tools we have studied, we may construct frequency distributions 
and histograms and compute basic descriptive statistical measures to better understand the 
nature of the data. However, sample data are just that—samples. 

Using sample data may limit our ability to predict uncertain events that may occur 
because potential values outside the range of the sample data are not included. A bet- 
ter approach is to identify the underlying probability distribution from which sample data 
come by “fitting” a theoretical distribution to the data and verifying the goodness of fit 
statistically. 

To select an appropriate theoretical distribution that fits sample data, we might begin 
by examining a histogram of the data to look for the distinctive shapes of particular distri- 
butions. For example, normal data are symmetric, with a peak in the middle. Exponential 
data are very positively skewed, with no negative values. This approach is not, of course, 
always accurate or valid, and sometimes it can be difficult to apply, especially if sample 
sizes are small. However, it may narrow the search down to a few potential distributions. 

Summary statistics, such as the mean, median, standard deviation, and coefficient of 
variation, often provide information about the nature of the distribution. For instance, nor- 
mally distributed data tend to have a fairly low coefficient of variation (however, this may 
not be true if the mean is small). For normally distributed data, we would also expect the 
median and mean to be approximately the same. For exponentially distributed data, how- 
ever, the median will be less than the mean. Also, we would expect the mean to be about 
equal to the standard deviation, or, equivalently, the coefficient of variation would be close 
to 1. We could also look at the skewness index. For instance, normal data are not skewed. 
The following examples illustrate some of these ideas. 

The examination of histograms and summary statistics might provide some idea of the 
appropriate distribution; however, a better approach is to analytically fit the data to the best 
type of probability distribution. 


Analyzing Airline Passenger Data 


An airline operates a daily route between two medium-sized skewness. From our discussion in Chapter 4 about the vari- 


cities using a 70-seat regional jet. The flight is rarely booked ability of samples, it is important to recognize that although 
to capacity but often accommodates business travelers the histogram in Figure 5.26 does not look perfectly normal, 
who book at the last minute at a high price. Figure 5.26 this is a relatively small sample that can exhibit a lot of vari- 
shows the number of passengers for a sample of 25 flights ability compared with the population from which it is drawn. 
(Excel file Airline Passengers). The histogram shows a rela- Thus, based on these characteristics, it would not be unrea- 
tively symmetric distribution. The mean, median, and mode sonable to assume a normal distribution for the purpose of 


are all similar, although there is some degree of positive developing a predictive or prescriptive analytics model. 


ON Vida eoeiem §$Analyzing Airport Service Times 


Figure 5.27 shows a portion of the data and statistical difference between the mean and standard deviation, which 
analysis of 812 samples of service times at an airport’s we would not expect to see for an exponential distribution. 
ticketing counter (Excel file Airport Service Times). The Some other exotic distribution that we have not introduced 
data certainly do not appear to be normal or uniform. The might be more appropriate. Identifying the best fitting dis- 
histogram appears to look like an exponential distribution, tribution can be done using sophisticated software. 


and this might be a reasonable choice. However, there is a 
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> Figure 5.26 
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» Figure 5.27 
Airport Service Times Statistics 


| 1. Service Times at an Airport Ticketing Counter 


Histogram 


Mean 126.28. 
Standard Error 3.6912 
Median 88 
Mode 83. 


Standard Deviatic 105.18 
Sample Variance 11064_ 


Kurtosis 8.7075 
'Skewness 2.4136 | 
Range 867 i 
Minimum 9} 200 300 400 

Maximum 876. Bin 


Sum 102538 
Count 812 m Frequency 


Frequency 
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Goodness of Fit: Testing for Normality of an Empirical Distribution 


The basis for fitting data to a probability distribution is a statistical procedure called good- 
ness of fit. Goodness of fit attempts to draw a conclusion about the nature of the distribu- 
tion. For instance, in Example 5.39 we suggested that it might be reasonable to assume that 
the distribution of passenger demand is normal. Goodness of fit would provide objective, 
analytical support for this assumption. We can do this using a procedure called the chi- 


square goodness of fit test. 
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>» Figure 5.28 
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Chi-Square Goodness of Fit Test 


The chi-square goodness of fit test can be used to determine whether sample data are rep- 
resentative of some probability distribution. We will explain the theory behind this test in 
Chapter 7; here, you simply need to understand the calculations. Example 5.41 illustrates 


its application for a normal distribution. 

The chi-square test can be applied to many distributions; the only modification to the 
procedure that must be made is to use the proper function to find the cumulative prob- 
abilities of the observed frequency distribution. For example, if we suspect that data follow 
an exponential distribution, then use =EXPON.DIST(upper limit, lambda, TRUE), where 
lambda is 1/sample mean. For a uniform distribution, the probabilities can be computed 
easily using simple geometry, like we did in Example 5.33. 


Determining Normality for Airline Passenger Demand Data 


In Example 5.39, we analyzed passenger demand data 

in the Airline Passengers Excel file and concluded that it 
would not be unreasonable to assume that the data stem 
from a normal distribution. To test for this statistically, we 
do the following (this is shown in Figure 5.28 and in the 
Excel file Chi Square Goodness of Fit Test): 


1. Start with the frequency distribution of the data; these 
are the observed frequencies. In Figure 5.28 we show 
this, as well as the descriptive statistics, in columns H 
through N. 

2. Find the cumulative probability corresponding to the 
upper limit for each bin, assuming a normal distribution 
with the sample mean and sample standard deviation of 
the data. This is found using the function =NORM.DIST 
(upper limit, sample mean, sample standard deviation, 
TRUE) and is shown in column C of the spreadsheet. 


3. Find the probability associated with each bin using for- 


mula (5.17). See question 3 in Example 5.34 for using 
the NORM.DIST function. This is computed in column D 
of the spreadsheet. 


SPLAT perpereere ee Se pen miners, seme ease: reer 
Chi Square Goodness of Fit Test (Normality) 


eat] 


Chi Squared Statistic 
Critical value 


Calculations for Chi-Square Test for Normality 


4. 
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Multiply the bin probabilities by the number of 
observations (in this case, 25). These values are the 
expected frequencies that you would see if the normal 
distribution were the correct data model. These are 
computed in column E of the spreadsheet. 

Compute the difference between the observed and 
expected frequencies for each bin, square the result, 
and divide by the expected frequency, (O — &)°/E, for 
each bin (see column F of the spreadsheet). 

Sum the chi-square calculations for all these bins (cell 
F17). This sum is called the chi-square statistic. 
Compute the chi-square critical value using the func- 
tion =CHISQ.INV.RT(0.05, number of bins — 3). This is 
shown in cell F18 in the spreadsheet. 

Compare the chi-square statistic with the critical value. 

If the chi-square statistic is less than or equal to the criti- 
cal value, then the data can be reasonably assumed to 
come from a normal distribution having the sample mean 
and standard deviation. If not, then conclude that the 
normal distribution is not appropriate to model the data. 


— 
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The number of degrees of freedom used in the CHISQ.INV.RT function depends on 
the type of distribution you are fitting. In general, degrees of freedom is the number of bins 
minus one minus the number of parameters of the distribution that are estimated from the 
data. For the normal distribution, we need to estimate two parameters — the mean and 
standard deviation; thus, degrees of freedom equals the number of bins minus 3 (see step 7 
in Example 5.41). For the exponential distribution, we need only estimate one parameter, 
lambda, so the degrees of freedom are the number of bins minus 2. 
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ANALYTICS IN PRACTICE: The Value of Good Data Modeling in Advertising 


To illustrate the importance of identifying the correct dis- 
tribution in decision modeling, we discuss an example in 
advertising.® The amount that companies spend on the 
creative component of advertising (that is, making better 
ads) is traditionally quite small relative to the overall media 
budget. One expert noted that the expenditure on creative 
development was about 5% of that spent on the media 
delivery campaign. 

Whatever money is spent on creative development 
is usually directed through a single advertising agency. 
However, one theory that has been proposed is that 
more should be spent on creative ad development, and 
the expenditures should be spread across a number of 
competitive advertising agencies. In research studies of 
this theory, the distribution of advertising effectiveness 
was assumed to be normal. In reality, data collected on 
the response to consumer product ads show that this 
distribution is actually quite skewed and, therefore, not 
normally distributed. Using the wrong assumption in any 
model or application can produce erroneous results. In 
this situation, the skewness actually provides an advan- 
tage for advertisers, making it more effective to obtain 
ideas from a variety of advertising agencies. 

A mathematical model (called Gross’s model) 
relates the relative contributions of creative and media 
dollars to total advertising effectiveness and is often 
used to identify the best number of draft ads to pur- 
chase. This model includes factors of ad development 
cost, total media spending budget, the distribution of 
effectiveness across ads (assumed to be normal), and 
the unreliability of identifying the most effective ad from 
a set of independently generated alternatives. Gross’s 
model concluded that large gains were possible if 


Victor Correira/Shutterstock.com 


multiple ads were obtained from independent sources, and 
the best ad is selected. 

Since the data observed on ad effectiveness was clearly 
skewed, other researchers examined ad effectiveness by 
studying standard industry data on ad recall without requiring 
the assumption of normally distributed effects. This analysis 
found that the best of a number of ads was more effective 
than any single ad. Further analysis revealed that the optimal 
number of ads to commission can vary significantly, depend- 
ing on the shape of the distribution of effectiveness for a 
single ad. 

The researchers developed an alternative to Gross’s 
model. From their analyses, they found that as the number 
of draft ads was increased, the effectiveness of the best ad 
also increased. Both the optimal number of draft ads and 
the payoff from creating multiple independent drafts were 
higher when the correct distribution was used than the results 
reported in Gross’s original study. 


3Based on G. C. O’Connor, T. R. Willemain, and J. MacLachlan, “The Value of Competition Among Agencies in Developing Ad 
Campaigns: Revisiting Gross’s Model,” Journal of Advertising, 25, | (1996): 51-62. 
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a CHECK YOUR UNDERSTANDING 


1. Explain the concept of “fitting” a probability distribution to data. 


2. What are some simple approaches to help you fit a distribution? 


3. Explain how to use the chi-square goodness of fit test to determine whether sample 
data can be adequately represented by a particular probability distribution. 


em KEY TERMS 


Bernoulli distribution 
Binomial distribution 
Chi-square critical value 
Chi-square goodness of fit test 
Chi-square statistic 
Combination 

Complement 

Conditional probability 
Continuous random variable 
Cumulative distribution function 
Discrete random variable 


Joint probability 

Joint probability table 
Marginal probability 
Multiplication law of probability 
Mutually exclusive 

Normal distribution 
Outcome 

Permutation 

Poisson distribution 
Probability 

Probability density function 


Discrete uniform distribution 
Empirical probability distribution 


Event 
Expected value 
Experiment 


Exponential distribution 


Goodness of fit 
Independent events 
Intersection 


Probability distribution 
Probability mass function 
Random variable 

Sample space 

Standard normal distribution 
Tree diagram 

Triangular distribution 
Uniform distribution 

Union 


CHAPTER 5 TECHNOLOGY HELP 


Useful Excel Functions 


BINOM.DIST (number _s, trials, probability _s, cumula- 


tive) Computes probabilities for the binomial distribution. 


POISSON.DIST(x, mean, cumulative) Computes prob- 
abilities for the Poisson distribution. 


NORM.DIST(x, mean, standard_deviation, cumulative) 
Computes probabilities for the normal distribution. 


NORM.INV(probability, mean, standard_dev) Finds the 
value of x for a normal distribution having a specified 
cumulative probability. 


NORM.S.DIST(z) Finds probabilities for the standard 
normal distribution. 


EXPON.DIST(x, lambda, cumulative) Computes prob- 
abilities for the exponential distribution. 


CHISQ.INV.RT(probability, deg_freedom) Returns the 
value of chi-square that has a right-tail area equal to prob- 
ability for a specified degree of freedom. Used for the 
chi-square test 


StatCrunch 


StatCrunch provides graphical calculations for all the 
distributions we studied in this chapter (binomial, dis- 
crete uniform, exponential, normal, Poisson, uniform, and 
custom, which is a user-defined discrete distribution) as 
well as many other advanced distributions. You can find 
video tutorials and step-by-step procedures with examples 
at https://www.statcrunch.com/5.0/example.php. We 
suggest that you first view the tutorials Getting started 
with StatCrunch and Working with StatCrunch sessions. 
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The following tutorials are listed under the heading 


3. In the second line below the plot, specify the direction 
Graphical Calculators: 


of the desired probability. 

a. To compute a probability, enter a value to the right 
of the direction selector and leave the remaining 
field empty (for example, P(X < 3) = rs 

b. To determine the point that will provide a speci- 
fied probability, enter the probability to the right of 
the equal sign and leave the other field empty (for 
example, P(X < ) = 0.25). This option is 
available only for continuous distributions. 

4. Click Compute! to fill in the empty fields and to update 
the graph of the distribution. 


@ Continuous distributions 
@ Discrete distributions 


Example: Using Graphical Calculators 


1. Select the name of the desired distribution from the 
menu listing (for example, Binomial, Normal). 

2. In the first line below the plot in the calculator window, 
specify the distribution parameters. As examples, with 
the normal distribution, specify the mean and standard 
deviation; with the binomial distribution, specify n and p. 


sm PROBLEMS AND EXERCISES 


Basic Concepts of Probability 


b. Define the outcomes of the sample space for 
which the sum of the selected balls is an odd 


1. In the past week, an ice-cream kiosk sold 15 cups of 
number. 


chocolate flavor, 22 cups of vanilla, and 13 cups of 


strawberry. c. What is the probability of obtaining all the out- 


ta? 
a. Estimate the probability of sale of each flavor for comes (cacie anon eseals) oO 


the following week. 4. A box contains marbles of four different colors: red, 


b. Define the definition of probability used to deter- 
mine the answers in part a. 


. The students at Sk6vde University, Sweden, have 


elected five candidates to represent them on the col- 
lege management council. The committee summa- 
rized the age and gender of the members as follows: 


Member Gender Age 
1 Male 18 
2 Male 19 
3 Female 22 
4 Female 20 
5 Male 23 


This group of student representatives decide to elect 
a spokesperson by randomly drawing a name from 
a box. What is the probability that the spokesperson 
will be either a female or older than 21 years? 


. A glass jar contains 10 balls with labels of numbers | 


to 10. Two balls are randomly selected from the glass 

jar without replacement. 

a. Determine the number of combinations possible 
in the sample space. List all possible elements of 
the sample space. 


green, blue, and yellow. Three marbles are randomly 
chosen from the box. 


a. List all possible outcomes in the sample space. 
b. What is the probability of each outcome? 

. The latest nationwide political poll in a particular 
country indicates that the probability for the can- 
didate to be a republican is 0.55, a communist is 
0.30, and a supporter of the patriots of that country 


is 0.15. Assuming that these probabilities are accu- 
rate, within a randomly chosen group of 10 citizens: 


a. What is the probability that four are communists? 


b. What is the probability that none is a republican? 


. Refer to the ball scenario described in Problem 3. 


a. Let A be the event with the sum of the selected 
two balls is an odd number. Find P(A) and P(A‘). 

b. What is the probability that the sum of the two 
balls will not be more than 5? 


c. What is the probability that the sum of the two 
balls will be between 5 and 7? 
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>» Figure 5.29 
Layout of a Typical Roulette 


Table 
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Answer the following by referring to the scenario 

described in Problem 4. 

a. Let A be the event “without blue marble.” Find 
P(A). 

b. Let B be the event “first marble selected is green.” 
Find P(B). 

c. Let C be the event “last marble selected is red.” 
Find P(C). 

d. Are events A and B mutually exclusive? Find 
P(A or B). 


e. Are events A and C mutually exclusive? Find 
P(A or CY’. 


. Roulette is played at a table similar to the one in 


Figure 5.29. A wheel with the numbers | through 
36 (evenly distributed with the colors red and black) 
and two green numbers, 0 and 00, rotate in a shal- 
low bowl with a curved wall. A small ball is spun on 
the inside of the wall and drops into a pocket corre- 
sponding to one of the numbers. Players may make 
11 different types of bets by placing chips on differ- 
ent areas of the table. These include bets on a single 
number, two adjacent numbers, a row of three num- 
bers, a block of four numbers, two adjacent rows of 
six numbers, and the five number combinations of 0, 
00, 1, 2, and 3; bets on the numbers 1-18 or 19-36; 
the first, second, or third group of 12 numbers; a col- 
umn of 12 numbers; even or odd; and red or black. 
Payoffs differ by bet. For instance, a single-number 
bet pays 35 to | if it wins; a three-number bet pays 
11 to 1; a column bet pays 2 to 1; and a color bet 
pays even money. 

Define the following events: C/ = column 1 
number, C2 = column 2 number, C3 = column 3 
number, O = odd number, E = even number, G = 
green number, F/2 = first 12 numbers, $/2 = 
second 12 numbers, and 712 = third 12 numbers. 


9. 


10. 


aM. 


a. Find the probability of each of these events. 


b. Find P(G or O), P(O or F12), P(C/ or C3), P(E and 
F12), P(E or F12), P(S12 and T/2), and P(O or C2). 


Students in the new MBA class at a state university 
have the following specialization profile: 


Finance—83 
Marketing—36 
Operations and Supply Chain Management—72 


Information Systems—59 


Find the probability that a student is either a finance 
or a marketing major. Are the events finance spe- 
cialization and marketing specialization mutually 
exclusive? If so, what assumption must be made? 


Sue and Dave always spend their evenings together, 
either cycling or playing computer games. On an 
evening with good weather, the probability that Sue 
prefers cycling is 0.7 and for Dave it is 0.4. Find the 
probability that on a particular fine evening, 


a. both Sue and Dave prefer cycling. 
b. both Sue and Dave prefer playing computer games. 
c. either Sue or Dave (not both) prefers playing com- 


puter games. 


A grocery shop is taking stock of its inventory. The 
shopkeeper found that out of 120 tins with damaged 
labels, there are 50 tins of beans, 20 tins of sardines, 
35 tins of processed meat, and the rest are tins of soup. 


a. Find the probability that the tins with damaged 
labels are all soup tins. 


b. What is the probability that the tins with damaged 
labels are not sardine tins? 


c. If two tins are selected, what is the probability 
that the tins with damaged labels are the tins of 
beans and the meat tins? 


12. Row 26 of the Excel file Census Education Data 
gives the number of employed persons in the civilian 
labor force having a specific educational level. 


a. Find the probability that an employed person has 
attained each of the educational levels listed in 
the data. 


b. Suppose that A is the event “An employed per- 
son has some type of college degree” and B is the 
event “An employed person has at least some col- 
lege.” Find the probabilities of these events. Are 
they mutually exclusive? Why or why not? 


c. Find the probability P(A or B). Explain what this 
means. 


13. A survey of shopping habits found the percentage 
of respondents that use technology for shopping as 
shown in Figure 5.30. For example, 17.39% only 
use online coupons; 21.74% use online coupons and 
check prices online before shopping, and so on. 

a. What is the probability that a shopper will check 
prices online before shopping? 

b. What is the probability that a shopper will use a 
smart phone to save money? 

c. What is the probability that a shopper will use 
online coupons? 

d. What is the probability that a shopper will not use 
any of these technologies? 

e. What is the probability that a shopper will check 
prices online and use online coupons but not use 
a smart phone? 

f. If a shopper checks prices online, what is the 
probability that he or she will use a smart phone? 

g. What is the probability that a shopper will check 
prices online but not use online coupons or a 
smart phone? 


>» Figure 5.30 


21.74% 


Use Online 
Coupons 
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14. A Canadian business school summarized the gender 
and residency of its incoming class as follows: 


Residency 


Gender Canada United States Europe Asia Other 


Male 125 18 17 50 8 


Female 103 8 10 92 4 


a. Construct a joint probability table. 

b. Calculate the marginal probabilities. 

c. What is the probability that a female student is 
from outside Canada or the United States? 


15. In Example 4.13, we developed the following cross- 
tabulation of sales transaction data: 


Region Book DVD Total 
East 56 42 98 
North 43 42 85 
South 62 37 99 
West 100 90 190 
Total 261 211 472 


a. Find the marginal probabilities that a sale origi- 
nated in each of the four regions and the marginal 
probability of each type of sale (book or DVD). 


b. Find the conditional probabilities of selling a book 
given that the customer resides in each region. 

16. Use the Civilian Labor Force data in the Excel file 

Census Education Data to find the following: 

a. P(unemployed and advanced degree) 

b. P(unemployed | advanced degree) 

c. P(not a high school grad | unemployed) 

d 


. Are the events “unemployed” and “at least a high 
school graduate” independent? 


Check Prices Online 
Before Shopping 


Use a Smart Phone 
to Save Money 
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18. 


19. 


20. 
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Using the data in the Excel file Consumer Trans- 
port Survey, develop a cross-tabulation for Gen- 
der and Vehicle Driven; then convert this table into 
probabilities. 

a. What is the probability that a respondent is female? 


b. What is the probability that a respondent drives 
an SUV? 


c. What is the probability that a respondent is male 
and drives a minivan? 

d. What is the probability that a female respondent 
drives either a truck or an SUV? 


e. If itis known that an individual drives a car, what 
is the probability that the individual is female? 


f. If it is known that an individual is male, what is 
the probability that he drives an SUV? 


g. Determine whether the random variable “gender” 
and the event “vehicle driven” are statistically inde- 
pendent. What would this mean for advertisers? 


A home pregnancy test is not always accurate. Sup- 
pose the probability is 0.015 that the test indicates that 
a woman is pregnant when she actually is not, and the 
probability is 0.025 that the test indicates that a woman 
is not pregnant when she really is. Assume that the 
probability that a woman who takes the test is actually 
pregnant is 0.7. What is the probability that a woman is 
pregnant if the test yields a not-pregnant result? 


Based on the scenario in Problem 3, what is the prob- 
ability of first selecting ball 1 and then selecting 
ball 3? Will it be different if the first ball is replaced 
in the glass jar? Explain the difference between these 
two scenarios. 


In the roulette example described in Problem 8, what 
is the probability that the outcome will be green twice 
in a row? What is the probability that the outcome 
will be black twice in a row? 


A consumer products company found that 44% of 
successful products also received favorable results 
from test market research, whereas 11% had unfa- 
vorable results but nevertheless were successful. That 
is, P(successful product and favorable test market) 
= 0.44 and P(successful product and unfavorable test 
market) = 0.11. They also found that 32% of unsuc- 
cessful products had unfavorable research results, 
whereas 13% of them had favorable research results, 
that is P(unsuccessful product and unfavorable test 
market) = 0.32 and P(unsuccessful product and 
favorable test market) = 0.13. Find the probabilities 


of successful and unsuccessful products given known 
test market results, that is, P(successful product | favor- 
able test market), P(successful product | unfavorable 
test market), P(unsuccessful product | favorable test 
market), and P(unsuccessful product | unfavorable 
test market), 


Discrete Probability Distributions 


22. 


23. 


24. 


An investor estimates that there is a | in 10 chance 
that a stock purchase will lose 20% of its value, a 2 in 
10 chance that it will break even, a 3 in 10 chance 
that it will gain 15%, and a 4 in 10 chance that it will 
gain 30%. What is the expected return as a percent- 
age based on these estimates? 


The number of children per family was determined 
and summarized in the following table. 


Number of Children Number of families 


1 15 
2 31 
3 24 
4 7 


Find the expected number, variance, and standard 
deviation of the number of children per family. 


Padini Concept, a local retail store in Malaysia, 
recorded the number of shoes purchased by custom- 
ers (1 pairs, 2 pairs and 3 pairs) based on the num- 
ber of clothes purchased (1, 2, and 3) for a random 
sample of 250 customers. The following data was 
recorded: 


Number of Pairs of 
Customers Shoes Clothes 
62 1 
80 3 
110 2 
21 2 1 
18 3 1 
31 1 2 
24 3 2 
32 2 3 


a. What is the probability of customers purchasing 2 
pairs of shoes? 


b. What is the probability of customers purchasing 3 
items of clothing? 


c. Construct a cumulative probability distribution 
for the purchase of shoes. What is the probabil- 
ity of the number of shoes purchased being less 
than 3? What is the probability of number of pairs 
of shoes purchased being between 2 and 3? 


d. Find the expected value and standard deviation 
for the number of pairs of shoes purchased. 


25. From a bag full of colored balls (red, blue, green, and 


26. 


2: 


28. 


29. 


30. 


orange), a few are picked out and replaced. This is 
done 1,000 times and the number of times each colored 
ball is picked out is, blue balls = 300, red balls = 
200, green balls = 450, and orange balls = 50. 


a. What is the probability of picking a green ball? 

b. What is the probability of picking a blue ball? 

c. If there are 100 balls in the bag, how many of 
them are likely to be green? 

d. If there are 10,000 balls in the bag, how many of 
them are likely to be orange? 


A major application of analytics in marketing is 
determining customer retention. Suppose that the 
probability of a long-distance carrier’s customer leav- 
ing for another carrier from one month to the next 
is 0.16. What distribution models the retention of an 
individual customer? What is the expected value and 
standard deviation? 


The Excel file Call Center Data shows that in a 
sample of 70 individuals, 27 had prior call center 
experience. If we assume that the probability that any 
potential hire will also have experience with a prob- 
ability of 27/70, what is the probability that among 
ten potential hires, more than half of them will have 
experience? Define the parameter(s) for this distribu- 
tion based on the data. 


If a cell phone company conducted a telemarketing 
campaign to generate new clients and the probabil- 
ity of successfully gaining a new customer was 0.07, 
what is the probability that contacting 50 potential 
customers would result in at least 5 new customers? 


During one 12-week period, a particular mutual fund 
outperformed the S&P 500 index 37 out of 60 days. 
Find the probability that it would perform as well or 
better again. 


A popular resort hotel has 300 rooms and is usually 
fully booked. About 7% of the time a reservation is 
canceled before the 6:00 p.m. deadline with no pen- 
alty. What is the probability that at least 285 rooms 
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31. 


32. 


33. 
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will be occupied? Use the binomial distribution to 
find the exact value. 


A transport company is inspecting 80 trucks it owns. 
The inspection determines that the probability of 
trucks failing the inspection is 0.25. Find the prob- 
ability that not more than 10 trucks failed the inspec- 
tion. What is the probability that 75 or more trucks 
passed the inspection? 


A life insurance consultant sells three life insur- 
ance policies on an average per week for which she 
receives a fee. Use Poisson’s distribution to calculate 
the probability that in a given week she will sell 


a. some policies. 
b. two or more policies but less than five policies. 


c. one policy, assuming that there are five working 
days a week. 


The number and frequency of hurricanes over a 
certain ocean, annually from 1945 through 2020, is 
shown here. For instance, this means that no hurri- 
canes occurred during 6 of these years, only one hur- 
ricane occurred in 16 of these years, and so on. 


Number Frequency 
0 6 
1 16 
2 20 
3 12 
4 4 
5 5 
6 4 
v4 4 
8 2 

11 1 
12 1 


a. Find the probabilities of 0-12 hurricanes each 
season using these data. 


b. Find the mean number of hurricanes. 


c. Assuming a Poisson distribution and using the 
mean number of hurricanes per season from 
part b, compute the probabilities of experienc- 
ing 0-12 hurricanes in a season. Compare these 
to your answer to part a. How accurately does a 
Poisson distribution model this phenomenon? 
Construct a chart to visualize these results. 
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Continuous Probability Distributions 


34. 


35. 


36. 


37. 


Verify that the function corresponding to the fol- 
lowing figure is a valid probability density function. 
Then find the following probabilities: 

a Pes) 

b. P(x > 7) 

Cr (Or 110) 

ra Pa os ihe cc 


0.3 


0.1 


6 8 12 


The time required to play a game of Battleship™ is 

uniformly distributed between 20 and 60 minutes. 

a. Find the expected value and variance of the time 
to complete the game. 

b. What is the probability of finishing within 30 
minutes? 

c. What is the probability that the game would take 
longer than 40 minutes? 


A student is drawing a rectangle, which has a perim- 
eter of 20 cm. He wants the length, x cm, of one side 
of this rectangle to be uniformly distributed between 
| cm and 7 cm. Find the probability that the length of 
the longer side of the rectangle is more than 6 cm long. 


In determining bike mileage ratings, it was found that 
the mpg (X) for a certain model is normally distrib- 
uted, with a mean of 34 mpg and a standard deviation 
of 1.9 mpg. Find the following: 


a. P(X < 33) 
PPB SBS) 
P(X > 36) 
P(X > 33) 


The mileage rating that the upper 6% of bikes 
achieve. 


eo aoc 


38. 


39. 


40. 


41. 


42. 


The distribution of SAT scores in math for an incom- 
ing class of business students has a mean of 610 and 
standard deviation of 20. Assume that the scores are 
normally distributed. 


a. Find the probability that an individual’s SAT 
score is less than 600. 


b. Find the probability that an individual’s SAT 
score is between 590 and 620. 


c. Find the probability that an individual’s SAT 
score 1s greater than 650. 


d. What scores will the top 5% of students have? 


e. Find the standardized values for students scoring 
540, 600, 650, and 700 on the test. Explain what 
these mean. 


A popular soft drink is sold in 2-liter (2,000-milliliter) 
bottles. Because of variation in the filling process, 
bottles have a mean of 2,000 milliliters and a stan- 
dard deviation of 18, normally distributed. 


a. If the process fills the bottle by more than 30 
milliliters, the overflow will cause a machine 
malfunction. What is the probability of this 
occurring? 

b. What is the probability of underfilling the bottles 
by at least 10 milliliters? 


A fisherman found that the average length of cherry 
hybrid salmon is about 20 inches with a standard 
deviation of 2 inches. By assuming the cherry salm- 
on’s length is normally distributed, find the probabil- 
ity that its length is 


a. more than 25 inches. 
b. less than 17 inches. 


c. within 5% of the cherry salmon’s mean length. 


According to historical data, a European musician 
finds that customers who download music from a 
popular Web service spend approximately €24 per 
month, with a standard deviation of €4, Find the 
probability that a customer will spend at least €22 per 
month. How much (or more) do the top 9% of cus- 
tomers spend? 


According to WHO, around 1.35 million people 
die each year due to road accidents. Suppose that 
on a specific highway, an average of four accidents 
occur within every hour. Find the probability that the 
duration between accidents is less than or equal to 
30 minutes. 


43. The actual delivery time from a pizza delivery com- 
pany is exponentially distributed with a mean of 
28 minutes, 


a. What is the probability that the delivery time will 
exceed 31 minutes? 


b. What proportion of deliveries will be completed 
within 25 minutes? 


Data Modeling and Distribution Fitting 


44. Apply the chi-square goodness of fit test to the data 
in the Airport Service Times Excel file to determine 
if a normal distribution models the data. Use bins of 
width 100. Note that for a normal distribution, the 
number of degrees of freedom for the CHISQ.INV. 
RT function should be the number of bins minus 3 as 
discussed in the chapter. 
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45. Apply the chi-square goodness of fit test to the data 
in the Airport Service Times Excel file to determine 
if an exponential distribution models the data. Use 
bins of width 100. Note that for an exponential dis- 
tribution, the number of degrees of freedom for the 
CHISQ.INV.RT function should be the number of 
bins minus 2 as discussed in the chapter. 


46. Compute the daily change of the closing price for the 
data in the Excel file S&P 500. Compute descriptive 
statistics, a frequency distribution, and histogram for 
the closing prices (using a bin width of 25). What 
probability distribution would you propose as a good 
fit for the data? Verify your choice using the chi- 
square goodness of fit test. 


CASE: PERFORMANCE LAWN EQUIPMENT 


PLE collects a variety of data from special studies, many 
of which are related to the quality of its products. The 
company collects data about functional test performance 
of its mowers after assembly; results from the past 30 
days are given in the worksheet Mower Test in the Per- 
formance Lawn Equipment Database. In addition, many 
in-process measurements are taken to ensure that manufac- 
turing processes remain in control and can produce accord- 
ing to design specifications. The worksheet Blade Weight 
shows 350 measurements of blade weights taken from the 
manufacturing process that produces mower blades dur- 
ing the most recent shift. Elizabeth Burke has asked you 
to study these data from an analytics perspective. Draw- 
ing upon your experience, you have developed a number 
of questions. 


1. For the mower test data, what distribution might be 
appropriate to model the failure of an individual mower? 

2. What fraction of mowers fails the functional perfor- 
mance test using all the mower test data? 

3. What is the probability of having x failures in the next 
100 mowers tested, for x from 0 to 20? 


4. What is the average blade weight and how much 
variability is occurring in the measurements of blade 
weights? 

5. Assuming that the data are normal, what is the proba- 
bility that blade weights from this process will exceed 
5.20? 

6. What is the probability that blade weights will be less 
than 4.80? 

7. What is the actual percent of blade weights that 
exceed 5.20 or are less than 4.80 from the data in the 
worksheet? 

8. Is the process that makes the blades stable over time? 
That is, are there any apparent changes in the pattern 
of the blade weights? 

9, Could any of the blade weights be considered outliers, 
which might indicate a problem with the manufactur- 
ing process or materials? 

10. Is the assumption that blade weights are normally 
distributed justified? 


Summarize all your findings to these questions in a 
well-written report. 
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Sampling and Est 


pr ee RIES LEAT VEE 
RNING OBJECTIVES 


Describe the elements of a sampling plan. 

Explain the difference between subjective and 
probabilistic sampling. 

State two types of subjective sampling. 

Explain how to conduct simple random sampling and 
use Excel to find a simple random sample from an 
Excel database. 

Explain systematic, stratified, and cluster sampling 
and sampling from a continuous process. 

= Explain the importance of unbiased estimators. 
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Imation 


Robert Brown Stock/Shutterstock 


After studying this chapter, you will be able to: 


m Describe the difference between sampling error and 
nonsampling error. 

m Explain how the average, standard deviation, and 
distribution of means of samples change as the 
sample size increases. 

u Define the sampling distribution of the mean. 

= Calculate the standard error of the mean. 

= Explain the practical importance of the central limit 
theorem. 

a Use the standard error in probability calculations. 
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= Explain how an interval estimate differs from a point = Describe the difference between the t-distribution and 
estimate. the normal distribution. 

= Define and give examples of confidence intervals. a Use and visualize confidence intervals to draw 

w Calculate confidence intervals for population means conclusions about population parameters. 
and proportions using the formulas in the chapter and = Compute a prediction interval and explain how it 
the appropriate Excel functions. differs from a confidence interval. 

= Explain how confidence intervals change as the level = Compute sample sizes needed to ensure a confidence 
of confidence increases or decreases. interval for means and proportions with a specified 


margin of error. 


PSAP RAUA ASTON NEN EAR ETRE PE LL 


We discussed the difference between population and samples in Chapter 4. 
Sampling is the foundation of statistical analysis. We use sample data in busi- 
ness analytics applications for many purposes. For example, we might wish to 
estimate the mean, variance, or proportion of a very large or unknown population; 
provide values for inputs in decision models; understand customer satisfaction; 
reach a conclusion as to which of several sales strategies is most effective; or 
understand if a change in a process resulted in an improvement. In this chapter, 
we discuss sampling methods, how they are used to estimate population param- 
eters, and how we can assess the error inherent in sampling. 

In your career, you will discover many opportunities to apply statistical sam- 
pling and estimation. For example, marketing analysts routinely use surveys to 
understand customer demographics, brand and product attribute preferences, 
and customer satisfaction. Accounting professionals use sampling techniques to 
audit invoices, accounts receivable, and freight bills. Operations managers use 
sampling to verify the quality of incoming materials and production output. Human 
resource managers use surveys and sampling techniques to evaluate employee 
satisfaction. Companies in the entertainment industry routinely use sampling to 
rate TV shows, movies, and video games. So, every time you are asked to com- 


plete a survey, you are seeing sampling and estimation at work! 


NSA NDE NCEE NAEP A RIL REST OY ARPES VTEC POLE EE NAN BNORIICER EVE DOSS 


as Statistical Sampling 


The first step in sampling is to design an effective sampling plan that will yield represen- 
tative samples of the populations under study. A sampling plan is a description of the 
approach that is used to obtain samples from a population prior to any data collection 
activity. A sampling plan states 


m the objectives of the sampling activity, 
@ the target population, 
® the population frame (the list from which the sample is selected), 
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@ the method of sampling, 
@ the operational procedures for collecting the data, and 
@ the statistical tools that will be used to analyze the data. 


A Sampling Plan for a Market Research Study 


Suppose that a company wants to understand how golf- purchased equipment from national golf or sporting goods 
ers might respond to a membership program that provides companies through which the discount card will be sold. 
discounts at golf courses in the golfers’ locality as well The operational procedures for collecting the data might be 
as across the country. The objective of a sampling study an e-mail link to a survey site or direct-mail questionnaire. 
might be to estimate the proportion of golfers who would The data might be stored in an Excel database; statistical 
likely subscribe to this program. The target population tools such as PivotTables and simple descriptive statistics 
might be all golfers over 25 years old. However, identify- would be used to segment the respondents into differ- 

ing all golfers in America might be impossible. A practi- ent demographic groups and estimate their likelihood of 


cal population frame might be a list of golfers who have responding positively. 


Sampling Methods 


Many types of sampling methods exist. Sampling methods can be subjective or probabi- 
listic. Subjective methods include judgment sampling, in which expert judgment is used 
to select the sample (survey the “best” customers), and convenience sampling, in which 
samples are selected based on the ease with which the data can be collected (survey all 
customers who happen to visit this month). Probabilistic sampling involves selecting the 
items in the sample using some random procedure. Probabilistic sampling is necessary to 
draw valid statistical conclusions. 

The most common probabilistic sampling approach is simple random sampling. Sim- 
ple random sampling involves selecting items from a population so that every subset of 
a given size has an equal chance of being selected. If the population data are stored in a 
database, simple random samples can generally be easily obtained. 


Simple Random Sampling with Excel 


Suppose that we wish to sample from the Excel database observations from the beginning of the data set. For 


Sales Transactions. Excel provides a tool to generate a instance, if a period of 5 is used, observations 5, 10, 15, 
random set of values from a given population size. Click and so on will be selected as samples. 

on Data Analysis in the Analysis group of the Data tab 2. Sampling can also be Random, and we will be 

and select Sampling. This brings up the dialog shown in prompted for the Number of Samples. Excel will then 
Figure 6.1. In the Input Range box, we specify the data randomly select this number of samples from the speci- 
range from which the sample will be taken. This tool fied data set. However, this tool generates random sam- 
requires that the data sampled be numeric, so in this ples with replacement, so we must be careful to check 
example we sample from the first column of the data set, for duplicate observations in the sample created. 


which corresponds to the customer ID number. There are Figure 6.2 shows 20 random samples generated by the 


Ere PEansitos sampling: tool. We sorted them in ascending order to make it easier 
1. Sampling can be Periodic, and we will be prompted to identify duplicates. As you can see, two of the customers 
for the Period, which is the interval between sample were duplicated by the tool. 
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> Figure 6.1 
Excel Sampling Too! Dialog 


» Figure 6.2 


Samples Generated Using 
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Other methods of sampling include the following: 


Systematic (Periodic) Sampling. Systematic, or periodic, sampling is a sam- 
pling plan (one of the options in the Excel Sampling tool) that selects every 

nth item from the population. For example, to sample 250 names from a list of 
400,000, the first name could be selected at random from the first 1,600, and then 
every 1,600th name could be selected. This approach can be used for telephone 
sampling when supported by an automatic dialer that is programmed to dial 
numbers in a systematic manner. However, systematic sampling is not the same 
as simple random sampling because for any sample, every possible sample of a 
given size in the population does not have an equal chance of being selected. In 
some situations, this approach can induce significant bias if the population has 
some underlying pattern. For instance, sampling orders received every seven days 
may not yield a representative sample if customers tend to send orders on certain 
days every week. 

Stratified Sampling. Stratified sampling applies to populations that are divided 
into natural subsets (called strata) and allocates the appropriate proportion of 
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samples to each stratum. For example, a large city may be divided into political 
districts called wards. Each ward has a different number of citizens. A stratified 
sample would choose a sample of individuals in each ward proportionate to its 
size. This approach ensures that each stratum is weighted by its size relative to 
the population and can provide better results than simple random sampling if the 
items in each stratum are not homogeneous. However, issues of cost or signifi- 
cance of certain strata might make a disproportionate sample more useful. For 
example, the ethnic or racial mix of each ward might be significantly different, 
making it difficult for a stratified sample to obtain the desired information. 

= Cluster Sampling. Cluster sampling is based on dividing a population into sub- 
groups (clusters), sampling a set of clusters, and (usually) conducting a complete 
census within the clusters sampled. For instance, a company might segment its 
customers into small geographical regions. A cluster sample would consist of 
a random sample of the geographical regions, and all customers within these 
regions would be surveyed (which might be easier because regional lists might 
be easier to produce and mail). 

sm Sampling from a Continuous Process. Selecting a sample from a continuous 
manufacturing process can be accomplished in two main ways. First, select a 
time at random; then select the next n items produced after that time. Second, 
select n times at random; then select the next item produced after each of these 
times. The first approach generally ensures that the observations will come from 
a homogeneous population; however, the second approach might include items 
from different populations if the characteristics of the process should change over 
time, so caution should be used. 


: CHECK YOUR UNDERSTANDING 


1. State the major elements of a sampling plan. 
What is simple random sampling? 


Describe and give an example of systematic, stratified, cluster, and continuous process 
sampling methods. 


oe eeeneeee eee ee ee Se ee 


ANALYTICS IN PRACTICE: Using Sampling Techniques to Improve 
Distribution’ 


U.S. breweries rely on a three-tier distribution system to —_ effective as possible to deliver to the market a fresh prod- 
deliver product to retail outlets, such as supermarkets __ uct that is damage free and is delivered at the right place at 
and convenience stores, and on-premise accounts, _ the right time. 

such as bars and restaurants. The three tiers are the To understand distributor performance related to over- 
manufacturer, wholesaler (distributor), and retailer. A all effectiveness, MillerCoors brewery defined seven attri- 
distribution network must be as efficient and cost butes of proper distribution and collected data from 500 of 


(continued ) 


'Based on Tony Gojanovic and Ernie Jimenez, “Brewed Awakening: Beer Maker Uses Statistical Methods 
to Improve How Its Products Are Distributed,’ Quality Progress (April 2010). 
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its distributors. A field quality specialist (FQS) audits dis- 
tributors within an assigned region of the country and col- 
lects data on these attributes. The FQS uses a handheld 
device to scan the universal product code on each pack- 
age to identify the product type and amount. When audits 
are complete, data are summarized and uplcaded from the 
handheld device into a master database. 

This distributor auditing uses stratified random sam- 
pling with proportional allocation of samples based on the 
distributor's market share. In addition to providing a more 
representative sample and better logistical control of sam- 
pling, stratified random sampling enhances statistical preci- 
sion when data are aggregated by market area served by 
the distributor. This enhanced precision is a consequence 
of smaller and typically homogeneous market regions, 
which are able to provide realistic estimates of variability, 
especially when compared to another market region that is 
markedly different. 

Randomization of retail accounts is achieved through 
a specially designed program based on the GPS location 
of the distributor and serviced retail accounts. The sam- 
pling strategy ultimately addresses a specific distributor’s 
performance related to out-of-code product, damaged 
product, and out-of-rotation product at the retail level. 


Stephen Finn/Shutterstock. 


accounts are audited during a sampling year. Data col- 
lected by the FQSs during the year are used to develop a 
performance ranking of distributors and identify opportu- 


All in all, more than 6,000 of the brewery’s national retail nities for improvement. 


= Estimating Population Parameters 


Sample data provide the basis for many useful analyses to support decision making. 
Estimation involves assessing the value of an unknown population parameter—such as 
a population mean, population proportion, or population variance—using sample data. 
Estimators are the measures used to estimate population parameters; for example, we use 
the sample mean X to estimate a population mean jt. The sample variance 5? estimates a 
population variance a7, and the sample proportion p estimates a population proportion 7. 
A point estimate is a single number derived from sample data that is used to estimate the 
value of a population parameter. 


Unbiased Estimators 


It seems quite intuitive that the sample mean should provide a good point estimate for 
the population mean. However, it may not be clear why the formula for the sample vari- 
ance that we introduced in Chapter 4 has a denominator of n — 1, particularly because it 
is different from the formula for the population variance (see formulas (4.7) and (4.8) in 
Chapter 4). In these formulas, the population variance is computed by 


n 
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whereas the sample variance is computed by the formula 


n 
2 
2G = x) 
2 i=1 


= 
if. = oN 


Why is this so? Statisticians develop many types of estimators, and from a theoretical 
as well as a practical perspective, it is important that they “truly estimate” the popula- 
tion parameters they are supposed to estimate. Suppose that we perform an experiment 
in which we repeatedly sampled from a population and computed a point estimate for a 
population parameter. Each individual point estimate will vary from the population param- 
eter; however, we would hope that the long-term average (expected value) of all possible 
point estimates would equal the population parameter. If the expected value of an estimator 
equals the population parameter it is intended to estimate, the estimator is said to be unbi- 
ased. If this is not true, the estimator is called biased and will not provide correct results. 

Fortunately, all the estimators we have introduced are unbiased and, therefore, are 
meaningful for making decisions involving the population parameter. In particular, statisti- 
cians have shown that the denominator n — 1 used in computing s* is necessary to provide 
an unbiased estimator of a”. If we simply divided by the number of observations, the esti- 
mator would tend to underestimate the true variance. 


Errors in Point Estimation 


One of the drawbacks of using point estimates is that they do not provide any indication 
of the magnitude of the potential error in the estimate. A major metropolitan newspaper 
reported that, based on a Bureau of Labor Statistics survey, college professors were the 
highest-paid workers in the region, with an average salary of $150,004. Actual averages for 
two local universities were less than $70,000. What happened? As reported in a follow-up 
story, the sample size was very small and included a large number of highly paid medical 
school faculty; as a result, there was a significant error in the point estimate that was used. 

When we sample, the estimators we use—such as a sample mean, sample proportion, 
or sample variance—are actually random variables that are characterized by some distri- 
bution. By knowing what this distribution is, we can use probability theory to quantify 
the uncertainty associated with the estimator. To understand this, we first need to discuss 
sampling error and sampling distributions. 

In Chapter 4, we observed that different samples from the same population have dif- 
ferent characteristics—for example, variations in the mean, standard deviation, frequency 
distribution, and so on. Sampling (statistical) error occurs because samples are only a 
subset of the total population. Sampling error is inherent in any sampling process, and 
although it can be minimized, it cannot be totally avoided. Another type of error, called 
nonsampling error, occurs when the sample does not represent the target population 
adequately. This is generally a result of poor sample design, such as using a convenience 
sample when a simple random sample would have been more appropriate, or choosing the 
wrong population frame. It may also result from inadequate data reliability, which we dis- 
cussed in Chapter 1. To draw good conclusions from samples, analysts need to eliminate 
nonsampling error and understand the nature of sampling error. 

Sampling error depends on the size of the sample relative to the population. Thus, 
determining the number of samples to take is essentially a statistical issue that is based on 
the accuracy of the estimates needed to draw a useful conclusion. We discuss this later in 
this chapter. However, from a practical standpoint, one must also consider the cost of sam- 
pling and sometimes make a trade-off between cost and the information that is obtained. 
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Understanding Sampling Error 


Suppose that we estimate the mean of a population using the sample mean. How can we 
determine how accurate we are? In other words, can we make an informed statement about 
how far the sample mean might be from the true population mean? We could gain some 
insight into this question by performing a sampling experiment as Example 6.3 illustrates. 

If we apply the empirical rules to these results, we can estimate the sampling error 


associated with one of the sample sizes we have chosen (see Example 6.4). 


A Sampling Experiment 


Let us choose a population that is uniformly distrib- 

uted between a = 0 and b = 10. Formulas (6.20) and 

(5.21) state that the expected value (population mean) is 

(0 + 10)/2 = 5, and the variance is (10 — 0)?/12 = 8.333. 
We use the Excel Random Number Generation 

tool described in Chapter 5 to generate 25 samples, each of 
size ten, from this population. Figure 6.3 shows a portion of 
a spreadsheet for this experiment, along with a histogram of 
the data (on the left side) that shows that the 250 observa- 
tions are approximately uniformly distributed. (This is avail- 
able in the Excel file Sampling Experiment.) 

In row 12, we compute the mean of each sample. 
These statistics vary a lot from the population values 
because of sampling error. The histogram on the right shows 
the distribution of the 25 sample means, which vary from 
less than 4 to more than 6. Now let’s compute the average 
and standard deviation of the sample means in row 12 (cells 


A B C D cE F Ww 


AB12 and AB13). Note that the average of all the sample 
means is quite close to the true population mean of 5.0. 
Now let us repeat this experiment for larger sample 
sizes. Table 6.1 shows some results. Notice that as the 
sample size gets larger, the averages of the 25 sample 
means are all still close to the expected value of 5; how- 
ever, the standard deviation of the 25 sample means 
becomes smaller for increasing sample sizes, meaning that 
the means of samples are clustered closer together around 
the true expected value. Figure 6.4 shows comparative 
histograms of the sample means for each of these cases. 
These illustrate the conclusions we just made and, per- 
haps even more surprisingly, the distribution of the sample 
means appears to assume the shape of a normal distribu- 
tion for larger sample sizes. In our experiment, we used 
only 25 sample means. If we had used a much-larger num- 
ber, the distributions would have been more well defined. 


xX Y Z AA AB 


1 Observation Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 Sample 22 Sample 23 Sample 24 Sample 25 
2 1 §.3935 0.8756 9.9338 4.3294 7.1908 8.2244 8.4655 1.9404 9.9133 
3 2 2.8282 2.5047 6.4480 5.9877 7.3946 3.3000 0.3632 9.8871 5.1079 
4 3 §.2715 0.6949 1.5015 8.3935 3.1559 7.1023 9.3628 1.7844 7.3937 
5 4 5.4912 0.7739 8.1466 5.5205 2.4586) 8.7262 9.1598 7.5820 1.8513 
6 5 9.3158 44591 63573 3.8679 1.1493 3.3854 1,2482 1.9391 5.4405 
7 6 7.9745 6.9784 7.9962 2.3157 7.8564 8.9032 3.8716 5.8525 5.4164 
8 7 6.7043 8.4039 5.1088 9.1098 1.1802 2.7732 2.4815 9.0817 4.3889 
9 8 1.3041 2.5678 6.1794 7.8396 6.2709, 0.5692 2.5800 1.1911 7.2430 
10 9 0.9870 6.3964 8.2269 9.6112 6.6814 2.8306 4.6004 9.0274 6.1232 
11 10 9.9493 9.3936 4.5015 5.2385 0.6970 3.7074 5.9062 _—_—0.6592 7.5021 
12 Sample mean 5.5219 4.3048 6.4400 6.2214 4.4035 4.9522 4.8039 4.8945 6.0380|1 
13 
eo ——————____—_—. 
15 ; 
16 Histogram - All Data Sample Means - n= 10 
17 
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Portion of Spreadsheet for Sampling Experiment 


> Table 6.1 
Results from Sampling Sample Size 
Experiment 10 
25 
100 
500 
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Average of 25Sample Standard Deviation of 


Means 25 Sample Means 
5.0108 0.816673 
5.0779 0.451351 
4.9137 0.301941 
4.9754 0.078993 
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Histograms of Sample Means for Increasing Sample Sizes 


EXAMPLE 6.4 


Using the standard deviations in Table 6.1 in Example 6.3 
and the empirical rule for three standard deviations around 
the mean, we could state, for example, that using a sample 
size of ten, the distribution of sample means should fall 
within three standard deviations of the population mean, 

5, or approximately from 5.0 — 3(0.816673) = 2.55 to 
5.0 + 3(0.816673) = 7.45. Thus, there is considerable 


CHECK YOUR UN 


Estimating Sampling Error Using the Empirical Rules 


error in estimating the mean using a sample of only ten. 

For a sample of size 25, we would expect the sample 
means to fall between 5.0 — (0.451351) = 3.65 and 

5.0 + 3(0.451351) = 6.35. Note that as the sample size 
increased, the error decreased. For sample sizes of 100 and 
500, the intervals are [4.09, 5.91] and [4.76, 5.24]. 


DERSTANDING 


4. What is an unbiased estimator, and why is it important in statistics? 
2. Explain the difference between sampling and nonsampling error. 


3. What happens to the distribution of the sample mean as the sample size increases? 
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an Sampling Distributions 


We can quantify the sampling error in estimating the mean for any unknown population. To 
do this, we need to characterize the sampling distribution of the mean. 


Sampling Distribution of the Mean 


The means of all possible samples of a fixed size n from some population will form a 
distribution that we call the sampling distribution of the mean. The histograms in 
Figure 6.4 are approximations to the sampling distributions of the mean based on 
25 samples. Statisticians have shown two key results about the sampling distribution of 
the mean. First, the standard deviation of the sampling distribution of the mean, called the 
standard error of the mean, is computed as 


Standard Error of the Mean = 0 /Vn (6.1) 


where o is the standard deviation of the population from which the individual observations 
are drawn and n is the sample size. From this formula, we see that as n increases, the stan- 
dard error decreases, just as our experiment demonstrated. This suggests that the estimates 
of the mean that we obtain from larger sample sizes provide greater accuracy in estimating 
the true population mean. In other words, larger sample sizes have less sampling error. 


Computing the Standard Error of the Mean 


For our experiment, we know that the variance of the popu- For the remaining data in Table 6.1 we have the following: 
lation is 8.33 (because the values were uniformly distrib- Sample Size,n Standard Error of the Mean 


uted). Therefore, the standard deviation of the population is 


10 0.914 
ga = 2.89. We may compute the standard error of the mean 
for each of the sample sizes in our experiment using for- 25 0.5778 
mula (6.1). For example, with n = 10, we have 100 0.289 
500 0.129 


Standard Error of the Mean = a0 / Vn = 2.89/V/10 = 0.914 


The standard deviations shown in Table 6.1 are simply estimates of the standard error 
of the mean based on using only 25 samples. If we compare these estimates with the theo- 
retical values in the previous example, we see that they are close but not exactly the same. 
This is because the true standard error is based on all possible sample means in the sam- 
pling distribution, whereas we used only 25. If you repeat the experiment with a larger 
number of samples, the observed values of the standard error would be closer to these 
theoretical values. 


In practice, we will never know the true population standard deviation and generally 
take only a limited sample of n observations. However, we may estimate the standard error 
of the mean using the sample data by simply dividing the sample standard deviation by the 
square root of n. 

The second result that statisticians have shown is called the central limit theorem, 
one of the most important practical results in statistics that makes systematic inference 
possible. The central limit theorem states that if the sample size is large enough, the sam- 
pling distribution of the mean is approximately normally distributed, regardless of the dis- 
tribution of the population, and that the mean of the sampling distribution will be the same 
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as that of the population. This is exactly what we observed in our experiment. The distribu- 
tion of the population was uniform, yet the sampling distribution of the mean converges to 
the shape of a normal distribution as the sample size increases. The central limit theorem 
also states that if the population is normally distributed, then the sampling distribution of 
the mean will also be normal for any sample size. The central limit theorem allows us to 
use the theory we learned about calculating probabilities for normal distributions to draw 
conclusions about sample means. 


Applying the Sampling Distribution of the Mean 


The key to applying sampling distribution of the mean correctly is to understand whether 
the probability that you wish to compute relates to an individual observation or to the mean 
of a sample. If it relates to the mean of a sample, then you must use the sampling distribu- 
tion of the mean, whose standard deviation is the standard error, 7 / Vn. 


EXAMPLE 6.6 Using the Standard Error in Probability Calculations 


of the mean will have a mean of $36 but a standard error 
of $8/V16 = $2. Then the probability that the mean pur- 
chase exceeds $40 for a sample size of n = 16is 


Suppose that the size of individual customer orders (in 
dollars), X, from a major discount book publisher Web site 
is normally distributed with a mean of $36 and standard 
deviation of $8. The probability that the next individual who 
places an order at the Web site will make a purchase of 
more than $40 can be found by calculating 


1 — NORM.DIST(40, 36, 2, TRUE) = 1 — 0.9772 = 0.0228 


Although about 30% of individuals will make pur- 
chases exceeding $40, the chance that 16 customers 


— NORM.DIST(40, 36, 8, = 1 — 0.6915 = 0.3085 : 
hates Si fay) : will collectively average more than $40 is much smaller. 


Now suppose that a sample of 16 customers is chosen. 
What is the probability that the mean purchase for these 16 
customers will exceed $40? To find this, we must realize that 
we must use the sampling distribution of the mean to carry 
out the appropriate calculations. The sampling distribution 


It would be very unlikely for all 16 customers to make 
high-volume purchases, because some individual pur- 
chases would as likely be less than $36 as more, making 
the variability of the mean purchase amount for the sam- 
ple of 16 much smaller than that for individuals. 


pts CHECK YOUR UNDERSTANDING 


What is the sampling distribution of the mean? 


Define the standard error of the mean, and explain how to compute it. 


What does the central limit theorem state, and of what value is it? 


pone ea 


Explain when to use the standard error in probability calculations versus using the stan- 
dard deviation of the population. 


as Interval Estimates 


An interval estimate provides a range for a population characteristic based on a sample. 
Intervals are quite useful in statistics because they provide more information than a point 
estimate. Intervals specify a range of plausible values for the characteristic of interest and a 
way of assessing “how plausible” they are. In general, a 100(1 — @)% probability inter- 
val is any interval [A, B] such that the probability of falling between A and Bis | — a. 
Probability intervals are often centered on the mean or median. For instance, in a normal 
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distribution, the mean plus or minus | standard deviation describes an approximate 68% 
probability interval around the mean. As another example, the Sth and 95th percentiles in a 
data set constitute a 90% probability interval. 


EXAMPLE 6.7 interval Estimates in the News 


We see interval estimates in the news all the time when trying voters that support the candidate is most likely between 53% 


to estimate the mean or proportion of a population. Interval and 59%. Therefore, we would have a lot of confidence in pre- 
estimates are often constructed by taking a point estimate dicting that the candidate would win a forthcoming election. If, 
and adding and subtracting a margin of error that is based on however, the poll showed a 52% level of support with a mar- 
the sample size. For example, a Gallup poll might report that gin of error of +4%, we might not be as confident in predict- 
56% of voters support a certain candidate with a margin of ing a win because the true percentage of supportive voters is 


error of + 3%. We would conclude that the true percentage of likely to be somewhere between 48% and 56%. 


The question you might be asking at this point is how to calculate the error associ- 
ated with a point estimate. In national surveys and political polls, such margins of error 
are usually stated, but they are never properly explained. To understand them, we need to 
introduce the concept of confidence intervals. 


Confidence Intervals 


Confidence interval estimates provide a way of assessing the accuracy of a point estimate. 
A confidence interval is a range of values between which the value of the population 
parameter is believed to be, along with a probability that the interval correctly estimates the 
true (unknown) population parameter. This probability is called the level of confidence, 
denoted by | — a, where a is a number between 0 and 1. The level of confidence is usu- 
ally expressed as a percent; common values are 90%, 95%, or 99%. (Note that if the level 
of confidence is 90%, then a = 0.1.) The margin of error depends on the level of confi- 
dence and the sample size. For example, suppose that the margin of error for some sample 
size and a level of confidence of 95% is calculated to be 2.0. One sample might yield a 
point estimate of 10. Then, a 95% confidence interval would be [8, 12]. However, this 
interval may or may not include the true population mean. If we take a different sample, we 
will most likely have a different point estimate, say, 10.4, which, given the same margin of 
error, would yield the interval estimate [8.4, 12.4]. Again, this may or may not include the 
true population mean. If we chose 100 different samples, leading to 100 different interval 
estimates, we would expect that 95% of them—the level of confidence—would contain the 
true population mean. We would say we are “95% confident” that the interval we obtain 
from sample data contains the true population mean. The higher the confidence level, the 
more assurance we have that the interval contains the true population parameter. As the 
confidence level increases, the confidence interval becomes wider to provide higher lev- 
els of assurance. You can view a as the risk of incorrectly concluding that the confidence 
interval contains the true mean. 

When national surveys or political polls report an interval estimate, they are actually 
confidence intervals. However, the level of confidence is generally not stated because the 
average person would probably not understand the concept or terminology. While not stated, 
you can probably assume that the level of confidence is 95%, as this is the most common 
value used in practice (however, the Bureau of Labor Statistics tends to use 90% quite often), 

Many different types of confidence intervals may be developed. The formulas used 
depend on the population parameter we are trying to estimate and possibly other character- 
istics or assumptions about the population. We illustrate a few types of confidence intervals. 


EXAMPLE 6.8 


> Figure 6.5 

Confidence Interval for Mean 
Liquid Detergent Filling 
Volume 
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Confidence Interval for the Mean with Known 
Population Standard Deviation 


The simplest type of confidence interval is for the mean of a population where the standard 
deviation is assumed to be known. You should realize, however, that in nearly all practical 
sampling applications, the population standard deviation will not be known. However, in 
some applications, such as measurements of parts from an automated machine, a process 
might have a very stable variance that has been established over a long history, and it can 
reasonably be assumed that the standard deviation is known. 

A 100(1 — a@)% confidence interval for the population mean pz based on a sample of 
size n with a sample mean Xx and a known population standard deviation a is given by 


wiz 4(a/ WA) (6.2) 


Note that this formula is simply the sample mean (point estimate) plus or minus a margin 
of error. 

The margin of error is a number z,/2 multiplied by the standard error of the sampling 
distribution of the mean, a / Vn. The value z, /2 represents the value of a standard normal 
random variable that has an upper tail probability of a@/2 or, equivalently, a cumulative 
probability of | — a@/2. It may be found from the standard normal table (see Table A.1 in 
Appendix A at the end of the book) or may be computed in Excel using the value of the 
function NORM.S.INV(1 — a@/2). For example, if a = 0.05 (for a 95% confidence inter- 
val), then =NORM.S.INV(0.975) = 1.96; if a = 0.10 (for a 90% confidence interval), 
then =NORM.S.INV(0.95) = 1.645, and so on. 

Although formula (6.2) can easily be implemented in a spreadsheet, the Excel func- 
tion CONFIDENCE.NORM(alpha, standard_deviation, size) can be used to compute the 
margin of error term, Zg/2 0/ Vn: thus, the confidence interval is the sample mean + 
CONFIDENCE.NORM (alpha, standard_deviation, size). 


Computing a Confidence Interval with a Known Standard Deviation 


In a production process for filling bottles of liquid detergent, X + Zy2 (a / Vn) 
historical data have shown that the variance in the volume 
is constant; however, clogs in the filling machine often 
affect the average volume. The historical standard deviation The worksheet Population Mean Sigma Known in the 
is 15 milliliters. In filling 800-milliliter bottles, a sample of Excel workbook Confidence Intervals computes this interval 
25 found an average volume of 796 milliliters. Using formula using the CONFIDENCE.NORM function to compute the 
(6.2), a 95% confidence interval for the population mean is 


= 796 + 1.96(15/\/25) = 796 + 5.88, or (790.12, 801.88] 


margin of error in cell B9, as shown in Figure 6.5. 


B C D E F 


r 
1 Confidence Interval for Population Mean, Standard Deviation Known 
2 | f 
3 |Alpha 0.05 
| 4 Standard deviation 15 
| 5 Sample size 25 
| 6 Sample average 796 


~— 


‘Confidence Interval 
g | Error 5.879892 
10 | Lower 790.1201 

Upper 801.8799 
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> Figure 6.6 


Comparison of the 
t-Distribution to the 
Standard Normal 
Distribution 


As the level of confidence, 1 — a, decreases, Z4/7 decreases, and the confidence inter- 
val becomes narrower. For example, a 90% confidence interval will be narrower than a 
95% confidence interval. Similarly, a 99% confidence interval will be wider than a 95% 
confidence interval. Essentially, you must trade off a higher level of accuracy with the risk 
that the confidence interval does not contain the true mean. Smaller risk will result in a 
wider confidence interval. However, you can also see that as the sample size increases, the 
standard error decreases, making the confidence interval narrower and providing a more 
accurate interval estimate for the same level of risk. So if you wish to reduce the risk, you 
should consider increasing the sample size. 


The t-Distribution 


In most practical applications, the standard deviation of the population is unknown, and we 
need to calculate the confidence interval differently. Before we can discuss how to compute 
this type of confidence interval, we need to introduce a new probability distribution called 
the f-distribution. The f-distribution is actually a family of probability distributions with a 
shape similar to the standard normal distribution. Different t-distributions are distinguished 
by an additional parameter, degrees of freedom (df). The f-distribution has a larger variance 
than the standard normal, thus making confidence intervals wider than those obtained from 
the standard normal distribution, in essence, correcting for the uncertainty about the true 
standard deviation, which is not known. As the number of degrees of freedom increases, the 
t-distribution converges to the standard normal distribution (Figure 6.6). When sample sizes 
get to be as large as 120, the distributions are virtually identical; even for sample sizes as low 
as 30 to 35, it becomes difficult to distinguish between the two. Thus, for large sample sizes, 
many people use z-values as in formula (6.2) to establish confidence intervals even when 
the population standard deviation is unknown but estimated from the sample data. We must 
point out, however, that for any sample size, the true sampling distribution of the mean is the 
t-distribution; so when in doubt, use the ¢-distribution as we will illustrate in the next section. 

The concept of degrees of freedom can be puzzling. It can best be explained by exam- 
ining the formula for the sample variance: 


n 

Dai — 
et 

reat 


Note that to compute s7, we first need to compute the sample mean, x. If we know the value 
of the mean, then we need know only n — | distinct observations; the nth is completely 
determined. (For instance, if the mean of three numbers is 4 and you know that two of 
the numbers are 2 and 4, you can easily determine that the third number must be 6.) The 


Standard normal 


t-distribution (20 df) 


f-distribution (5 df) 


EXAMPLE 6.9 
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number of sample values that are free to vary defines the number of degrees of freedom; in 
general, df equals the number of sample values minus the number of estimated parameters. 
Because the sample variance uses one estimated parameter, the mean, the f-distribution 
used in confidence interval calculations has n — | degrees of freedom. Because the t-dis- 
tribution explicitly accounts for the effect of the sample size in estimating the population 
variance, it is the proper one to use for any sample size. However, for large samples, the 
difference between f- and z-values is very small, as we noted earlier. 


Confidence Interval for the Mean with Unknown 
Population Standard Deviation 


The formula for a 100(1 — @)% confidence interval for the mean yz when the population 
standard deviation is unknown is 


Ebest pg Rud Oy aa) (6.3) 


where f,/2,—1 1s the value from the f-distribution with n — | degrees of freedom, giving 
an upper-tail probability of a/2. We may find t-values in Table A.2 in Appendix A at the 
end of the book or by using the Excel function T.INV(1 — a/2,n — 1) or the function 
T.INV.2T(a, n — 1). The Excel function CONFIDENCE.T(alpha, standard_deviation, 
size) can be used to compute the margin of error term, fy/2,,—1(8/ Vn); thus, the confidence 
interval is the sample mean +CONFIDENCE.T(alpha, standard_deviation, size). 


Computing a Confidence Interval with Unknown Standard Deviation 


In the Excel file Credit Approval Decisions, a large bank has 
sample data used in making credit approval decisions (see 
Figure 6.7). Suppose that we want to find a 95% confidence 
interval for the mean revolving balance for the population of 
applicants who own a home. First, sort the data by home- 
owner and compute the mean and standard deviation of 
the revolving balance for the sample of homeowners. This 
results in X = $12,630.37 ands = $5,393.38. The sample 


size isn = 27, so the standard error s/Vn = $1,037.96. 
The t-distribution has 26 degrees of freedom; therefore, 
to25,06 = 2.056. Using formula (6.3), the confidence interval 
is $12,630.37 + 2.056($ 1,037.96) or [$10,497, $14,764]. The 
worksheet Population Mean Sigma Unknown in the Excel 
workbook Confidence Intervals computes this interval using 
the CONFIDENCE.T function to compute the margin of error 
in cell B10, as shown in Figure 6.8. 


Confidence Interval for a Proportion 


For categorical variables such as gender (male or female), education (high school, col- 
lege, post-graduate), and so on, we are usually interested in the proportion of observa- 
tions in a sample that has a certain characteristic. An unbiased estimator of a population 


A (3 ( D E Et 
| 1 Credit Approval Decisions 
Z i 
> Homeowner CreditScore Years of CreditHistory Revolving Balance Revolving Utilization Decision 
4 Y; 725 20 $ 41,320 25% Approve | 
5 Y 573 9 $ 7,200 70% Reject 
6 Y 677 11 $ 20,000 55% Approve 
7 N 625 15 $ 12,800 65% Reject | 
8 N 527 iti $ 5,700 75% Reject 
9 Y 795 22 $ 9,000 12% Approve 
10 N 733 if $ 35,200 20% Approve | 
J eer SE eels lt be a a ta La ie pa EA Ma ATL il AOU SM EN 
a Figure 6.7 


Portion of Excel File Credit Approval Decisions 
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> Figure 6.8 PEE Ci eo era 
Confidence Interval for 1 Confidence Interval for Population Mean, Standard Deviation Unknown 
Mean Revolving Balance of 2 oa 

3 Alpha i 
HEM SOMnG Es 4 Sample standard deviation 5393.38 

5 Sample size 27 

6 Sample average 12630.37 

3 

8 Confidence Interval 

9 t-value 2.056 

10 Error 2133.55 

11 Lower 10496.82 

12 Upper 14763.92 

proportion 7 (this is not the number pi = 3.14159... ) is the statistic 6 = x/n (the 


sample proportion), where x is the number in the sample having the desired characteristic 
and n is the sample size. 
A 100(1 — a@)% confidence interval for the proportion is 


——s 
pt aif (6.4) 


Notice that as with the mean, the confidence interval is the point estimate plus or 


minus some margin of error. In this case, V p(1 — p)/n is the standard error for the sam- 
pling distribution of the proportion. Excel does not have a function for computing the mar- 
gin of error, but it can easily be implemented on a spreadsheet. The value of z_/2 is found 
using the Excel function NORM.S.INV(1 — a/2). 


EXAMPLE 6.10 Computing a Confidence Interval for a Proportion 


The last column in the Excel file insurance Survey (see 0.25(0.75) 

Figure 6.9) describes whether a sample of employees would 0.25 + 1.96 Rong Gg Set 0.25 £ 0.173, or [0.077, 0.423) 
be willing to pay a lower premium for a higher deductible 

for their health insurance. Suppose we are interested in the 
proportion of individuals who answered yes. We may easily 
confirm that 6 out of the 24 employees, or 25%, answered 
yes. Thus, a point estimate for the proportion answering yes is 
p = 0.25. Using formula (6.4), we find that a 95% confidence 
interval for the proportion of employees answering yes is 


The worksheet Proportion in the Excel workbook 
Confidence Intervals computes this interval, as shown in 
Figure 6.10. Notice that this is a fairly wide confidence inter- 
val, suggesting that we have quite a bit of uncertainty as to 
the true value of the population proportion. This is because of 
the relatively small sample size. 


Insurance Survey 


j 
j 
| 


1 
x 
fe 
3 


} 
| 
| Age __ Gender _ __Marital Status Years Employed Satisfaction* _Premium/Deductible* | 
14 36 F Some college Divorced a Ry eee N28 ae 
15 55 F Some college Divorced iz 1 N 
| 6 61 M Graduate degree Widowed 26 3 N | 
7 65 F Some college Married 9 4 N | 
| 8 53 F Graduate degree Married 6 4 N 
19 50 F Graduate degree Married 10 § N | 
| 10 28 F College graduate Married 4 § N j 
| 11 62 F College graduate Divorced ) 3 N | 
j1 48 M Graduate degree Married 6 5 N 
4 Figure 6.9 


Portion of Excel File Insurance Survey 
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> Figure 6.10 PEE —— “| 
‘ A B | 
Confidence Interval for the 1 Confidence Interval for a Proportion 
Proportion 2 | 
3 Alpha 0.05 | 

4 Sample proportion 0.25 | 

5 Sample size 24 | 

6 ] 

7 Confidence Interval 35%) 

8 z-value 1.96} 

9 Standard error 0.088388] 

10 | Lower 0.076762]. 

11 Upper 0.423238) | 


Additional Types of Confidence Intervals 


Confidence intervals may be calculated for other population parameters such as a variance 
or standard deviation and also for differences in the means or proportions of two popula- 
tions. The concepts are similar to the types of confidence intervals we have discussed, but 
many of the formulas are rather complex and more difficult to implement on a spreadsheet. 
Some advanced software packages and spreadsheet add-ins provide additional support. 
Therefore, we do not discuss them in this book, but we do suggest that you consult other 
books and statistical references should you need to use them, now that you understand the 
basic concepts underlying them. 


CHECK YOUR UNDERSTANDING 


What is an interval estimate? 
Explain the difference between a probability interval and a confidence interval. 


What does the level of confidence specify? 


Pas Ps 


Explain the differences in the formulas used to compute confidence intervals for the 
mean with known and unknown standard deviations. 


5. How does the f-distribution compare with the normal distribution? 


Using Confidence Intervals for Decision Making 


Confidence intervals can be used in many ways to support business decisions. 


Drawing a Conclusion About a Population 
Mean Using a Confidence Interval 


In packaging a commodity product such as laundry deter- the confidence interval. In fact, it is just as plausible that the 
gent, the manufacturer must ensure that the packages population mean is 801. We cannot tell definitively because 
contain the stated amount to meet government regulations. of the sampling error. However, suppose that the sample 

In Example 6.8, we saw an example where the required average is 792. Using the Excel worksheet Population 
volume is 800 milliliters, yet the sample average was only Mean Sigma Known in the workbook Confidence Intervals, 
796 milliliters. Does this indicate a serious problem? Not we find that the confidence interval for the mean would be 
necessarily. The 95% confidence interval for the mean we (786.12, 797.88]. In this case, we would conclude that it 
computed in Figure 6.5 was [790.12, 801.88]. Although the is highly unlikely that the population mean is 800 milliliters 
sample mean is less than 800, the sample does not provide because the confidence interval falls completely below 800; 
sufficient evidence to draw the conclusion that the popula- the manufacturer should check and adjust the equipment to 


tion mean is less than 800 because 800 is contained within meet the standard. 
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The next example shows how to interpret a confidence interval for a proportion. 


Suppose that an exit poll of 1,300 voters found that 692 
voted for a particular candidate in a two-person race. This 
represents a proportion of 53.23% of the sample. Could 
we conclude that the candidate will likely win the election? 
A 95% confidence interval for the proportion is [0.505, 
0.559]. This suggests that the population proportion of 
voters who favor this candidate is highly likely to exceed 
50%, so it is safe to predict the winner. On the other hand, 


Using a Confidence Interval to Predict Election Returns 


suppose that only 670 of the 1,300 voters voted for the 
candidate, a sample proportion of 0.515. The confidence 
interval for the population proportion is [0.488, 0.543]. Even 
though the sample proportion is larger than 50%, the sam- 
pling error is large, and the confidence interval suggests 
that it is reasonably likely that the true population propor- 
tion could be less than 50%, so it would not be wise to pre- 
dict the winner based on this information. 


Data Visualization for Confidence Interval Comparison 


We may use an Excel stock chart to visualize confidence intervals easily (the stock chart 
requires that you have at least three variables). This is particularly useful for comparing 
confidence intervals for different groups. 


Suppose that we constructed confidence intervals for 


in four age groups. The data are shown below. 


Age Group Upper Cl Lower Cl Mean 
25-34 $2,103 $711 $1,407.14 
35-44 $1,617 $872 $1,244.44 
45-54 $1,114 $468 $ 791.30 
55-64 $1,931 $309 $1,120.00 


the range of this table and insert an Excel High-Low-Close 


chart and choose Format High-Low Lines... . In the drop- 
down menu for High-Low Line Options, choose one of the 
series (Upper Cl, Lower Cl, or Mean) to format the markers. 
In the Format Data Series pane, click the paint icon 
and then Marker, making sure to expand the Marker 
Options menu. Choose the type of marker you wish and 


> Figure 6.11 
Tn ze. Ae c vail 
Visualization i i Age Group Upper Ci LowerCi Mean 
of Confidence 12) 25-34 $2,103 $711 $1,407.14 
Intervals Using an 13 35-44 $1,617 $872 $1,244.44 
Excel Stock Chart fe 40-54 | $1,114 | $468 
GS 55-64 $1,931 $309 ($1,420.00 
pe 
7 
7 
eg 
3 
} 10 
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monthly credit card debt for a sample of banking customers 


The columns should correspond to the variable name, upper 
Cl limit, lower Cl limit, and mean, in that order. Next, highlight 


Stock Chart. Right-click one of the confidence intervals in the 


$791.30 


Creating a Stock Chart for Confidence Intervals 


increase the width of the markers to make them more vis- 
ible. We chose a “+” for the upper Cl limit, a dash for the 
Lower Cl limit, and a diamond for the mean. This results in 
the chart shown in Figure 6.11. 

We may use confidence intervals and their visualiza- 
tions to determine whether the means of two populations 
are significantly different from each other. The rule is simple: 
If the confidence intervals overlap, then you cannot conclude 
statistically that the means differ. However, if the confidence 
intervals do not overlap, then you can conclude that there 
is a statistical difference in the means. In Example 6.13, for 
instance, Suppose we wish to determine whether the mean 
of the 35-44 age group is significantly different from that of 
the 45-54 age group. In Figure 6.11, we see that the con- 
fidence intervals overlap, so we cannot conclude that the 
means are significantly different. In the next chapter, we will 
discuss these concepts in a more formalized manner using a 
statistical approach called hypothesis testing. 


ES ELS LLL DEEL ELL LE LSAT DO LDERE EDEL SEINE TELESIS EDEN OPEL NEON IEEE BIBLES ERS Nett s 


Seba Bice Seas Sa po aa i ella eis ate Se NS cael Bea 


Confidence Intervals 
$2,500 


$2,000 _—--~ = = — A etn ge 


$1,500 
$1,000 - pf = ee eee oh. 
$500 mane . SB 22 eS ok 


So 


25-34 35-44 45-54 55-64 


*Upper Cl =LowerCl #Mean 
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a CHECK YOUR UNDERSTANDING 


1. Explain how to use confidence intervals to draw conclusions about the population 
mean or proportion. 


2. How can confidence interval visualization be used to draw conclusions about a 
population? 


as Prediction Intervals 


Another type of interval used in estimation is a prediction interval. A prediction interval 
is one that provides a range for predicting the value of a new observation from the same 
population. This is different from a confidence interval, which provides an interval esti- 
mate of a population parameter, such as the mean or proportion. A confidence interval is 
associated with the sampling distribution of a statistic, but a prediction interval is associ- 
ated with the distribution of the random variable itself. 

When the population standard deviation is unknown, a 100(1 — a@)% prediction inter- 


val for a new observation is 
ee 1 
Fig ais lu /2n—1\ 8 IL Se A (6.5) 


Note that this interval is wider than the confidence interval in formula (6.3) because of the 
additional value of | under the square root. This is because, in addition to estimating the 
population mean, we must also account for the variability of the new observation around 
the mean. 

One important thing to realize also is that in formula (6.3) for a confidence inter- 
val, as n gets large, the error term tends to zero so the confidence interval converges 
on the mean. However, in the prediction interval formula (6.5), as n gets large, the 
error term converges to fy/2,,—1(8), which is simply a 100(1 — @)% probability inter- 
val. Because we are trying to predict a new observation from the population, there will 
always be uncertainty. 


EXAMPLE 6.14 


In estimating the revolving balance in the Excel file Credit Note that compared with Example 6.9, the size of the 
Approval Decisions in Example 6.9, we may use formula prediction interval is considerably wider than that of the 
(6.5) to compute a 95% prediction interval for the revolving confidence interval. 

balance of a new homeowner as 


Computing a Prediction Interval 


1 
$12,630.37 + 2.056($5,393.38),/1 + 37 or 
[ $1,338.10, $23,922.64 | 


al CHECK YOUR UNDERSTANDING 


1. How does a prediction interval differ from a confidence interval? 


2. Why are prediction intervals wider than confidence intervals? 
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=", Confidence Intervals and Sample Size 


An important question in sampling is the size of the sample to take. Note that in all 
the formulas for confidence intervals, the sample size plays a critical role in determin- 
ing the width of the confidence interval. As the sample size increases, the width of the 
confidence interval decreases, providing a more accurate estimate of the true population 
parameter. In many applications, we would like to control the margin of error in a confi- 
dence interval. For example, in reporting voter preferences, we might wish to ensure that 
the margin of error is + 2%. Fortunately, it is relatively easy to determine the appropri- 
ate sample size needed to estimate the population parameter within a specified level of 
precision. 

The formulas for determining sample sizes to achieve a given margin of error are 
based on the confidence interval half-widths. For example, consider the confidence 
interval for the mean with a known population standard deviation we introduced in 


formula (6.2): 
o 
Roe {=} 
Sa 


Suppose we want the width of the confidence interval on either side of the mean (that 
is, the margin of error) to be at most E. In other words, 


Solving for n, we find: 
n= Cap) (6.6) 


Of course, we generally do not know the population standard deviation prior to finding 
the sample size. A commonsense approach would be to take an initial sample to estimate 
the population standard deviation using the sample standard deviation s and determine the 
required sample size, collecting additional data if needed. If the half-width of the resulting 
confidence interval is within the required margin of error, then we clearly have achieved 
our goal. If not, we can use the new sample standard deviation s to determine a new sample 
size and collect additional data as needed. Note that if s changes significantly, we still 
might not have achieved the desired precision and might have to repeat the process. Usu- 
ally, however, this will be unnecessary. 

In a similar fashion, we can compute the sample size required to achieve a desired 
confidence interval half-width for a proportion by solving the following equation (based 
on formula (6.4) using the population proportion 7r in the margin of error term) for n: 


E2 £a/2 V ie 7)/n 
This yields 


Za Le 7t) 


n= (Ze/2) F2 


(6.7) 
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In practice, the value of 7 will not be known. You could use the sample proportion 
from a preliminary sample as an estimate of 7 to plan the sample size, but this might 
require several iterations and additional samples to find the sample size that yields the 
required precision. When no information is available, the most conservative estimate 
is to set 7 = 0.5. This maximizes the quantity m(1 — 7r) in the formula, resulting 
in the sample size that will guarantee the required precision no matter what the true 
proportion is. 


Sample Size Determination for the Mean 


In the liquid detergent example (Example 6.8), the confidence Rounding up, we find that 97 samples would be 


interval we computed in Figure 6.5 was [790.12, 801.88]. The needed. To verify this, Figure 6.12 shows that if a sample 
width of the confidence interval is + 5.88 milliliters, which rep- of 97 is used along with the same sample mean and stan- 
resents the sampling error. Suppose the manufacturer would dard deviation, the confidence interval does indeed have 

like the sampling error to be at most 3 milliliters. Using formula a sampling error less than 3 milliliters. 


(6.6), we may compute the required sample size as follows: 


EXAMPLE 6.16 Sample Size Determination for a Proportion 


For the voting example we discussed, suppose that we wish confidence interval on the proportion of voters that choose a 
to determine the number of voters to poll to ensure a sampling particular candidate with a precision of + 0.02 or less is 
error of at most + 2%. As we stated, when no information 

is available, the most conservative approach is to use 0.5 T= a(Za/o)) 
for the estimate of the true proportion. Using formula (6.7) 
with 7 = 0.5, the number of voters to poll to obtain a 95% 


pelea) 
E2 
(OS) = 08) 


=. (1,96)- 
( ) 022 


= 2,401 


CHECK YOUR UNDERSTANDING 


1. Explain why it is important to determine the proper sample size to use in a survey. 


2. How do you find the sample size for a proportion if no good estimate of the population 
proportion is available? 


» Figure 6.12 ; iE i 4 Z : 
Confidence Interval for 1 Confidence Interval for Population Mean, Standard Deviation Known 
the Mean Using Sample 2 
ae | 3 Alpha 0.05 
ete | 4 Standard deviation 15 
| S ‘Sample size 97 
| 6 Sample average 796 
17 | 
| 8 Confidence Interval 95% 
A 9 | Error 2.985063 
| 10 | Lower 793.0149 
12 | Upper 798.9851 
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Central limit theorem 
Cluster sampling 
Confidence interval 
Convenience sampling 
Degrees of freedom (df) 
Estimation 

Estimators 

Interval estimate 
Judgment sampling 
Level of confidence 
Nonsampling error 
Point estimate 


Population frame 

Prediction interval 

Probability interval 

Sample proportion 

Sampling distribution of the mean 
Sampling plan 

Sampling (statistical) error 
Simple random sampling 
Standard error of the mean 
Stratified sampling 

Systematic (or periodic) sampling 
t-Distribution 
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Useful Excel Functions 


NORM.S.INV(1 — @/2) Finds the value of Zy/,, a stan- 
dard normal random variable that has an upper tail prob- 
ability of @/2 or, equivalently, a cumulative probability of 
1 — a/2. Used for confidence intervals for the mean with 
a known population standard deviation. 


CONFIDENCE.NORM(alpha, standard_deviation, size) 
Computes the margin of error for a confidence interval for 
the mean with a known population standard deviation. 


TINV(L = @/2,n = 1) or RINV.21 (an) Finds 

the value from the f-distribution with n — | degrees of 
freedom, giving an upper-tail probability of a/2. Used 
for confidence intervals for the mean with an unknown 
population standard deviation. 


CONFIDENCE. T(alpha, standard_deviation, size) Com- 
putes the margin of error for a confidence interval for the 
mean with an unknown population standard deviation. 


Excel Templates 


Confidence Intervals (Examples 6.8—6.10): 


Open the Excel file Confidence Intervals. Select the work- 
sheet tab corresponding to the type of confidence interval 
to calculate and enter the appropriate data. 


StatCrunch 


StatCrunch provides calculations of confidence intervals. 
You can find video tutorials and step-by-step procedures 
with examples at https://www.statcrunch.com/5.0/example. 
php. We suggest that you first view the tutorials Getting 
started with StatCrunch and Working with StatCrunch 
sessions. The following tutorials, listed under Confidence 


Intervals For on this Web page, explain how to calculate 
confidence intervals in StatCrunch: 


A mean with raw data 

A mean with summary data 

A proportion with raw data 

A proportion with summary data 

The difference between two means with raw data 

The difference between two means with summary data 
The difference between means with paired data 

The difference between two proportions with raw data 
The difference between two proportions with sum- 
mary data 


Example: Calculating a Confidence Interval for 
the Mean with Raw Data 


1. Choose the Stat > T Stats > One Sample > With Data 
menu option. 

2. Select the column containing the data. 

3. Under Perform, choose Confidence interval for w. 

4. Change the confidence level if needed and click 
Compute’. 


Example: Calculating a Confidence Interval for 
the Difference in Proportions with Summary Data 


1. Choose the Stat > Proportion Stats > Two Sample > 
With Summary menu option. 

2. Under Sample 1, enter the # of successes and the # of 
observations. Under Sample 2, enter the # of successes 
and the # of observations. 

3. Under Perform, choose Confidence interval for py — pp. 

4. Change the confidence level if needed and click 
Compute!. 


PROBLEMS AND EXERCISES 


Statistical Sampling 


1. Your college or university wishes to obtain reliable 


5. Repeat the sampling experiment in Example 6.3 for 


sample sizes 50, 100, 250, and 500. Compare your 
results to the example and use the empirical rules to 
analyze the sampling error. For each sample, also find 
the standard error of the mean using formula (6.1). 


. Using the Excel file Diabetes Check, draw five ran- 
dom samples by repeating the sampling experiment 
for sample sizes 10, 15, and 20. For each sample 
sizes, find the stabilized glucose point estimates for 
the mean and standard deviation. Estimate the sam- 
pling error by using the empirical rules. 
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the test, what would be the standard error of the 
mean? 


information about student perceptions of administra- 8. In one region in your country, suppose that the stan- 
tive communication. Describe how to design a sam- dard deviation of monthly expenditure of the resi- 
pling plan for this situation based on your knowledge dents is about $7,000. In a random sample of 380 
of the structure and organization of your college or residents, what is the standard error of the mean 
university. How would you implement simple ran- monthly expenditure? 
dom sampling, stratified sampling, and cluster sam- : 
pling for this study? What would be the pros and cons 9. Suppose that the mean score for the mathematics test 
of using each of these methods? cited in Problem 7 is 607. What is the probability that 
a random sample of 324 students will have a mean 
. The Excel file Diabetes Check contains the records of score of more than 619? Less than 588? 
patients with diabetes who have received treatment at 40. S em : 
a local hospital. Number each row in the dataset and a : on oe pony page of og 
; s region identified in Problem 8 is $15,500. What is the 
help the hospital to select a simple random sample of ie : 
Z : : probability that the random sample of 380 residents 
20 unique results by using the Excel Sampling tool. ; 
will have a mean monthly expenditure of more than 
. Describe how to apply stratified sampling to sample $15,000? Less than $14,500? 
from the Credit Risk Data file based on the differ- ae ‘ : 
; : 11. In determining automobile mileage ratings, it was 
ent types of loans. Implement your process in Excel : ; F 
oF found that the mpg in the city for a certain model is 
to choose a random sample consisting of 10% of the ae : 
normally distributed, with a mean of 41 mpg and a 
records for each type of loan. nae 
standard deviation of 1.8 mpg. Suppose that the car 
. The Excel file High Blood Pressure records the manufacturer samples five cars from its assembly 
results of 30 individuals who were tested for hyper- line and tests them for mileage ratings. 
tension. Use the Excel Sampling tool to obtain a a. What is the distribution of the mean mpg for the 
random sample of 5 individuals and compute point sample? 
d deviation f . oe 
ay cae Te ep eg am of aie b. What is the probability that the mean mpg of the 
the systolic blood pressure. Are there any differences Ae tae Niinckorcaton (ae Oho 
between the parameter and statistic values? Why? P & PS: 
c. What is the probability that the mean mpg of the 
Estimating Population Parameters sample will be less than 40.5 mpg? 
12. Each can of a certain brand of sweet corn contains an 


average of 375 corn kernels with a standard deviation 
of 8 in each can. Yesterday, Winnie went to a local 
store and purchased four cans of corn. 


a. Find the probability that the average number of 
corn kernels in the cans purchased by Winnie will 
exceed 382. 


b. What is the maximum average number of corn 
kernels in the cans purchased will not be more 
than 10%? 


Interval Estimates 


Sampling Distributions 13. A random sample of 100 teenagers was surveyed, 


and the mean number of songs that they had down- 
loaded from the iTunes store in the past month was 
9.4 with the results considered accurate being within 
1.4 (18 times out of 20). 


7. Based on extensive data from a national high school 
educational testing program, the standard deviation 
of national test scores for mathematics was found to 
be 118 points. If a sample of 324 students are given 


270 


14. 


15. 


16. 


Aides 


18. 


19. 


20. 
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What percent of confidence level is the result? 


ad 


b. What is the margin of error? 


c. What is the confidence interval? Explain. 


A sample of 33 airline passengers found that the 
average check-in time is 2.167 minutes. Based on 
long-term data, the population standard deviation is 
known to be 0.48 minutes. Find a 95% confidence 
interval for the mean check-in time. Use the appro- 
priate formula and verify your result using the Confi- 
dence Intervals workbook. 


A survey of 34 freshmen found that they get an aver- 
age of 6.26 hours of sleep each night. A 90% confi- 
dence interval had a margin of error of 0.509. 


a. What are the lower and upper limits of the confi- 
dence interval? 


b. What was the standard deviation, assuming that 
the population standard deviation is known? 


A sample of 20 international students attending an 
urban U.S. university found that the average amount 
budgeted for expenses per month was $1,612.50 with 
a standard deviation of $1,179.64. Find a 95% confi- 
dence interval for the mean monthly expense budget 
of the population of international students. Use the 
appropriate formula and verify your result using the 
Confidence Intervals workbook. 


A sample of 40 individuals at a shopping mall found 
that the mean number of visits to a restaurant per 
week was 2.88 with a standard deviation of 1.59. 
Find a 99% confidence interval for the mean num- 
ber of restaurant visits. Use the appropriate formula 
and verify your result using the Confidence Intervals 
workbook. 


A survey of 23 individuals found that they spent an 
average of $39.48 on headphones to use for exercis- 
ing. The margin of error for a 95% confidence inter- 
val was found to be 21.2. 


a. What are the lower and upper limits of the confi- 
dence interval? 


b. What was the standard deviation of the sample? 


For the data in the Excel file Grade Point Averages, 
find 90%, 95%, and 99% confidence intervals for the 
mean GPA. Compute the confidence intervals using 
the appropriate formulas and verify your results using 
the Excel Confidence Intervals template. 


For the data in the Excel file Debt and Retirement 
Savings, find 95% confidence intervals for the mean 


de 


22. 


23. 


24. 


25. 


income, long-term debt, and retirement savings. Use 
the appropriate formulas and Excel functions. 


Find the standard deviation of the total assets held by 
the bank in the Excel file Credit Risk Data. 


a. Treating the records in the database as a popula- 
tion, use your sample in Problem 2 and compute 
90%, 95%, and 99% confidence intervals for the 
total assets held in the bank by loan applicants 
using formula (6.2) and any appropriate Excel 
functions. Explain the differences as the level of 
confidence increases. 


b. How do your confidence intervals differ if you 
assume that the population standard deviation is 
not known but estimated using your sample data? 


A study was conducted to examine the time spent 
on studying by students at a university and whether 
they pass or fail a course. It found that to pass or 
fail a course the standard deviation were 5 hours 
and 7 hours, respectively. The study also found 
that 200 students with a mean of 40.1 hours spent 
on studying pass a course and 245 students with a 
mean of 32.6 hours spent on studying fail a course. 
Develop 95% confidence intervals for each group 
of students. Use the appropriate formulas and Excel 
functions. 


Using the data in the Excel file Accountants, find and 
interpret 90% confidence intervals for the following: 


a. mean years of service 


b. proportion of employees who have a graduate 
degree 


Use the appropriate formulas and Excel functions. 


The Excel file Restaurant Sales provides sample 
information on lunch, dinner, and delivery sales for 
a local Italian restaurant. Develop 95% confidence 
intervals for the mean of each of these variables, as 
well as total sales for weekdays and weekends (Sat- 
urdays and Sundays). Use the appropriate formulas 
and Excel functions. 


According to Moovit Insights website, the average 
amount of time people in Singapore spend commut- 
ing to and from work, on a weekday, using public 
transport is 84 minutes. Recent studies have shown 
that 90% of people in Singapore took public trans- 
ports to their workplace. A random sample of 250 
individuals from Singapore is selected. Find the 90% 
confidence interval for the population proportion 
who use public transport as means of commuting. 


26. 


2s 


28. 


A bank sampled its customers to determine the pro- 
portion of customers who use their debit card at least 
once each month. A sample of 50 customers found 
that only 12 use their debit card monthly. Find 95% 
and 99% confidence intervals for the proportion of 
customers who use their debit card monthly. Use the 
appropriate formula and verify your result using the 
Confidence Intervals workbook. 


If, based on a sample size of 850, a political candi- 
date finds that 458 people would vote for him in a 
two-person race, what is the 95% confidence inter- 
val for his expected proportion of the vote? Would he 
be confident of winning based on this poll? Use the 
appropriate formula and verify your result using the 
Confidence Intervals workbook. 


If, based on a sample size of 200, a political candi- 
date found that 125 people would vote for her in a 
two-person race, what is the 99% confidence interval 
for her expected proportion of the vote? Would she 
be confident of winning based on this poll? Use the 
appropriate formula and verify your result using the 
Confidence Intervals workbook. 


. Using the data in the worksheet Consumer Transpor- 


tation Survey, develop 95% confidence intervals for 

the following: 

a. the proportion of individuals who are satisfied 
with their vehicle 

b. the proportion of individuals who have at least 
one child 


Use the appropriate formula and verify your result 
using the Confidence Intervals workbook. 


Using Confidence Intervals for Decision Making 


30. 


31. 


32. 


A survey of 50 young professionals found that they 
spent an average of $20.21 when dining out, with 
a standard deviation of $13.88. Can you conclude 
statistically that the population mean is greater than 
$23? 

A survey of 270 individuals found that one-sixth of 
them use their cell phones primarily for e-mail. Can 
you conclude statistically that the population propor- 
tion who use cell phones primarily for e-mail is less 
than 0.20? 


A manufacturer conducted a survey among 500 ran- 
domly selected target market households in the test 
market for its new disposable diapers. The objective 


33. 


35. 


36. 


37. 
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of the survey was to determine the market share for 
its new brand. If the sample point estimate for mar- 
ket share is 16%, develop a 95% confidence inter- 
val. Can the company reasonably conclude that it 
has a 20% market share? How about an 18% market 
share? 


Using data in the Excel file Colleges and Universi- 
ties, find 95% confidence intervals for the median 
SAT for each of the two groups, liberal arts col- 
leges and research universities. Based on these 
confidence intervals, does there appear to be a dif- 
ference in the median SAT scores between the two 
groups? 


. The Excel file Professionality shows select lecturers 


at a university and their related information such as 
gender, status of current position, number of years in 
current position, highest degree, number of years of 
working since obtaining the degree, and current sal- 
ary. Develop a 99% confidence interval for the lectur- 
ers’ current salary. Interpret your findings. 


Due to rapid developments in technology, the num- 
ber of laptops per household has also increased. A 
study was conducted for two housing areas to deter- 
mine the average number and proportion of laptops 
per household in both areas. The data recorded by the 
study is as follows: 


Area 1 Area 2 
Sample size 250 185 
Average Z 3 
Standard deviation 0.46 UeAle/ 
Proportion 0.57 0.63 


Develop 95% confidence intervals for the average 
and proportion of laptops per household in both areas. 


For the data in the Excel file Education and Income, 
find 95% confidence intervals for the mean annual 
income of males and the mean annual income of 
females. Can you conclude that the mean income of 
one group is larger than the other? 


For the data in the Excel file Debt and Retirement 
Savings, find 95% confidence intervals for the mean 
income, long-term debt, and retirement savings for 
individuals who are single and individuals who are 
married, What conclusions can you reach by compar- 
ing the two groups? 
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38. 
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A survey of 23 patients at a hospital found 95% con- 
fidence intervals for the following: 


Satisfaction with Quality of Care 
From Practitioners 


From Nurses 


Sample 0.286 0.957 
Proportion 

Upper 1.022 0.998 
Lower 0.636 0.929 


Construct a stock chart-based visualization of these 
confidence intervals. What conclusions can you draw 
from the chart? 


Prediction Intervals 


39. 


40. 


41. 


bes 


Using the data in the worksheet Consumer Trans- 
portation Survey, develop 95% and 99% prediction 
intervals for the following: 


a. the hours per week that an individual will spend 
in his or her vehicle 


b. the number of miles driven per week 


The Excel file Restaurant Sales provides sample 
information on lunch, dinner, and delivery sales for 
a local Italian restaurant. Develop 95% prediction 
intervals for the daily dollar sales of each of these 
variables and also for the total sales dollars on a 
weekend day. 


For the Excel file Credit Approval Decisions, 
find 95% prediction intervals for the credit 
scores and revolving balance of homeowners and 
non-homeowners. How do they compare? 


The background for this case was introduced in Chapter 2. 
This is a continuation of the case in Chapter 4. For this 
part of the case, compute confidence intervals for means 
and proportions and analyze the sampling errors, possibly 


Confidence Intervals and Sample Size 


42. 


43. 


44, 


45. 


CASE: DROUT ADVERTISING RESEARCH PROJECT 


Trade associations, such as the United Dairy Industry 
Association, frequently conduct surveys to identify 
characteristics of their membership. If this organiza- 
tion conducted a survey to estimate the annual per 
capita consumption of milk and wanted to be 99% 
confident that the estimate was no more than 0.92 
gallon away from the actual average, what should 
the sample size be? Past data have indicated that the 
standard deviation of consumption is approximately 
6 gallons. 


If a manufacturer conducted a survey among ran- 
domly selected target market households and wanted 
to be 99% confident that the difference between the 
sample estimate and the actual market share for its 
new product was no more than 6%, what sample size 
would be needed? 


A gym instructor records the weights of a random 
sample of 31 male high school students. The mean 
weight was found to be 140 pounds and the standard 
deviation of this population is 20 pounds. How large 
a sample should be selected to estimate that the mean 
is within 0.5 with 95% confidence level? 


After launching a new range of health drinks, a local 
fitness company conducted a survey to understand 
how the products were being received. From a ran- 
dom sample of 500 customers, who were asked to 
participate in the survey, 230 had bought the new 
products. How large a sample should be selected to 
estimate the population proportion is within 0.4% 
with 99% confidence? 


suggesting larger sample sizes to obtain more precise esti- 
mates. Write up your findings in a formal report or add 
your findings to the report you completed for the case in 
Chapter 4, depending on your instructor’s requirements. 
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= CASE: PERFORMANCE LAWN EQUIPMENT 


In reviewing your previous reports, several questions came 
to Elizabeth Burke’s mind. Use point and interval esti- 
mates to help answer these questions. 


i 


What proportion of customers rate the company with 
“top box” survey responses (which is defined as scale 
levels 4 and 5) on quality, ease of use, price, and service 
in the Customer Survey worksheet? How do these pro- 
portions differ by geographic region? 

What estimates, with reasonable assurance, can PLE give 
customers for response times to customer service calls? 
Engineering has collected data on alternative process 
costs for building transmissions in the worksheet Trans- 
mission Costs. Can you determine whether one of the 
proposed processes is better than the current process? 


4. 


5. 


What would be a confidence interval for the proportion 
of failures of mower test performance as in the work- 
sheet Mower Test? 

For the data in the worksheet Blade Weight, what is the 
sampling distribution of the mean, the overall mean, 
and the standard error of the mean? Is a normal distri- 
bution an appropriate assumption for the sampling dis- 
tribution of the mean? 

How many blade weights must be measured to find 
a 95% confidence interval for the mean blade weight 
with a sampling error of at most 0.05? What if the sam- 
pling error is specified as 0.02? 


Answer these questions and summarize your results in a 
formal report to Ms. Burke. 
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CHAPTER 


Statistical Inference 


Jirsak/Shutterstock 


LEARNING OBJ ECTIVES After studying this chapter, you will be able to: 


= Explain the purpose of hypothesis testing. m Explain the difference between Type | and Type Il 
= Explain the difference between the null and alternative errors. 
hypotheses. ms State how to increase the power of a test. 
w List the steps in the hypothesis-testing procedure. m Choose the proper test statistic for hypothesis tests 
= State the proper forms of hypotheses for one-sample involving means and proportions. 
hypothesis tests. s Explain how to draw a conclusion for one- and 
= Correctly formulate hypotheses. two-tailed hypothesis tests. 
w List the four possible outcome results from a m Use p-values to draw conclusions about 
hypothesis test. hypothesis tests. 


276 Chapter 7 Statistical Inference 


= State the proper forms of hypotheses for two-sample m Use the Excel ANOVA tool to conduct an analysis of 


hypothesis tests. 


variance test. 


= Select and use Excel Analysis Toolpak procedures for » List the assumptions of ANOVA. 
two-sample hypothesis tests. = Conduct and interpret the results of a chi-square test 


= Explain the purpose of analysis of variance. for independence. 


Managers need to know if the decisions they have made or are planning to 
make are effective. For example, they might want to answer questions like the 
following: Did an advertising campaign increase sales? Will product placement 
in a grocery store make a difference? Did a new assembly method improve 
productivity or quality in a factory? Many applications of business analytics 
involve seeking statistical evidence that decisions or process changes have 
met their objectives. Statistical inference focuses on drawing conclusions 
about populations from samples. Statistical inference includes estimation 
of population parameters and hypothesis testing, which is a technique that 
allows you to draw valid statistical conclusions about the value of population 


parameters or differences among them. 


NOSE THANE TIO TRIE MERON SII EG TRE SPE SH TNE SNE TS YS ON RE APOE N IE I OLE ANTI 


a Hypothesis Testing 


Hypothesis testing involves drawing inferences about two contrasting propositions (each 
called a hypothesis) relating to the value of one or more population parameters, such as 
the mean, proportion, standard deviation, or variance. One of these propositions (called the 
null hypothesis) describes the existing theory or a belief that is accepted as valid unless 
strong statistical evidence exists to the contrary. The second proposition (called the alter- 
native hypothesis) is the complement of the null hypothesis; it must be true if the null 
hypothesis is false. The null hypothesis is denoted by Hp, and the alternative hypothesis is 
denoted by H). Using sample data, we either 


1. reject the null hypothesis and conclude that the sample data provide sufficient 
statistical evidence to support the alternative hypothesis, or 

2. fail to reject the null hypothesis and conclude that the sample data do not sup- 
port the alternative hypothesis. 


If we fail to reject the null hypothesis, then we can only accept as valid the existing theory 
or belief, but we can never prove it. 


Hypothesis-Testing Procedure 
Conducting a hypothesis test involves several steps: 


1. Identifying the population parameter of interest and formulating the hypotheses 
to test 
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A Legal Analogy for Hypothesis Testing 


A good analogy for hypothesis testing is the U.S. legal guilty, then we reject the assumption of innocence. If the 
system. In our system of justice, a defendant is innocent evidence is not sufficient to indicate guilt, then we can- 
until proven guilty. The null hypothesis—our belief in the not reject the not guilty hypothesis; however, we haven't 
absence of any contradictory evidence—is not guilty, proven that the defendant is innocent. In reality, you can 
whereas the alternative hypothesis is guilty. If the evidence only conclude that a defendant is guilty from the evidence; 
(sample data) strongly indicates that the defendant is you still have not proven it! 


2. Selecting a level of significance, which defines the risk of drawing an incorrect 
conclusion when the assumed hypothesis is actually true 

3. Determining a decision rule on which to base a conclusion 

4. Collecting data and calculating a test statistic 

5. Applying the decision rule to the test statistic and drawing a conclusion 


We will apply this procedure to two different types of hypothesis tests: the first involving a 
single population (called one-sample tests) and, later, tests involving more than one popu- 
lation (multiple-sample tests). 


ie CHECK YOUR UNDERSTANDING 


1. Explain the difference between the null and alternative hypotheses. 


2. List the steps in the general hypothesis-testing procedure. 


as One-Sample Hypothesis Tests 


A one-sample hypothesis test is one that involves a single population parameter, such as the 
mean, proportion, standard deviation, and so on. To conduct the test, we use a single sample 
of data from the population. We may conduct three types of one-sample hypothesis tests: 


Hp: population parameter = constant vs. H;: population parameter < constant 
Ho: population parameter = constant vs. H;: population parameter > constant 


Ho: population parameter = constant vs. H;: population parameter * constant 


Notice that one-sample tests always compare a population parameter to some constant. For 
one-sample tests, the statements of the null hypotheses are expressed as = , = ,or =. 
It is not correct to formulate a null hypothesis using >, <, or ~ . . 

How do we determine the proper form of the null and alternative hypotheses? Hypoth- 
esis testing always assumes that Ho is true and uses sample data to determine whether H 
is more likely to be true. Statistically, we cannot “prove” that Ho is true; we can only fail 
to reject it. Thus, if we cannot reject the null hypothesis, we have shown only that there is 
insufficient evidence to conclude that the alternative hypothesis is true. However, rejecting 
the null hypothesis provides strong evidence (in a statistical sense) that the null hypothesis 
is not true and that the alternative hypothesis is true. Therefore, what we wish to provide 
evidence for statistically should be identified as the alternative hypothesis. 
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Formulating a One-Sample Test of Hypothesis 


CadSoft, a producer of computer-aided design software time is less than 25 minutes; this defines the alternative 
for the aerospace industry, receives numerous calls for hypothesis, H,. 

technical support. In the past, the average response time Therefore, the proper statements of the null and alter- 
has been at least 25 minutes. The company has upgraded native hypotheses are 


its information systems and believes that this will help 
reduce response time. As a result, it believes that the aver- 
age response time can be reduced to less than 25 minutes. 


Ho: population mean response time = 25 minutes 


H,: population mean response time < 25 minutes 


The company collected a sample of 44 response times in We would typically write this using the proper symbol 
the Excel file CadSoft Technical Support Response Times for the population parameter. In this case, letting jz be the 
(see Figure 7.1). mean response time, we would write: 


If the new information system makes a difference, then 


Ho: oe 25 
data should be able to confirm that the mean response 


Hy: ep <25 


> Figure 7.1 . : - resins 
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Understanding Potential Errors in Hypothesis Testing 


We already know that sample data can show considerable variation; therefore, conclusions 


based on sample data may be wrong. Hypothesis testing can result in one of four different 
outcomes: 


1. The null hypothesis is actually true, and the test correctly fails to reject it. 

2. The null hypothesis is actually false, and the hypothesis test correctly reaches 
this conclusion. 

3. The null hypothesis is actually true, but the hypothesis test incorrectly rejects it 

(called Type I error). 

The null hypothesis is actually false, but the hypothesis test incorrectly fails to 

reject it (called Type II error). 


4 


The probability of making a Type I error, that is, P(rejecting Ho | Ho is true), is denoted 
by a and is called the level of significance. This defines the likelihood that you will make the 
incorrect conclusion that the alternative hypothesis is true when, in fact, the null hypothesis is 
true. The value of a can be controlled by the decision maker and is selected before the test is 
conducted. Commonly used levels for a are 0.10, 0.05, and 0.01. 

The probability of correctly failing to reject the null hypothesis, or P(not rejecting 
Ho|Hp is true), is called the confidence coefficient and is calculated as | — a. A confi- 
dence coefficient of 0.95 means that we expect 95 out of 100 samples to support the null 
hypothesis rather than the alternate hypothesis when Hp is actually true. 
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Unfortunately, we cannot control the probability of a Type II error, P(not rejecting 
Ho| Hp is false), which is denoted by B. Unlike a, f cannot be specified in advance but 
depends on the true value of the (unknown) population parameter (see Example 7.3). 

The value | — B is called the power of the test and represents the probability of cor- 
rectly rejecting the null hypothesis when it is indeed false, or P(rejecting Ho| Hp is false). 
We would like the power of the test to be high (equivalently, we would like the probability 
of a Type II error to be low) to allow us to make a valid conclusion. The power of the test is 
sensitive to the sample size; small sample sizes generally result in a low value of | — 8. The 
power of the test can be increased by taking larger samples, which enable us to detect small 
differences between the sample statistics and population parameters with more accuracy. 
However, a larger sample size incurs higher costs, giving new meaning to the adage there is 
no such thing as a free lunch. This suggests that if you choose a small level of significance, 


& 


you should try to compensate by having a large sample size when you conduct the test. 


How £ Depends on the True Population Mean 


Consider the hypotheses in the CadSoft example: even though it is less than 25, we would have a much 
higher probability of failing to reject Hp because a higher 
likelihood exists that the sample mean would be greater 
than 25 due to sampling error. Thus, the farther away the 


Ho: mean response time = 25 minutes 


H;: mean response time < 25 minutes 


If the true mean response from which the sample is drawn true mean response time is from the hypothesized value, 
is, say, 15 minutes, we would expect to have a much the smaller is 6. Generally, as a decreases, 6 increases, 
smaller probability of incorrectly concluding that the null so the decision maker must consider the trade-offs of 
hypothesis is true than when the true mean response is these risks. So if you choose a level of significance of 0.01 
24 minutes, for example. If the true mean were 15 minutes, instead of 0.05 and keep the sample size constant, you 
the sample mean would very likely be much less than 25, would reduce the probability of a Type | error but increase 


leading us to reject Hp. If the true mean were 24 minutes, the probability of a Type Il error. 


Selecting the Test Statistic 


The next step is to collect sample data and use the data to draw a conclusion. The decision 
to reject or fail to reject a null hypothesis is based on computing a fest statistic from the 
sample data. The test statistic used depends on the type of hypothesis test. Different types 
of hypothesis tests use different test statistics, and it is important to use the correct one. 
The proper test statistic often depends on certain assumptions about the population—for 
example, whether or not the standard deviation is known. In the vast majority of practical 
applications, the population standard deviation is unknown. The following formulas show 
two types of one-sample hypothesis tests for means and their associated test statistics. The 
value of jp is the hypothesized value of the population mean, that is, the “constant” in the 
hypothesis formulation. 


Type of Test Test Statistic 
f k ere Get: (7.1) 
One-sample test for mean, 7 known a Wh F 
One-sample test for mean, a unknown t= sas (ez) 
' s/Vn 


With sample data, we generally do not know the population standard deviation, and 
therefore we only will illustrate an example where o is unknown. We will summarize the 
procedure when a is known later in this chapter. 
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For the CadSoft example, the average response time for the 
sample of 44 customers is X = 21.91 minutes and the sample 
standard deviation is s = 19.49. The hypothesized mean is 
[tg = 25. You might wonder why we have to test the hypoth- 
esis statistically when the sample average of 21.91 is clearly 
less than 25. We do because of sampling error. It is quite 
possible that the population mean truly is 25 or more and that 
we were lucky to draw a Sample whose mean was smaller. 
Because of potential sampling error, it would be dangerous to 
conclude that the company was meeting its goal just by look- 


Computing the Test Statistic 


Therefore, the value of the test statistic is 


Koi 21 Ole 25 3.09 
f="s/Vn  19.49/V44 2.938 


Observe that the numerator is the distance between the 
sample mean (21.91) and the hypothesized value (25). By 
dividing by the standard error, the value of t represents the 
number of standard errors the sample mean is from the 
hypothesized value. In this case, the sample mean iS: 1505 
standard errors below the hypothesized value of 25. This 


= 0s: 


notion provides the fundamental basis for the hypoth- 
esis test—if the sample mean is “too far” away from the 
hypothesized value, then the null hypothesis should be 
rejected. 


ing at the sample mean without better statistical evidence. 
Because we don’t know the value of the population stan- 
dard deviation, the proper test statistic to use is formula (7.2): 
xX oe 
i Ho 


s/Vn 


Finding Critical Values and Drawing a Conclusion 


The conclusion to reject or fail to reject Hp is based on comparing the value of the test 
statistic to a “critical value” from the sampling distribution of the test statistic when the 
null hypothesis is true and the chosen level of significance, a. The sampling distribution of 
the test statistic is usually the normal distribution, t-distribution, or some other well-known 
distribution. For example, the sampling distribution of the z-test statistic in formula (7.1) is 
a standard normal distribution; the f-test statistic in formula (7.2) has a t-distribution with 
n — | degrees of freedom. For a one-tailed test, the critical value is the number of standard 
errors away from the hypothesized value for which the probability of exceeding the critical 
value is a. If a = 0.05, for example, then we are saying that there is only a 5% chance that 
a sample mean will be that far away from the hypothesized value purely because of sam- 
pling error. Should this occur, it suggests that the true population mean is different from 
what was hypothesized. 

The critical value divides the sampling distribution into two parts, a rejection region 
and a nonrejection region. If the null hypothesis is false, it is more likely that the test sta- 
tistic will fall into the rejection region. If it does, we reject the null hypothesis; otherwise, 
we fail to reject it. The rejection region is chosen so that the probability of the test statistic 
falling into it if Ho is true is the probability of a Type I error, a. 

The rejection region occurs in the tails of the sampling distribution of the test 
statistic and depends on the structure of the hypothesis test, as shown in Figure 7.2. 
If the null hypothesis is structured as = and the alternative hypothesis as +, then 
we would reject Hp if the test statistic is either significantly high or low. In this case, 
the rejection region will occur in both the upper and lower tail of the distribution [see 
Figure 7.2(a)]. This is called a two-tailed test of hypothesis. Because the probability 
that the test statistic falls into the rejection region, given that Hp is true, is a, each tail 
has an area of a/2. 


> Figure 7.2 


Illustration of Rejection 
Regions in Hypothesis 
Testing 
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Rejection Region 


a/2 a/2 


Lower critical value Upper critical value 
(a) Two-tailed test 


Upper one-tailed test 


Lower one-tailed test 


Critical value (b) One-tailed tests Critical value 


The other types of hypothesis tests, which specify a direction of relationship (where 
Ho is either = or S), are called one-tailed tests of hypothesis. In this case, the rejection 
region occurs only in one tail of the distribution [see Figure 7.2(b)]. Determining the cor- 
rect tail of the distribution to use as the rejection region for a one-tailed test is easy. If H; is 
stated as <, the rejection region is in the lower tail; if H; is stated as >, the rejection region 
is in the upper tail (just think of the inequality associated with the alternative hypothesis as 
an arrow pointing to the proper tail direction). 

Two-tailed tests have both upper and lower critical values, whereas one-tailed tests 
have either a lower or an upper critical value. For standard normal and t-distributions, 
which have a mean of zero, lower-tail critical values are negative; upper-tail critical values 
are positive. 

Critical values make it easy to determine whether or not the test statistic falls in the 
rejection region of the proper sampling distribution. For example, for an upper one-tailed 
test, if the test statistic is greater than the critical value, the decision would be to reject the 
null hypothesis. Similarly, for a lower one-tailed test, if the test statistic is less than the 
critical value, we would reject the null hypothesis. For a two-tailed test, if the test statistic 
is either greater than the upper critical value or less than the lower critical value, the deci- 
sion would be to reject the null hypothesis. 

The critical value for a one-sample, one-tailed test when the standard deviation is 
unknown is the value of the ¢-distribution with n — 1 degrees of freedom that provides 
a tail area of alpha, that is, ty,,—-1. We may find t-values in Table A.2 in Appendix A at 
the end of the book or by using the Excel function T.INV(1 — a,n — 1). Again, for 
a lower-tailed test, the critical value is negative, and for a two-tailed test, we would 


use a/2. 
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Finding the Critical Value and Drawing a Conclusion 


For the CadSoft example, if the level of significance is 1.05 > -1.68) and is not in the rejection region. Therefore, 


0.05, then the critical value is to.95,43 IS found in Excel using we cannot reject Hy and cannot conclude that the mean 
=T.INV(0.95, 43) = 1.68. Because the t-distribution is sym- response time has improved to less than 25 minutes. 
metric with a mean of 0 and this is a lower-tailed test, we Figure 7.3 illustrates the conclusion we reached. Even though 
use the negative of this number (—1.68) as the critical value. the sample mean is less than 25, we cannot conclude that the 

By comparing the value of the t-test statistic with this population mean response time is less than 25 because of the 
critical value, we see that the test statistic computed in large amount of sampling error. 


Example 7.4 does not fall below the critical value (that is, 


> Figure 7.3 


t-Test for Mean Response 
Time 


Rejection 
Region 


=1. 60g 1.0 5 0) 


Two-Tailed Test of Hypothesis for the Mean 


Basically, all hypothesis tests are similar; you just have to ensure that you select the cor- 
rect test statistic, critical value, and rejection region, depending on the type of hypothesis. 
The following example illustrates a two-tailed test of hypothesis for the mean. For a two- 
tailed test using the f-distribution, we use the Excel function TINV(1 — a@/2,n — 1) or 
T.INV.2T(a@, n — 1) to find the critical value, t,/2,-1. Be careful when using T.INV.2T! 
Use @ and not @/2 in this function. 


Conducting a Two-Tailed Hypothesis Test for the Mean 


Figure 7.4 shows a portion of.data collected in a survey In this case, the sample mean is 2.73 standard errors 


of 34 respondents by a travel agency (provided in the above the hypothesized mean of 35. However, because 
Excel file Vacation Survey). Suppose that the travel this is a two-tailed test, the rejection region and decision 
agency wanted to target individuals who were approximately rule are different. For a level of significance a, we reject Hp 
35 years old. Thus, we wish to test whether the average age if the t-test statistic falls either below the negative critical 
of respondents is equal to 35. The hypothesis to test is value, —t,/2,,-4, Or above the positive critical value, t, /2,n-1+ 


Using either Table A.2 in Appendix A at the back of this 
book or the Excel function =T.INV.2T(.05, 33) to calculate 
to.025,33, We Obtain 2.0345. Thus, the critical values are 


Hp: mean age = 35 


Hy: mean age ¥ 35 


The sample mean is computed to be 38.676, and the + 2.0345. Because the t-test statistic does not fall between 
sample standard deviation is 7.857. these values, we must reject the null hypothesis that the 
We use the t-test statistic: average age is 35 (see Figure 7.5). 


x - 38.676 — 35 
f= oe oe Sie 
s/Vn ——.857/\/34 
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> Figure 7.4 gl Sc a a roe semana 


: | A B Cc D E 

Portion of Vacation | Vacation Survey 

Survey Data 2 
| 3 Age Gender Relationship Status Vacations per Year Number of Children 
| 4 24 Male Married 2 0 
| 5 26 Female Married 4 0) 
i 6 28 Male Married 2 Z 
ia 33 Male Married 4 0 
8 45 Male Married 2 0 
| 9 49 Male Married 1 2 
110 29 Male Married 4 0 

> Figure 7.5 


Rejection Region 


Illustration of a Two-Tailed 
Test for Example 7.6 


— 2.0345 0 2.0345 2.73 


Summary of One-Sample Hypothesis Tests for the Mean 


Case 1: (a9 Unknown) 


1. Determine whether the proper hypotheses represent a lower-tailed, upper-tailed, 
or two-tailed test. 
2. Calculate the test statistic using formula (7.2). 
3. Find the critical value. 
a. If it is a lower-tailed test, the critical value is found using the Excel func- 
tion T.INV(1 — a,n — 1). Note the minus sign! 
b. If itis an upper-tailed test, the critical value is found using the Excel function 
VAIN ipo oil) 
c. If you have a two-tailed test, use T.INV.2T(a@, n — 1); the critical values 
will be both positive and negative. 
4. Compare the test statistic to the critical value(s) and draw a conclusion to either 
reject the null hypothesis or fail to reject it. 


When the population standard deviation is known, the process is exactly the same; only the 
formulas and Excel functions differ. 


Case 2: (a Known) 


1. Determine whether the proper hypotheses represent a lower-tailed, upper-tailed, 
or two-tailed test. 

2. Calculate the test statistic using formula (7.1). 

3, Find the critical value. The critical value for a one-sample, one-tailed test when 
the standard deviation is known is the value of the normal distribution that has 
a tail area of alpha. This may be found by using Table A.1 in Appendix A to 
find the z-value corresponding to an area of 1 — q@ or using the Excel function 
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NORM.S.INV(1 — a). Remember that for a lower-tailed test, the critical value 

is negative. For a two-tailed test, use a/2. 

a. If it is a lower-tailed test, the critical value is found using the Excel 
function NORM.S.INV(1 — @). Note the minus sign! 

b. If it is an upper-tailed test, the critical value is found using the Excel func- 
tion NORM.S.INV(1 — a). 

c. If you have a two-tailed test, use NORM.S.INV(1 — a/2); the critical val- 
ues will be both positive and negative. 

4. Compare the test statistic to the critical value(s) and draw a conclusion to either 
reject the null hypothesis or fail to reject it. 


p-Values 


An alternative approach to comparing a test statistic to a critical value in hypothesis testing 
is to find the probability of obtaining a test statistic value equal to or more extreme than 
that obtained from the sample data when the null hypothesis is true. This probability is 
commonly called a p-value, or observed significance level. The magnitude of a p-value 
indicates the compatibility or incompatibility of the data with the null hypothesis. The 
smaller the p-value, the greater the statistical incompatibility with the null hypothesis. 
The p-value does not measure the probability that the null hypothesis is true! 

It is common practice to compare p-values with the level of significance chosen for a 
hypothesis test. To draw a conclusion, compare the p-value to the chosen level of signifi- 
cance a@; whenever p < a, reject the null hypothesis and otherwise fail to reject it. Using 
p-values makes it easy to draw conclusions about hypothesis tests. If the population stan- 
dard deviation is known, the p-value for a lower one-tailed test is the probability to the left 
of the test statistic z and is found by =NORM.S.DIST(z, TRUE). For an upper one-tailed 
test, the p-value is the probability to the right of the test statistic z and is found by =1— 
NORM.S.DIST(z, TRUE). For a two-tailed test, the p-value is the probability to the left 
of the negative z-value plus the probability to the right of the positive z-value and can be 
computed in Excel as =2*(1 — NORM.S.DIST(ABS(z), TRUE). When the population 
standard deviation is unknown, the p-value for a lower one-tailed test is the probability to 
the left of the test statistic ¢ in the ¢-distribution and is found by =T.DIST(t, n — 1, TRUE). 
For an upper one-tailed test, the p-value is the probability to the right of the test statistic t 
and is found by =1— T.DIST(t, n — i, TRUE). For a two-tailed test, the p-value can be 
found using the Fxcel function =T.DIST.2T(ABS(a), n — 1). 

The statistical community has questioned this practice. The American Statistical 
Association has noted! 


Practices that reduce data analysis or scientific inference to mechanical “bright-line” 
rules (such as “p < 0.05”) for justifying scientific claims or conclusions can lead to 
erroneous beliefs and poor decision-making. A conclusion does not immediately become 
“true” on one side of the divide and “false” on the other. Researchers should bring many 
contextual factors into play to derive scientific inferences, including the design of a study, 
the quality of the measurements, the external evidence for the phenomenon under study, 
and the validity of assumptions that underlie the data analysis. Pragmatic considerations 
often require binary, “yes-no” decisions, but this does not mean that p-values alone can 
ensure that a decision is correct or incorrect. The widespread use of “statistical signifi- 
cance” (generally interpreted as “p = 0.05”) as a license for making a claim Of a sci- 
entific finding (or implied truth) leads to considerable distortion of the scientific process. 


As a result, p-values should be interpreted cautiously. 


'Ronald L. Wasserstein and Nicole A. Lazar (2016), “The ASA’s statement on p-values: context, process, 
and purpose,” The American Statistician, DOI: 10.1080/00031305.2016.1154108 
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Using p-Values 


For the CadSoft example (see Example 7.4), the t-test 
Statistic for the hypothesis test in the response-time 
example is —1.05. If the true mean is really 25, then the 
p-value is the probability of obtaining a test statistic of 
—1.05 or less (the area to the left of —1.05 in Figure 7.3). 
We can calculate the p-value using the Excel function 
=T.DIST(—1.05, 43, TRUE) =0.15 . Because p = 0.15 is 
not less than a = 0.05, we do not reject Ho. In other words, 
there is about a 15% chance that the test statistic would 


be —1.05 or smaller if the null hypothesis were true. This is 
a fairly high probability, so it would be difficult to conclude 
that the true mean is less than 25 and we could attribute the 
fact that the test statistic is less than the hypothesized value 
to sampling error alone and not reject the null hypothesis. 

For the Vacation Survey two-tailed hypothesis test in 
Example 7.6, the p-value for this test is 0.010, which can 
also be computed by the Excel function =T.DIST.2T(2.73, 
33); therefore, since 0.010 < 0.05, we reject Hp. 


One-Sample Tests for Proportions 


Many important business measures, such as market share or the fraction of deliveries 
received on time, are expressed as proportions. We may conduct a test of hypothesis about 
a population proportion in a similar fashion as we did for means. The test statistic for a 
one-sample test for proportions is 


z= eet (7.3) 


Vmo(1 — m9) /n 


where 7 is the hypothesized value and / is the sample proportion. Similar to the test 
statistic for means, the z-test statistic shows the number of standard errors that the sample 
proportion is from the hypothesized value. The sampling distribution of this test statistic 
has a standard normal distribution. 

For a lower-tailed test, the p-value would be computed by the area to the left of the 
test statistic; that is, =NORM.S.DIST(z, TRUE). For an upper-tailed test, the p-value 
would be the area to the right of the test statistic, or = 1— NORM.S.DIST(z, TRUE). 
If we had a two-tailed test, the p-value is computed by the Excel formula 


=2*(1—-NORM.S.DIST(ABS(z), TRUE)). 


EXAMPLE 7.8 


CadSoft also sampled 44 customers and asked them to 
rate the overall quality of the company’s software product 
using the following scale: 

O—very poor 

1—poor 

2—good 

3—very good 

4—excellent 
These data can be found in the Excel File CadSoft 
Product Satisfaction Survey. The firm tracks customer 
satisfaction of quality by measuring the proportion of 
responses in the top two categories. In the past, this 
proportion has averaged about 75%. For these data, 
35 of the 44 responses, or 79.5%, are in the top two 
categories. Is there sufficient evidence to conclude that 
this satisfaction measure has significantly exceeded 75% 


A One-Sample Test for the Proportion 


using a significance level of 0.05? Answering this question 
involves testing the hypotheses about the population 
proportion sr: 

Ho: 7 = 0.75 


H;: ay 2 OLS) 


This is an upper-tailed, one-tailed test. The test statistic is 
computed using formula (7.3): 


Ove) = Lis) 
va = 

V0.75(1 — 0.75)/44 
In this case, the sample proportion of 0.795 is 0.69 stan- 
dard error above the hypothesized value of 0.75. Because 
this is an upper-tailed test, we reject Hp if the value of the 
test statistic is larger than the critical value. Because the 
sampling distribution of z is a standard normal, the critical 


= 0.69 


(continued ) 


286 


Chapter 7 Statistical Inference 


value of z for a level of significance of 0.05 is found by the improved. We could attribute this to sampling error and 
Excel function NORM.S. INV(0.95) = 1.645. Because the relatively small sample size. The p-value can be found 
the test statistic does not exceed the critical value, we by computing the area to the right of the test statistic in 
cannot reject the null hypothesis that the proportion the standard normal distribution using the Excel formula 

is no greater than 0.75. Thus, even though the sample = 1 — NORM.S.DIST(0.69, TRUE) = 0.25. Note that the 
proportion exceeds 0.75, we cannot conclude statistically p-value is greater than the significance level of 0.05, leading 
that the customer satisfaction ratings have significantly to the same conclusion of not rejecting the null hypothesis. 


Confidence Intervals and Hypothesis Tests 


A close relationship exists between confidence intervals and hypothesis tests. For exam- 
ple, suppose we construct a 95% confidence interval for the mean. If we wish to test the 
hypotheses 


Ho: L = bo 
Hy: hb * Mo 


at a 5% level of significance, we simply check whether the hypothesized value j1o falls 
within the confidence interval. If it does not, then we reject Hp; if it does, then we cannot 
reject Hp. 

For one-tailed tests, we need to examine on which side of the hypothesized value the 
confidence interval falls. For a lower-tailed test, if the confidence interval falls entirely 
below the hypothesized value, we reject the null hypothesis. For an upper-tailed test, if 
the confidence interval falls entirely above the hypothesized value, we also reject the null 
hypothesis. 


An Excel Template for One-Sample Hypothesis Tests 


The Excel file One Sample Hypothesis Tests provides template worksheets for conducting 
hypothesis tests for means (with o known and unknown) and proportions based on the for- 
mulas and Excel functions that we have introduced in this section. The templates provide 
results for upper and lower one-tailed tests, and also for a two-tailed test of hypothesis. 
Figure 7.6 shows the templates for the CadSoft examples. We strongly suggest that you 
examine the Excel formulas and compare them to the examples and rules that we have 
presented to better understand the templates. 


Me CHECK YOUR UNDERSTANDING 


1. State the three types of one-sample hypothesis tests. 


2. Why is it important to identify the alternative hypothesis based on what we wish to 
provide statistical evidence for? 


Explain the concepts of Type I and Type II errors. 
Explain the difference between a one-tailed and two-tailed hypothesis test. 


How do you use a test statistic to draw a conclusion about a hypothesis test? 


Sey So 


What is a p-value, and how is it used? 
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> Figure 7.6 eco neanarauessumenneeragmeeceremansmememameraeemeneetemmmetmeaeererer ere a eT 
il Wise Sti (sia aM Deas i see obese ot Bune il 
Excel Templates for One- _ 1 One Sample Test for the Mean Hypothesis test results i 
Sample Hypothesis Tests 2 Population standard deviation unknown i 
3 Lower one-tailed test i 
| 4 Sample Size 44 Critical t-value ~4.681070703], 
| 5_ Sample Mean 21.91 p-value 0.149416269}/ 
| 6 Sample Standard Deviation 19.49 Conclusion Do Not Reject Null Hypothesis} 
| 7 ‘|Hypothesized value 25) i] 
+ 8 |Level of significance 0.05 Upper one-tailed test | 
3. Critical t-value 1.681070703), 
| 10 t-statistic -1.0517 p-value 0.850583731 i 
11 One-tailed t-value 1.6811 f Conclusion Do Not Reject Null Hypothesis}! 
| 12 Two-tailed t-value (+ and -) 2.0167 | 
113 ‘ Two-tailed test ~H 
(14 Critical t-value (+ and -) 2.016692199}) 
[as p-value 0.298832538) | 
j 16 ; _Conclusion Do Not Reject Null Hypothesis H 
i One Sample Test for the Mean Hypothesis test results : —s 4 
2 Population Standard Deviation Known | 
i 3 [Lower one-tailed test | 
4 Sample Size 44 Critical z-value -1.644853627|| 
| 5 Sample Mean ! 21.91 p-value 0.146479106], 
| 6 Population Standard Deviation __ 19.49 : Conclusion Do Not Reject Null Hypothesis}, 
} 7 \|Hypothesized value 25 | 
8 Level of significance 0.05 Upper one-tailed test 
49 Critical z-value 1 644853627| 
10 z-statistic -1.0517 p-value 0.853520894|, 
| 11 One-tailed z-value 1.6449 Conclusion Do Not Reject Null Hypothesis} i 
12 Two-talled z-value (+ and -) 1.96 H 
4 13 | Two-tailed test | 
14 Critical z-value (+ and -) 1.959963985]) 
£5) ' p-value 0.292958211 | 
16 | | __Conclusion _Do Not Reject! t Null ll Hypothesis} 
| Al. eee Stal o ilo oe ee 
ata Hypothesis test results _ 
[; 3 Sample Size 44 Lower one-tailed test “TH 
| 4 Sample Proportion j 0.795| Critical z-value -1.644853627|. 
| 5 Hypothesized value 0.75 p-value 0.754697699) 
6 Level of significance } 0.05 Conclusion Do Not Reject Null Hypothesis} 
| eer A j 
| 8 z-statistic 0.6893 [Upper one-tailed test 
9 One-tailed z-value 1.6449) Critical z-value 1.644853627) 
{ 10 Two-tailed z-value (+ and -) 1.96 p-value 0.245302301). 
fat Conclusion Do Not Reject Null Hypothesis 
i. 12 i 
ee Two-tailed test | 
114 | Critical z-value (+ and -) 1.959963985| 
a p-value 0.490604602} 
1 16 | Conclusion _Do Not Reject Null H Null Hypothesis|| 
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as Two-Sample Hypothesis Tests 


Many practical applications of hypothesis testing involve comparing two populations for 
differences in means, proportions, or other population parameters. Such tests can con- 
firm differences between suppliers, performance at two factory locations, new and old 
work methods or reward and recognition programs, and many other situations. Similar 
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> Table 7.1 


Excel Analysis Toolpak Pro- 
cedures for Two-Sample 
Hypothesis Tests 


to one-sample tests, two-sample hypothesis tests for differences in population parameters 
have one of the following forms: 


1. Lower-tailed test Hp: population parameter (1) — population parameter (2) 
> Dp vs. H;: population parameter (1) — population parameter (2) < Do. 
This test seeks evidence that the difference between population parameter (1) 
and population parameter (2) is less than some value, Dp. When Dy = 0, the 
test simply seeks to conclude whether population parameter (1) is smaller than 
population parameter (2). 
2. Upper-tailed test Ho: population parameter (1) — population parameter (2) 
< Do vs. H;: population parameter (1) — population parameter (2) > Do. This 
test seeks evidence that the difference between population parameter (1) and 
population parameter (2) is greater than some value, Dp. When Do = 0, the 
test simply seeks to conclude whether population parameter (1) is larger than 
population parameter (2). 

3. Two-tailed test Hj: population parameter (1) — population parameter (2) = Do 
vs. H;: population parameter (1) — population parameter (2) # Do. This test 
seeks evidence that the difference between the population parameters is equal 
to Do. When Dp = 0, we are seeking evidence that population parameter (1) 
differs from parameter (2). 


In most applications, Dp = 0, and we are simply seeking to compare the population param- 
eters. However, there are situations when we might want to determine if the parameters 
differ by some non-zero amount; for example, “job classification A makes at least $5,000 
more than job classification B.” 

These hypothesis-testing procedures are similar to those previously discussed in the 
sense of computing a test statistic and comparing it to a critical value. However, the test 
statistics for two-sample tests are more complicated than those for one-sample tests and we 
will not delve into the mathematical details. Fortunately, Excel provides several tools for 
conducting two-sample tests, and we will use these in our examples. Table 7.1 summarizes 
the Excel Analysis Toolpak procedures that we will use. 


Two-Sample Tests for Differences in Means 


In a two-sample test for differences in means, we always test hypotheses of the form 


Ho: 41 — Ho{=, S, or =} 0 
Ay: py Tih, >, Of FeO (7.4) 


Type of Test Excel Procedure 


Two-sample test for means, o? known __ Excel Z-test: Two-sample for means 


Two-sample test for means, c? unknown Excel t-test: Two-sample assuming 


and assumed unequal unequal variances 

Two-sample test for means, 7? unknown __ Excel t-test: Two-sample assuming equal 
and assumed equal variances 

Paired two-sample test for means Excel t-test: Paired two-sample for means 


Two-sample test for equality of variances Excel F-test: Two-sample for variances 


The last two columns in the Purchase Orders data file provide 
the order date and arrival date of all orders placed with each 
supplier. The time between placement of an order and its 
arrival is commonly called the lead time. We may compute the 
lead time by subtracting the Excel date function values from 
each other (Arrival Date — Order Date), as shown in Figure 7.7. 

Figure 7.8 shows a PivotTable for the average lead 
time for each supplier. Purchasing managers have noted 
that they order many of the same types of items from Alum 
Sheeting and Durrable Products and are considering drop- 
ping Alum Sheeting from their supplier base if its lead time 
is significantly longer than that of Durrable Products. 
Therefore, they would like to test the hypothesis 
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Comparing Supplier Performance 


Ho: wy — pe = 0 
Fy: 4 — po > 0 


where 444= mean lead time for Alum Sheeting and 
}t2 = mean lead time for Durrable Products. 

Rejecting the null hypothesis suggests that the 
average lead time for Alum Sheeting is statistically 
longer than Durrable Products. However, if we cannot 
reject the null hypothesis, then even though the mean 
lead time for Alum Sheeting is longer, the difference 
would most likely be due to sampling error, and we 
could not conclude that there is a statistically significant 
difference. 


Selection of the proper test statistic and Excel procedure for a two-sample test for means 
depends on whether the population variances are known, and if not, whether they are 
assumed to be equal. 


1. Population variance is known. In Excel, choose z-Test: Two-Sample for Means 
from the Data Analysis menu. This test uses a test statistic that is based on the 
standard normal distribution. 

2. Population variance is unknown and assumed unequal. From the Data Analysis 
menu, choose t-Test: Two-Sample Assuming Unequal Variances. The test sta- 
tistic for this case has a f-distribution. 

3. Population variance is unknown but assumed equal. In Excel, choose t-Test: 
Two-Sample Assuming Equal Variances. The test statistic also has a ft-distribu- 
tion, but it is different from the unequal variance case. 


These tools calculate the test statistic, the p-value for both a one-tailed and two-tailed test, 
and the critical values for one-tailed and two-tailed tests. For the z-test with known popula- 
tion variances, these are called z, P(Z < z) one-tail or P(Z = z) two-tail, and z Critical 
one-tail or z Critical two-tail, respectively. For the t-tests, these are called t Stat, Re teat) 
one-tail or P(T = t) two-tail, and t Critical one-tail or t Critical two-tail, respectively. 

Caution: You must be very careful in interpreting the output information from these 
Excel tools and apply the following rules: 


v Figure 7.7 1. If the test statistic is negative, the one-tailed p-value is the correct p-value for a 
Portion of Purchase Orders lower-tailed test; however, for an upper-tailed test, you must subtract this num- 
Database with Lead Time ber from 1.0 to get the correct p-value. 
Calculations 

1 'Purchase Orders 

; i Order No. ftem No. Item Description _ Item Cost_Quantity Cost per order AP Terms (Mente) Order Date Arrival Date Lead Time 

asieners =, 41601 1122 Airframe fasteners $ 425' 19500 $ 82,875.00 CB/O5i1 1 08/13/11 8 

- ahs ) ee 1243 Airframe fasteners $ 425 10,000: $ 42,500.00 s OS8/O811 OSi14/41 6 

6 ‘Fast-Tie Aerospace Aug1 1003 5462 Shielded Cablevfi. $ 1.05 23,000 $ 24,150.00 30 OSs 10/11 O8/15/11 5 

7 \Fast-Tie Aerospace Aug11004 5462 Shielded Cable/fit. $ 105 21500 $ 22,575.00 30 O8/15/11 8/22/11 rZ 

& | Steelpin inc. Aug 11005 5319 Shielded Cable/fi. $ 110 > 17500 $ 19,250.00 30 08/20/11 O8iS1/11 W 

3 Fast-Tie Aerospace Aug 1006. 5462 Shielded Cablesfi. $ 106 22500 $ 23,625.00 30 08/201 1 08/26/11 6 

10 'Steelpin Inc. Augi1007 4312 Bott. nut package _ a 3. 75 4 250 $ , 15S 937. 50 —s 30 OS/25/11 OgvO1i41 _H Bc 


i 
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> Figure 7.8 A B 

Pivot Table for Average Sup- ; 

plenhoge Tae 3 Row Labels » Average of Lead Time 
4 Alum Sheeting 7.00 | 
5 Durrable Products 4.92} 
6 Fast-Tie Aerospace 8.47 
7 Hulkey Fasteners 6.47 
8 Manley Valve 6.45 

| 9 Pylon Accessories 8.00 

10 Spacetime Technologies 15.25 
11 Steelpin Inc. 10.20 | 
12 Grand Total 8.41 | 


2. If the test statistic is nonnegative (positive or zero), then the p-value in the out- 
put is the correct p-value for an upper-tailed test; but for a lower-tailed test, you 
must subtract this number from 1.0 to get the correct p-value. 

3. For a lower-tailed test, you must change the sign of the one-tailed critical value. 


Only rarely are the population variances known; also, it is often difficult to justify the 
assumption that the variances of each population are equal. Therefore, in most practical 
situations, we use the t-Test: Two-Sample Assuming Unequal Variances. This procedure 
also works well with small sample sizes if the populations are approximately normal. It is 
recommended that the size of each sample be approximately the same and total 20 or more. 
If the populations are highly skewed, then larger sample sizes are recommended. 


Testing the Hypotheses for Supplier Lead-Time Performance 


To conduct the hypothesis test for comparing the lead Figure 7.10 shows the results from the tool. The tool 
times for Alum Sheeting and Durrable Products, first sort provides information for both one-tailed and two-tailed 

the data by supplier and then select t-Test: Two-Sample tests. Because this is a one-tailed test, we use the high- 
Assuming Unequal Variances from the Data Analysis menu. lighted information in Figure 7.10 to draw our conclusions. 
The dialog is shown in Figure 7.9. The dialog prompts you For this example, t Stat is positive and we have an upper- 
for the range of the data for each variable, hypothesized tailed test; therefore, using the rules stated earlier, the 
mean difference, whether the ranges have labels, and the p-value is 0.00166. Based on this alone, we reject the null 
level of significance a. If you leave the box Hypothesized hypothesis and must conclude that Alum Sheeting has a 
Mean Difference blank or enter zero, the test is for equality Statistically longer average lead time than Durrable Prod- 
of means. However, the tool allows you to specify a value ucts. We may draw the same conclusion by comparing the 
Dg to test the hypothesis Ho: 44 — 2 = Dp if you want to value of t Stat with the critical value t Critical one-tail. Being 
test whether the population means have a certain distance an upper-tailed test, the value of t Critical one-tail is 1.812. 
between them. In this example, the Variable 7 range defines Comparing this with the value of t Stat, we would reject Ho 
the lead times for Alum Sheeting and the Variable 2 range only if t Stat > t Critical one-tail. Since t Stat is greater than 
for Durrable Products. t Critical one-tail, we reject the null hypothesis. 


Two-Sample Test for Means with Paired Samples 


In the previous example for testing differences in the mean supplier lead times, we used 
independent samples; that is, the orders in each supplier’s sample were not related to each 
other. In many situations, data from two samples are naturally paired or matched. For 
example, suppose that a sample of assembly line workers perform a task using two differ- 
ent types of work methods, and the plant manager wants to determine if any differences 
exist between the two methods. In collecting the data, each worker will have performed 


> Figure 7.9 


Dialog for Two-Sample 
t-Test, Sigma Unknown 


> Figure 7.10 


Results for Two-Sample Test 
for Lead-Time Performance 
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1 t-Test: Two-Sample Assuming Unequal Variances 
2 Alum Sheeting Durrable Products 
S) Variable 7 Variable 2 
4 Mean if 4.923076923 | 
5 Variance 2 0.576923077 | 
6 Observations 8 13 
7 Hypothesized Mean Difference 0 
8 df 10 
9 +t Stat 3.827958507 
10 'P(T<=t) one-tail 0,001664976 
11 t Critical one-tail 1.812461123 
42 |P(T<=t) two-tail 0.003329952 

2.228138852 


13. t Critical two-tail 


the task using each method. Had we used independent samples, we would have randomly 
selected two different groups of employees and assigned one work method to one group 
and the alternative method to the second group. Each worker would have performed the 
task using only one of the methods. As another example, suppose that we wish to compare 
retail prices of grocery items between two competing grocery stores. It makes little sense 
to compare different samples of items from each store. Instead, we would select a sample 
of grocery items and find the price charged for the same items by each store. In this case, 
the samples are paired because each item would have a price from each of the two stores. 

When paired samples are used, a paired t-test is more accurate than assuming that the 
data come from independent populations. The null hypothesis we test revolves around the 
mean difference (zp) between the paired samples; that is, 


Ho: Hp {=, S, or =} 0 
Fig >,or #}0 


The test uses the average difference between the paired data and the standard deviation of 
the differences similar to a one-sample test. 

Excel has a Data Analysis tool, t-Test: Paired Two-Sample for Means, for conducting 
this type of test. In the dialog, you need to enter only the variable ranges and hypothesized 
mean difference. 
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The Excel file Pile Foundation contains the estimates used in a 


Using the Paired Two-Sample Test for Means 


shows the output from the Excel tool using a 


» Figure 7.11 


Portion of Excel File Pile 
Foundation 


> Figure 7.12 


Excel Output for Paired Two- 
Sample Test for Means 


bid and actual auger-cast pile lengths that engineers ultimately 
had to use for a foundation-engineering project. The contractor's 
past experience suggested that the bid information was 
generally accurate, so the average of the paired differences 
between the actual pile lengths and estimated lengths should 
be close to zero. After this project was completed, the con- 
tractor found that the average difference between the actual 
lengths and the estimated lengths was 6.38. Could the con- 
tractor conclude that the bid information was poor? 

Figure 7.11 shows a portion of the data and the 
Excel dialog for the paired two-sample test. Figure 7.12 


significance level of 0.05, where Variable 17 is the 
estimated lengths, and Variable 2 is the actual lengths. 
This is a two-tailed test, so in Figure 7.12 we interpret 
the results using only the two-tail information that is 
highlighted. The critical values are + 1.968, and 
because t Stat is much smaller than the lower critical 
value, we must reject the null hypothesis and conclude 
that the mean of the differences between the estimates 
and the actual pile lengths is statistically significant. 
Note that the p-value is essentially zero, verifying this 
conclusion. 


Two-Sample Test for Equality of Variances 


Understanding variation in business processes is very important, as we have stated before. 
For instance, does one location or group of employees show higher variability than others? 
We can test for equality of variances between two samples using a new type of test, the 
F-test. To use this test, we must assume that both samples are drawn from normal popula- 
tions. The hypotheses we test are 


A B Cc ee x vere G SIhies es penne) 


1 Pile Foundation Data 

2 : | 
t-Test: Paired T | 

3 Pile Pile Longth (it) (PmS Lanai Yd ce eee ee cena aga be 

4 Number Estimated _—s Actual bi! ‘ 

5 1 10.58 18.58 Variable 1 Range: $BS4:$8$315 (| 

6 2 10.58 18.58 : - na 

7 3 10.58 418.58. || “anebleg Range: FEPEICISIS (il 

8 4 40.58 18.58 ees 

9 5 10.58 28.58 Hypothesized Mean Difference: 9 

10 6 10.58 26.58 || i tabets 

11 7 10.58 17.58 

12 8 40.58 27.58 || Alpha (0.05 

13 9 10.58 27.58 
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1 t-Test: Paired Two Sample for Means _ 
2 | 
3 | Estinated Actual 
| 4 |Mean 28.17755627 34.55628794 
15 Variance 255.8100385 267.0113061 
6 |Observations 311 311 | 
7 \Pearson Correlation 0.79692836 
8 Hypothesized Mean Difference 0 
9 df 310 
10 't Stat -10.91225025 
11 |P(T<=t) one-tail 5,59435E-24 
12 't Critical one-tail 1.649783823 
13 P(T<=t) two-tail 1.11887E-23 


14 t Critical two-tail 1.967645929 
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Ho: oF = a4 = 0 
Fi dae o5 #10 (7.5) 


To test these hypotheses, we collect samples of n, observations from population | and 
nz observations from population 2. The test uses an F-test statistic, which is the ratio of the 
variances of the two samples: 


(7.6) 


Because the test statistic is a ratio of variances, an alternate way of expressing the hypoth- 
eses that some statistians prefer is 


a7 
lal | 

07 

2 

7 
(sk eas ca 1 

) 


However, this form is equivalent to (7.5). 

The sampling distribution of this statistic is called the F-distribution. Similar to the 
t-distribution, it is characterized by degrees of freedom; however, the F-distribution has 
two degrees of freedom, one associated with the numerator of the F-statistic, n; — 1, and 
one associated with the denominator of the F-statistic, ny — 1. Table A.4 in Appendix A at 
the end of the book provides only upper-tail critical values, and the distribution is not sym- 
metric, as is the standard normal distribution or the ¢-distribution. Therefore, although the 
hypothesis test is really a two-tailed test, we will simplify it as a one-tailed test to make it 
easy to use tables of the F-distribution and interpret the results of the Excel tool that we 
will use. We do this by ensuring that when we compute F, we take the ratio of the larger 
sample variance to the smaller sample variance. 


Applying the F-Test for Equality of Variances 


To illustrate the F-test, suppose that we wish to determine 
whether the variance of lead times is the same for Alum 
Sheeting and Durrable Products in the Purchase Orders 
data. The F-test can be applied using the Excel Data 
Analysis tool F-test Two-Sample for Variances. The dia- 

log prompts you to enter the range of the sample data for 
each variable. As we noted, you should ensure that the first 
variable has the larger variance; this might require you to 
calculate the variances before you use the tool. In this case, 
the variance of the lead times for Alum Sheeting is larger 
than the variance for Durrable Products (see Figure 7.10), 


» Figure 7.13 


Results for Two-Sample 
F-Test for Equality of 


Rie eae 
'F-Test Two-Sample for Variances 


so this is assigned to Variable 1. Note also that if we choose 
a = 0.05, we must enter 0.025 for the level of significance 
in the Excel dialog. The results are shown in Figure 7.13. 
The value of the F-statistic, F, is 3.467. We compare this 
with the upper-tailed critical value, F Critical one-tail, which 
is 3.607. Because F < F Critical one-tail, we cannot reject 
the null hypothesis and conclude that the variances are not 
significantly different from each other. Note that the p-value 
is P(P<=f) one tail = 0.0286. Although the level of signifi- 
cance is 0.05, remember that we must compare this to a/ 2 = 
0.025 because we are using only upper-tailed information. 


B 


c_ 


Alum Sheeting Durrable Products 


Variances 


BSOMNAMDBRWN= 


Variable 1 Variable 2 

'Mean 7 4.923076923 
| Variance 2 0.576923077 
| Observations 8 13 
idf 7 12 
F 3.466666667 
|P(F<=) one-tail 0.028595441 

3.606514642 


iF Critical one-tail 
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If the variances differ significantly from each other, we would expect F to be much 
larger than 1; the closer F is to 1, the more likely it is that the variances are the same. 
Therefore, we need only to compare F to the upper-tailed critical value. Hence, for a level 
of significance a, we find the critical value Fy/2 afiq2 of the F-distribution, and then we 
reject the null hypothesis if the F-test statistic exceeds the critical value. Note that we are 
using a/2 to find the critical value, not a. This is because we are using only the upper- 
tailed information on which to base our conclusion. 

The F-test for equality of variances is often used before testing for the difference in 
means so that the proper test (population variance is unknown and assumed unequal or 
population variance is unknown and assumed equal, which we discussed earlier in this 
chapter) is selected. 


CHECK YOUR UNDERSTANDING 


1. State the only correct forms of two-sample hypothesis tests. 
2. What Excel procedures are available for conducting two-sample hypothesis tests? 


3. How does a paired sample test for means differ from other two-sample hypothesis tests 
for means? 


4. Explain how to conduct a test for equality of variances. 


a Analysis of Variance (ANOVA) 


To this point, we have discussed hypothesis tests that compare a population parameter to 
a constant value or that compare the means of two different populations. Often, we would 
like to compare the means of more than two groups to determine if all are equal or if any 
are significantly different from the rest. 


Differences in Insurance Survey Data 


In the Excel data file /nsurance Survey, we might be inter- Although the average satisfaction for each group is 
ested in whether any significant differences exist in satis- somewhat different and it appears that the mean satisfac- 
faction among individuals with different levels of education. tion of individuals with a graduate degree is higher, we can- 
We could sort the data by educational level and then create not tell conclusively whether or not these differences are 
a table similar to the one shown below. significant because of sampling error. 
College Graduate Graduate Degree Some College 
5 3 4 
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In statistical terminology, the variable of interest is called a factor. In this example, 
the factor is the educational level, and we have three categorical levels of this factor, col- 
lege graduate, graduate degree, and some college. Thus, it would appear that we will have 
to perform three different pairwise tests to establish whether any significant differences 
exist among them. As the number of factor levels increases, you can easily see that the 
number of pairwise tests grows large very quickly. 

Fortunately, other statistical tools exist that eliminate the need for such a tedious 
approach. Analysis of variance (ANOVA) is one of them. Suppose we have m groups. 
The null hypothesis for ANOVA is that the population means of all m groups are equal; the 
alternative hypothesis is that at least one mean differs from the rest: 


Ho: Lge Ih, 
H;: at least one mean is different from the others 


ANOVA derives its name from the fact that we are analyzing variances in the data; 
essentially, ANOVA computes a measure of the variance between the means of each group 
and a measure of the variance within the groups and examines a test statistic that is the 
ratio of these measures. This test statistic can be shown to have an F-distribution (similar 
to the test for equality of variances). If the F-statistic is large enough based on the level of 
significance chosen and exceeds a critical value, we would reject the null hypothesis. Excel 
provides a Data Analysis tool, ANOVA: Single Factor, to conduct analysis of variance. 


Applying the Excel ANOVA Tool 


To test the null hypothesis that the mean satisfaction for 
all educational levels in the Excel file Insurance Survey are 


The results for this example are given in Figure 7.15. 
The output report begins with a summary report of basic 


mean is different, select ANOVA: Single Factor from the 
Data Analysis options. First, you must set up the work- 
sheet so that the data you wish to use are displayed in 
contiguous columns, as shown in Example 7.13. In the 


it is stored in rows or columns (that is, whether each 
factor level or group is a row or column in the range). 
The sample size for each factor level need not be the 
same, but the input range must be a rectangular region 
that contains all data. You must also specify the level of 
significance (a). 


» Figure 7.14 


ANOVA: Single Factor 
Dialog 


i] | Grouped By: 


qd f 


equal against the alternative hypothesis that at least one 


dialog shown in Figure 7.14, specify the input range of the 
data (which must be in contiguous columns) and whether 


Input Range: 


I) Labels In First Row i 


Alpha: | 0.05 | 


statistics for each group. The ANOVA section reports the 
details of the hypothesis test. You needn’t worry about all 
the mathematical details. The important information to inter- 
pret the test is given in the columns labeled F (the F-test sta- 
tistic), P-value (the p-value for the test), and F crit (the critical 
value from the F-distribution). In this example, F = 3.92, 

and the critical value from the F-distribution is 3.4668. Here 
F >F crit; therefore, we must reject the null hypothesis and 
conclude that there are significant differences in the means 
of the groups—that is, the mean satisfaction is not the same 
among the three educational levels. Alternatively, we see 
that the p-value is smaller than the chosen level of signifi- 
cance, 0.05, leading to the same conclusion. 


®) Columns 
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| Output options 
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@) New Worksheet Ply; 
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> Figure 7.15 


ANOVA Results for Insurance 
Survey Data 


r A B C D E F a4 
1 Anova: Single Factor 
2 
3 SUMMARY 
4 Groups Count Sum Average Variance 
5 College graduate 9 31 3.444444444 1.027777778 
6 Graduate degree & 36 4.5 0.571428571 
7 Some college 7 22 3.142857143 1.476190476 

| 8 

| 9 
10 ANOVA 

| 11 Source of Variation SS df Ms F P-value F crit 

| 12 Between Groups 7.878968254 2 3.939484127 3.924651732 0.035635398 3.466800112 

| 13. Within Groups 21.07936508 21 1.003779289 j 

114 

| 15 Total 28.95833333. 23 


Although ANOVA can identify a difference among the means of multiple populations, 
it cannot determine which means are different from the rest. To do this, we may use the 
Tukey-Kramer multiple comparison procedure. Unfortunately, Excel does not provide this 
tool, but it may be found in other statistical software. 


Assumptions of ANOVA 


ANOVA requires assumptions that the m groups or factor levels being studied represent 
populations whose outcome measures 


1. are randomly and independently obtained, 
2. are normally distributed, and 
3. have equal variances. 


If these assumptions are violated, then the level of significance and the power of the test 
can be affected. Usually, the first assumption is easily validated when random samples are 
chosen for the data. ANOVA is fairly robust to departures from normality, so in most cases 
this isn’t a serious issue. If sample sizes are equal, violation of the third assumption does not 
have serious effects on the statistical conclusions; however, with unequal sample sizes, it can. 

When the assumptions underlying ANOVA are violated, you may use a nonparamet- 
ric test that does not require these assumptions; we refer you to more comprehensive texts 
on statistics for further information and examples. 

Finally, we wish to point out that students often use ANOVA to compare the equality 
of means of exactly two populations. It is important to realize that by doing this, you are 
making the assumption that the populations have equal variances (assumption 3). Thus, 
you will find that the p-values for both ANOVA and the t-Test: Two-Sample Assuming 
Equal Variances will be the same and lead to the same conclusion. However, if the vari- 
ances are unequal, as is generally the case with sample data, ANOVA may lead to an erro- 
neous conclusion. We recommend that you do not use ANOVA for comparing the means 
of two populations, but instead use the appropriate t-test that assumes unequal variances. 


tes CHECK YOUR UNDERSTANDING 


1. What hypotheses does ANOVA test? 


2. How can you use the F, P-value, and F crit values from the Excel ANOVA: Single 
Factor procedure to draw a conclusion? 


3. What assumptions does ANOVA rely upon? 
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as Chi-Square Test for Independence 


A common problem in business is to determine whether two categorical variables are 
independent. We introduced the concept of independent events in Chapter 5. In the 
energy drink survey example (Example 5.11), we used conditional probabilities to deter- 
mine whether brand preference was independent of gender. However, with sample data, 
sampling error can make it difficult to properly assess the independence of categorical 
variables. We would never expect the joint probabilities to be exactly the same as the 
product of the marginal probabilities because of sampling error even if the two vari- 
ables are statistically independent. Testing for independence is important in marketing 
applications. 


Independence and Marketing Strategy 


Figure 7.16 shows a portion of the sample data used in 27% of males prefer brand 2 versus 16% of females; and 
Chapter 5 for brand preferences of energy drinks (Excel 33% of males prefer brand 3 versus 59% of females. 

file Energy Drink Survey) and the cross-tabulation of the However, we do not know whether these differences are 
results. A key marketing question is whether the proportion simply due to sampling error or represent a significant dif- 
of males who prefer a particular brand is no different from ference. Knowing whether gender and brand preference 
the proportion of females. For instance, of the 63 males, are independent can help marketing personnel better tar- 
25 (40%) prefer brand 1. If gender and brand preference are get advertising campaigns. If they are not independent, 
indeed independent, we would expect that about the same then advertising should be targeted differently to males 
proportion of the sample of females would also prefer brand and females, whereas if they are independent, it would not 


1. In actuality, only 9 of 37 (24%) prefer brand 1. Similarly, matter. 


We can test for independence by using a hypothesis test called the chi-square test for 
independence. The chi-square test for independence tests the following hypotheses: 


Ho: the two categorical variables are independent 


H;: the two categorical variables are dependent 


The chi-square test is an example of a nonparametric test, that is, one that does not 
depend on restrictive statistical assumptions, as ANOVA does. This makes it a widely 
applicable and popular tool for understanding relationships among categorical data. 
The first step in the procedure is to compute the expected frequency in each cell of 


A B _D E F oa H ; 

‘Energy Drink Survey 

_Respondent Gender Brand Preference 

{ Male Brand 3 Count of Respondent Columnlabels ~_ 
2 Female Brand 3 Row Labels _y Brand 1 Brand 2 Brand 3 Grand Total — 
3 Male Brand 3 Fernale 9 6 22 37) 
4 Male Brand 1 Male > a eee eee ee er 
5 Male Brand 1 Grand Total 34 23 43 100 
6 Female Brand 2 
é Male Brand 2 | 


a Figure 7.16 
Portion of Energy Drink Survey and Cross-Tabulation 
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» Figure 7.17 E F "Ge ht Te eee 
Chi-Square Test | 


Expected Frequencies for 
the Chi-Square Test 


1 
2 
3 Count of Respondent ColumnLabels ~ | 
4 
5 


Row Labels y Brand 1 Brand 2 Brand 3 Grand Total 
Female 9 6 22 37 
6 Male 29 17 21 63 
7 Grand Total Eypected 
8 | frequency of 
9 Female and 
10 Expected Frequency |Brand1 | Brand 1= 
11 Female | 3734/1000 
12 Male | 


3. Grand Total 


the cross-tabulation if the two variables are independent. This is easily done using the 
following: 
(Grand Total Row i)(Grand Total Column /) 


Expected Frequency in Row 7 and Column j = Total NGtae OE Oiemeanne 


(7.7) 
Computing Expected Frequencies 
For the Energy Drink Survey data, we may compute the can easily be implemented in Excel. Figure 7.17 shows the 
expected frequencies using the data from the cross-tabula- results (see the Excel file Chi-Square Test). The formula in 


tion and formula (7.7). For example, the expected frequency cell F11, for example, is =$15*F$7/$1$7, which can be cop- 
of females who prefer brand 1 is (37)(34)/100 = 12.58. This ied to the other cells to complete the calculations. 


Next, we compute a test statistic, called a chi-square statistic, which is the sum of 
the squares of the differences between observed frequency, f,, and expected frequency, f,, 
divided by the expected frequency in each cell: 


(7.8) 


The closer the observed frequencies are to the expected frequencies, the smaller the value 
of the chi-square statistic will be. The sampling distribution of y7 is a special distribution 
called the chi-square (7) distribution. The chi-square distribution is characterized by 
degrees of freedom, similar to the t-distribution. Table A.3 in Appendix A in the back of 
this book provides critical values of the chi-square distribution for selected values of a. 
We compare the chi-square statistic for a specified level of significance a to the critical 
value from a chi-square distribution with (r — 1)(c — 1) degrees of freedom, where r 
and c are the number of rows and columns in the cross-tabulation table, respectively. The 
Excel function CHISQ.INV.RT(probability, deg_freedom) returns the value of Vv" that has 
a right-tail area equal to probability for a specified degree of freedom. By setting prob- 
ability equal to the level of significance, we can obtain the critical value for the hypothesis 
test. If the test statistic exceeds the critical value for a specified level of significance, we 
reject Hy. The Excel function CHISQ.TEST(actual_range, expected_range) computes the 
p-value for the chi-square test. 
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> Figure 7.18 - 


E a G H I 
\Chi-Square Test 


Excel Implementation of 
Chi-Square Test 
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10 Expected Frequency 
| 11 |Female 

| 12 Male 

3 Grand Total 


Brand 1 
12.58 
21.42 


8.51 
14,49 


34 


23 43| 100 


16 Chi Square Statistic 


| 17 Female 1,02 0.74 2.33 
18 Male 0.60 0.43 1.37 2.40}) 
19 Grand Total 1.62 1,18 3.70] 6.49]| 
20 | 
21 | Chi-square critical value [ 599146455] 
22 p-value 


For the Energy Drink Survey data, Figure 7.18 shows the 
calculations of the chi-square statistic using formula (7.8). 
For example, the formula in cell F17 is =(F5 — F11)42/F11, 
which can be copied to the other cells. The grand total in the 
lower right cell is the value of ree In this case, the chi-square 
test statistic is 6.4924. Since the cross-tabulation has r = 2 
rows and c = 3 columns, we have (2 —1) (8 —1) =2 
degrees of freedom for the chi-square distribution. Using 

a = 0.05, the Excel function CHISQ.INV.RT(0.05, 2) returns 


Conducting the Chi-Square Test for Independence 


Alternatively, we could simply use the CHISQ.TEST 
function to find the p-value for the test and base our 
conclusion on that without computing the chi-square sta- 
tistic. For this example, the function CHISQ.TEST(F5:H6, 
F11:H12) returns the p-value of 0.0389, which is less than 
a = 0.05; therefore, we reject the null hypothesis that brand 
and gender are independent. Because a higher propor- 
tion of females prefer brand 3 while a higher proportion of 
males prefer brand 1, marketers might advertise brand 3 in 


the critical value 5.99146. Because the test statistic exceeds 
the critical value, we reject the null hypothesis that the two 
categorical variables are independent. 


female-related media, while brand 1 should receive higher 
emphasis in male-related media. 


Cautions in Using the Chi-Square Test 


First, when using PivotTables to construct a cross-tabulation and implement the chi-square 
test in Excel similar to Figure 7.17, be extremely cautious of blank cells in the PivotTable. 
Blank cells will not be counted in the chi-square calculations and will lead to errors. If 
you have blank cells in the PivotTable, simply replace them with zeros, or right click in 
the PivotTable, choose PivotTable Options, and enter 0 in the field for the checkbox For 
empty cells show. 

Second, the chi-square test assumes adequate expected cell frequencies. A rule of 
thumb is that there be no more than 20% of cells with expected frequencies smaller than 5, 
and no expected frequencies of zero. More advanced statistical procedures exist to handle 
this, but you might consider aggregating some of the rows or columns in a logical fashion 
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to enforce this assumption, as the Example 7.18 illustrates. This, of course, results in fewer 
rows or columns, which changes the number of degrees of freedom. 


EXAMPLE 7.18 


A survey of 100 students at a university queried their beverage preferences at a local coffee shop. The results are shown in 
the table below. 


Violations of Chi-Square Assumptions 


Brewed coffee _ Iced coffee | Espresso _| Cappuccino ‘Latte | Mocha _| Iced blended | Tea Total 


Female AE ER Se eee, OE eee |e salt 
Male | | | ‘an on 
Total 22 15 10 ; 6] a IO) : 11 [ ; ea ; : 9 | p ie 100. 
The expected frequencies are shown next. 
Expected frequencies er 2 ee er Me 
Brewed coffee Iced coffee Espresso Cappuccino Latte | Mocha Iced blended | Tea | Total ee 
Female . 56) 
Male ras 44 | 
Total 22 153 10 ; 6 | 10 | C-« wal} —_— NA) me 9} ; 100 


If we were to conduct a chi-square test of independence, we would see that of the 16 cells, five, or over 30%, have frequen- 
cies smaller than 5. Four of them are in the Cappuccino, Latte, and Mocha columns; these can be aggregated into one col- 
umn called Hot Specialty beverages. 


| Brewed coffee Iced coffee Espresso a | Hot Specialty - si iced blended si Tea” | Total tet: 


Male 


Female 56 | 
| Male | IE REMEO Ag | 
ge lly 0] S: (6) 20 ie 5 VD bey ol al bevnestengeh aby 19) 

Now only 2 of 12 cells have an expected frequency less than 5; this now meets the assumptions of the chi-square test. 
Expected frequencies toate | ae Ta ali or Fear Desi Je ae ais | | 
Brewed coffee | Iced coffee Espresso Hot Specialty | Iced blended Tea | Total ; | 
| Female ¥ 5 | 


Chi-Square Goodness of Fit Test 


In Chapter 5, we introduced the chi-square goodness of fit test to determine whether data 
can be reasonably assumed to come from a specified distribution like the normal or expo- 
nential distribution. What we actually did was to conduct a hypothesis test: 


Ho: data are sampled from a specified distribution 


H;: data are not sampled from the specified distribution 


You can see the similarity to the chi-square test for independence in how the actual 
and expected frequencies are used to calculate the chi-square statistic. If the chi-square 
statistic is larger than the critical value, reject the null hypothesis; otherwise, fail to reject 
it and conclude that the specified distribution is a reasonable model for the sample data. 


The key difference is how we used the hypothesized probability distribution to compute 
the expected frequencies. 
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CHECK YOUR UNDERSTANDING 


1. What hypothesis does the chi-square test for independence test? 


2. Why is it important to understand independence of categorical variables in business 
applications? 


3. Explain the steps required to conduct chi-square tests for independence and normality 
in’ Excel. 


4. What cautions should you be aware of in using the chi-square test for independence? 


Cee oe ee ee ee ee Ge ee 


ANALYTICS IN PRACTICE: Using Hypothesis Tests and Business Analytics in 
a Help Desk Service Improvement Project? 


Schlumberger is an international oilfield-services provider 
headquartered in Houston, Texas. Through an outsourc- 
ing contract, they supply help desk services for a global 
telecom company that offers wireline communications and 
integrated telecom services to more than 2 million cellu- 
lar subscribers. The help desk, located in Ecuador, faced 
increasing customer complaints and losses in dollars 
and cycle times. The company drew upon the analytics 
capability of one of the help desk managers to investigate 
and solve the problem. The data showed that the aver- 
age solution time for issues reported to the help desk 
was 9.75 hours. The company set a goal to reduce the 
average solution time by 50%. In addition, the number of 
issues reported to the help desk had reached an average 
of 30,000 per month. Reducing the total number of issues 
reported to the help desk would allow the company to 
address those issues that hadn’t been resolved because 
of a lack of time, and to reduce the number of abandoned 
calls. They set a goal to identify preventable issues so that 
customers would not have to contact the help desk in the 
first place, and set a target of 15,000 issues. 

As part of their analysis, they observed that the aver- 
age solution time for help desk technicians working at m™ a decrease in the number of help desk issues of 32% 
the call center seemed to be lower than the average for m= improved capability to meet the target of 15,000 total 


Hurst Photo/Shutterstock 


that there was a significant difference. Using a two-sample 
t-test to assess whether the call center and the help desk are 
statistically different from each other, they found no statisti- 
cally significant advantage in keeping help desk employees 
working at the call center. As a result, they moved help desk 
agents to the client’s main office area. Using a variety of other 
analytical techniques, they were able to make changes to 
their process, resulting in the following: 


technicians working on site with clients. They conducted issues 

a hypothesis test structured around the question: Is there m a reduction in the average desktop solution time from 9.75 
a difference between having help desk employees work- hours to 1 hour, an improvement of 89.7% 

ing at an off-site facility rather than on site within the cli- mm a reduction in the call-abandonment rate from 44% to 
ent’s main office? The null hypothesis was that there was 26% 


no significant difference; the alternative hypothesis was  m a reduction of 69% in help desk operating costs 


2Based on Francisco, Endara M. “Help Desk Improves Service and Saves Money with Six Sigma,” American Society for Quality, http:// 
asq.org/economic-case/markets/pdf/help-desk-24490.pdf, accessed 8/19/11. 
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Alternative hypothesis 


Analysis of variance (ANOVA) 


Chi-square distribution 
Chi-square statistic 
Confidence coefficient 
Factor 

Hypothesis 
Hypothesis testing 
Level of significance 


Null hypothesis 

One-sample hypothesis test 
One-tailed test of hypothesis 
p-Value (observed significance level) 
Power of the test 

Statistical inference 

Two-tailed test of hypothesis 

Type I error 

Type I error 


mm CHAPTER 7 TECHNOLOGY HELP 


Useful Excel Functions and Formulas 


NORM.S.INV(1 —a@) Finds the critical value for a one- 
sample, one-tailed test when the standard deviation is 
known. For a lower-tailed test, the critical value is nega- 
tive; for a two-tailed test, use a/ 2. 


T.INV(1 —a@,n —1) Finds the critical value for a one- 
sample, one-tailed test for the mean when the population 
standard deviation is unknown. For a lower-tailed test, the 
critical value is negative; for a two-tailed test, use a/ 2. 


TINV.2T(a@, n — 1) Finds the critical value for a one- 
sample, two-tailed test of hypothesis when the population 
standard deviation is unknown. The critical value for the 
lower tail is negative. Note that this function is the same 
eX UDINE == 7) 2 ip, — SY. 


T.DIST(¢, n — 1, TRUE) Finds the p-value for a lower- 
tailed hypothesis test for the mean when the population 
standard deviation is unknown. 


1 —T.DIST(t, n — 1, TRUE) Finds the p-value for 

an upper-tailed hypothesis test for the mean when the 
population standard deviation is unknown using the test 
statistic f. 


T.DIST.2T(ABS(f), n — 1) Finds the p-value for a two- 
tailed hypothesis test for the mean when the population 
standard deviation is unknown for the test statistic f. 


NORM.S.DIST(z, TRUE) Finds the p-value for a lower- 
tailed test for a proportion using the test statistic z. 


1 —NORM.S.DIST(z, TRUE) Finds the p-value for 
an upper-tailed test for a proportion using the test 
statistic Zz. 


2*NORM.S.DIST(ABS(z), TRUE) Finds the p-value for a 
two-tailed test for a proportion using the test statistic z. 


CHISQ.INV.RT(probability, deg_ freedom) Returns the 
value of chi-square that has a right-tail area equal to proba- 
bility for a specified degree of freedom. By setting probabil- 
ity equal to the level of significance, we obtain the critical 
value for the chi-square hypothesis test for independence. 


CHISQ.TEST(actual_range, expected_range) Computes 
the p-value for the chi-square test for independence. 


Excel Templates 


One-Sample Hypothesis Tests (Figure 7.6): 
Open the Excel file One Sample Hypothesis Tests. 
Select the worksheet tab corresponding to the type 
of hypothesis test to perform and enter the appropri- 
ate data. 


Excel Techniques 


Excel z-Test: Two-Sample for Means: 
Performs a two-sample hypothesis test for means 
when o” for each population is known. Select z- 
Test: Two-Sample for Means from the Data Analy- 
sis menu and enter the data ranges, hypothesized 
mean difference, and value of a. Check Labels if 
headers are included. 


Excel t-Test: Two-Sample Assuming Unequal Variances 
(Example 7.10): 
Performs a two-sample test for means when o* for 
each population is unknown and assumed unequal. 
Select t-Test: Two-Sample Assuming Unequal 
Variances from the Data Analysis menu and enter 


the data ranges, hypothesized mean difference, and 
value of a. Check Labels if headers are included. 


Excel t-Test: Two-Sample Assuming Equal Variances: 
Performs a two-sample test for means when o° for 
each population is unknown and assumed equal. Se- 
lect t-Test: Two-Sample Assuming Equal Variances 
from the Data Analysis menu and enter the data 
ranges, hypothesized mean difference, and value of 
a. Check Labels if headers are included. 


For each of the above tests, apply the following rules: 

1. If the test statistic is negative, the one-tailed p-value 
is the correct p-value for a lower-tailed test; however, 
for an upper-tailed test, you must subtract this number 
from 1.0 to get the correct p-value. 

2. If the test statistic is nonnegative (positive or zero), then 
the p-value in the output is the correct p-value for an 
upper-tailed test, but for a lower-tailed test, you must 
subtract this number from 1.0 to get the correct p-value. 

3. For a lower-tailed test, you must change the sign of the 
one-tailed critical value. 


Excel t-Test: Paired Two-Sample for Means (Example 7.11): 
Performs a two-sample test for means using paired 
samples. Select t-Test: Paired Two-Sample for 
Means from the Data Analysis menu and enter the 
data ranges, hypothesized mean difference, and 
value of a. Check Labels if headers are included. 


Excel F-Test: Two-Sample for Variances (Example 7.12): 
Performs a two-sample test for equality of variances. 
Select F-Test: Two-Sample for Variances from 
the Data Analysis menu and enter the data ranges, 
hypothesized mean difference, and value of a. Make 
sure that the first variable has the larger variance 
and enter a/ 2, not a, for the level of significance in 
the dialog. Check Labels if headers are included. 


ANOVA (Example 7.14): 
Set up the worksheet so that the data you wish to 
use are displayed in contiguous columns. Select 
ANOVA: Single Factor from the Data Analysis 
menu. Enter the input range as the rectangular array 
that contains all the data; check Labels in the First 
Row if headers are included. 


StatCrunch 


StatCrunch provides the ability to conduct the hypothesis 
tests, analysis of variance, and chi-square tests that we 
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learned about in this chapter. You can find video tutori- 
als and step-by-step procedures with examples at https:// 
www.statcrunch.com/5.0/example.php. We suggest that 
you first view the tutorials Getting started with Stat- 
Crunch and Working with StatCrunch sessions. The fol- 
lowing tutorials explain how to conduct hypothesis tests 
in StatCrunch. These are located under the headings Tra- 
ditional Hypothesis Tests For, ANOVA, and Summary 
Statistics and Tables. 


A mean with raw data 

A mean with summary data 

A proportion with raw data 

A proportion with summary data 

The difference between two means with raw data 

The difference between two means with summary data 
The difference between means with paired data 

The difference between two proportions with raw data 
The difference between two proportions with sum- 
mary data 

One way ANOVA 

Contingency tables from raw data 

Contingency tables from summary data 


Example: Testing a Hypothesis for a Mean with 
Raw Data 


1. ChoosetheStat > T Stats > One Sample > With Data 
menu option. 

2. Select the column containing the sample data values. 

3. Under Perform, select Hypothesis test for u . 

4. Enter the null mean and choose #,<, or > for the 
alternative. 

5. Click Compute! to view the results. 


Example: Conducting a Two-Sample Hypothesis 
Test for the Mean with Summary Data 


1. Choose the Stat > T Stats > One Sample > With Data 
menu option. 

2. Choose the With Summary option to enter the sample 
mean, sample standard deviation, and sample size for 
both samples. 

3. Uncheck the Pool variances option if desired. 

4. Select the Hypothesis test option, enter the difference 
in means for the null hypothesis, and choose #, <, or 
> for the alternative. 

5. Click Compute! to view the results. 
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Mm. PROBLEMS AND EXERCISES 


For all hypothesis tests, assume that the level of signifi- 
cance ts 0.05 unless otherwise stated. 


Hypothesis Testing 


1. When President Donald Trump took office, he 
believed that the reason he did not win the popular 
vote was because 3 to 5 million people voted ille- 
gally. Explain how hypothesis testing might be used 
in a similar fashion as the legal analogy example. 


One-Sample Hypothesis Tests 


2. A gym trainer in Cologne, Germany, believes that the 
average time spent exercising each day by the city is 
greater than 1.5 hours. Formulate an appropriate one- 
sample test of hypothesis to test this belief. 


3. A research group in Sweden estimated that almost 
1.5 million people in Sweden have used Netflix from 
September to December 2018. Formulate an appro- 
priate one-sample test of hypothesis to test this. 


4. Looking at the data and information in the Excel file 
Car Sharing Survey, state some examples of interest- 
ing hypothesis tests by proposing null and alternative 
hypotheses similar to those in Example 7.2. 


5. Looking at the data and information in the Excel 
file Retail Survey, state some examples of interest- 
ing hypothesis tests by proposing null and alternative 
hypotheses similar to those in Example 7.2. 


fey) 


. Looking at the data and information in the Excel file 
TV Viewing Survey, state some examples of interest- 
ing hypothesis tests by proposing null and alternative 
hypotheses similar to those in Example 7.2. 


7. A pharmaceutical company in Australia is testing a 
medical drug that intends to increase heart rate. A 
sample of 124 tests yielded a mean increase of 1.4 
beats per minute, with a population standard devia- 
tion known to be 3.6, Since the company wants to 
avoid marketing an ineffective medical drug, it pro- 
poses a 0.001 significance level. If the drug does not 
work, increase will be zero. Formulate and conduct a 
hypothesis test to determine if you can conclude that 
the company should market the drug. 


8. An analyst at a business school in France is assess- 
ing students’ performance. Historical records of 
applicants suggest that the mean score obtained by 
students attending the school is 350. The business 


10. 


11. 


12. 


school administration wants to know whether the 
performance of students enrolled in the current year 
has changed or not. From the recent scores of a sam- 
ple of 100 students, the average score is 365 with 
a standard deviation of 38. Does this data provide 
statistical evidence that the quality of students has 
improved? Formulate the appropriate hypothesis test 
and conduct the test. 


. According to a magazine, people read an average of 


more than three books in a month. A survey of 20 
random individuals found that the mean number of 
books they read was 2.9 with a standard deviation of 
1323: 


a. To test the magazine’s claim, what should the 
appropriate hypotheses be? 


b. Compute the test statistic. 


c. Using a level of significance of 0.05, what is the 
critical value? 


d. Find the p-value for the test. 


e. What is your conclusion? 


A marine biologist wants to use a parrotfish for research 
purposes as she believes that the variability of weights 
among parrotfish is small. From a random sample of 
50 parrotfish, she found that their mean weight is 
6.3 pounds with a standard deviation of 2.4 pounds. She 
will only use the parrotfish if there is evidence that the 
variance of their weights is less than 4 pounds. Formu- 
late an appropriate hypothesis test to determine if there 
is enough evidence that the weight is small enough for 
the marine biologist to use them in her research. 


A pharmacist believes that in manufacturing a pill or 
tablet medicine, the need for an active ingredient in 
each pill is less than 14 milligrams. She selects a ran- 
dom sample of 15 pills and determines that each pill has 
an average of 10.5 milligrams of the active ingredient 
with a standard deviation of 0.56 milligrams. Formulate 
the appropriate hypothesis test and draw a conclusion. 


Using the data in the Excel file Consumer Transpor- 
tation Survey, test the following null hypotheses: 


a. Individuals spend at least eight hours per week in 
their vehicles. 


S 


Individuals drive an average of 600 miles per week. 


c. The average age of SUV drivers is no greater 
than 35. 


13. 


14. 


15. 


16. 


17. 


d. At least 80% of individuals are satisfied with 
their vehicles. 


Perform the calculations using the correct formulas 
and Excel functions, and compare your results with 
the One Sample Hypothesis Test Excel template to 
verify them. 


A gum manufacturer claims that on average the fla- 
vor of an entire packet of its gum would last for more 
than 39 minutes. A quality controller selects a ran- 
dom sample of 55 packets of gum. She finds the aver- 
age time for which the gum flavor lasts is 40 minutes 
with a standard deviation of 5.67 minutes. 


a. Formulate a hypothesis test to validate the manu- 
facturer’s claim. 


b. After a new technique to improve the lasting 
period of the gum flavor was applied, the qual- 
ity controller reselected 60 packets of gum and 
found that the average time for which the gum- 
flavor lasts is 45 minutes with a standard devia- 
tion of 3.15 minutes. Is there sufficient evidence 
to conclude that the new technique significantly 
increased the lasting time? 


c. Use a 95% confidence interval for the population 
average time for which the flavor lasts to validate 
the manufacturer’s claim after the new technique 
is applied. 


A diet program claims that the average amount of water 
that a person on a diet should drink each day to lose 
weight is 4 liters. A random sample of 13 people enrolled 
in the diet program found that the average consumption 
is 3.6 liters of water per day with a standard deviation of 
0.379 liters. Is the diet program’s claim valid? 


Call centers typically have high turnover. The director 
of human resources for a large bank has compiled data 
on about 70 former employees at one of the bank’s call 
centers in the Excel file Call Center Data 2. In writing 
an article about the working conditions at call centers, 
a reporter claimed that the average tenure is no more 
than two years. Formulate and test a hypothesis using 
these data to determine if this claim can be disputed. 


Using the data in the Excel file Airport Service Times, 
determine if the airline can claim that its average ser- 
vice time is less than 2.5 minutes. 


A computer repair firm believes that its average 
repair time is less than two weeks. Using the data in 
the Excel file Computer Fix Times, determine if the 
company can continue to support this claim. 


18. 


19. 


20. 


21. 


23. 


24. 
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A survey on female health stated that the standard 
body fat percentage of a woman of the average age 
of 25 years with an average weight of 140 pounds 
and an average height of 64 inches is 16%. The Excel 
file Women Body Fat Percentage provides the data 
for this survey. Use the dataset to conduct a test of 
hypothesis for each of the variables captured. 


Formulate and test hypotheses to determine if sta- 
tistical evidence suggests that the graduation rate 
for (1) top liberal arts colleges or (2) research uni- 
versities in the Excel file Colleges and Universities 
exceeds 90%. Do the data support a conclusion that 
the graduation rates exceed 85%? Would your con- 
clusions change if the level of significance was 0.01 
instead of 0.05? 


An industry trade publication stated that the average 
profit per customer for this industry was greater than 
$4,500. The Excel file Sales Data provides data on a 
sample of customers. Using a test of hypothesis, do 
the data support this claim or not? 


A financial advisor believes that the proportion of 
investors who are risk-averse (that is, try to avoid risk 
in their investment decisions) 1s at least 0.6. A sur- 
vey of 31 investors found that 19 of them were risk- 
averse. Formulate a one-sample hypothesis test for a 
proportion to test this belief. 


. Suppose that a previous record of a blood donation 


campaign conducted in the city of London indicates 
that the probability of a donor having blood type O 
is 0.6. Of a sample of 120 donors who have come 
to donate blood at this year’s blood donation camp, 
70 donors have blood type O. Assume that the blood 
donors are not related in any way, so that we can con- 
sider them independent. Can the management of the 
blood donation campaign conclude that they have 
had the same result as the previous record for the pro- 
portion of donors having blood type O? 


The Excel file Room Inspection provides data for 100 
room inspections at each of 25 hotels in a major chain. 
Management would like the proportion of noncon- 
forming rooms to be less than 2%. Formulate a one- 
sample hypothesis test for a proportion and perform 
the calculations using the correct formulas and Excel 
functions, and compare your results with the One 
Sample Hypothesis Test Excel template to verify them. 


An online bookseller is considering selling an 
e-reader but will do so only if they have evidence that 
the proportion of customers who will likely purchase 
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one is more than 0.4. Of a survey of 25 customers, 
8 of them stated that they would likely purchase an 
e-reader. What should the bookseller do? 


25. An employer is considering negotiating its pricing 
structure for health insurance with its provider if there 
is sufficient evidence that customers will be willing 
to pay a lower premium for a higher deductible. Spe- 
cifically, they want at least 30% of their employees 
to be willing to do this. Using the sample data in the 
Excel file Jnsurance Survey, determine what decision 
they should make. 


Two-Sample Hypothesis Tests 


26. A two-sample test for means was conducted to test 
whether the mean number of movies watched each 
month differed between males and females. The 
Excel Data Analysis tool results are shown below. 


t-Test: Two-Sample Assuming Unequal Variances 


Female Male 


Mean 5.6 U6 
Variance 6.267 21.833 
Observations 10 10 
Hypothesized Mean Difference 0 

df 14 

t Stat -1.133 

P(T <=t) one-tail 0.138 

t Critical one-tail 1.76 

P(T <=t) two-tail 0.276 

t Critical two-tail 2.144 


a. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: Le — bm = O. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


b. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: Up — Pm = O. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


c. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: hp — bm = O. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


27. A two-sample test for means was conducted to deter- 
mine if the completion time for continuing education 
programs for nurses differed when costs are paid by 
employers (Yes) versus when individuals paid out 


of his or her own funds (No). The following are the 
Excel Data Analysis tool results. 


t-Test: Two-Sample Assuming Unequal Variances 


Yes No 
Mean 33.982 28.556 
Variance 448.127 349.504 
Observations 12 if 


Hypothesized Mean Difference 0 


df 14 

t Stat 0.580 
P(T <=t) one-tail 0.286 
t Critical one-tail 1.761 
P(T<=t) two-tail 0.571 
t Critical two-tail 2.145 


a. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: Ly — LN = O. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


b. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: ky — Pn = O. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


c. Explain how to use this information to 
draw a conclusion if the null hypothesis is 
Ho: hy — Pn = 0. Clearly state the correct criti- 
cal value and p-value and your conclusion. 


28. The director of human resources for a large bank has 
compiled data on about 70 former employees at one 
of the bank’s call centers (see the Excel file Call Cen- 
ter Data 2). For each of the following, assume equal 
variances of the two populations. 


a. Test the null hypothesis that the average length of 
service for males is the same as for females. 


b. Test the null hypothesis that the average length 
of service for individuals without prior call 
center experience is the same as those with 
experience. 


c. Test the null hypothesis that the average length 
of service for individuals with a college degree 
is the same as for individuals without a college 
degree. 


d. Now conduct tests of hypotheses for equality of 
variances. Were your assumptions of equal vari- 
ances valid? If not, repeat the test(s) for means 
using the unequal variance test. 


29. 


30. 


31. 


32. 


35. 


37. 


Using the Excel file YouTube Hours, determine if the 
mean number of hours spent online per week is the 
same for males as it is for females. 


Determine if there is evidence to conclude that the 
mean number of vacations taken by married individ- 
uals is less than the number taken by single/divorced 
individuals using the data in the Excel file Vacation 
Survey. Use a level of significance of 0.05. Would 
your conclusion change if the level of significance 
were 0.01? 


The Excel file Fortune 100 Accountants provides the 

results of a survey of 35 employees in a tax division 

of a Fortune 100 company. 

a. Is there sufficient evidence at the 0.01 level of 
significance that the average number of years of 
service is the same for both genders? 


b. Is there sufficient evidence at the 0.01 level of 
significance that the average years of undergradu- 
ate study is the same for both genders? 


For the data in the Excel file Coffee Shop Prefer- 
ences, conduct a hypothesis test to determine if price 
and taste ratings are the same for large/chain stores 
versus small/independent coffee shops. 


. In the Excel file Cell Phone Survey, test the hypoth- 


esis that the mean responses for value for the dollar 
and customer service do not differ by gender. 


. Inthe Excel file Credit Risk Data, test the hypotheses that 


the number of months employed is the same for appli- 
cants with low credit risk as for those with high credit 
risk evaluations. Use a level of significance of 0.01. 


For the data in the Excel file Netflix Views Survey, 
conduct a hypothesis test to determine if married 
individuals watch less Netflix than single individuals. 


. Determine if there is evidence to conclude that rain- 


fall in area A is significantly more than that of area B 
using the data in the Excel file Rainfall. 


A producer of computer-aided design software for 
the aerospace industry receives numerous calls for 
technical support. Tracking software is used to mon- 
itor response and resolution times. In addition, the 
company surveys customers who request support 
using the following scale: O—did not meet expec- 
tations; 1—marginally met expectations; 2—met 
expectations; 3—exceeded expectations; 4—greatly 
exceeded expectations. The questions are as follows: 


Q1: Did the support representative explain the pro- 
cess for resolving your problem? 


38. 


39. 


40. 


41. 
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Q2: Did the support representative keep you informed 
about the status of progress in resolving your 
problem? 

Q3: Was the support representative courteous and 
professional? 


: Was your problem resolved? 


Q5: Was your problem resolved in an acceptable 
amount of time? 


: Overall, how did you find the service provided 
by our technical support department? 


A final question asks the customer to rate the overall 
quality of the product using a scale of 0—very poor; 
l—poor; 2—good; 3—very good; 4—excellent. 
A sample of survey responses and associated resolu- 
tion and response data are provided in the Excel file 
Customer Support Survey. 


a. The company has set a service standard of one 
day for the mean resolution time. Does evidence 
exist that the resolution time is more than one 
day? How do the outliers in the data affect your 
result? What should you do about them? 


b. Test the hypothesis that the average service index 
is equal to the average engineer index. 


Using the data in the Excel file Ohio Education Per- 
formance, test the hypotheses that the mean differ- 
ence in writing and reading scores is zero and that the 
mean difference in math and science scores is zero. 
Use the paired-sample procedure. 


The Excel file Unions and Labor Law Data reports 
the percent of public and private-sector employees in 
unions in 1982 for each state, along with indicators 
of whether the states had a bargaining law that cov- 
ered public employees or right-to-work laws. 


a. Test the hypothesis that the mean percent of 
employees in unions for both the public sector 
and private sector is the same for states having 
bargaining laws as for those who do not. 


b. Test the hypothesis that the mean percent of 
employees in unions for both the public sector 
and private sector is the same for states having 
right-to-work laws as for those who do not. 


Using the data in the Excel file Student Grades, 
which represent exam scores in one section of a large 
statistics course, test the hypothesis that the variance 
in grades is the same for both tests. 


In the Excel file Restaurant Sales, determine if the 
variance of weekday sales is the same as that of 
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weekend sales for each of the three variables (lunch, 
dinner, and delivery). 


Analysis of Variance (ANOVA) 


42. 


For the Excel file Job Satisfaction, use ANOVA to 
determine if the mean overall job satisfaction ratings 
differ by department. 


. A college is trying to determine if there is a signifi- 


cant difference in the mean GMAT score of students 
from different undergraduate backgrounds who 
apply to the MBA program. The Excel file GMAT 
Scores contains data from a sample of students. 


d. Find the chi-square critical value and p-value and 
draw a conclusion. 


48. The cross-tabulation data given below represent the 


number of passed and failed results of male and 
female students at a university for the last semester. 


a. Write the hypotheses for the chi-square test for 
independence. 


b. Find the expected frequencies. 
c. Compute the chi-square test statistic. 


d. Find the chi-square critical value and p-value and 
draw a conclusion. 


What conclusion can be reached using ANOVA? Result Male Female 
44. For the data in the Excel file Helpdesk Survey, deter- Pass 80 Ve 
mine if the mean overall satisfaction ratings differ by Fail 18 3 


45. 


46. 


the ratings given for response time. 


Using the data in the Excel file Broadband Service 
Providers, apply ANOVA to determine if the mean 
response for value for the pound is the same for dif- 
ferent types of broadband service providers in the 
United Kingdom. 


For the data in the Excel file Freshman College 

Data, 

a. use ANOVA to determine whether significant 
differences exist in the mean retention rate for the 
different colleges over the four-year period. 

b. use ANOVA to determine if significant differ- 
ences exist in the mean ACT scores among the 
different colleges. 

c. use ANOVA to determine if significant differ- 
ences exist in the mean SAT scores among the 
different colleges. 


Chi-Square Tests for Independence and Normality 


47. 


The cross-tabulation data given below represent the 
number of males and females in a work group who 
feel overstressed and those who don’t. 


Overstressed Women Men 
No 9 4 
Yes 6 9 


a. Write the hypotheses for the chi-square test for 


49. 


51. 


The following cross-tabulation shows the number of 
people who rated a customer service representative 
as friendly and polite based on whether the represen- 
tative greeted them first. 


a. Write the hypotheses for the chi-square test for 
independence. 


b. Find the expected frequencies. 


c. Compute the chi-square statistic using a level of 
significance of 0.01. 


d. Find the chi-square critical value and p-value and 
draw a conclusion. 


Friendly/Polite 
Staff Greeting No Yes 
No 13 if 
Yes 12 22 


. Conduct the chi-square test for independence using 


the aggregated results for Example 7.18 using a level 
of significance of 0.05. 


For the following cross-tabulation data, which rep- 
resent a count of the type of books that individuals 
prefer, verify that the assumptions of the chi-square 
test are not met, and aggregate the data in an appro- 
priate way so that the assumptions are met. Then 
conduct a chi-square test for independence. 


independence. Gender Fiction Nonfiction Graphic Autobiography 
b. Find the expected frequencies. aap bh cou ste be bone ONO encima af 
c. Compute the chi-square statistic using a level of Male 11 2 2 8 

significance of 0.05, Female 8 6 5 0 


ee ee i ee eee eee 


52. A manufacturer of automobiles is bringing out a 


new model. To create its advertising campaign, the 
manufacturer wants to determine whether the mod- 
el’s appeal will be dependent on a particular age 
group. A sample of a customer survey revealed the 
following: . 


50 and 
Appeal Under 20 20-40 40-50 over 
Like 140 70 70 25 
Dislike 60 40 30 65 


as 


a 


What can the manufacturer conclude? 


53. Four call service representatives were monitored over 


a period of three months. After each call, every cus- 
tomer was asked whether they were satisfied with the 
service by answering “Yes” or “No.” The following 
data were obtained: 


Representative 
Satisfied Dion Susan Alice Anthony 
Yes 172 118 150 140 
No 28 82 50 16 


The background for this case was introduced in Chapter 2. 
This is a continuation of the case in Chapter 6. For this part 
of the case, propose and test some meaningful hypotheses 
that will help Ms. Drout understand and explain the results. 
Include two-sample tests, ANOVA, and/or chi-square 
tests for independence as appropriate. Write up your con- 
clusions in a formal report, or add your findings to the 


= CASE: PERFORMANCE LAWN EQUIPMENT 


Elizabeth Burke has identified some additional questions 
she would like you to answer using the Performance Lawn 
Equipment Database. 


1. 


Are there significant differences in ratings of specific 
product/service attributes in the Customer Survey 
worksheet? 

In the worksheet On-Time Delivery, has the proportion 
of on-time deliveries in 2018 significantly improved 
since 2014? 

Have the data in the worksheet Defects After Delivery 
changed significantly over the past five years? 
Although engineering has collected data on alterna- 
tive process costs for building transmissions in the 
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Can we conclude that there is an association between 
the person who answers the call and customer 
satisfaction? 


54. For the data in the Excel file Graduate School Sur- 
vey, perform a chi-square test for independence to 
determine if plans to attend graduate school are inde- 
pendent of gender. 


55. For the data in the Excel file New Account Process- 
ing, perform chi-square tests for independence to 
determine if certification is independent of gender 
and if certification is independent of having prior 
industry background. 


56. Conduct a chi-square test to determine if a normal 
distribution can reasonably model the data in the 
Excel file Airport Service Times. 


57. Conduct a chi-square test to determine if a normal 
distribution can reasonably model the expense data in 
the Excel file Travel Expenses. 


58. Conduct a chi-square test to determine if a normal 
distribution can reasonably model the sum of the: 
midterm and final exam grades in the Excel file Stu- 
dent Grades. 


report you completed for the case in Chapter 6 as per your 
instructor’s requirements. If you have accumulated all sec- 
tions of this case into one report, polish it up so that it is as 
professional as possible, drawing final conclusions about 
the perceptions of the role of advertising in the reinforce- 
ment of gender stereotypes and the impact of empower- 
ment advertising. 


worksheet Transmission Costs, why didn’t they reach a 
conclusion as to whether one of the proposed processes 
is better than the current process? 

5. Are there differences in employee retention due to gen- 
der, college graduation status, or whether the employee 
is from the local area in the data in the worksheet 
Employee Retention? 


Conduct appropriate statistical analyses and hypothe- 
sis tests to answer these questions and summarize your 
results in a formal report to Ms. Burke. 
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Trendlines and 
Regression Analysis 


Luca Bertolli/123RF 


G OBJECTIVES | After studying this chapter, you will be able to: 


a Explain the purpose of regression analysis and pro- a Use the Excel Trendline tool to fit models 
vide examples in business. to data. 

= Use ascatter chart to identify the type of relationship m Explain how least-squares regression finds the 
between two variables. best-fitting regression model. 

a List the common types of mathematical functions m Use Excel functions to find least-squares regression 


used in predictive modeling. coefficients. 
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Use the Excel Regression tool for both single and 
multiple linear regressions. 

Interpret the regression statistics of the Excel 
Regression tool. 

Interpret significance of regression from the Excel 
Regression tool output. 

Draw conclusions for tests of hypotheses about 
regression coefficients. 

Interpret confidence intervals for regression 
coefficients. 


w Calculate standard residuals. 
a List the assumptions of regression analysis and 


describe methods to verify them. 


w Explain the differences in the Excel Regression tool 


output for simple and multiple linear regression 
models. 


= Apply a systematic approach to build good regression 


models. 

Explain the importance of understanding 
multicollinearity in regression models. 

Build regression models for categorical data using 
dummy variables. 


= Test for interactions in regression models with 


categorical variables. 


Identify when curvilinear regression models are more 


appropriate than linear models. 


The late management and quality guru Dr. W. Edwards Deming once stated that 
all management is prediction. He was implying that when managers make deci- 
sions, they must consider what will happen in the future. For example, financial 
analysts cannot make good investment decisions without predicting the future 
movement of stock prices, and airlines cannot determine when to purchase jet 
fuel—and how much—without predicting how oil prices will change. Trendines 
show the movement of such attributes over time. 

Many other applications of predictive analytics involve modeling relationships 
between one or more independent variables and some dependent variable (called 
regression analysis). For example, we might wish to predict the level of sales based 
on the price we set, or to predict sales based on the U.S. GDP (gross domestic 
product) and the ten-year treasury bond rate to capture the influence of the business 
cycle.’ A marketing researcher might want to predict the intent of buying a particular 
automobile model based on a survey that measures consumer attitudes toward the 
brand, negative word of mouth, and income level.? An insurance company may 
need to predict the number and amount of claims based on the demographics of its 
customers. Human resource managers might need to predict the need for different 
workforce skills in order to develop hiring and training plans. Fantasy sports hobby- 
ists may want to predict the value of players based on various performance attri- 
butes. Thus, you will likely find numerous opportunities to apply the tools we learn in 
this chapter to your career and personal interests. 


RESIN SOE BER PAL NENA ATT MOE ETT LINE NY 2 HOPI LOTTE NLA OS 


‘James R. Morris and John P. Daley, Introduction to Financial Models for Management and Planning 
(Boca Raton, FL: Chapman & Hall/CRC, 2009): 257. 


Alvin C. Burns and Ronald F. Bush, Basic Marketing Research Using Microsoft Excel Data Analysis, 
2nd ed. (Upper Saddle River, NJ: Prentice Hall, 2008): 450. ; 
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Trendlines and regression analysis are tools for building predictive models. 
Our principal focus is to gain a basic understanding of how to use and interpret 
trendlines and regression models, statistical issues associated with interpreting 
regression analysis results, and practical issues in using trendlines and regression 
as tools for making and evaluating decisions. 


an Modeling Relationships and Trends in Data 


Understanding both the mathematics and the descriptive properties of different functional 
relationships is important in building predictive analytical models. We often begin by cre- 
ating a chart of the data to understand them and choose the appropriate type of functional 
relationship to incorporate into an analytical model. For cross-sectional data, we use a 
scatter chart; for time-series data, we use a line chart. 

Common types of mathematical functions used in predictive analytical models include 
the following: 


@ Linear function: y = a + bx. Linear functions show steady increases or 
decreases over the range of x. This is the simplest type of function used in predic- 
tive models. It is easy to understand and, over small ranges of values, can approx- 
imate behavior rather well. 

# Logarithmic function: y = In(x). Logarithmic functions are used when the rate 
of change in a variable increases or decreases quickly and then levels out, such as 
with diminishing returns to scale. Logarithmic functions are often used in mar- 
keting models where constant percentage increases in advertising, for instance, 
result in constant, absolute increases in sales. 

= Polynomial function: y = ax* + bx + c (second order—quadratic func- 
tion), y = ax? + bx* + cx + d (third order—cubic function), and so on. A 
second-order polynomial is parabolic in nature and has only one hill or valley; 

a third-order polynomial has one or two hills or valleys. Revenue models that 
incorporate price elasticity are often polynomial functions. 

= Power function: y = ax’. Power functions define phenomena that increase at a 
specific rate. Learning curves that express improving times in performing a task 
are often modeled with power functions having a > O and b < 0. 

= Exponential function: y = ab‘. Exponential functions have the property that y 
rises or falls at constantly increasing rates. For example, the perceived brightness 
of a lightbulb grows at a decreasing rate as the wattage increases. In this case, a 
would be a positive number and b would be between 0 and 1. The exponential 
function is often defined as y = ae‘, where b = e, the base of natural logarithms 
(approximately 2.71828). 


The Excel Trendline tool provides a convenient method for determining the best-fit- 
ting functional relationship among these alternatives for a set of data. First, click the chart 
to which you wish to add a trendline; this will display the Chart Tools menu. Select the 
Chart Tools Design tab, and then click Add Chart Element from the Chart Layouts group. 
From the Trendline submenu, you can select one of the options (Linear is the most com- 
mon) or More Trendline Options . . . . If you select More Trendline Options, you will get 
the Format Trendline pane in the worksheet (see Figure 8.1). A simpler way of doing all 
this is to right click on the data series in the chart and choose Add trendline from the pop- 
up menu—try it! Select the radio button for the type of functional relationship you wish 
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» Figure 8.1 Format Trendline sa 


Excel Format Trendline Pane een eee ee 


oO Oil 


4 TRENDLINE OPTIONS * 


© Exponential 

@ Linear 

O Logarithmic 

2 


O Polynomial Order 


"© Power 


© Moving Average Period 2 
Trendline Name 
@ Automatic Linear (Series1) 
O Custem 
Forecast 


Forward 0.0 periods 


Backward 0.0 periods 


oO Set Intercept 0.0 


) Display Equation on chart 


(_} Display R-squared value on chart [¥] 


—— —— - 


to fit to the data. Check the boxes for Display Equation on chart and Display R-squared 
value on chart. You may then close the Format Trendline pane. Excel will display the 
results on the chart you have selected; you may move the equation and R-squared value for 
better readability by dragging them to a different location. To clear a trendline, right click 
on it and select Delete. 

R? (R-squared) is a measure of the “fit” of the line to the data. The value of R* will be 
between 0 and |. The larger the value of R’, the better the fit. We will discuss this further 
in the context of regression analysis. 

Trendlines can be used to model relationships between variables and understand how 
the dependent variable behaves as the independent variable changes. For example, the 
demand-prediction models that we introduced in Chapter 1 (Examples 1.7 and 1.8) would 
generally be developed by analyzing data. 


EXAMPLE 8.1 


Modeling a Price-Demand Function 


A market research study has coliected data on sales vol- Sales = 20,512 — 9.5116 x Price 
umes for different levels of pricing of a particular product. 
The data and a scatter diagram are shown in Figure 8.2 

(Excel file Price-Sales Data). The relationship between price Sales = 20,512 — 9.5116 x 125 = 19,323 
and sales clearly appears to be linear, so a linear trendline 
was fit to the data. The resulting model is 


If the price is $125, we can estimate the the level of sales as 


This model can be used as the demand function in other 
marketing or financial analyses. 


Trendlines are also used extensively in modeling trends over time—that is, when the 
variable x in the functional relationships represents time. For example, an analyst for an 
airline needs to predict where fuel prices are going, and an investment analyst would want 
to predict the price of stocks or key economic indicators. 


EXAMPLE 8.2 


follows: 


Figure 8.3 shows a chart of historical data on crude oil 
prices on the first Friday of each month from January 2006 
through June 2008 (data are in the Excel file Crude Oil 

Prices). Using the Trendline tool, we can try to fit the vari- 
ous functions to these data (here x represents the number 
of months starting with January 2006). The results are as 


Exponential: y = 50.49e°-921x R? = 0.664 


Logarithmetic: y = 13.02In(x) + 39.60 R* = 0.382 


Predicting Crude Oil Prices 
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Polynomial (Second order): 
= 0.130x? — 2.40x + 68.01 R® = 0.905 


Polynomial (third order): 
y = 0.005x* — 0.111x? + 0.648x + 59.497 
R? = 0.928 


Power: y = 45.96x20189 R? = 0.397 


The best-fitting model among these, which has the largest 


Re 


, is the third-order polynomial, shown in Figure 8.4. 


> Figure 8.2 rE = “ = 2 F . . 
Scatter Chart with Fitted ; Price-Sales Data 
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> Figure 8.3 


Chart of Crude Oil Prices 
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> Figure 8.4 


Polynomial Fit of Crude Oil 
Prices Data 


Be cautious when using polynomial functions. The R? value will continue to increase as 
the order of the polynomial increases; that is, a third-order polynomial will provide a better 
fit than a second-order polynomial, and so on. Higher-order polynomials will generally not 
be very smooth and will be difficult to interpret visually. Thus, we don’t recommend going 
beyond a third-order polynomial when fitting data. Use your eye to make a good judgment! 

Of course, the proper model to use depends on the scope of the data. As the chart in 
Figure 8.3 shows, crude oil prices were relatively stable until early 2007 and then began to 
increase rapidly. If the early data are included, the long-term functional relationship might 
not adequately express the short-term trend. For example, fitting a model to only the data 
beginning with January 2007 yields these models: 


Exponential: ye 5056 ot R? = 0.969 
Polynomial (second order): y = Odin tnD Secor 53:4 Sean Oi6S 
Linear: y = 3.55x + 45.76 R* = 0.944 


The difference in prediction can be significant. For example, predicting the price six 
months after the last data point (x = 36) yields $172.25 for the third-order polynomial 
fit with all the data and $246.45 for the exponential model with only the recent data. Thus, 
you must be careful to select the proper amount of data for the analysis. The question then 
becomes one of choosing the best assumptions for the model. Is it reasonable to assume 
that prices would increase exponentially, or perhaps at a slower rate, such as with the linear 
model fit? Or would they level off and start falling? Clearly, factors other than historical 
trends would enter into this choice. In the latter half of 2008, oil prices plunged; thus, all 
predictive models are risky. 


ig CHECK YOUR UNDERSTANDING 


1. State the common types of mathematical functions used in predictive analytics and 
their properties. 
2. Explain how to use the Trendline tool in Excel. 


3. What does R? measure? 


Price y = 0.0052x3 - 0.1111x? + 0.6483x + 59.497 
R? = 0.9282 
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ANALYTICS IN PRACTICE: Using Predictive Trendline Models at 


Procter & Gamble? 


Procter & Gamble (P&G) laundry products are global 
household brands that include Tide, Dash, and Gain and 
are offered in several physical product forms, including 
powders, liquids, pods, tablets, and bars. These prod- 
ucts are manufactured at more than 30 sites and sold in 
more than 150 countries worldwide. The design of laundry 
product formulations (that is, ingredient composition of 
chemical mixtures) has become more complex over the 
years because of challenges such as product-portfolio 
expansion, rapidly changing ingredient costs and avail- 
ability, and increasing competitive activity. 

P&G’s research and development organization 
is at the forefront of the development and adoption of 
modeling tools that enable the company to make bet- 
ter decisions on product formulation, processing, and 
manufacturing. These include empirical models that 


predict chemical reactions during manufacturing, in-use 
physical properties of the product, technical performance 
of the product, and even consumer acceptance rates. 
These tools enable researchers to instantly predict a prod- 
uct’s physical properties and performance, integrate mod- 
els, and balance production trade-offs using a variety of 
predictive and prescriptive capabilities. Predictive mod- 
els the company has used include third-order polynomial 
functions that capture the two performance qualities of a 
mixture: stain removal and whiteness. For example, stain 
removal performance is predicted by the stain removal 
index (SRI) response function, which has the following form: 
SRI = Co + Cyv1 + Cove + C3v4Vo + ..., where C; repre- 


sent coefficients and v; represent design variables: such as 
wash concentrations (milligrams per liter) of chemical ingre- 
dients and wash conditions (for example, temperature). 


1 Simple Linear Regression 


Regression analysis is a tool for building mathematical and statistical models that char- 
acterize relationships between a dependent variable (which must be a ratio variable and 
not categorical) and one or more independent, or explanatory, variables, all of which are 
numerical (but may be either ratio or categorical). 

Two broad categories of regression models are often used in business settings: (1) 
regression models of cross-sectional data and (2) regression models of time-series data, 
in which the independent variables are time or some function of time and the focus is on 
predicting the future. Time-series regression is an important tool in forecasting, which is 
the subject of Chapter 9. 

A regression model that involves a single independent variable is called simple regres- 
sion. A regression model that involves two or more independent variables is called multiple 
regression. In the remainder of this chapter, we describe how to develop and analyze both 
simple and multiple regression models. 

Simple linear regression involves finding a linear relationship between one indepen- 
dent variable, X, and one dependent variable, Y. The relationship between two variables can 
assume many forms, as illustrated in Figure 8.5. The relationship may be linear or nonlinear, 
or there may be no relationship at all. Because we are focusing our discussion on linear regres- 
sion models, the first thing to do is to verify that the relationship is linear, as in Figure 8.5(a). 
We would not expect to see the data line up perfectly along a straight line; we simply want 
to verify that the general relationship is linear. If the relationship is clearly nonlinear, as in 
Figure 8.5(b), then alternative approaches must be used, and if no relationship is evident, as 
in Figure 8.5(c), then it is pointless to even consider developing a linear regression model. 


Adapted from Nats Esquejo, Kevin Miller, Kevin Norwood, Ivan Oliveira, Rob Pratt, and Ming Zhao, 
“Statistical and Optimization Techniques for Laundry Portfolio Optimization at Procter & Gamble,” Inter- 
faces, Vol. 45, No. 5, September—October 2015, pp. 444-46]. 
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> Figure 8.5 


Examples of Variable 
Relationships 


(a) Linear 


(b) Nonlinear (c) No relationship 


To determine if a linear relationship exists between the variables, we recommend that 
you create a scatter chart that can show the relationship between variables visually. 


EXAMPLE 8.3 


The market value of a house is typically related to its size. 
In the Excel file Home Market Value (see Figure 8.6), data 
obtained from a county auditor provide information about 


relationship between the market value and the size of the 


feet, and the dependent variable, Y, is the market value. 


> Figure 8.6 
Portion of Home Market 
Value 
» Figure 8.7 SOLE 
Scatter Chart of Market i 
Value Versus Home Size a 
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Home Market Value Data 


the age, square footage, and current market value of houses 
in a particular subdivision. We might wish to investigate the 


home. The independent variable, X, is the number of square 


Figure 8.7 shows a Scatter chart of the market value 
in relation to the size of the home. In general, we see that 
higher market values are associated with larger house sizes, 
and the relationship is approximately linear. Therefore, we 
could conclude that simple linear regression would be an 
appropriate technique for predicting market value based on 
house size. 


A B Cc 
1 Home Market Value 
2 
4 oie 1,812 $90,000.00. 
5 32 1,914 $104,400.00 | 
6 32 1,842 $93,300.00 
7 33 1,812 $91,000.00 
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9 30 2,028 $108,500.00 
10 32 Ai3Z $87,600.00 | 
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Finding the Best-Fitting Regression Line 


The idea behind simple linear regression is to express the relationship between the depen- 
dent variable Y and the independent variable X by a simple linear equation, 


Yi— Vana OX 


where a is the y-intercept and b is the slope of the line. For the home market value exam- 


ple, this would be 


Market Value = a + b X Square Feet 


If we draw a straight line through the data, some of the points will fall above the line, 
some will fall below it, and a few might fall on the line itself. Figure 8.8 shows two pos- 
sible straight lines that pass through the data. Clearly, you would choose A as the better- 
fitting line over B because all the points are closer to the line and the line appears to be in 
the middle of the data. The only difference between the lines is the value of the slope and 
intercept; thus, we seek to determine the values of the slope and intercept that provide the 
best-fitting line. We can find the best-fitting line using the Excel Trendline tool (with the 
Linear option chosen), as described earlier in this chapter. 


EXAMPLE 8.4 


When using the Trendline tool for simple linear regression 
in the Home Market Value example, be sure the Linear 
option is selected (it is the default option when you use the 
tool). Figure 8.9 shows the best-fitting regression line. The 
equation is 


Market Value = $32,673 + $35.036 x Square Feet 


The value of the regression line can be explained as 
follows. Suppose we wanted to estimate the home market 
value for any home in the population from which the sample 
data were gathered. If all we knew were the market values, 
then the best estimate of the market value for any home 
would simply be the sample mean, which is $92,069. Thus, 
no matter if the house has 1,500 square feet or 2,200 square 


feet, the best estimate of market value would still be $92,069. 


Because the market values vary from about $75,000 to more 
than $120,000, there is quite a bit of uncertainty in using the 


Using Excel to Find the Best Regression Line 


mean as the estimate. However, from the scatter chart, we 
see that larger homes tend to have higher market values. 
Therefore, if we Know that a home has 2,200 square feet, we 
would expect the market value estimate to be higher than 
that for one that has only 1,500 square feet. For example, 
the estimated market value of a home with 2,200 square feet 
would be 


Market Value = $32,673 + $35.036 x 2,200 = $109,752 


whereas the estimated value for a home with 1,500 square 
feet would be 


Market Value = $32,673 + $35.036 x 1,500 = $85,227 


The regression model explains the differences in 
market value as a function of the house size and 
provides better estimates than simply using the average 
of the sample data. 


Using Regression Models for Prediction 


As we saw in Example 8.4, once we have determined the slope and intercept of the best- 
fitting line, we can simply substitute a value for the independent variable X in order to 
predict the dependent variable Y. However, there is one important caution: It is danger- 
ous to extrapolate a regression model outside the ranges covered by the observations. For 
instance, if you want to predict the market value of a house that has 3,000 square feet, the 
results may or may not be accurate because the regression model estimates did not use any 
observations greater than 2,400 square feet. We cannot be sure that a linear extrapolation 
will hold and should not use the model to make such predictions. 
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Least-Squares Regression 


The mathematical basis for the best-fitting regression line is called least-squares regres- 
sion. In regression analysis, we assume that the values of the dependent variable, Y, in the 
sample data are drawn from some unknown population for each value of the independent 
variable, X. For example, in the Home Market Value data, the first and fourth observations 
come from a population of homes having 1,812 square feet; the second observation comes 
from a population of homes having 1,914 square feet; and so on. 

Because we are assuming that a linear relationship exists, the expected value of Y is 
Bo + BX for each value of X. The coefficients By and PB; are population parameters that 
represent the intercept and slope, respectively, of the population from which a sample of 
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observations is taken. The intercept is the mean value of Y when X = 0, and the slope is 
the change in the mean value of Y as X changes by one unit. 

Thus, for a specific value of X, we have many possible values of Y that vary around the 
mean. To account for this, we add an error term, ¢ (the Greek letter epsilon), to the mean. 
This defines a simple linear regression model: 


Veen es ee (8.1) 


However, because we don’t know the entire population, we don’t know the true values of 
po and f;. In practice, we must estimate these as best we can from the sample data. Define bo 
and b, to be estimates of Bp and B,. Thus, the estimated simple linear regression equation is 


Y= by + bX (8.2) 


Let Xj be the value of the independent variable of the ith observation. When the value of 
the independent variable is X;, then Y; = bo + bX; is the estimated value of Y for Xj. 

One way to quantify the relationship between each point and the estimated regression 
equation is to measure the vertical distance between them, as illustrated in Figure 8.10. We 
can think of these differences, e;, as the observed errors (often called residuals) associated 
with estimating the value of the dependent variable using the regression line. Thus, the 
error associated with the ith observation is 


ef = es Fi (8.3) 


The best-fitting line should minimize some measure of these errors. Because some 
errors will be negative and others positive, we might take their absolute value or simply 
square them. Mathematically, it is easier to work with the squares of the errors. 

Adding the squares of the errors, we obtain the following function: 


nl fl fn 
Def = Si Mekal nmin a ois |) (8.4) 
j | i=] 


i=] i= 


If we can find the best values of the slope and intercept that minimize the sum of squares 
(hence the name “least squares”) of the observed errors e;, we will have found the best- 
fitting regression line. Note that X; and Y; are the values of the sample data and that bo 
and b, are unknowns in equation (8.4). Using calculus, we can show that the solution that 
minimizes the sum of squares of the observed errors is 


DX; — nXY 
b, = =. (8.5) 
Se nX? 
i 
by = Y — bX (8.6) 


> Figure 8.10 
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EXAMPLE 8.5 


» Figure 8.11 
Excel Regression Tool Dialog 


For the Home Market Value Excel file, the range of the 
dependent variable Y (market value) is C4:C45; the range of 
the independent variable X (square feet) is B4:B45. The Excel 
formula =INTERCEPT(C4:C45, B4:B45) yields bg = 32,673 
and =SLOPE(C4:C45, B4:B45) yields b; = 35.036, as we 
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Although the calculations for the least-squares coefficients appear to be somewhat 
complicated, they can easily be performed on an Excel spreadsheet. Even better, Excel has 
built-in capabilities for doing this. For example, you may use the functions INTERCEPT 
(known_y’s, known_x’s) and SLOPE(known_y’s, known_x’s) to find the least-squares 
coefficients by) and b,. We may use the Excel function TREND(known_y’s, known_x’s, 
new_x’s) to estimate Y for any value of X. 


Using Excel Functions to Find Least-Squares Coefficients 


saw in Example 8.4. The slope tells us that for every addi- 
tional square foot, the market value increases by $35.036. 
Using the TREND function, we may estimate the 
market value for a house with 1,750 square feet with the 
formula =TREND(C4:C45, B4:B45, 1750) = $93,987. 


We could stop at this point, because we have found the best-fitting line for the observed 
data. However, there is a lot more to regression analysis from a statistical perspective, 
because we are working with sample data—and usually rather small samples—which we 
know have a lot of variation as compared with the full population. Therefore, it is impor- 
tant to understand some of the statistical properties associated with regression analysis. 


Simple Linear Regression with Excel 


Regression analysis software tools available in Excel provide a variety of information 
about the statistical properties of regression analysis. The Excel Regression tool can be 
used for both simple and multiple linear regressions. For now, we focus on using the tool 
just for simple linear regression. 

From the Data Analysis menu in the Analysis group under the Data tab, select the 
Regression tool. The dialog box shown in Figure 8.11 is displayed. In the box for the Input Y 
Range, specify the range of the dependent variable values. In the box for the Input X Range, 
specify the range for the independent variable values. Check Labels if your data range con- 
tains a descriptive label (we highly recommend using this). You have the option of forcing the 
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intercept to zero by checking Constant is Zero; however, you will usually not check this box 
because adding an intercept term allows a better fit to the data. You also can set a Confidence 
Level (the default of 95% is commonly used) to provide confidence intervals for the intercept 
and slope parameters. In the Residuals section, you have the option of including a residuals 
output table by checking the boxes for Residuals, Standardized Residuals, Residual Plots, 
and Line Fit Plots. Residual Plots generates a chart for each independent variable versus the 
residual, and Line Fit Plots generates a scatter chart with the values predicted by the regres- 
sion model included (however, creating a scatter chart with an added trendline is visually 
superior to what this tool provides). Finally, you may also choose to have Excel construct a 
normal probability plot for the dependent variable, which transforms the cumulative prob- 
ability scale (vertical axis) so that the graph of the cumulative normal distribution is a straight 
line. The closer the points are to a straight line, the better the fit to a normal distribution. 

Figure 8.12 shows the basic regression analysis output provided by the Excel Regres- 
sion tool for the Home Market Value data. The output consists of three sections: Regres- 
sion Statistics (rows 3-8), ANOVA (rows 10-14), and an unlabeled section at the bottom 
(rows 16-18) with other statistical information. The least-squares estimates of the slope 
and intercept are found in the Coefficients column in the bottom section of the output. 

In the Regression Statistics section, Multiple R is another name for the sample cor- 
relation coefficient, r, which was introduced in Chapter 4. Values of r range from —1 to 
1, where the sign is determined by the sign of the slope of the regression line. A Multiple 
R value greater than 0 indicates positive correlation, that is, as the independent variable 
increases, the dependent variable does also; a value less than 0 indicates negative correla- 
tion—as X increases, Y decreases. A value of 0 indicates no correlation. 

R Square (R?) is called the coefficient of determination. Earlier we noted that R? is 
a measure of how well the regression line fits the data; this value is also provided by the 
Trendline tool. Specifically, R? gives the proportion of variation in the dependent variable 
that is explained by the independent variable of the regression model. The value of R? is 
between 0 and 1. A value of 1.0 indicates a perfect fit, and all data points le on the regres- 
sion line, whereas a value of 0 indicates that no relationship exists. Although we would like 
high values of R?, it is difficult to specify a “good” value that signifies a strong relation- 
ship because this depends on the application. For example, in scientific applications such 
as calibrating physical measurement equipment, R* values close to 1 would be expected. 
In marketing research studies, an R* of 0.6 or more is considered very good; however, in 
many social science applications, values in the neighborhood of 0.3 might be considered 
acceptable. 


| A B Cc D = F G 
| 1 Regression Analysis 
2 | 
| 3 Regression Statistics | 
| 4 Multiple R 0.731255223 
| 5 R Square 0.534734202 
| 6 Adjusted R Square 0.523102557 j 
| 7 Standard Error 7287.722712 
| 8 Observations 42 
9 
10 ANOVA 
11 of SS MS lal Signiticance F 
12 Regression 1 2441633669 2441633669 45.97236277 3.79802E-08 
| 13 Residual 40 2124436093 5311090232 
14 Total 41 4566069762 | 
15 
16 Coefficients Standard Error ¢ Stat P-value Lower 95% Upper 955 
17 Intercept 32673.2199 8831.950745 3.699434116 0.000649604 14823.18178 50523.25802 | 


18 Square Feet 35.03637258 5.16738385 6.780292234 3.79802E-08 24.59270036 45.48004481 | 
= = Ee ——— —_ _ — a 4 
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Adjusted R Square is a statistic that modifies the value of R* by incorporating the 
sample size and the number of explanatory variables in the model. Although it does not 
give the actual percent of variation explained by the model as R* does, it is useful when 
comparing this model with other models that include additional explanatory variables. We 
discuss it more fully in the context of multiple linear regression later in this chapter. 

Standard Error in the Excel output is the variability of the observed Y-values from the 
predicted values ( Y). This is formally called the standard error of the estimate, Syy. If 
the data are clustered close to the regression line, then the standard error will be small; the 


more scattered the data, the larger the standard error. 


EXAMPLE 8.6 


After running the Excel Regression tool, the first things to 
look for are the values of the slope and intercept, namely, 
the estimates 6; and bg in the regression model. In the 
Home Market Value example, we see that the intercept is 
32,673, and the slope (coefficient of the independent vari- 
able, square feet) is 35.036, just as we had computed ear- 
lier. In the Regression Statistics section, R? = 0.5347. This 
means that approximately 53% of the variation in market 


interpreting Regression Statistics for Simple Linear Regression 


value is explained by square feet. The remaining variation 

is due to other factors that were not included in the model. 
The standard error of the estimate is $7,287.72. If we com- 
pare this to the standard deviation of the market value, which 
is $10,553, we see that the variation around the regression 
line ($7,287.72) is less tnan the variation around the sample 
mean ($10,553). This is because the independent variable in 
the regression model explains some of the variation. 


Regression as Analysis of Variance 


In Chapter 7, we introduced analysis of variance (ANOVA), which conducts an F-test 
to determine whether variation due to a particular factor, such as the differences in sam- 
ple means, is significantly greater than that due to error. ANOVA is commonly applied 
to regression to test for significance of regression. For a simple linear regression model, 
significance of regression is simply a hypothesis test of whether the regression coefficient 
B, (slope of the independent variable) is zero: 


Ho: B = 0 
yb 2.0 (8.7) 


If we reject the null hypothesis, then we may conclude that the slope of the independent 
variable is not zero and, therefore, is statistically significant in the sense that it explains 
some of the variation of the dependent variable around the mean. Similar to our discussion 
in Chapter 7, you needn’t worry about the mathematical details of how F is computed, or 
even its value, especially since the tool does not provide the critical value for the test. What 
is important is the value of Significance F, which is the p-value for the F-test. If Significance 
F is less than the level of significance (typically 0.05), we would reject the null hypothesis. 


POV a eee Interpreting Significance of Regression 


For the Home Market Value example, the ANOVA test is 
shown in rows 10-14 in Figure 8.12. Significance F, that is, 
the p-value associated with the hypothesis test 


is essentially zero (3.798 x 107°). Therefore, assuming a 
level of significance of 0.05, we must reject the null hypoth- 
esis and conclude that the slope—the coefficient for square 
feet—is not zero. This means that home size is a statisti- 
cally significant variable in explaining the variation in market 
value. 


Ho: B4 =0 
Hy: By #0 
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Testing Hypotheses for Regression Coefficients 


Rows 17-18 of the Excel output, in addition to specifying the least-squares coefficients, 
provide additional information for testing hypotheses associated with the intercept and 
Slope. Specifically, we may test the null hypothesis that By or 8, equals zero. Usually, it 
makes little sense to test or interpret the hypothesis that By) = 0 unless the intercept has a 
significant physical meaning in the context of the application. For simple linear regression, 
testing the null hypothesis Hp: 8B; = 0 is the same as the significance of regression test that 
we described earlier. 

The t-test for the slope is similar to the one-sample test for the mean that we described 
in Chapter 7. The test statistic is 


eee 


1 ee : 
Standard Error C.) 


and is given in the column labeled ¢ Stat in the Excel output. Although the critical value of 
the f-distribution is not provided, the output does provide the p-value for the test. 


EXAMPLE 8.8 interpreting Hypothesis Tests for Regression Coefficients 


For the Home Market Value example, note that the value of t essentially zero, we would conclude that neither coefficient 


Stat is computed by dividing the coefficient by the standard is statistically equal to zero. Note that the p-value associ- 
error using formula (8.8). For instance, t Stat for the slope ated with the test for the slope coefficient, square feet, is 

is 35.03637258 /5.16738385 = 6.780292232. Because equal to the Significance F value. This will always be true for 
Excel does not provide the critical value with which to a regression model with one independent variable because 
compare the t Stat value, we may use the p-value to draw a it is the only explanatory variable. However, as we shall see, 


conclusion. Because the p-values for both coefficients are this will not be the case for multiple regression models. 


Confidence Intervals for Regression Coefficients 


Confidence intervals (Lower 95% and Upper 95% values in the output) provide informa- 
tion about the unknown values of the true regression coefficients, accounting for sampling 
error. They tell us what we can reasonably expect to be the ranges for the population inter- 
cept and slope at a 95% confidence level. By using the confidence interval limits for the 
model parameters, we can determine how estimates using the model might vary. 

We may also use confidence intervals to test hypotheses about the regression coeffi- 
cients. For example, in Figure 8.12, we see that neither confidence interval includes zero; 
therefore, we can conclude that Bp and f, are statistically different from zero. Similarly, we 
can use them to test the hypotheses that the regression coefficients equal some value other 
than zero. For example, to test the hypotheses 


Hy: By = By 
Ha Baa Bi 


we need only check whether B; falls within the confidence interval for the slope. If it does 
not, then we reject the null hypothesis; otherwise, we fail to reject it. 


326 Chapter 8 Trendlines and Regression Analysis 


EXAMPLE 8.9 


estimated that a house with 1,750 square feet has a 


Interpreting Confidence Intervals for Regression Coefficients 


For the Home Market Value data, a 95% confidence market value of 32,673 + 35.036(1,750) = $93,986, 
interval for the intercept is [14,823, 50,523]. Similarly, a if the true population parameters are at the extremes 
95% confidence interval for the slope is (24.59, 45.48]. of the confidence intervals, the estimate might be as 
Although the regression model is Y = 32,673 + 35.036x, low as 14,823 + 24.59(1,750) = $57,856 or as high 
the confidence intervals suggest a bit of uncertainty as 50,523 + 45.48(1,750) = $130,113. Narrower 
about predictions using the model. Thus, although we confidence intervals provide more accuracy in our 


predictions. 


gy CHECK YOUR UNDERSTANDING 


1. What is regression analysis? What is the difference between simple and multiple regression? 


2. How can you determine whether simple linear regression would be an appropriate 
technique to use? 


3. Why does simple linear regression provide better predictions than simply using the 
sample mean of the dependent variable? 


4. Explain the concepts underlying least-squares regression. 


5. Explain how to interpret the results from the Excel Regression tool. 


ae Residual Analysis and Regression Assumptions 


> Figure 8.13 
Portion of Residual Output 


Recall that residuals are the observed errors, which are the differences between the actual 
values and the estimated values of the dependent variable using the regression equation. 
Figure 8.13 shows a portion of the residual table generated by the Excel Regression tool. 
The residual output includes, for each observation, the predicted value using the estimated 
regression equation, the residual, and the standard residual. The residual is simply the dif- 
ference between the actual value of the dependent variable and the predicted value, or 
| Pama ¥,. Figure 8.14 shows the residual plot generated by the Excel tool. This chart is 
actually a scatter chart of the residuals with the values of the independent variable on the 
X-axis. 

Standard residuals are residuals divided by their standard deviation. Standard residu- 
als describe how far each residual is from its mean in units of standard deviations (similar 
to a z-value for a standard normal distribution). Standard residuals are useful in checking 
assumptions underlying regression analysis, which we will address shortly, and to detect 
outliers that may bias the results. Recall that an outlier is an extreme value that is different 
from the rest of the data. A single outlier can make a significant difference in the regression 


[ A B Cc D | 

| 22 RESIDUAL OUTPUT | 
23 | 
24 Observation Predicted Market Value Residuals Standard Residuals 
25 1 96159.12702 -6159.127018 -0.855636403 
26 2 99732.83702 4667.162978 0.64837022 

| 27 3 97210.2182 -3910.218196 -0.543214164 

28 4 96159.12702 -§159.127018 -0.716714702 

| 29 5 


96999. 99996 4900.00004 0.680716341 
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equation, changing the slope and intercept and, hence, how they would be interpreted and 
used in practice. Some consider a standardized residual outside of +2 standard deviations 
as an outlier. A more conservative rule of thumb would be to consider outliers outside of 
a +3 standard deviation range. (Commercial software packages have more sophisticated 
techniques for identifying outliers.) 


EXAMPLE 8.10 


For the Home Market Value data, the first observa- 

tion has a market value of $90,000 and the regres- 

sion model predicts $96,159.13. Thus, the residual is 
90,000 — 96,159.13 = —$6,159.13. The standard devia- 
tion of the residuals can be computed as 7,198.299. By 
dividing the residual by this value, we have the stan- 
dardized residual for the first observation. The value of 
—0.8556 tells us that the first observation is about 0.85 


the values of all the standardized residuals, you will find 
that the value of the last data point is 4.53, meaning that 
the market value of this home, having only 1,581 square 


Checking Assumptions 


Interpreting Residual Output 


standard deviation below the regression line. If we check 


feet, is more than 4 standard deviations above the pre- 
dicted value and would clearly be identified as an outlier. 
(If you look back at Figure 8.7, you may have noticed that 
this point appears to be quite different from the rest of 

the data.) You might question whether this observation 
belongs in the data, because the house has a large value 
despite a relatively small size. The explanation might be an 
outdoor pool or an unusually large plot of land. Because 
this value will influence the regression results and may not 
be representative of the other homes in the neighborhood, 
you might consider dropping this observation and recom- 
puting the regression model. 


The statistical hypothesis tests associated with regression analysis are predicated on some 


key assumptions about the data. 


1. Linearity. This is usually checked by examining a scatter diagram of the data 
or examining the residual plot. If the model is appropriate, then the residuals 
should appear to be randomly scattered about zero, with no apparent pattern. 
If the residuals exhibit some well-defined pattern, such as a linear trend or a 
parabolic shape, then there is good evidence that some other functional form 
might better fit the data. 
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2. Normality of errors. Regression analysis assumes that the errors for each indi- 
vidual value of X are normally distributed, with a mean of zero. This can be 
verified either by examining a histogram of the standard residuals and inspect- 
ing for a bell-shaped distribution or by using more formal goodness of fit tests. 
It is usually difficult to evaluate normality with small sample sizes. However, 
regression analysis is fairly robust against departures from normality, so in most 
cases, this is not a serious issue. 

3. Homoscedasticity. The third assumption is homoscedasticity, which means 
that the variation about the regression line is constant for all values of the inde- 
pendent variable. This can also be evaluated by examining the residual plot and 
looking for large differences in the variances at different values of the indepen- 
dent variable. Caution should be exercised when looking at residual plots. In 
many applications, the model is derived from limited data, and multiple obser- 
vations for different values of X are not available, making it difficult to draw 
definitive conclusions about homoscedasticity. If this assumption is seriously 
violated, then techniques other than least squares should be used for estimating 
the regression model. 

4. Independence of errors. Finally, residuals should be independent for each value 
of the independent variable. For cross-sectional data, this assumption is usu- 
ally not a problem. However, when time is the independent variable, this is an 
important assumption. If successive observations appear to be correlated—for 
example, by becoming larger over time or exhibiting a cyclical type of pat- 
tern—then this assumption is violated. Correlation among successive obser- 
vations over time is calied autocorrelation and can be identified by residual 
plots having clusters of residuals with the same sign. Autocorrelation can be 
evaluated more formally using a statistical test based on a measure called the 
Durbin—Watson statistic. The Durbin—Watson statistic is 


D= i) ier ATR (8.9) 


This is a ratio of the squared differences in successive residuals to the sum of 
the squares of all residuals. D will range from 0 to 4. When successive residuals 
are positively autocorrelated, D will approach 0. Critical values of the statistic 
have been tabulated based on the sample size and number of independent vari- 
ables that allow you to conclude that there is either evidence of autocorrelation 
or no evidence of autocorrelation or the test is inconclusive. For most practical 
purposes, values below | suggest autocorrelation; values above 1.5 and below 
2.5 suggest no autocorrelation; and values above 2.5 suggest negative autocor- 
relation. This can become an issue when using regression in forecasting, which 
we discuss in the next chapter. Some software packages compute this statistic; 
however, Excel does not. 


When assumptions of regression are violated, statistical inferences drawn from the 
hypothesis tests may not be valid. Thus, before drawing inferences about regression mod- 
els and performing hypothesis tests, these assumptions should be checked. However, other 


than linearity, these assumptions are not needed solely for model fitting and estimation 
purposes. 
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=>.O-4\ 1-3 acme Checking Regression Assumptions for the Home Market Value Data 


Linearity: The scatter diagram of the market value data departure from normality, particularly as the sample size is 


appears to be linear; looking at the residual plot in Figure 
8.14 also confirms no pattern in the residuals. 

Normality of errors: Figure 8.15 shows a histogram of 
the standard residuals for the market value data. The dis- 


small. 

Homoscedasticity: In the residual plot in Figure 8.14, 
we see no serious differences in the spread of the data for 
different values of X, particularly if the outlier is eliminated. 


Independence of errors: Because the data are 
cross-sectional, we can assume that this assumption holds. 


tribution appears to be somewhat positively skewed (par- 
ticularly with the outlier) but does not appear to be a serious 


| CHECK YOUR UNDERSTANDING 


1. What are standard residuals, and how can they be used? 


2. Explain the assumptions behind regression analysis. 


3. How can the assumptions of regression analysis be checked? 


as Multiple Linear Regression 


Many colleges try to predict student performance as a function of several characteristics. 
In the Excel file Colleges and Universities (see Figure 8.16), suppose that we wish to pre- 
dict the graduation rate as a function of the other variables—median SAT, acceptance rate, 
expenditures/student, and percent in the top 10% of their high school class. It is logical to 
propose that schools with students who have higher SAT scores, a lower acceptance rate, 
a larger budget, and a higher percentage of students in the top 10% of their high school 
classes will tend to retain and graduate more students. 
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> Figure 8.16 
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Trendlines and Regression Analysis 


A B Cc D 3 F G 
Colleges and Universities 
School Type Median SAT Acceptance Rate Expenditures/Student__ Top 10% HS Graduation % 
Amherst Lib Arts 1315 22% $ 26,636 85 93 
Barnard Lib Arts 1220 53% $ 17,653 69 80. 
Bates Lib Arts 1240 36% $ 17,554 58 88 | 
Berkeley University 1176 37% $ 23,665 95 68 | 
Bowdoin Lib Arts 1300 24% $ 25,703 78 90 
Brown University 1281 24% $ 24,201 80 90 | 


A linear regression model with more than one independent variable is called a mul- 
tiple linear regression model. Simple linear regression is just a special case of multiple 
linear regression. A multiple linear regression model has the form 


Y= Bo ae BX, ar BX) Sie YG BX; ap & (8.10) 


where Y is the dependent variable, X),..., X; are the independent (explanatory) variables, 
Bo is the intercept term, B),..., 6, are the regression coefficients for the independent vari- 
ables, and ¢ is the error term. 

Similar to simple linear regression, we estimate the regression coefficients—called 
partial regression coefficients—bo, b,, b>,. . .,b,, then use the model 


Y = bo =i bX, ai; bX ae OS DX; (8.11) 


to predict the value of the dependent variable. The partial regression coefficients repre- 
sent the expected change in the dependent variable when the associated independent vari- 
able is increased by one unit while the values of all other independent variables are held 
constant. 

For the college and university data, the proposed model would be 


Graduation % = by + b; SAT + by ACCEPTANCE + b; EXPENDITURES 
+ b, TOP10%HS 


Thus, b7 would represent an estimate of the change in the graduation rate for a unit increase 
in the acceptance rate while holding all other variables constant. 

As with simple linear regression, multiple linear regression uses least squares to esti- 
mate the intercept and slope coefficients that minimize the sum of squared error terms 
over all observations. The principal assumptions discussed for simple linear regression 
also hold here. The Excel Regression tool can easily perform multiple linear regression; 
you need to specify only the full range for the independent variable data in the dialog. One 
caution when using the tool: The independent variables in the spreadsheet must be in con- 
tiguous columns. So you may have to manually move the columns of data around before 
applying the tool. 

The results from the Regression tool are in the same format as we saw for simple lin- 
ear regression. However, some key differences exist. Multiple R and R Square (or R) are 
called the multiple correlation coefficient and the coefficient of multiple determination, 
respectively, in the context of multiple regression. They indicate the strength of association 
between the dependent and independent variables. Similar to simple linear regression, R* 
explains the percentage of variation in the dependent variable that is explained by the set of 
independent variables in the model. 
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The interpretation of the ANOVA section is quite different from that in simple lin- 
ear regression. For multiple linear regression, ANOVA tests for significance of the entire 
model. That is, it computes an F-statistic for testing the hypotheses 


Pope 3 =" = Pia 
H: at least one B; is not 0 


The null hypothesis states that no linear relationship exists between the dependent 
and any of the independent variables, whereas the alternative hypothesis states that the 
dependent variable has a linear relationship with at least one independent variable. If the 
null hypothesis is rejected, we cannot conclude that a relationship exists with every inde- 
pendent variable individually. 

The multiple linear regression output also provides information to test hypotheses 
about each of the individual regression coefficients. Specifically, we may test the null 
hypothesis that fo (the intercept) or any B; equals zero. If we reject the null hypothesis that 
the slope associated with independent variable i is zero, Hp: B; = 0, then we may state that 
independent variable / is significant in the regression model; that is, it contributes to reduc- 
ing the variation in the dependent variable and improves the ability of the model to better 
predict the dependent variable. However, if we cannot reject Ho, then that independent 
variable is not significant and probably should not be included in the model. We see how to 
use this information to identify the best model in the next section. 

Finally, for multiple regression models, a residual plot is generated for each indepen- 
dent variable. This allows you to assess the linearity and homoscedasticity assumptions of 
regression. 


> 18 -:eeee Interpreting Regression Results for the Colleges and Universities Data 


The multiple regression results for the college and university independent variables. This suggests that other factors not 
data are shown in Figure 8.17. included in the model, perhaps campus living conditions, 
From the Coefficients section, we see that the model is social opportunities, and so on, might also influence the 


graduation rate. 

From the ANOVA section, we may test for significance 
of regression. At a 5% significance level, we reject the 
null hypothesis because Significance F is essentially zero. 
The signs of some coefficients make sense; higher SAT Therefore, we may conclude that at least one slope is sta- 


Graduation % = 
17.92 + 0.072 SAT — 24.859 ACCEPTANCE 
— 0.000136 EXPENDITURES — 0.163 TOP10% HS 


scores and lower acceptance rates suggest higher gradu- tistically different from zero. 
ation rates. However, we might expect that larger student Looking at the p-values for the independent variables 
expenditures and a higher percentage of top high school in the last section, we see that all are less than 0.05; there- 
students would also positively influence the graduation rate. fore, we reject the null hypothesis that each partial regres- 
Perhaps the problem occurred because some of the best sion coefficient is zero and conclude that each of them is 
students are more demanding and change schools if their statistically significant. 
needs are not being met, some entrepreneurial students Figure 8.18 shows one of the residual plots from 
might pursue other interests before graduation, or there is the Excel output. The assumptions appear to be met, 
sampling error. As with simple linear regression, the model and the other residual plots (not shown) also validate 
should be used only for values of the independent variables these assumptions. The normal probability plot (also not 
within the range of the data. shown) does not suggest any serious departures from 
The value of R* (0.53) indicates that 53% of the normality. 


variation in the dependent variable is explained by these 
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> Figure 8.17 Popriicons : = : D : - oI 
Multiple Regression a SUMMARY OUTPUT 
Results for Colleges 3 Regression Statistics { 
and Universities Data 4 Multiple R 0.731044486 
| 5 R Square 0.534426041 } 
6 Adjusted R Square 0.492101135 | 
7 Standard Error 5.30833812 | 
8 Observations 49 
9 
10 ANOVA 
11 df SS MS E Significance F } 
12 Regression 4  1423.209266 355.8023166 12.62675098 6.33158E-07 | 
13 Residual 44 1239.851958  28.1784536 | 
| 14 Total 48 _2663.061224 | 
15 } 
Py i] 
16 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% | 
17 Intercept 17.92095587  24.55722367 0.729763108 0.469402466 -31.57087643 67.41278818 
18 Median SAT 0.072006285 0.017983915 4.003927007 0.000236106 0.035762085 0.108250485 | 
19 Acceptance Rate -24.8592318 8.315184822 -2.989618672 0.004559569 -41.61738567 -8.101077939 _ 
| 20 Expenditures/Student -0.00013565 6.59314E-05 -2.057438385 0.045600178 -0.000268526 -2.77379E-06 


| 21 Top 10% HS 


-0.162764489 _0.079344518 -2.051364015 _0.046213848 -0.322672857 -0.00285612 | 


> Figure 8.18 ssa 


Residual Plot for Top 10% | Top 10% HS Residual Plot 


HS Variable 
15 


10 


Residuals 
° 


4 
° 
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ANALYTICS IN PRACTICE: Using Linear Regression and Interactive Risk 
Simulators to Predict Performance at Aramark? 


Aramark is a leader in professional services, providing Aramark’s Global Risk Management Department (GRM) 
award-winning food services, facilities management, and needed a way to determine the statistical relationships 
uniform and career apparel to health care institutions, uni- between key business metrics (for example, employee ten- 
versities and school districts, stadiums and arenas, and ure, employee engagement, a trained workforce, account 
businesses around the world. Headquartered in Phila- tenure, service offerings) and risk metrics (for example, 
delphia, Aramark has approximately 255,000 employees OSHA rate, workers’ compensation rate, customer injuries) 
serving clients in 22 countries. to understand the impact of these risks on the business. 


4 F : ' Sash 2 <ee 
The author expresses his appreciation to John Toczek, Manager of Decision Support and Analytics at Aramark Corporation. 
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GRM also needed a simple tool that field operators and 
the risk management team could use to predict the impact 
of business decisions on risk metrics before those deci- 
sions were implemented. Typical questions they would 
want to ask were, What would happen to our OSHA rate if 
we increased the percentage of part time labor? and How 
could we impact turnover if operations improved safety 
performance? 

Aramark maintains extensive historical data. For 
example, the GRM group keeps track of data such as 
OSHA rates, slip/trip/fall rates, injury costs, and level of 
compliance with safety standards; the Human Resources 
department monitors turnover and percentage of part- 
time labor; the Payroll Department keeps data on average 
wages; and the Training and Organizational Development 
Department collects data on employee engagement. 
Excel-based linear regression was used to determine the 
relationships between the dependent variables (Such as 
OSHA rate, slip/trip/fall rate, claim cost, and turnover) and 
the independent variables (Such as the percentage of part- 
time labor, average wage, employee engagement, and 
safety compliance). 

Although the regression models provided the basic 
analytical support that Aramark needed, the GRM team 
used a novel approach to implement the models for use by 
their clients. They developed “interactive risk simulators,” 
which are simple online tools that allowed users to manipu- 
late the values of the independent variables in the regres- 
sion models using interactive sliders that correspond to the 
business metrics and instantaneously view the values of the 
dependent variables (the risk metrics) on gauges similar to 
those found on the dashboard of a car. 


Gunnar Pippel/Shutterstock 
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Figure 8.19 illustrates the structure of the simulators. 
The gauges are updated instantly as the user adjusts the 
sliders, showing how changes in the business environment 
affect the risk metrics. This visual representation made the 
models easy to use and understand, particularly for non- 
technical employees. 


GRM sent out more than 200 surveys to multiple levels 
of the organization to assess the usefulness of the interac- 
tive risk simulators. One hundred percent of respondents 
answered “Yes” to “Were the simulators easy to use?” and 
78% of respondents answered “Yes” to “Would these sim- 
ulators be useful in running your business and helping you 
make decisions?” The deployment of interactive risk simu- 
lators to the field has been met with overwhelming positive 
response and recognition from leadership within all lines of 
business, including frontline managers, food-service direc- 
tors, district managers, and general managers. 


ia; 
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Inputs: Independent Variables 


4 Figure 8.19 


Structure of an Interactive 
Risk Simulator 


Regression Models 


Outputs: Dependent Variables 
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a CHECK YOUR UNDERSTANDING 


1. What is a multiple linear regression model? 

2. How do you interpret a partial regression coefficient? 

3. What hypothesis is tested with ANOVA for a multiple linear regression model? 
4. 


How are ANOVA results in multiple linear regression used to test hypotheses for indi- 
vidual regression coefficients? 


= Building Good Regression Models 


> Figure 8.20 
Portion of Banking Data 


> Figure 8.21 


Regression Analysis Results 
for Banking Data 


In the colleges and universities regression example, all the independent variables were 
found to be significant by evaluating the p-values of the regression analysis. This will not 
always be the case and leads to the question of how to build good regression models that 
include the “best” set of variables. 

Figure 8.20 shows a portion of the Excel file Banking Data, which provides data 
acquired from banking and census records for different ZIP codes in the bank’s current 
market. Such information can be useful in targeting advertising for new customers or for 
choosing locations for branch offices. The data show the median age of the population, 
median years of education, median income, median home value, median household wealth, 
and average bank balance. 

Figure 8.21 shows the results of regression analysis used to predict the average bank 
balance as a function of the other variables. Although the independent variables explain 


A B C D : cE beecos { F 

1 Banking Data 

2 

3 Median Median Years Median Median Median Household Average Bank 

4 Age Education Income Home Value Wealth Balance 

5 35.9 14.8 $91,033 $183,104 $220,741 $38,517 

6 Whol fos $86,748 $163,843 $223,152 $40,618 
Wi 36.8 13.8 $72,245 $142,732 $176,926 $35,206 

8 BO 5s iSHP4 $70,639 $145,024 $166,260 $33,434 

9 Steps) 13.2 $64,879 $135,951 $148,868 $28,162 
| 10 34.8 (Kear $75,591 $155,334 $188,310 $36,708 


1 SUMMARY OUTPUT 

2 
| % Regression Statistics 

4 Multiple R 0.97309221 
| 5 R Square 0.946908448 
| 6 Adjusted R Square 0.944143263 
7 Standard Error 2055.64333 

8 Observations 102 

9 

10 ANOVA 

11 df SS MS fe Significance F 

12 Regression 5 7235179873 1447035975 342.4394584 1.5184E-59 

13 Residual 96  405664271.9 4225669.499 

14 Total 101 7640844145 

15 

16 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% 
17 Intercept -10710.64278 4260.976308 -2.513659314 0.013613179 -19168.61391 -2252.671659 
18 Age 318.6649626  60.98611242 5.225205378 1.01152E-06 197.6084862  439.721439 
+38 Education 621.8603472  318.9595184 1.949652891 0.054135377 -11.26929279 1254.989987. 
20 Income 0.146323453 0.040781001 3.588029937 0.000526666 0.065373806 0.227273101 
21 Home Value 0.009183067 0.011038075 0.831944635 0.407504891 -0.012727338 0.031093473 
22 Wealth 0.074331533 6.643111131 0.052121017 


0.011189265 


1.84838E-09 _0.096542049 | 


EXAMPLE 8.13 


> Figure 8.22 


Regression Results Without 
Home Value 
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more than 94% of the variation in the average bank balance, you can see that at a 0.05 
significance level, the p-values indicate that both education and home value do not appear 
to be significant. A good regression model should include only significant independent 
variables. However, it is not always clear exactly what will happen when we add or remove 
variables from a model; variables that are (or are not) significant in one model may (or may 
not) be significant in another. Therefore, you should not consider dropping all insignificant 
variables at one time, but rather take a more structured approach. 
This suggests a systematic approach to building good regression models: 


1p 


cance of the independent variables by examining the p-values. 


2. 


chosen level of significance. 


< 


Construct a model with all available independent variables. Check for signifi- 
Identify the independent variable having the largest p-value that exceeds the 


Remove the variable identified in step 2 from the model. (Don’t remove all 


variables with p-values that exceed @ at the same time, but remove only one at 


a time.) 


4, 


Continue until all variables are significant. 


In essence, this approach seeks to find a model that has only significant independent 
variables. 


We will apply the preceding approach to the Banking Data 
example. The first step is to identify the variable with the 
largest p-value exceeding 0.05; in this case, it is home 
value, and we remove it from the model and rerun the 
Regression tool. Figure 8.22 shows the results after remov- 
ing home value. All the p-values are now less than 0.05, 

so this now appears to be the best model. Notice that the 


identifying the Best Regression Model 


p-value for education, which was larger than 0.05 in the first 
regression analysis, dropped below 0.05 after home value 
was removed. This phenomenon often occurs when mul- 
ticollinearity (discussed in the next section) is present and 
emphasizes the importance of not removing all variables 
with large p-values from the original model at the same 


time. 


Ono fk WN = 


‘Wealth 


A B 


Cc D Ee fe G | 

SUMMARY OUTPUT | 
Regression Statistics | 

Multiple R 0.97289551 
R Square 0.946525674 
Adjusted R Square 0.944320547 
Standard Error 2052.378536 
Observations 102 
{ 

ANOVA 
df Ss MSs [= Significance F 

Regression 4 7232255152 1808063788 429.2386497 9.68905E-61 | 
Residual 97 408588992.5 4212257.655 | 
Total 101 7640844145 | 
Coefficients Standard Error t Stat P-value Lower 95% _ Upper 95% | 

Intercept -12432.45673  3718.674319 -3.343249681 0.001177705 -19812.99587 -5051.917589 
Age 325.0652837 60.40284468 5.381622098 5.1267E-07 205.1823574 444.9482101 | 
Education 773.3800418  261.4330936 2.958233142 0.003886994 254.5077194 1292.252364 | 
Income 0.159747379  0.037393587 4.272052794 4.52422E-05 0.085531459 0.233963298 | 
0.072988791  0.011054665 6.602532898 2.16051E-09 0.051048341 0.094929242 | 
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Adding an independent variable to a regression model will always result in R? equal 
to or greater than the R? of the original model. This is true even when the new independent 
variable has little true relationship with the dependent variable. Thus, trying to maximize 
R° is not a useful criterion. A better way of evaluating the relative fit of different models 
is to use adjusted R?. Adjusted R? reflects both the number of independent variables and 
the sample size and may either increase or decrease when an independent variable is added 
or dropped, thus providing an indication of the value of adding or removing independent 
variables in the model. An increase in adjusted R* indicates that the model has improved. 

A criterion used to determine if a variable should be removed based on the adjusted 
R? is the t-statistic. If |r| < 1, then the standard error will decrease and adjusted R? will 
increase if the variable is removed. If |t| > 1, then the opposite will occur. In the bank- 
ing regression results, we see that the t-statistic for home value is less than 1; therefore, 
we expect the adjusted R? to increase if we remove this variable. You can follow the same 
iterative approach outlined before, except using ft-values instead of p-values. One might, 
for example, choose the smallest |t| at each step. This approach will improve the adjusted 
R? but may result in a model with insignificant independent variables. 

These approaches using the p-values or f-statistics may involve considerable experi- 
mentation to identify the best set of variables that result in the largest adjusted R?. For large 
numbers of independent variables, the number of potential models can be overwhelming. 
For example, there are 2'° = 1,024 possible models that can be developed from a set of 
ten independent variables. This can make it difficult to effectively screen out insignificant 
variables. Fortunately, automated methods—stepwise regression and best subsets—exist 
that facilitate this process. 


Correlation and Multicollinearity 


As we have learned previously, correlation, a numerical value between —1 and +1, mea- 
sures the linear relationship between pairs of variables. The higher the absolute value of the 
correlation, the greater the strength of the relationship. The sign simply indicates whether 
variables tend to increase together (positive) or not (negative). Therefore, examining cor- 
relations between the dependent and independent variables, which can be done using the 
Excel Correlation tool, can be useful in selecting variables to include in a multiple regres- 
sion model because a strong correlation indicates a strong linear relationship. However, 
strong correlations among the independent variables can be problematic. This can poten- 
tially signify a phenomenon called multicollinearity, a condition occurring when two or 
more independent variables in the same regression model contain high levels of the same 
information and, consequently, are strongly correlated with one another and can predict 
each other better than the dependent variable. When significant multicollinearity is present, 
it becomes difficult to isolate the effect of one independent variable on the dependent vari- 
able, and the signs of coefficients may be the opposite of what they should be, making it 
difficult to interpret regression coefficients. Also, p-values can be inflated, resulting in the 
conclusion not to reject the null hypothesis for significance of regression when it should 
be rejected. 

Some experts suggest that correlations between independent variables exceeding an 
absolute value of 0.7 may indicate multicollinearity. However, multicollinearity is best 
measured using a statistic called the variance inflation factor (VIF) for each independent 


variable. Sophisticated software packages usually compute these; unfortunately, Excel 
does not. 


EXAMPLE 8.14 


Figure 8.23 shows the correlation matrix for the variables 
in the Colleges and Universities data. You can see that 
SAT and acceptance rate have moderate correlations 
with the dependent variable, graduation %, but the cor- 
relation between expenditures/student and top 10% HS 
with graduation % are relatively low. The strongest cor- 
relation, however, is between two independent variables: 
top 10% HS and acceptance rate. However, the value of 
—0.6097 does not exceed the recommended threshold of 
0.7, so we can likely assume that multicollinearity is not 
a problem here (a more advanced analysis using VIF cal- 
culations does indeed confirm that multicollinearity does 
not exist). 
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Identifying Potential Multicollinearity 


In contrast, Figure 8.24 shows the correlation matrix 
for all the data in the banking example. Note that large cor- 
relations exist between education and home value and also 
between wealth and income (in fact, the variance inflation 
factors do indicate significant multicollinearity). If we remove 
wealth from the model, the adjusted R? drops to 0.9201, but 
we discover that education is no longer significant. Dropping 
education and leaving only age and income in the model 
results in an adjusted R* of 0.9202. However, if we remove 
income from the model instead of wealth, the adjusted R? 
drops to only 0.9345, and all remaining variables (age, edu- 
cation, and wealth) are significant (see Figure 8.25). The R? 
value for the model with these three variables is 0.9365. 


> Figure 8.23 ? give’ 21ers | .gone ca aj . 7 en vidal me T D ne E. te E: <a 
Correlation Matrix for 1 1 Median SAT Acceptance Rate Expenditures/Student Top 10% HS Graduation % 
: re | 2 Median SAT 1 

Colleges and Universities ' 3 Acceptance Rate -0.601901959 1 
Data | 4 Expenditures/Student 0.572741729 -0.284254415 1 

| 5 Top 10% HS 0.503467995 -0.609720972 0.505782049 1 

6 Graduation % __0.564146827__—-0.55037751__—_—_—0.042503514 0.138612667_ 
» Figure 8.24 5 co he ee “ou 
Correlation Matrix for Age Education Income _ Home Value Wealth Balance | 

: Age 1 
Banking Data Education  0.173407147 { 
Income 0.4771474 0.57539402 1 


PN OO WN > 


Home Value 0.386493114 0. 


753521067 0.795355158 1 


Wealth 0.468091791 0.469413035 0.946665447 0.698477789 1 
Balance 0.565466834  0.55488066 0.951684494 0.766387128 0.948711734 L 
> Figure 8.25 a er a 1s" B 5 C! zie “conor ae an “<a S pee G 
Regression Results for Age, | : SUMMARY OUTPUT 
Education, and Wealth os 3 Regression Statistics 
Independent Variables 4 Multiple R 0.967710981 
5 R Square 0.936464543 
| 6 Adjusted R Square 0.93451958 
7 Standard Error 2225.695322 
8 Observations 102 
9 
10 ANOVA = 
11 df Ss MS F Significance F 
12 Regression 3 7155379617 2385126539 481.4819367 1.71667E-58 
13 Residual 98  485464527.3 4953719.667 
14 Total 101 7640844145 
15 
16 Coefficients Standard Error tStat. P-value Lower 95% Upper 95% _| 
| 17 Intercept -17732.45142  3801.662822 -4.664393517 9.79978E-06 -25276.72757 -10188.17528 | 
18 Age 367.8214086  64.59823831 5.693985134 1.2977E-07 239.6283071 496.0145102 
119 Education 1300.308712  249.9731413 5.201793703 1.08292E-06 804.2451489 1796.372276 
| 20 Wealth 0.116467903 0.004679827 24.88722652 3.75813E-44 0.107180939_ 0.125754866 
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Practical Issues in Trendline and Regression Modeling 


Finding a good regression model often requires some experimentation and trial and error. 
From a practical perspective, the independent variables selected should make some sense 
in attempting to explain the dependent variable (that is, you should have some reason to 
believe that changes in the independent variable will cause changes in the dependent vari- 
able even though causation cannot be proven statistically). Logic should guide your model 
development. In many applications, behavioral, economic, or physical theory might sug- 
gest that certain variables should belong in a model. Remember that additional variables do 
contribute to a higher R? and, therefore, help to explain a larger proportion of the variation. 
Even though a variable with a large p-value is not statistically significant, it could simply 
be the result of sampling error and a modeler might wish to keep it. 

Good modelers also try to have as simple a model as possible—an age-old principle 
known as parsimony—with the fewest number of explanatory variables that will provide 
an adequate interpretation of the dependent variable. In the physical and management sci- 
ences, some of the most powerful theories are the simplest. Thus, a model for the banking 
data that includes only age, education, and wealth is simpler than one with four variables; 
because of the multicollinearity issue, there would be little to gain by including income 
in the model. Whether the model explains 93% or 94% of the variation in bank deposits 
would probably make little difference. Therefore, building good regression models relies 
as much on experience and judgment as it does on technical analysis. 

An issue that one often faces in using trendlines and regression is overfitting the 
model. It is important to realize that sample data may have unusual variability that is dif- 
ferent from the population; if we fit a model too closely to the sample data, we risk not 
fitting it well to the population in which we are interested. For instance, in fitting the crude 
oil prices in Example 8.2, we noted that the R? value will increase if we fit higher-order 
polynomial functions to the data. While this might provide a better mathematical fit to the 
sample data, doing so can make it difficult to explain the phenomena rationally. The same 
thing can happen with multiple regression. If we add too many terms to the model, then 
the model may not adequately predict other values from the population. Overfitting can be 
mitigated by using good logic, intuition, physical or behavioral theory, and parsimony, as 
we have discussed. 


= CHECK YOUR UNDERSTANDING 


1. How should you properly use p-values from multiple linear regression to build a good 
model? 


2. Explain how to use the t-statistic to build the best multiple linear regression model. 


3. What is multicollinearity, and why is it important to identify in multiple linear regres- 
sion models? 


4. Explain the concepts of parsimony and overfitting in building regression models. 


as Regression with Categorical Independent Variables 


Some data of interest in a regression study may be ordinal or nominal. This is common 
when including demographic data in marketing studies, for example. Because regression 
analysis requires numerical data, we could include categorical variables by coding the vari- 
ables. For example, if one variable represents whether an individual is a college graduate or 
not, we might code no as 0 and yes as 1. Such variables are often called dummy variables. 


The Excel file Employee Salaries, shown in Figure 8.26, 
provides salary and age data for 35 employees, along with 
an indicator of whether or not the employees have an MBA 
(yes or no). The MBA indicator variable is categorical; thus, 
we code it by replacing no with 0 and yes with 1. 

If we are interested in predicting salary as a function of 
the other variables, we would propose the model 


Y = Bo + B1X1 + BoX2 + & 
where Y = salary, X;= age, and X2 = MBA indicator (0 or 1). 
After coding the MBA indicator column in the data 
file, we begin by running a regression on the entire data 
set, yielding the output shown in Figure 8.27. Note that the 
model explains about 95% of the variation, and the p-val- 
ues of both variables are significant. The model is 


Salary = 893.59 + 1,044.15 x Age + 14,767.23 x MBA 
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Vat ace =A Model with Categorical Variables 


Thus, a 30-year-old with an MBA would have an estimated 
salary of 


Salary = 893.59 + 1,044.15 x 30 + 14,767.23 x 1 
= $ 46,985.32 


This model suggests that having an MBA increases the salary 
of this group of employees by almost $15,000. Note that by 
substituting either 0 or 1 for MBA, we obtain two models: 


No MBA: Salary = 893.59 + 1,044.15 x Age 
MBA: Salary = 15,660.82 + 1,044.15 x Age 


The only difference between them is the intercept. The 
models suggest that the rate of salary increase for age is 
the same for both groups. Of course, this may not be true. 
Individuals with MBAs might earn relatively higher salaries 
as they get older. In other words, the slope of age may 
depend on the value of MBA. 


» Figure 8.26 i eer = : = 
Portion of Excel File | 1 
Employee Salaries | : 
14, 
| 5 | 
fe 
i 
| 8 
> Figure 8.27 2 abc ao ee nr nn = 
i { 
Initial Regression Model for ; SUMMARY OUTPUT 
Employee Salaries ee _ Regression Statistics 
4 Multiple R 0.976118476 
5 R Square 0,.952807278 
6 Adjusted R Square 0.949857733 
7 Standard Error 2941.914352 
| 8 Observations a5 
9 
10 ANOVA 
11 df Ss Ms ie Significance F 
ee Regression 2 5591651177 2795825589 323.0353318 6.05341E-22 
143 Residual 32 276955521.7 8654860.054 
14 Total 34 5868606699 
15 | 
16 Coefficients Standard Error t Stat P-value Lower 95% _ Upper 95% _, 
17 Intercept 893.5875971  1824.575283 0.489751015 0.627650922 -2822.950634 4610125828 
| 18 Age 1044.146043  42.14128238 24.77727265 1.8878E-22 958.3070599 1129.985026 
1351.801764 10.92411031_ 2.49752E-12 —_12013.7015 17520.76168 | 


19 MBA 14767.23159 


An interaction occurs when the effect of one variable (for example, the slope) is 
dependent on another variable. We can test for interactions by defining a new variable as 
the product of the two variables, X; = X; X X, and testing whether this variable is sig- 
nificant, leading to an alternative model. 
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EXAMPLE 8.16 


Figure 8.29. 


obtain the model: 


> Figure 8.28 


Portion of Employee Salaries 
Modified for Interaction Term 


» Figure 8.29 


Regression Results with 
Interaction Term 


For the Employee Salaries example, we define an interac- 
tion term as the product of age (X;) and MBA (Xo) by 
defining Xz = X; X Xo. The new model is 


Y = Bo + BiX1 + BoX2 + B3X3 + € 


In the worksheet, we need to create a new column (called 
Interaction) by multiplying MBA by age for each observa- 
tion (see Figure 8.28). The regression results are shown in 


From Figure 8.29, we see that the adjusted R* 
increases; however, the p-value for the MBA indicator vari- 
able is 0.33, indicating that this variable is not significant. 
We would typically drop this variable and run a regression 
using only age and the interaction term (Figure 8.30), and 
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incorporating Interaction Terms in a Regression Model 


Salary = 3,323.11 + 984.25 x Age + 425.58 
x MBA x Age 


We see that salary depends not only on whether an 
employee holds an MBA, but also on age, and is more real- 
istic than the original model. 

However, statisticians recommend that if interactions 
are significant, first-order terms should be kept in the model 
regardless of their p-values. Thus, using the output in Fig- 
ure 8.29, we have: 


Salary = 3902.51 + 971.31 x Age — 2971.08 
x MBA + 501.85 X MBA x Age 


Actually, there is little difference in the predictive ability of 
either model. 


aA Bt} wi of E 


| 1 Employee Satary Data 

he 

| 3. Employee Salary _ Age MBA _Interaction | 
BE 1 $ 28,260| 25 0 0 
s 8 $ 43,392 28 1 28 
| 6 3 $ 56,322 37 1 37 
& 4 $ 26,086 23 0 0 | 


seas or ee a 


a 
1 |SUMMARY OUTPUT 
2 

3 Regression Statistics 


4 |Multiple R 0.989321416 

5 |R Square 0.978756863 

6 Adjusted R Square 0.976701076 

7 Standard Error 2005.37675 

8 Observations 35 

9 

10 ANOVA 

11 of ss MS Iz Significance F 

12 Regression 3 5743939086 1914646362 476.098288 5.31397E-26 

13 Residual 31. 124667613.2 4021535.91 

14 Total 34 5868606699 

15 | { 
16 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% 
17 Intercept 3902.509386 1336.39766 2.920170772 0.006467654 1176.908389 6628.110383 
18 ‘Age 971.3090382  31.06887722 31.26308786 5.23658E-25 907.9436454 1034.674431. 
19 MBA -297 1.080074 3026.24236 -0.98177202 0.333812767 -9143.142058 3200.981911 | 


20 Interaction __501.8483604 81.55221742_6.153705887 7.9295E-07_335.5215164 668.1752044 | 


Chapter 8 Trendlines and Regression Analysis 341 


> Figure 8.30 pes Se SS accleiaeertceiagers 
| A B c D E F G 
Regression Model for Salary | 1 SUMMARY OUTPUT | 
Data After Dropping MBA E 
3 Regression Statistics 
| 4 Multiple R 0.98808754 | 
| 5 R Square 0.978096355 
| 6 Adjusted R Square  0.976727377 
7 Standard Error 2004.24453 
8 Observations 35 
5 eee 
10 ANOVA 
14 df SS MS F Significance F 
12 Regression 2 5740062823 2870031411 714.4720368  2.80713E-27 
13. Residual 32  128543876.4 4016996.136 | 
14 Total 34 5868606699 
145 | 
116 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% 
17 Intercept 3323,109564  1198.353141 2.773063675 0.009184278 882.1440943 5764.075033 | 
'18 Age 984.2455409  28.12039088 35.00113299 4.40388E-27 926.9661791 1041.524903 | 
{19 Interaction 425.5845915 


24.81794165 17.14826304 1.08793E-17 _375.0320986 476.1370843 


Categorical Variables with More Than Two Levels 


When a categorical variable has only two levels, as in the previous example, we coded the 
levels as 0 and | and added a new variable to the model. However, when a categorical vari- 
able has k > 2 levels, we need to add k — 1 additional variables to the model. 


The Excel file Surface Finish provides measurements of the 
surface finish of 35 parts produced on a lathe, along with 
the revolutions per minute (RPM) of the spindle and one of 
four types of cutting tools used (see Figure 8.31). The engi- 
neer who collected the data is interested in predicting the 
surface finish as a function of RPM and type of tool. 
Intuition might suggest defining a dummy variable 
for each tool type; however, doing so will cause numeri- 
cal instability in the data and cause the regression tool to 
crash. Instead, we will need k — 1 = 3 dummy variables 
corresponding to three of the levels of the categorical vari- 
able. The level left out will correspond to a reference, or 
baseline, value. Therefore, because we have k = 4 levels of 
tool type, we will define a regression model of the form 


Y = Bo + B1X1 + BoX2 + BsX3 + B4X4 + & 


where Y = surface finish, X; = RPM, Xo = 1 if tool type 
is B and O if not, X3 = 1 if tool type is C and 0 if not, and 
X4 = 1 if tool type is D and 0 if not. 

Note that when Xp = X3 = X4 = 0, then, by default, 
the tool type is A. Substituting these values for each tool 
type into the model, we obtain 


Tool type A:Y = Bo + B4X4 am is 
Tool type B: Y = Bo + BiX1 + Bote 


=e 41-4 =-eewe~n A Regression Model with Multiple Levels of Categorical Variables 


Tool type C: Y = Bo + B1X1 + B3 + € 
Tool type D: Y = Bo + B1X1 + Ba + © 


For a fixed value of RPM (X;), the slopes correspond- 
ing to the dummy variables represent the difference 
between the surface finish using that tool type and the 
baseline using tool type A. 

To incorporate these dummy variables into the regres- 
sion model, we add three columns to the data, as shown 
in Figure 8.32. Using these data, we obtain the regression 
results shown in Figure 8.33. The resulting model is 


Surface Finish = 24.49 + 0.098 X RPM — 13.31 X Type B 
— 20.49 x Type C — 26.04 x Type D 


Almost 99% of the variation in surface finish is explained by 
the model, and all variables are significant. The models for 
each individual tool are 


Tool A: Surface Finish = 24.49 + 0.098 x RPM — 13.31 x 0 
— 20.49 x 0 — 26.04 x 0 
= 24.49 + 0.098 x RPM 
Tool B: Surface Finish = 24.49 + 0.098 x RPM — 13.31 x 1 
— 20.49 x 0 — 26.04 x 0 
= 11.18 + 0.098 x RPM 


| 


(continued ) 
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Tool C: Surface Finish = 24.49 + 0.098 x RPM — 13.31 x 0 Note that the only differences among these models 
— 20.49 X 1 — 26.04 x 0 are the intercepts; the slopes associated with RPM are the 
= 4.00 + 0.098 x RPM same. This suggests that we might wish to test for interac- 
Tool D: Surface Finish = 24.49 + 0.098 x RPM — 13.31 x 0 tions between the type of cutting tool and RPM; we leave 
— 20.49 xX 0 — 26.04 x 1 this to you as an exercise. 


= —1.55 + 0.098 x RPM 


» Figure 8.31 | aa B Sere 6 
Portion of Excel File Surface | 1 Surface Finish Data 
a: 2 
Finish | 3 Part Surface Finish RPM Cutting Tool 
4 1 45.44 225 A 
5 Z 42.03 200 A 
6 S 50.10 250 A 
“é 4 48.75 245 A 
| 8 5 47.92 235 A 
| 9 6 47.79 237 A 
10 7 52.26 265 A 
| 41 8 50.52 259 A 
12 9 45.58 221 A 
13 10 44.78 218 A 
114 11 33.50 224 B 
15 12 Cece 212 B 
16 13 Sf52 248 B 
17 14 Src, 260 B 
| 18 | 15 34.70 243 B 
» Figure 8.32 
c D. E- F 
Data Matrix for Surface / 
Finish with Dummy Variables 8 __Part___SurfaceFinish RPM TypeB TypeC _TypeD ___ 
4 1 45.44 225 0 0 0 
5 2 42.03 200 0 0 0 
6 3 50.10 250 0 0 0 
7 4 48.75 245 0 0 0 
8 5 47.92 235 0 0 0 
9 6 47.79 237 0 0 0 
10 7 52.26 265 0 0 0 
MW 8 50.52 259 0 0 0 
12 9 45.58 221 0 0 O 
3| 10 44.78 218 0 0 0) 
14) 44 33.50 224 1 0 0 
15] 12 31.23 212 1 0 0. 
sine 1S 37.52 248 1 0 0 
| 14 37.13 260 1 0 0 
18] 15 34.70 243 1 0 0 
19| 16 33.92 238 1 0 0 
a0 17 32.13 224 1 0 0} 
21 18 35.47 251 1 0 0\) 
221 19 33.49 232 1 0 0 
Bt 220 32.29 216 1 0 0 
24 21 27.44 225 i) 1 O 
25{ 22 24.03 200 0 4 0 
26|. 23 27.33 250 0 1 0 
Ory 24 27.20 245 0 1 oO 
235 0 1 0 
237 0 1 0 | 
265 0 1 Oo. 
259 0 4 Oo 
221 0 1 0. 
218 0 4 oO. 
224 0 0 1 
212 0 ) 11) 
248 0 0 4 
260 0 0 1 
243 0 0 | 
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> Figure 8.33 pos cS ais 


A B S D E F G 
Surface Finish Regression | 1 SUMMARY OUTPUT | 
Model Results = 

| 3 Regression Statistics 

| 4 Multiple R 0.994447053 

| 5 RSquare 0.988924942 

§ Adjusted R Square 0.987448267 

| 7 Standard Error 1.089163115 

| 8 Observations 35 | 

i) Set ees | 

110 ANOVA | 

11 a SS MS F Significance F 

12 Regression 4 3177.784271 794.4460678 669.6973322 7.32449E-29 

1418 Residual 30  35.58828875 1.186276292 

114 Total 34 8213.37256 | 

15 

16 Coefficients — Standard Error t Stat P-value Lower 958 Upper 3% 

17 Intercept 24.49437244 2.473298088 9,903526211 5.73134E-11 19.44322388 29.54552101 | 

/18 RPM 0.097760627 ——-:0,010399996 9,400064085 1.89415E-10 0076521002 0.119000252 | 

119 TypeB -18.81056756 0.487142953 -27.32374085 9.37003E-23 -14.3054462 -12.31568893 _ 

| 20 Type Cc -20.487  0,487088553 -42.06011387 3.12134E-28  -21.48176754 -19.49223246 | 


|21 TypeD -26.03674519 0.596886375 -43.62094073 


1.06415E-28 -27.25574979._ -24.81774059 | 


CHECK YOUR UNDERSTANDING 


1. Why is it necessary to code categorical independent variables in regression modeling? 
2. What is an interaction? How can you test for interactions with regression? 


3. Explain how to build a regression model if a categorical variable has more than two 
levels. 


as Regression Models with Nonlinear Terms 


Linear regression models are not appropriate for every situation. A scatter chart of the 
data might show a nonlinear relationship, or the residuals for a linear fit might result in 
a nonlinear pattern. In such cases, we might propose a nonlinear model to explain the 
relationship. For instance, a second-order polynomial model would be 


Y = Bo + BX + BX? + 


Sometimes, this is called a curvilinear regression model. In this model, 6, represents 
the linear effect of X on Y, and f, represents the curvilinear effect. However, although this 
model appears to be quite different from ordinary linear regression models, it is still /inear 
in the parameters (the betas, which are the unknowns that we are trying to estimate). In 
other words, all terms are a product of a beta coefficient and some function of the data, 
which are simply numerical values. In such cases, we can still apply least squares to esti- 
mate the regression coefficients. 

Curvilinear regression models are also often used in forecasting when the independent 
variable is time. This and other applications of regression in forecasting are discussed in 
the next chapter. 
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> @-4 1-16 -eaese Modeling Beverage Sales Using Curvilinear Regression 


The Excel file Beverage Sales provides data on the sales of 
cold beverages at a small restaurant with a large outdoor 
patio during the summer months (See Figure 8.34). The owner 
has observed that sales tend to increase on hotter days. 
Figure 8.35 shows linear regression results for these data. 
The U-shape of the residual plot (a second-order polynomial 
trendline was fit to the residual data) suggests that a linear 
relationship is not appropriate. To apply a curvilinear regres- 
sion model, add a column to the data matrix by squaring 


the temperatures. Now, both temperature and temperature 
squared are the independent variables. Figure 8.36 shows 
the results for the curvilinear regression model. The model is 


Sales = 142,850 — 3,643.17 x Temperature + 23.3 
x Temperature® 


Note that the adjusted R* has increased significantly from 
the linear model and that the residual plots now show more 
random patterns. 


> Figure 8.34 


Portion of Excel File Bever- 


age Sales 


> Figure 8.35 


Linear Regression Results 
for Beverage Sales 


[ A B 


Beverage Sales 


i, 

2 | 

3 Temperature Sales 
4 

5, 


85 $ 1,810 
90 $ 4,825 
6 79 $ 438 
a 82 $775 
8 | 84 $1,213 | 
| 9 | 96 $ 8,692 
A B C 2 = D 7 E ¥ ee eee eG 


1 SUMMARY OUTPUT | 


Temperature Residual Plot 


Regression Statistics 


2 

3 

4 Multiple R 0.922351218 5000 

5 'R Square 0.850731769 2 

6 Adjusted R Square 0.842875547 | 3 

7 Standard Error 1041.057399 & 80 (0> 

8 Observations 21 

9 Temperature 

10 ANOVA 

i1 df SS MS F Significance F 
412 Regression 1 117362193,6 117362193.6 108.2876347 2.7611E-09 
| 13 |Residual 19 20592209.67 1083800.509 

14 | Total 20 137954403.2 

15| 

16 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% 


17 Intercept -32511.24671 3408.723477 -9.53766034 1,.12197E-08 -39645.78695 -25376.70648 | 


118 Temperature 408.6026284  39.26555335 10.40613447 _2.7611£-09 326.4188807 490.786376 


> Figure 8.36 


Curvilinear Regression 
Results for Beverage Sales 


| 19 'Temp*2 
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“| 


eggs CHECK YOUR UNDERSTANDING 


1. What is a curvilinear regression model? How are these models often used? 


KEY TERMS 


Autocorrelation 

Coefficient of determination (R*) 
Coefficient of multiple determination 
Curvilinear regression model 
Dummy variables 

Exponential function 
Homoscedasticity 

Interaction 

Least-squares regression 

Linear function 

Logarithmic function 
Multicollinearity 

Multiple correlation coefficient 


23.30035581  4.053196314 5.748637374 1.89343E-05 14.78490634 31,.81580528 | 


ee oA B fa E F G 

1 SUMMARY OUTPUT j + 
2 Temperature Temp*’2 Residual Plot { 
3 Regression Statistics Residual Plot 2000 

4 |Multiple R 0.973326989 SPR 1000 t ¢ 
| 5 R Square 0.947365428 a) g & 
| 6 AdjustedRSquare 0941517142} 3 4 % Fun 4 Mas ante 
| 7. Standard Error 635.1365123| 3 oa te io & _199¢°P0 we oe 
| & Observations 21 -2000 -2000 
{ 9 Temperature Temp*2 

10 ANOVA 5 

11 df Ss F Significance F 

12 Regression 2 130693232.2 65346616.12 161.9902753 3.10056E-12 

13 Residual 18  7261171.007 403398.3893 
| 14 Total 20 137954403.2 

15 

16 Coefficients Standard Error t Stat P-value Lower 95% Upper 95% 
| 17 intercept 142850.3406  30575.70155 4.672021683 0.000189738 78613.17532 207087.5059 | 
18 Temperature -3643.171723  705.2304165 -5.165931075  6.492E-05 -5124,.805849 -2161.537598 | 


2. How can you tell if a curvilinear regression model should be used? 


Multiple linear regression 
Overfitting 

Parsimony 

Partial regression coefficient 
Polynomial function 

Power function 

R? (R-squared) 

Regression analysis 
Residuals 

Significance of regression . 
Simple linear regression 
Standard error of the estimate, Sy 
Standard residuals 
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Useful Excel Functions 


INTERCEPT(known_y’s, known_x’s) Finds the intercept 
for a simple linear regression model. 


SLOPE(known_y’s, known_x’s) Finds the slope for a sim- 
ple linear regression model. 


TREND(known_y’s, known_x’s, new_x’s) Estimates Y for 
any value of X. 
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Excel Techniques 
Trendline tool (Examples 8.1 and 8.2): 


Create a line chart or scatter chart for your data. Click the 
chart; this will display the Chart Tools menu. Select the 
Chart Tools Design tab, and then click Add Chart Element 
from the Chart Layouts group. From the Trendline sub- 
menu, you can select one of the options or More Trendline 
Options ... . Selecting More Trendline Options will dis- 
play the Format Trendline pane in the worksheet. An alter- 
native is to right click on the data series in the chart and 
choose Add trendline from the pop-up menu. Select the 
radio button for the trendline. Check the boxes for Display 
Equation on chart and Display R-squared value on chart. 


Regression tool: 


From the Data Analysis menu in the Analysis group under 
the Data tab, select the Regression tool. In the dialog box 
for the /nput Y Range, specify the range of the dependent 
variable values. In the box for the Input X Range, specify 
the range for the independent variable values. Check Labels 
as appropriate. Check the optional boxes to compute and 
display Residuals, Standardized Residuals, Residual Plots, 
Line Fit Plots, and Normal Probability Plots. 


StatCrunch 


StatCrunch provides a tool for simple and multiple lin- 
ear regression. You can find video tutorials and step-by- 
step procedures with examples at https://www.statcrunch. 
com/5.0/example.php. We suggest that you first view the 
tutorials Getting started with StatCrunch and Working 
with StatCrunch sessions. The following tutorial is located 
under the Regression and Correlation group on this Web 
page and explains how to perform simple linear regression. 


Example: Simple Linear Regression 


1. Choose Stat > Regression > Simple Linear. 
2. Select the X variable (independent variable) and Y 
variable (dependent variable) for the regression. 


3. Enter an optional Where statement to specify the data 
rows to be included. 

4, Compare results across groups by selecting an optional 
Group by column. 

5. Click Compute! to view the results. 


Example: Multiple Linear Regression 


1. Choose Stat > Regression > Multiple Linear. 

2. Select the Y variable (dependent variable) for the 
regression. 

3. Select the X variables (independent variables) for the 
regression. 

4. Create interaction terms by selecting two or more vari- 
ables and clicking the Add / or Add All button. Interac- 
tion terms will then be shown in the area to the right. 
To delete an interaction term, select it and click the 
Delete button. 

5. To center the variables in each interaction term, check 
the Center interaction terms option. 

6. Enter an optional Where statement to specify the data 
rows to be included. 

7. Select an optional Group by column to group results. 
A separate regression analysis will be constructed for 
each distinct value of the Group by column. 

8. Click Compute! to view the regression results. 


Analytic Solver 


Analytic Solver provides a set of advanced techniques for 
regression modeling. See the online supplement Using 
Best Subsets for Regression. We suggest that you first read 
the online supplement Getting Started with Analytic Solver 
Basic. This provides information for both instructors and 
students on how to register for and access Analytic Solver. 


‘ PROBLEMS AND EXERCISES 


Modeling Relationships and Trends in Data 


1. Using the data in the Excel file Student Grades, 
construct a scatter chart for midterm versus final 
exam grades and add a linear trendline. What is the 
model? If a student scores 75 on the midterm, what 


would you predict her grade on the final exam to 
be? 


2. A consumer products company has collected some 
data relating to the advertising costs and sales of one 
of its products: 


Simple Linear Regression 


7. Using the results of fitting the Home Market Value 


regression line in Example 8.4, compute the errors 
associated with each observation using formula (8.3) 
and construct a frequency distribution and histogram. 


. Set up an Excel worksheet to apply formulas (8.5) 
and (8.6) to compute the values of bo and b; for the 
data in the Excel file Home Market Value and verify 
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Advertising Cost Sales 9. The managing director of a consulting group has the 
€300 €7,000 following monthly data on total overhead costs and 
€350 €9,000 professional labor hours to bill to clients:> 
€400 €10,000 Overhead Costs Billable Hours 
450 10,600 $355,000 3,000 
What type of model would best represent the data? $400,000 4,000 
Use the Trendline tool to find the best among the $425,000 5,000 
options provided. $477,000 6,000 
- Each worksheet in the Excel file LineFit Data con- $560,000 7,000 
tains a set of data that describes a functional rela- $580,000 8,000 
tionship between the dependent variable y and the 
independent variable x. Construct a line chart of each a. Develop a simple linear regression model 
data set and use the Trendline tool to determine the pereen Waillaple Ingurs ane Overbeag cost 
best-fitting functions to model these data sets. Do not b. Interpret the coefficients of your regression 
consider polynomials beyond the third degree. model. Specifically, what does the fixed compo- 
. Using the data in the Excel file Kidney, determine pete se em SoA Aaya uE RE 
the relationship between frailty rates in people with os 1 sac CUR GR OSE Mel ee el 
chronic kidney disease and the age of a person by billable hours that would contribute a margin 
constructing a scatter chart for the data. Find the o $240,000 La ALS Baie fSlev lee 
best-fitting function using the Trendline tool. Inter- ESE 
pret your findings. 10. Using the data in the Excel file Kidney, apply the 
. Use the data in the Excel file MBA Motivation and BxseliResrensiomioouusmielcdiey hala 
Salary Expectations to determine how well a linear ager! ek idaaacroae me yemiobics ntennige an @: 
function models the relationship between pre- and regression results, hypothesis tests, and confidence 
post-MBA salaries. Compare it to a third-order poly- interval ae ona 
nomial. Would the polynomial model have a logical 11. The Excel file Horsepower versus Gasoline provides 
explanation? data on the amount of gasoline used per 100 miles by 
_ Using the data in the Excel file Weddings, construct different brands of cars along with their horsepower. 
scatter charts to determine whether any linear relation- a. Construct a scatter diagram for gasoline used per 
ship appears to exist between (1) the wedding cost (X) 100 miles and horsepower in the given Excel file. 
and attendance (Y), (2) the wedding cost (X) and the Determine the relationship between the variables. 
value rating (Y), and (3) the couple’s income (X) and b. Use the Excel Regression tool to develop a model 
wedding cost (Y) only for the weddings paid for by the for predicting the amount of gasoline used per 
bride and groom. Then find the best-fitting functions 100 miles. Explain the statistical significance of 
using the Trendline tool for each of these charts. the model and the R? value. 
12. Using the data in the Excel file Student Grades, apply 


the Excel Regression tool using the midterm grade 
as the independent variable and the final exam grade 
as the dependent variable. Interpret all key regression 
results, hypothesis tests, and confidence intervals in 
the output. 


>Modified from Charles T. Horngren, George Foster, and Srikant M. 
Datar, Cost Accounting: A Managerial Emphasis, 9th ed. (Engle- 
wood Cliffs, NJ: Prentice Hall, 1997): 371. 


that you obtain the same values as in Examples 8.4 
and 8.5. 


348 


13. 


14. 


15. 
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Using the Excel file Weddings, apply the Regression 
tool using the wedding cost as the dependent variable 
and attendance as the independent variable. 


a. What is the regression model? 


b. Interpret all key regression results, hypothesis 
tests, and confidence intervals in the output. 


c. If a couple is planning a wedding for 175 guests, 
how much should they budget? 


Using the Excel file Weddings, apply the Excel 
Regression tool using the wedding cost as the depen- 
dent variable and the couple’s income as the inde- 
pendent variable, only for those weddings paid for 
by the bride and groom. Interpret all key regression 
results, hypothesis tests, and confidence intervals in 
the output. 


A deep-foundation engineering contractor has bid 
on a foundation system for a new building housing 
the world headquarters for a Fortune 500 company. 
A part of the project consists of installing 311 auger 
cast piles. The contractor was given bid information 
for cost-estimating purposes, which consisted of the 
estimated depth of each pile; however, actual drill 
footage of each pile could not be determined exactly 
until construction was performed. The Excel file Pile 
Foundation contains the estimates and actual pile 
lengths after the project was completed. 


a. Construct a scatter chart and interpret it. 


b. Develop a linear regression model to estimate the 
actual pile length as a function of the estimated 
pile lengths. What do you conclude? 


Residual Analysis and Regression Assumptions 


16. 


2. 


18. 


Use the results for Problem 10 (Demographics) to 
analyze the residuals to determine if the assumptions 
underlying the regression analysis are valid. In addi- 
tion, use the standard residuals to determine if any 
possible outliers exist. 


Use the results in Problem 11 (Horsepower versus 
Gasoline) to analyze the residuals to determine if the 
assumptions underlying the regression analysis are 
valid. In addition, use the standard residuals to deter- 
mine if any possible outliers exist. 


Use the results for Problem 12 (Student Grades) to 
analyze the residuals to determine if the assumptions 
underlying the regression analysis are valid. In addi- 
tion, use the standard residuals to determine if any 
possible outliers exist. 


19. 


Use the results for Problem 13 (Weddings) to analyze 
the residuals to determine if the assumptions underly- 
ing the regression analysis are valid. In addition, use 
the standard residuals to determine if any possible 
outliers exist. 


Multiple Linear Regression 


20. 


21. 


22. 


23. 


The Excel file World Tour Sales provides data on 
sales (£) and the number of radio, TV, and newspaper 
ads promoting the world tour for a group of countries. 
Develop simple linear regression models for predict- 
ing sales as a function of the number of each type of 
ad. Compare these results to a multiple linear regres- 
sion model using both independent variables. State 
each model and explain R-Square, Significance F, 
and p-values. 


Using the data in the Excel file Home Market Value, 
develop a multiple linear regression model for esti- 
mating the market value as a function of both the age 
and size of the house. State the model and explain R?, 
Significance F, and p-values. 


Use the data in the Excel file Canned Food to find a 
multiple regression model to predict the total sales as 
a function of all the other given variables. State the 
model and explain R?, Significance F, and p-values. 


Use the data in the Excel file Neighborhoods to find 
a multiple regression model to predict the total sales 
as a function of all the other given variables. State the 
model and explain R’, Significance F, and p-values. 


Building Good Regression Models 


24. 


25. 


26. 


Using the data in the Excel file Credit Card Spend- 
ing, develop a multiple linear regression model for 
estimating the average credit card expenditure as a 
function of both the income and family size. Predict 
the average expense of a family that has two members 
and an income of $188,000 per annum, and another 
that has three members and an income of $39,000 
income per annum. 


Use the data in the Excel file EU Cost of Living Adjust- 
ments to find the best multiple regression model to 
predict the salary as a function of the adjusted cost of 
living rates. What would the comparable salary be for 
a country in the European Union with the following 
adjustments: groceries: 5%; housing: 8%; utilities: 
—3%; transportation: 1%; and health care: 9%? 


Use the data in the Excel file Job Satisfaction to find 
the best multiple regression model to predict the 


27. 


28. 


29. 


31. 


overall satisfaction as a function of the other variables. 
What managerial implications does your result have? 


The Excel file Breakfast Foods provides a variety of 
nutritional information about 67 breakfast-food items 
in supermarkets in different parts of the world. Use 
regression analysis to find the best model that explains 
the relationship between calories and the other vari- 
ables. Keep in mind the principle of parsimony. 


The Excel file Salary Data provides information on 
current salary, beginning salary, previous experience 
(in months) when hired, and total years of education 
for a sample of 100 employees in a firm. 


a. Find the multiple regression model for predicting 
current salary as a function of the other variables. 


b. Find the best model for predicting current salary 
using the f-value criterion. 


The Excel file Credit Approval Decisions provides 
information on credit history for a sample of bank- 
ing customers. Use regression analysis to identify the 
best model for predicting the credit score as a func- 
tion of the other numerical variables, using both the 
p-value and t-statistic criteria. How do the models 
compare? Which would you choose? 


. The Excel file Women Height Data provides infor- 


mation on women’s height, their mother’s height, 
their father’s height, amount of protein intake (per 
day), and the hours of exercise (per day) for a select 
sample of women. Use the Correlation tool to find 
the correlation matrix for all variables to justify the 
potential of multicollinearity. Then identify the best 
regression model for predicting the women’s height 
using the p-value criteria. 


The Excel file Major League Baseball provides data 
for one season. 


a. Construct and examine the correlation matrix. Is 
multicollinearity a potential problem? 


b. Suggest an appropriate set of independent vari- 
ables that predict the number of wins by examin- 
ing the correlation matrix. 


c. Find the best multiple regression model for pre- 
dicting the number of wins having only significant 
independent variables. How good is your model? 
Does it use the same variables you thought were 
appropriate in part b? 
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32. The Excel file Golfing Statistics provides data for a 


portion of the 2010 professional season for the top 25 
golfers. 


a. Find the best multiple regression model for pre- 
dicting earnings/event as a function of the other 
variables. 

b. Find the best multiple regression model for pre- 
dicting average score as a function of GIR, putts/ 
round, driving accuracy, and driving distance. 


. Use the p-value criterion to find the best model for 


predicting the number of points scored per game 
by football teams using the data in the Excel file 
National Football League. Does the model make 
logical sense? 


. A researcher is analyzing the body fat percentage 


based on the measurements of triceps, thigh, and 
mid-arm of a person (in inches). The data is recorded 
in the Excel file Body Fat Percentage. 


a. Use the Correlation tool to develop the correla- 
tion matrix and make a conclusion for it. Then 
use the Regression tool for this set of variables to 
develop a multiple regression model, and identify 
which independent variable is not appropriate in 
the model. 


b. Remove the inappropriate independent in part a 
in the multiple regression model and rerun the 
process using the Regression tool until the best 
model is found. 


c. Use the best multiple regression model to predict 
the body fat percentage given the following mea- 
surements: 25.1 inches of triceps, 50.78 inches of 
thigh, and 33.56 inches of mid-arm. 


Regression with Categorical Independent Variables 


35. A leading car manufacturer tracks the data of its used 


cars for resale. The Excel file Car Sales contains 

information on the selling price of the car, fuel type 

(diesel or petrol), horsepower (HP), and manufacture 

year. 

a. Develop a multiple linear regression model for 
the selling price as a function of fuel type and HP 
without any interaction term. 

b. Determine if any interaction exists between fuel 
type and HP and find the best model. 
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c. What is the predicted price for either a petrol or 
diesel car with a horsepower of 69? 


36. For the Car Sales data described in Problem 35, 
develop a regression model for selling price as 
a function of horsepower and manufacture year, 
incorporating an interaction term. What would be 
the predicted price for a car manufactured in either 
2002 or 2003 with a horsepower of 69? How do 
these predictions compare to the overall average 
price in each year? 


37. For the Excel file Job Satisfaction, develop a regres- 
sion model for overall satisfaction as a function of 
years of service and department that has the largest 
R*. (Note that the categorical variable department 
has multiple levels and will require the use of mul- 
tiple dummy variables, similar to Example 8.17.) 
Which department, if any, has the highest impact on 
satisfaction? 


Regression Models with Nonlinear Terms 


38. Cost functions are often nonlinear with volume 
because production facilities are often able to pro- 
duce larger quantities at lower rates than smaller 
quantities.° Using the following data, apply simple 
linear regression and examine the residual plot. What 
do you conclude? Construct a scatter chart and use 
the Trendline feature to identify the best type of cur- 
vilinear trendline that maximizes R?. 


CASE: PERFORMANCE LAWN EQUIPMENT 


In reviewing the data in the Performance Lawn Equipment 
Database, Elizabeth Burke noticed that defects received 
from suppliers have decreased (worksheet Defects After 
Delivery). Upon investigation, she learned that in 2014, 
PLE experienced some quality problems due to an increas- 
ing number of defects in materials received from suppli- 
ers. The company instituted an initiative in August 2015 
to work with suppliers to reduce these defects, to more 
closely coordinate deliveries, and to improve materials 
quality through reengineering supplier production policies. 
Ms. Burke noted that the program appeared to reverse an 


Units Produced Cost 
500 $12,500 
1,000 $25,000 
1,500 $32,500 
2,000 $40,000 
2,500 $45,000 
3,000 $50,000 


39. A product manufacturer wishes to determine the rela- 
tionship between the shelf space of the product and 
its sales. Past data indicates the following sales and 
shelf space in its stores: 


Sales Shelf Space 
$25,000 5 square feet 
$15,000 3.2square feet 
$28,000 5.4square feet 
$30,000 6.1square feet 
$17,000 4.3square feet 
$16,000 3.1square feet 
$12,000 2.6 square feet 
$21,000 6.4 square feet 
$19,000 4.9 square feet 
$27,000 5.7 square feet 


Using these data points, apply simple linear regression 
and examine the residual plot. What do you conclude? 
Construct a scatter chart and use the Trendline tool to 
identify the best type of curvilinear trendline that maxi- 
mizes R?. 


increasing trend in defects; she would like to predict what 
might have happened had the supplier initiative not been 
implemented and how the number of defects might further 
be reduced in the near future. 

In meeting with PLE’s human resources director, Ms. 
Burke also discovered a concern about the high rate of turn- 
over in its field service staff. Senior managers have suggested 
that the department look closer at its recruiting policies, par- 
ticularly to try to identify the characteristics of individuals 
that lead to greater retention. However, in a recent staff meet- 
ing, HR managers could not agree on these characteristics. 


°Horngren, Foster, and Datar, Cost Accounting: A Managerial Emphasis, 9th ed.: 349. 
Horngren, Foster, and Datar, Cost Accounting: A Managerial Emphasis, 9th ed.: 349. 


Some argued that years of education and grade point aver- 
ages were good predictors. Others argued that hiring more 
mature applicants would lead to greater retention. To study 
these factors, the staff agreed to conduct a statistical study 
to determine the effect that years of education, college 
grade point average, and age when hired have on retention. 
A sample of 40 field service engineers hired ten years ago 
was selected to determine the influence of these variables on 
how long each individual stayed with the company. Data are 
compiled in the Employee Retention worksheet. 

Finally, as part of its efforts to remain competitive, 
PLE tries to keep up with the latest in production technol- 
ogy. This is especially important in the highly competi- 
tive lawn mower line, where competitors can gain a real 
advantage if they develop more cost-effective means of 
production. The lawn mower division therefore spends a 
great deal of effort in testing new technology. When new 
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production technology is introduced, firms often experi- 
ence learning, resulting in a gradual decrease in the time 
required to produce successive units. Generally, the rate 
of improvement declines until the production time lev- 
els off. One example is the production of a new design 
for lawn mower engines. To determine the time required 
to produce these engines, PLE produced 50 units on its 
production line; test results are given on the worksheet 
Engines in the database. Because PLE is continually 
developing new technology, understanding the rate of 
learning can be useful in estimating future production 
costs without having to run extensive prototype trials, and 
Ms. Burke would like a better handle on this. 

Use trendlines and regression analysis to assist her in 
evaluating the data in these three worksheets and reach- 
ing useful conclusions. Summarize your work in a formal 
report with all appropriate results and analyses. 
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LEARNING OBJECTIVES 


= Explain how judgmental approaches are used for 
forecasting. 

a List different types of statistical forecasting models. 

= Apply moving average and exponential smoothing 
models to stationary time series. 

= State three error metrics used for measuring forecast 
accuracy and explain the differences among them. 

a Apply double exponential smoothing models to time 
series with a linear trend. 


ee CHAPTER 


rawpixel/123RF 


After studying this chapter, you will be able to: 


a Use Holt-Winters and regression models to forecast 
time series with seasonality. 

a Apply Holt-Winters forecasting models to time series 
with both trend and seasonality. 

a Identify the appropriate choice of forecasting model 
based on the characteristics of a time series. 

= Explain how regression techniques can be used to 
forecast with explanatory or causal variables. 
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Chapter9 Forecasting Techniques 


Managers require good forecasts of future events to make good decisions. For 
example, forecasts of interest rates, energy prices, and other economic indicators 
are needed for financial planning; sales forecasts are needed to plan produc- 
tion and workforce capacity; and forecasts of trends in demographics, consumer 
behavior, and technological innovation are needed for long-term strategic plan- 
ning. The government also invests significant resources on predicting short-run 
U.S. business performance using the index of leading economic indicators (LE]). 
This index focuses on the performance of individual businesses, which often is 
highly correlated with the performance of the overall economy and is used to 
forecast economic trends for the nation as a whole. In this chapter, we introduce 
some common methods and approaches to forecasting, including both qualita- 
tive and quantitative techniques. 

Business analysts may choose from a wide range of forecasting techniques 
to support decision making. Selecting the appropriate method depends on the 
characteristics of the forecasting problem, such as the time horizon of the vari- 
able being forecast, as well as available information on which the forecast will 
be based. Three major categories of forecasting approaches are qualitative and 
judgmental techniques, statistical time-series models, and explanatory/causal 
methods. In this chapter, we introduce a variety of forecasting techniques and 
use basic Excel tools and linear regression to implement them on spreadsheets. 
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ANALYTICS IN PRACTICE: Forecasting Call-Center Demand at 
L.L.Bean' 


ERED IY SEALANT EASA SITES SINGLY IN IL AEH OIE BIEN PARR INSERT 


Many of you are familiar with L.L.Bean, a retailer of high- 
quality outdoor gear. A large percentage of the compa- 
ny’s sales are generated through orders to its call center 
(the call center can account for over 70% of the total 
sales volume). Calls to the L.L.Bean call center are clas- 
sified into two types: telemarketing (TM) and telephone 
inquiry (Tl). TM calls are those made for placing an order, 


whereas TI calls involve customer inquiries, such as 
order status or order problems. TM calls and TI calls dif- 
fer in duration and volume. The annual call volume for TM 
calls is much higher than that for TI calls, but the duration 
of a TI call is generally much longer than the duration of 
a TM call. 


‘Andrews, B.H., and S. M. Cunningham, “L.L. Bean Improves Call-Center Forecasting, 


Accurately forecasting the demand of TM and TI calls is 
very important to L.L.Bean to reduce costs. Accurate fore- 
casts allow for properly planning the number of agents to 
have on hand at any point in time. Too few agents result in 
lost sales, loss of customer loyalty, excessive queue times, 
and increased phone charges. Too many agents obviously 
result in unnecessary labor costs. ° 

L.L.Bean developed analytical forecasting models for 
both TM and Tl calls. These models took into account histori- 
cal trends, seasonal factors, and external explanatory vari- 
ables such as holidays and catalog mailings. The estimated 
benefit from better precision from the two forecasting models 
was approximately $300,000 per year. 


Vol. 25, No. 6, pp.1-13, November-December, 1995. 


> Interfaces, 


Chapter 9 Forecasting Techniques 355 


as Qualitative and Judgmental Forecasting 


Qualitative and judgmental techniques rely on experience and intuition; they are necessary 
when historical data are not available or when the decision maker needs to forecast far 
into the future. For example, a forecast of when the next generation of a microprocessor 
will be available and what capabilities it might have will depend greatly on the opinions 
and expertise of individuals who understand the technology. Another use of judgmental 
methods is to incorporate nonquantitative information, such as the impact of government 
regulations or competitor behavior, in a quantitative forecast. Judgmental techniques range 
from such simple methods as a manager’s opinion or a group-based jury of executive opin- 
ion to more structured approaches such as historical analogy and the Delphi method. 


Historical Analogy 


One judgmental approach is historical analogy, in which a forecast is obtained through 
a comparative analysis with a previous situation. For example, if a new product is being 
introduced, the response of consumers to marketing campaigns to similar, previous products 
can be used as a basis to predict how the new marketing campaign might fare. Of course, 
temporal changes or other unique factors might not be fully considered in such an approach. 
However, a great deal of insight can often be gained through an analysis of past experiences. 


Predicting the Price of Oil 


In early 1998, the price of oil was about $22 a barrel. oil. Thus, from historical analogy, we might forecast a rise 
However, in mid-1998, the price of a barrel of oil dropped in the price of oil. OPEC members did, in fact, meet in 

to around $11. The reasons for this price drop included an mid-1998 and agreed to cut their production, but nobody 
oversupply of oil from new production in the Caspian Sea believed that they would actually cooperate effectively, 
region, high production in non-OPEC regions, and lower- and the price continued to drop for a time. Subsequently, 
than-normal demand. In similar circumstances in the past, in 2000, the price of oil rose dramatically, falling again in 
OPEC would meet and take action to raise the price of late 2001. 


Analogies often provide good forecasts, but you need to be careful to recognize new 
or different circumstances. Another analogy is international conflict relative to the price 
of oil. Should war break out, the price would be expected to rise, analogous to what it has 


done in the past. 


The Delphi Method 


A popular judgmental forecasting approach, called the Delphi method, uses a panel of 
experts, whose identities are typically kept confidential from one another, to respond to a 
sequence of questionnaires. After each round of responses, individual opinions, edited to 
ensure anonymity, are shared, allowing each to see what the other experts think. Seeing 
other experts’ opinions helps to reinforce those in agreement and to influence those who 
did not agree to possibly consider other factors. In the next round, the experts revise their 
estimates, and the process is repeated, usually for no more than two or three rounds. The 
Delphi method promotes unbiased exchanges of ideas and discussion and usually results in 
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some convergence of opinion. It is one of the better approaches to forecasting long-range 
trends and impacts. 


Indicators and Indexes 


Indicators and indexes generally play an important role in developing judgmental fore- 
casts. Indicators are measures that are believed to influence the behavior of a variable we 
wish to forecast. By monitoring changes in indicators, we expect to gain insight about the 
future behavior of the variable to help forecast the future. 


Economic Indicators 


One variable that is important to the nation’s economy is predictable length of time prior to the peaks and valleys of 


the gross domestic product (GDP), which is a measure of the GDP. One example of a leading indicator is the formation 
the value of all goods and services produced in the United of business enterprises; if the rate of new businesses grows, 
States. Despite its shortcomings (for instance, unpaid work we would expect the GDP to increase in the near future. 

such as housekeeping and child care is not measured; Additional examples of leading indicators are the percent 
production of poor-quality output inflates the measure, as change in the money supply (M1) and net change in business 
does work expended on corrective action), it is a practical loans. Other indicators, called lagging indicators, tend to have 
and useful measure of economic performance. Like most peaks and valleys that follow those of the GDP. Some lagging 
time series, the GDP rises and falls in a cyclical fashion. Pre- indicators are the Consumer Price Index, prime rate, business 
dicting future trends in the GDP is often done by analyzing investment expenditures, and inventories on hand. The GDP 


leading indicators —series that tend to rise and fall for some can be used to predict future trends in these indicators. 


Indicators are often combined quantitatively into an index, a single measure that 
weights multiple indicators, thus providing a measure of overall expectation. For example, 
financial analysts use the Dow Jones Industrial Average as an index of general stock mar- 
ket performance. Indexes do not provide a complete forecast but rather a better picture of 
direction of change and thus play an important role in judgmental forecasting. 


Leading Economic Indicators 


The Department of Commerce initiated an index of leading ™ interest rate spread 


indicators to help predict future economic performance. m@ index of consumer expectations (University of Michigan) 
Components of the index include the following: 
Business Conditions Digest included more than 


100 time series in seven economic areas. This publication 
™ average weekly initial claims, unemployment was discontinued in March 1990, but information related 

insurance to the index of leading indicators was continued in Survey 

new orders, consumer goods, materials of Current Business. In December 1995, the U.S. Depart- 

vendor performance—slower deliveries ment of Commerce sold this data source to the Conference 
Board, which now markets the information under the title 
Business Cycle Indicators; information can be obtained at 
its Web site (www.conference-board.org). The site includes 
excellent current information about the calculation of the 
index as well as its current components. 


® average weekly hours, manufacturing 


new orders, nondefense capital goods 


stock prices, 500 common stocks (Standard & Poor) 


| 

i} 

st 

® building permits, private housing 
a 

@ money supply 
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tes CHECK YOUR UNDERSTANDING 


1. Explain how historical analogy and the Delphi method are used for judgmental 
forecasting. 


2. Define an indicator and index. How are they used in forecasting? 


as Statistical Forecasting Models 


Statistical time-series models find greater applicability for short-range forecasting prob- 
lems. A time series is a stream of historical data, such as weekly sales. We characterize the 
values of a time series over T periods as A,,t = 1,2, ..., 7. Time-series models assume 
that whatever forces have influenced sales in the recent past will continue into the near 
future; thus, forecasts are developed by extrapolating these data into the future. Time series 
generally have one or more of the following components: random behavior, trends, sea- 
sonal effects, and cyclical effects. Time series that do not have trend, seasonal, or cyclical 
effects but are relatively constant and exhibit only random behavior are called stationary 
time series. 

Many forecasts are based on analysis of historical time-series data and are predicated 
on the assumption that the future is an extrapolation of the past. A trend is a gradual 
upward or downward movement of a time series over time. 


EXAMPLE 9.4 identifying Trends in a Time Series 


Figure 9.1 shows a chart of total energy consumption leveled off for a while and began increasing at a slower 
from the data in the Excel file Energy Production & rate through the 1980s and 1990s. At the end of the time 
Consumption. This time series shows an upward trend. series, we actually see a slight downward trend. This 
However, we see that energy consumption was rising time series, then, is composed of several different short 


quite rapidly in a linear fashion during the 1960s, then trends. 


Time series may also exhibit short-term seasonal effects well as longer-term cyclical 
effects, or nonlinear trends. A seasonal effect is one that repeats at fixed intervals of time, 
typically a year, month, week, or day. At a neighborhood grocery store, for instance, short- 
term seasonal patterns may occur over a week, with the heaviest volume of customers on 
weekends; seasonal patterns may also be evident during the course of a day, with higher 
volumes in the mornings and late afternoons. Figure 9.2 shows seasonal changes in natural 
gas usage for a homeowner over the course of a year (Excel file Gas & Electric). Cycli- 
cal effects describe ups and downs over a much longer time frame, such as several years. 
Figure 9.3 shows a chart of the data in the Excel file Federal Funds Rates. We see some 
evidence of long-term cycles in the time series driven by economic factors, such as periods 
of inflation and recession. 

Although visual inspection of a time series to identify trend, seasonal, or cyclical 
effects may work in a naive fashion, such unscientific approaches may be a bit unsettling 
to a manager making important decisions. Subtle effects and interactions of seasonal and 
cyclical factors may not be evident from simple visual extrapolation of data. Statistical 
methods, which involve more formal analyses of time series, are invaluable in develop- 
ing good forecasts. A variety of statistically based forecasting methods for time series 
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> Figure 9.1 


Total Energy Consumption 
Time Series 


> Figure 9.2 


Seasonal Effects in Natural 
Gas Usage 


> Figure 9.3 


Cyclical Effects in Federal 
Funds Rates 


Total Energy Consumption 
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are commonly used. Among the most popular are moving average methods, exponential 
smoothing, and regression analysis. These can be implemented very easily on a spread- 
sheet using basic functions and Data Analysis tools available in Microsoft Excel, as well as 
with more powerful software such as Analytic Solver (see the online supplement described 
in the Technology Help section). Moving average and exponential smoothing models 
work best for time series that do not exhibit trends or seasonal factors. For time series 
that involve trends and/or seasonal factors, other techniques have been developed. These 
include double moving average and exponential smoothing models, seasonal additive and 
multiplicative models, and Holt-Winters additive and multiplicative models. 
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em CHECK YOUR UNDERSTANDING 


1. What is a time series? 
2. What components often comprise a time series? 


3. Explain the difference between seasonal and cyclical effects in a time series. 


as Forecasting Models for Stationary Time Series 


Two simple approaches that are useful over short time periods when trend, seasonal, or 
cyclical effects are not significant are moving average and exponential smoothing models. 


Moving Average Models 


The simple moving average method is a smoothing method based on the idea of averag- 
ing random fluctuations in the time series to identify the underlying direction in which the 
time series is changing. Because the moving average method assumes that future obser- 
vations will be similar to the recent past, it is most useful as a short-range forecasting 
method. Although this method is very simple, it has proven to be quite useful in stable 
environments, such as inventory management, in which it is necessary to develop forecasts 
for a large number of items. 

Specifically, the simple moving average forecast for the next period is computed as the 
average of the most recent k observations. Specifically, let A, represent the observed value in 
period ft, and F;, the forecast for period ¢. Then the forecast for the period tf + 1 is computed as 


Apa eA mete ee sea ee 
ee ae a (9.1) 


The value of k is somewhat arbitrary, although its choice affects the accuracy of the 
forecast. The larger the value of k, the more the current forecast is dependent on older data, 
and the forecast will not react as quickly to fluctuations in the time series. The smaller the 
value of k, the quicker the forecast responds to changes in the time series. Also, when k 
is larger, extreme values have less effect on the forecasts. (In the next section, we discuss 
how to select k by examining errors associated with different values.) 


Moving Average Forecasting 


The Excel file Tablet Computer Sales contains data for the Moving average forecasts can be generated easily on a 
number of units sold for the past 17 weeks. Figure 9.4 shows spreadsheet. Figure 9.5 shows the computations for a three- 
a chart of these data. The time series appears to be relatively period moving average forecast of tablet computer sales. 


stable, without trend, seasonal, or cyclical effects; thus, a You should verify these by hand to confirm your under- 
moving average model would be appropriate. The observed standing. Figure 9.6 shows a chart that contrasts the data 
values for weeks 15, 16, and 17 are Ay5 = 82, Aig = 71, with the forecasted values. Although the forecast tracks the 
and A;7 = 50. Setting k = 3, and using equation (9.1), the actual data fairly well, notice that the forecast overestimates 
three-period moving average forecast for week 18 is the actual value when the trend is down, while it underesti- 
mates the actual value when the trend is up. This is because 
Fig = asa “ MA ‘os Goat 4 if OO 67.67 it uses past data, and thus lags the changes in the data. 
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» Figure 9.4 


Chart of Weekly Tablet | Tablet Computer Sales 
Computer Sales 
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» Figure 9.5 a 

Excel Implementation of | 1 Tablet Computer Sales 

Moving Average Forecast f Moving Average 
Week Units Sold _ Forecast 


f ra ' ae 
., Forecast for week 4 
: | =AVERAGE(B4:B6) 


1 
2 
3 
4 
5 
6 
7 
8 
g 
10 
14 
12 
13 
14 
15 
16 
17 
18 


=AVERAGE(B18:B20) 


> Figure 9.6 
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Moving average forecasts can also be obtained from Excel’s Data Analysis options. 


EXAMPLE 9.6 


For the Tablet Computer Sales Excel file, select Data 
Analysis and then Moving Average from the Analysis 
group. Excel displays the dialog box shown in Figure 9.7. 
You need to enter the /nout Range of the data, the /nter- 
val (the value of k), and the first cell of the Output Range. 
To align the actual data with the forecasted values in the 
worksheet, select the first cell of the Output Range to 

be one row below the first row of the time series. (See 
Figure 9.8. The first value of the time series starts in cell 
B4, so the output range is chosen to start in cell C5.). You 
may also obtain a chart of the data and the moving aver- 
ages, as well as a column of standard errors, by checking 


Using Excel’s Moving Average Tool 


the appropriate boxes. However, we do not recommend 
using the chart or error options because the forecasts 
generated by this tool are not properly aligned with the 
data (the forecast value aligned with a particular data point 
represents the forecast for the next month) and, thus, can 
be misleading. Rather, we recommend that you generate 
your own Chart, as we did in Figure 9.6. Figure 9.8 shows 
the results produced by the Moving Average tool (with 
some customization of the formatting). Note that the fore- 
cast for week 18 is aligned with the actual value for week 
17 on the chart. Compare this to Figure 9.6 and you can 
see the difference. 


» Figure 9.7 


Excel Moving Average Tool 
Dialog 


Error Metrics and Forecast Accuracy 


The quality of a forecast depends on how accurate it is in predicting future values of a 
time series. In the simple moving average model, different values for k will produce differ- 
ent forecasts. How do we know which is the best value for k? The error, or residual, in a 
forecast is the difference between the forecast and the actual value of the time series (once 
it is known). In Figure 9.6, the forecast error is simply the vertical distance between the 
forecast and the data for the same time period. 

To analyze the effectiveness of different forecasting models, we can define error met- 
rics, which compare quantitatively the forecast with the actual observations. Three metrics 
that are commonly used are the mean absolute deviation, mean square error, and mean 
absolute percentage error. The mean absolute deviation (MAD) is the absolute differ- 
ence between the actual value and the forecast, averaged over a range of forecasted values: 


MAD = Brice wes (9.2) 


where A, is the actual value of the time series at time f, F; is the forecast value for time ¢, 
and n is the number of forecast values (not the number of data points since we do not have 
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> Figure 9.8 


Results of Excel Moving 
Average Tool (Note misalign- 
ment of forecasts with actual 
sales in the chart.) 
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a forecast value associated with the first & data points). MAD provides a robust measure of 
error and is less affected by extreme observations. 

Mean square error (MSE) is probably the most commonly used error metric. It 
penalizes larger errors because squaring larger numbers has a greater impact than squaring 
smaller numbers. The formula for MSE is 


n 


Dy (A, Ey i) 
1 


MSE = aa ae (9.3) 


Again, n represents the number of forecast values used in computing the average. Some- 
times the square root of MSE, called the root mean square error (RMSE), is used: 


RMSE = 


PSN Bye 


\ = : (9.4) 


Note that unlike MSE, RMSE is expressed in the same units as the data (similar to the 
difference between a standard deviation and a variance), allowing for more practical 
comparisons. 

A fourth commonly used metric is mean absolute percentage error (MAPE). MAPE 
is the average of absolute errors divided by actual observation values. 


n pt 
| 


A, 


MAPE = = x 100 (9.5) 


The values of MAD and MSE depend on the measurement scale of the time-series 
data. For example, forecasting profit in the range of millions of dollars would result in very 
large MAD and MSE values, even for very accurate forecasting models. On the other hand, 
market share is measured in proportions; therefore, even bad forecasting models will have 
small values of MAD and MSE. Thus, these measures have no meaning except in compari- 
son with other models used to forecast the same data. Generally, MAD is less affected by 
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extreme observations and is preferable to MSE if such extreme observations are considered 
rare events with no special meaning. MAPE is different in that the measurement scale is 
eliminated by dividing the absolute error by the time-series data value. This allows a better 
relative comparison. Although these comments provide some guidelines, there is no uni- 
versal agreement on which measure is best. 


Using Error Metrics to Compare Moving Average Forecasts 


The metrics we have described can be used to compare then average them. For MSE, we compute the squared 
different moving average forecasts for the Tablet Com- errors and then find the average (we may easily compute 
puter Sales data. A spreadsheet that shows the forecasts RMSE if desired). For MAPE, we find the absolute values 
as well as the calculations of the error metrics for two-, of the errors divided by the actual observation multiplied 
three-, and four-period moving average models is given in by 100 and then average them. The results suggest that a 
Figure 9.9. The error is the difference between the actual two-period moving average model provides the best fore- 
value of the units sold and the forecast. To compute MAD, cast among these alternatives because the error metrics 


we first compute the absolute values of the errors and are all smaller than for the other models. 


Exponential Smoothing Models 


A versatile, yet highly effective, approach for short-range forecasting is simple exponen- 
tial smoothing. The basic simple exponential smoothing model is 


Heh lnm @) Fy ahGay 
= al Ar FP) (9.6) 


where F,., is the forecast for time period t + 1, F; is the forecast for period f, A, is the 
observed value in period ft, and a is a constant between 0 and | called the smoothing 
constant. To begin, set F; and F> equal to the actual observation in period 1, Aj. 

Using the two forms of the forecast equation just given, we can interpret the simple 
exponential smoothing model in two ways. In the first model, the forecast for the next 
period, F,, , is a weighted average of the forecast made for period 1, F;, and the actual 


A B Cc D E rE G H | a K L M N Ba Pp Q 
Tablet Computer Sales ; 
k=2 k=3 k=4 t 
Week Units Sold|Forecast Error Absolute Squared Absolute|Forecast Error Absolute Squared Absolute /Forecast Error Absolute Squared Absolute 
1 88 Deviation Error % Error Deviation Error % Error Deviation Error % Error | 
2 44 
3 60 66.00 -6.00 6.00 36.00 10,00 a 
4 56 52.00 4.00 4.00 16.00 7.14 64.00 -8.00 8.00 64.00 14.29 
5 70 58.00 12.00 12.00 144.00 17.14 53.33 16.67 16.67 277.78 23.81 62.00 8.00 8.00 64.00 11.43 
6 91 63.00 28.00 28.00 784.00 30.77 62.00 29.00 29.00 841.00 31.87 57.50 33.50 33,50 1122.25 36.81). 
7 54 80.50 -26.50 26.50 702.25 49.07 72.33 -18.33 18.33 336.11 33.95 69.25 -15.25 15.25 232.56 28.24 
8 60 72.50 -12.50 12.50 156.25 20.83 71.67 -11.67 41.67 136.11 19.44 67.75 -7.75 7.75 60.06 12.92}; 
9 48 57.00 -9.00 9.00 81.00 18.75 68.33 -20.33 20.33 413.44 42,36 68.75 -20.75 20.75 430.56 43.23) 
10 Ae) 54.00 -19.00 19.00 361.00 54.29 54.00 -19.00 19.00 361.00 54.29 63.25 -28.25 28.25 798.06 80.71 
11 49 41.50 7.50 90) Suze 15.31 47.67 1.33 1.33 1.78 2.72 49.25 -0.25 0.25 0.06 0.51) 
12 44 42.00 2.00 2.00 4,00 4.55 44.00 0.00 0.00 0.00 0.00 48.00 -4.00 4.00 16.00 9.09 
13 61 46.50 14.50 14.50 210.25 23.77 42.67 18.33 18.33 336.11 30.05 44.00 17.00 17.00 289.00 27.87 } 
14 68 52.50 15.50 15.50 240.25 22.79 51.33 16.67 16.67 277.78 24.51 47.25 20.75 20.75 430.56 30.51]; 
15 82 64.50 17.50 17.50 306.25 21.34 57.67 24.33 24.33 592.11 29.67 55.50 26.50 26.50 702.25 32.32) 
16 71 75.00 -4.00 4.00 16.00 5.63 70.33 0.67 63.75 7.25 T20. =O2.06 10.21) 
17 50 76.50 -26.50 26.50 702.25 53.00) 73.67 -23.67 23.67 560.11 47.33) 70.50 _____20.50 20,50 420.25 41.00}; 
18 60.50 13.63 254.38 23.63 67.67 14.86 299.84 25.37 67.75 16.13 355.25 28.07 
MAD MSE MAPE MAD MSE MAPE | 
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observation in period f, A,. The second form of the model, obtained by simply rearrang- 
ing terms, states that the forecast for the next period, F,,), equals the forecast for the last 
period, F,, plus a fraction a of the forecast error made in period t, A, — F;. Thus, to make a 
forecast once we have selected the smoothing constant, we need to know only the previous 
forecast and the actual value. By repeated substitution for F, in the equation, it is easy to 
demonstrate that F,, , is a decreasingly weighted average of all past time-series data. Thus, 
the forecast actually reflects all the data, provided that a is strictly between 0 and 1. 


EXAMPLE 9.8 


For the Tablet Computer Sales data, the forecast for week The actual observation for week 3 is 60; thus, the forecast 
2 is 88, the actual observation for week 1. Suppose we for week 4 would be 


choose a = 0.7; then the forecast for week 3 would be Week 4 Forecast = (1 — 0.7)(57.2) + (0.7)(60) = 59.16 


Using Exponential Smoothing to Forecast Tablet Computer Sales 


Week 3 Forecast = (1 — 0.7)(88) + (0.7)(44) = 57.2 


Because the simple exponential smoothing model requires only the previous forecast 
and the current time-series value, it is very easy to calculate; thus, it is highly suitable 
for environments such as inventory systems, where many forecasts must be made. The 
smoothing constant @ is usually chosen by experimentation in the same manner as choos- 
ing the number of periods to use in the moving average model. Different values of a affect 
how quickly the model responds to changes in the time series. For instance, a value of 
a = 0 would simply repeat last period’s forecast, whereas a = | would forecast the last 
period’s actual demand. The closer a@ is to 1, the quicker the model responds to changes in 
the time series, because it puts more weight on the actual current observation than on the 
forecast. Likewise, the closer @ is to 0, the more weight is put on the prior forecast, so the 
model would respond to changes more slowly. 


EXAMPLE 9.9 


Finding the Best Exponential Smoothing Model for Tablet Computer Sales 


An Excel spreadsheet for evaluating exponential smoothing because we do not have a forecast for the first period, 
models for the Tablet Computer Sales data using values of week 1. Asmoothing constant of a = 0.6 provides the low- 
a between 0.1 and 0.9 is shown in Figure 9.10. Note that in est error for all three metrics. 

computing the error measures, the first row is not included 


Excel has a Data Analysis tool for exponential smoothing. However, as opposed to 
the Moving Average tool, the chart generated by the Exponential Smoothing tool does cor- 
rectly align the forecasts with the actual data. We will see this in the next example. 


EXAMPLE 9.10 Using Excel’s Exponential Smoothing Tool 


In the Table Computer Sales example, from the Analysis Range, which should be adjacent to the first data point. You 
group, select Data Analysis and then Exponential Smooth- also have options for labels, to chart output, and to obtain 
ing. In the dialog (Figure 9.11), as in the Moving Average standard errors. The results are shown in Figure 9.12. You 
dialog, you must enter the /nout Range of the time-series can see that the exponential smoothing model follows the 
data, the Damping Factor, (1 — a)—not the smoothing con- pattern of the data quite closely, although it tends to lag 


stant as we have defined it—and the first cell of the Output with an increasing trend in the data. 


» Figure 9.10 
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a Figure 9.12 


‘SUSSLESSESRLAKSER 


Chapter 9 Forecasting Techniques 365 


oe SSG EA SS RRS trons SERATASLM " a SES ERS UR SRG RANE GS UL NG LET 
SAUNDERS ees kOlea Diol SB ae lth: eackarecs Buea eat Reel eG eee 
: i i ablet Computer Sales _ { ' ] if 
a 1 iG 
13 | Week Units Sold 
Se 
#6] 3 60 
i 4 56 
He) 5 70 
Bos 31 
io} 7 
Wy 8 
di2| 3 
413 
4 14] 
18. 
16 | 
17] 
18) 
19] 
$20) 
421! 
| 5 AD 1933 -1716~~—16 15 ~~ 36S 
4 23: : MSE 496.07 39084 359.18 34656 340.77 


1 24 | 7 MAPE 36.26% 32.71% 30.12% 28.36% 7 A% 


SACS SESE AER OBE TY ashe SONATAS TADS 


New Worksheet Ply: 


New Warkboor 


Exponential Smoothing 


enter ctual 
wlilForecast 


Jers AGS bey se 9 208 12231435 16:17, 
Data Point 


Excel Exponential Smoothing Forecasts for « = 0.6 


366 


Chapter 9 Forecasting Techniques 


CHECK YOUR UNDERSTANDING 


1. Explain how the simple moving average method works. 


2. What are the three different types of error metrics that can be used to evaluate forecast 
accuracy? 


3. Explain how simple exponential smoothing works. 


4. Describe how to use the Excel Data Analysis tools for stationary time series. 


as Forecasting Models for Time Series with a Linear Trend 


For time series with a linear trend but no significant seasonal components, double 
exponential smoothing models or regression-based models are more appropriate. These 
are based on the linear trend equation 


Fray = a; + ek (9.7) 


That is, the forecast for k periods into the future from period ¢ is a function of a base value 
ad, also known as the /evel, and a trend, or slope, b,. 


Double Exponential Smoothing 


In double exponential smoothing, the estimates of a; and b, are obtained from the following 
equations: 


Age E ate (let) (p41 b,-1) 
b= Bane a;—1) a (1 — 8) b,—; 


In essence, we are smoothing both parameters of the linear trend model. Initial values are 
chosen for a; as Aj and b; as Ay — Aj. Equations (9.8) must then be used to compute a, and b, 
for the entire time series to be able to generate forecasts into the future. As with simple expo- 
nential smoothing, we are free to choose the values of a and B. The forecast for k periods 
beyond the last period (period T) is 


(9.8) 


Fr+4 = ar + br(k) (9.9) 


Double Exponential Smoothing 


Figure 9.13 shows a portion of the Excel file Coa/ Double Exponential Smoothing). We first initialize the values 
Production, which provides data on total tons produced of a; and by: 
from 1960 through 2011. The data appear to follow a lin- 


ear trend. We will apply double exponential smoothing on 
just the first ten years of the data to illustrate the process. 
Figure 9.14 shows a spreadsheet implementation of 


a; = Ay = 434,329,000 
by = Az — Ay = 420,423,000 — 434,329,000 
= —13,906,000 


this using a = 0.6 and B = 0.4 (Excel file Coal Production 


lf we used equation (9.7) to forecast for period 2, we 
would obtain 


Fo = Fy44 = a, + 64(1) = 434,329,000 + (—13,906,000)(1) 
= 420,423,000 


Note that this is the same as the actual value in period 2 
because we used Ap to calculate b;, so we cannot make a 
true forecast until period 3. Continuing, we calculate a> and 
bo using formulas (9.8): 


ao = aA + (1 — a)lay + by) = 0.6(420,423,000) 

+ 0.4(434,329,000 — 13,906,000) = 420,423,000 
bo = Bla2 — ay) + (1 — Bb; 

= 0.4(420,423,000 — 434,329,000) 

+ 0.6(—13,906,000) = —13,906,000 


Then the forecast for period 3 is 


F3 = Fo+4 = a + bo(1) = 420,423,000 
+ (—13,906,000)(1) = 406,517,000 
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The other forecasts are calculated in a similar manner 
and are shown on the spreadsheet. The value of MAD for 
these forecasts is 23,471,063. We can experiment with dif- 
ferent values of a and B to find a better fit. 

Using equation (9.9), the forecasting model for k peri- 
ods beyond period 10 is 


Frosk = ajo + byo(k) = 576,753,344 + 11,962,665(k) 


For example, the forecast for period 11 is 
Fy4 = 576,753,344 + 11,962,665(1) = 588,716,009, and 
the forecast for period 12 would be 


Fro = a9 + bio(2) = 576,753,344 + 11,962,665(2) 
= 600,678,674 


> Fi - Sasa 
Figure 9.13 , a : ‘ : : ; ae 
Portion of Excel File Coal 1 Coal Production 
i 2 ; 
Production Se eee Coal Production 
4 |1960 434,329,000 1,400,000,000 — = 
5 1961 420,423,000 
6 1962 439,043,000 1,200,000,000 
7 1963 477,195,000 
aie 1,000,000,000 
8 1964 504,182,000 
9 1965 526,954,000 300,000,000 
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11/1967 564,882,000 600,000,000 
12 1968 556,706,000 ratte: 
131969 570,978,000 oe 
141970 612,661,000 200,000,000 
15 1971 560,919,000 
|16 1972 602,492,000 0 - 
17 1973 598,568,000 
: 18/1974 610,023,000 
v Figure 9.14 19 1975 654,641,000 
Excel Implementation of 
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ea a Te a WS 
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> Figure 9.15 


Trendline-Based Forecast for 
Coal Production Data 


Regression-Based Forecasting for Time Series with a Linear Trend 


Equation 9.7 looks similar to the equation for simple linear regression. We introduced 
regression in the previous chapter as a means of developing relationships between a depen- 
dent and independent variables. Simple linear regression can be applied to forecasting 
using time as the independent variable. 


Forecasting Using Trendlines 


For the data in the Excel file Coa/ Production, a linear trend- Thus, a forecast for 2012 (year 53) would be 
line, shown in Figure 9.15, gives an R* value of 0.95 (the fit- 
ted model assumes that the years are numbered 1 through 
52, not as actual dates). The model is 


438,819,885.29 + 15,413,536.97 x (53) 
1,255,737,345 


\| 


Tons 


Note, however, that the linear model does not ade- 


Tons = 438,819,885.29 + 15,413,536.97 xX Year quately predict the recent drop in production after 2008. 


In Chapter 8, we noted that an important assumption for using regression analysis 
is the lack of autocorrelation among the data. When autocorrelation is present, succes- 
sive observations are correlated with one another; for example, large observations tend to 
follow other large observations, and small observations also tend to follow one another. 
This can often be seen by examining the residual plot when the data are ordered by time. 
Figure 9.16 shows the time-ordered residual plot from the Excel Regression tool for the 
coal production example. The residuals do not appear to be random; rather, successive 
observations seem to be related to one another. This suggests autocorrelation, indicating 
that other approaches, called autoregressive models, are more appropriate. However, these 
are more advanced than the level of this book and are not discussed here. 
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> Figure 9.16 a 
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ad CHECK YOUR UNDERSTANDING 


1. What techniques are used to forecast time series with a linear trend? 


2. Explain the process for double exponential smoothing. 


3. How can trendlines be used in forecasting? 


as Forecasting Time Series with Seasonality 


Quite often, time-series data exhibit seasonality. A “season” can be a year, a quarter, a 
month, or even a week, depending on the application. Most often, it is a year. We saw an 
example of this in Figure 9.2. When time series exhibit seasonality, different techniques 
provide better forecasts than the ones we have described. 


Regression-Based Seasonal Forecasting Models 


One approach is to use linear regression. Multiple linear regression models with categori- 
cal variables can be used for time series with seasonality. To do this, we use dummy cat- 


egorical variables for the seasonal components. 


With monthly data, as we have for natural gas usage in the 
Gas & Electric Excel file, we have a seasonal categorical 
variable with k = 12 levels. As discussed in Chapter 8, we 
construct the regression model using k — 1 dummy vari- 
ables. We will use January as the reference month; there- 
fore, this variable does not appear in the model: 


Gas Usage = Bo + Bi Time + Be February + Bg March 
+ Bq April + Bs May + Bg June + B7 July 
+ Bg August + Bg September + 649 October 
+ By, November + £42 December 


Regression-Based Forecasting for Natural Gas Usage 


This coding scheme results in the data matrix shown in 
Figure 9.17. This model picks up trends from the regression 
coefficient for time and seasonality from the dummy vari- 
ables for each month. The forecast for the next January will 
be Bo + B4(25). The variable coefficients (betas) for each 
of the other 11 months will show the adjustment relative to 
January. For example, the forecast for next February will be 
Bo + B1(26) + Bo(1), and so on. 

Figure 9.18 shows the results of using the Regression 
tool in Excel after eliminating insignificant variables (time 


(continued) 
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and Feb). Because the data show no clear linear trend, 
the variable time could not explain any significant varia- 
tion in the data. The dummy variable for February was 
probably insignificant because the historical gas usage for 
both January and February were very close to each other. 
The R® for this model is 0.971, which is very good. The 
final regression model is 
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Gas Usage = 236.75 — 36.75 March — 99.25 April 


— 192.25 May — 203.25 June — 208.25 July 
— 209.75 August — 208.25 September 
— 196.75 October — 149.75 November 


— 43.25 December 


> Figure 9.17 
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é Zz 
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5 Feb 228 a 1 0 O 0 oO 0 
6 Mar 153 31 0 A te) 0} OF 0 
7 Apr 140 4230} Gye CF TORO 
8 May Oo By On “01 8 1 0 0 
9 Jun 34 6 0} OO} 0 OF Sie 
10 Jul 30 72 10P) 10) 20 Oo; 0 4 
11 Aug 28 3}. 0} 60 0} OF Op 8 
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23 Aug 26), ~20) (0) 0} 0 QO} 0; 0 
24 'Sep 28; 21 O}” 01) 10 OL OF Oo 
: 25 Oct SOM 22)7 20r FOI so OL OIG 
v Figure 9.18 26 Nov 20 Pd PO Pe ie he 
Final Regression Model for 2 Ea A BE I 
Forecasting Gas Usage 
A B C D E F 
1 SUMMARY OUTPUT 
2 
S Regression Statistics 
4 Multiple R 0.985480895 
| 5 R Square 0.971172595 
6 Adjusted R Square 0.948997667 
7 Standard Error 19.54432831 
| 8 Observations 24 
9 
10 ANOVA 
11 df SS MS is Significance F 
12 Regression 10 167292.2083 16729.22083 43.79597661  2.33344E-08 
13 Residual ise 4965.75 381.9807692 
14 Total 23. 172257.9583 
15 
16 Coefficients Standard Error t Stat P-value Lower 95% 
| 17 Intercept 236.75 9.772164157 24.22697738 3.33921E-12 215.6385228 
18 Mar -36.75  16.92588482 -2.171230656 0.049016211 -73.31615105 
19 Apr -99.25  16.92588482 -5.863799799 5.55744E-05  -135.816151 
20 May -192.25  16.92588482 -11.35834268 4.02824E-08  -228.816151 
21 Jun -203.25 16.92588482 -12.00823485 2.07264E-08  -239.816151 
22 Jul -208.25  16.92588482 -12.30364038 1.54767E-08  -244.816151 
| 23 Aug -209.75  16.92588482 -12.39226204 1.41949E-08  -246.316151 
24 Sep -208.25  16.92588482 -12.30364038 1.54767E-08  -244.816151 
25 Oct -196.75 16.92588482 -11.62420766 3.05791E-08  -233.316151 
26 Nov -149.75  16.92588482 -8.847395666 7.30451E-07 -186.316151 
27 Dec -43.25 _ 16.92588482 -2.555257847 -79.81615105 


0.023953114 


Upper 95% _ Lower 95.0% Upper 95.0% 


257.8614772 
-0.183848953 
-62.68384895 

-155.683849 

-166.683849 

-171.683849 

-173.183849 

-171.683849 


-160.183849° 


-113.183849 


-6.683848953 


215.6385228 
-73.31615105 
-135.816151 
-228.816151 
-239.816151 
-244.816151 
-246.316151 
-244.816151 
-233.316151 
-186.316151 


-79.81615105 


i 


257.8614772 | 
-0.183848953 
-62.68384895 
-155.683849 | 
-166.683849 | 
-171,683849 
-173.183849 | 
-171.683849 | 
-160.183849 
-113.183849 | 
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Holt-Winters Models for Forecasting Time Series with 
Seasonality and No Trend 


The methods we describe here and in the next section are based on the work of two 
researchers, C.C. Holt, who developed the basic approach, and P.R. Winters, who 
extended Holt’s work. Hence, these approaches are commonly referred to as Holt- 
Winters models. Holt-Winters models are similar to exponential smoothing models in 
that smoothing constants are used to smooth out variations in the level and seasonal 
patterns over time. 

For time series with seasonality but no trend, we can use one of two models, the 
Holt-Winters additive seasonality model with no trend, 


Frag = a; + Sp-s+e (9.10) 
or the Holt-Winters multiplicative seasonality model with no trend: 
Fr+k = GS—s+k (9.11) 


The additive model applies to time series with relatively stable seasonality, whereas the 
multiplicative model apples to time series whose amplitude increases or decreases over 
time. Therefore, a chart of the time series should be viewed first to identify the type of 
model to use. 

In both models, S; is the seasonal factor for period j and s is the number of periods 
in a season. The forecast for period tf + k is adjusted up or down from a level (a,) by the 
seasonal factor. The multiplicative model is more appropriate when the seasonal factors are 
increasing or decreasing over time. 


Holt-Winters Additive Seasonality Model with No Trend 


The level and seasonal factors are estimated in the additive model using the following 
equations: 
Level component: a, = a(A; — S,-;) + (i — @)a;-) 

Seasonal component: S, = y(A; — a,) + (1 — y)S;-s5 oe) 
where @ and y are smoothing constants. The first equation estimates the level for period t 
as a weighted average of the deseasonalized data for period 1, (A, — S,—5), and the previ- 
ous period’s level. The seasonal factors are updated as well using the second equation. 
The seasonal factor is a weighted average of the estimated seasonal component for period 
t, (A, — a;,), and the seasonal factor for the last period of that season type. Then the forecast 
for the next period is F,4; = a; + S;—541. 

To begin, we need to estimate the level and seasonal factors for the first s periods (that 
is, the length of a season; for an annual season with quarterly data, this would be the first 
4 periods; for monthly data, it would be the first 12 periods, and so on) before we can use 
the smoothing equations. We do this as follows: 


1 Ss 
Bp = ap AahOr Lo Ned eS (9.13) 
S j=] 
and 


Se Ay 2G 10a a Lees dga8 (9.14) 


Then we can use the smoothing equations to update a, and S, and calculate forecasts. 


sila Chapter9 Forecasting Techniques 


EXAMPLE 9.14 Using the Holt-Winters Additive Seasonality Model with No Trend 


We will use the data for gas usage in the Excel file Gas & S13 = y(A13 — 413) + (1 — y)S4 
Electric. Looking at the chart in the Excel file (Figure 9.2), = 0.9(230 — 100.15) + (1 — 0.9)138.25 
we see that the time series appears to have stable season- = 130.69 


ality; mies ue additive model would be most appropriate. Tha forecast for period 141s then 
We arbitrarily select a = 0.4 and y = 0.9. 
aes Fy4 = a3 + So = 100.15 + 122.25 = 222.40 
First, initialize the values of a; and S; fort = 1 to 12 
using equations (9.13) and (9.14) as a = (244 + 228+... Other forecasted values are calculated in a similar 
+ 88 + 199)/12 = 105.75, fort = 1 to 12. Then, manner. 
To forecast beyond the range of the last observed 


ie i i ee OO ee value, use formula (9.10) with t = T and k = 1: 


So = Ao — ao = 228 — 105.75 = 122.25 


pte Cop am ype 

and so on, up to Sj. These are shown in the Excel file Holt ats i Bee 
Winters Additive Model for Seasonality (Figure 9.19). The forecast for the period 25 (T = 24 andk = 1)is 

ing t fact the first period, the fore- 

Using ine peesoue actor for the first period, the fore Fos = Go4 + Sig = 105.80 + 130.69 = 236.49 
cast for period 13 is 
To find Fog, use T = 24 andk = 2: 
Fig = aio + S; = 105.75 + 138.25 = 244 sand alae sade _ 


Fog = + S14 = 105.80 + 134.45 = 240.25 
We may now update the parameters based on the 26 = S24 oe 


observed value for period 13, Ay3 = 230: We can easily experiment with different values of the 
smoothing constants by changing the values of a and y 
in cells B3 and B4, and compare error measures such as 
MAD. 


443 = a(Ay3 — Sy) + (1 — a)ayo 
= 0.4(280 — 138.25) + (1 — 0.4)105.75 
= 100.15 


Holt-Winters Multiplicative Seasonality Model with No Trend 


The multiplicative seasonal model has the same basic smoothing structure as the additive 
seasonal model with some key differences: 


Level component: a, = a(A,/S,-,) + (1 — a@)a,—; 
51s 
Seasonal component: S$, = y(A,/a,) + (1 — y)S)-. ( ) 
where a and y are again the smoothing constants. Here, A;/S,_, is the deseasonalized esti- 
mate for period t. Large values of a put more emphasis on this term in estimating the level 
for period ¢. The term A,/a, is an estimate of the seasonal factor for period 7. Large values 
of y put more emphasis on this in the estimate of the seasonal factor. The forecast for the 
next period is F,41 = a,S;~5+1. 

As with the additive model, first initialize the values for the level and seasonal factors. 
In this case, the formulas are 


il Ss 
ar Tse Dice ti Lee Ree SBS 


i=] 


S, = Aj/a, tort = 12, 2.405 (9.16) 


This model can be implemented on a spreadsheet in a similar fashion as the additive 
model. 


roe oe 
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as c D E Fr G Hi i J K L N ao i} 
; 1 Holt Winters Additive Seasonality Model with No Trend i 
| 2 
{3 @ ¥ Gas Usage 
14 04 as 
| 5 _Month Period (t) Gas Use (A) _Level(a) Seasonality (S} Forecast (F) MAD ae 
16) Jan i 2447 «105.75 138.25 250 a i 
2? Feb 2 228 105.75 122.25 200 y i 
(8 Mar 3 153 105.75 47.25 | 
9 Apr 4 140 105.75 34.25 ee j 
i476; May 5 55 105.75 -31.85 | 100 | ri 
147 Jun 6 34 105.75 52.35 | a i 
| 12 Jul 7 30 105.75 -63.45 | | ny | 
[ 13) Aug 8 28 105.75 -66.55 i iat aL RRR RIE AIRS 
144| Sep = 25 eae aaa | 012345678 91INHAsdHCITIIDOLRBeV@Rs || 
| 15 Oct 10 41 105.75 63.51 Period H 
| 46 Nov 11 88 105.75 -22.32 i 
117 Dec 12 199 105.75 77.27 L Bi sels | 
148. Jan 13 230 100.15 730.69 244,00 14.00 { 
19 Feb 14 245 109.19 134.45 222.40 22.60 
;20. Mar 15 247 145.44 96.15 156.44 90.58 
| 24 Apr 16 135 127.55 19.13 179.66 44.66 | 
| 22 May 47 34 102.87 65.17 95.70 61.70 | 
+23) Jun 18 33 95.86 61.81 50.52 17.52 i 
34 Jul 19 27 $3.70 66,37 32.41 5.41 | 
125 Aug 20 2 93.24 87.17 27.15 1.15 
26 ‘Sep 21 28 96.05 -68.47 20.98 7.02 | 
bai Oct 22 39 98.63 -69.02 32.54 6.46 } 
128 Nov 23 86 402.51 -47.09 76.31 969 i 
;28| Dec —s_—24 488 (10580 —s81.71 4179.78 8.22 i 
| 30. Jan 25 23649 
137. Feb 26 240.25 
i 32 
| 33 


a Figure 9.19 


Excel Implementation of Holt-Winters Additive Model for Seasonality 


Holt-Winters Models for Forecasting Time Series with 
Seasonality and Trend 


Many time series exhibit both trend and seasonality. Such might be the case for growing 
sales of a seasonal product. These models combine elements of both the trend and seasonal 
models. Two types of Holt-Winters smoothing models are often used. 

The Holt-Winters additive seasonality model with trend is based on the equation 


Hey = a, + byt Spas (9.17) 
and the Holt-Winters multiplicative seasonality model with trend is 
Fa = (apt Dp) Spon (9.18) 


The additive model applies to time series with relatively stable seasonality and a trend, 
whereas the multiplicative model applies to time series whose amplitude increases or 
decreases over time along with a trend. As with the no trend case, a chart of the time series 
should be viewed first to identify the appropriate type of model to use. Three parameters, 
a, B, and y, are used to smooth the level, trend, and seasonal factors in the time series. 


Holt-Winters Additive Seasonality Model with Trend 
This model is similar to the additive model that incorporates only seasonality, but with the 


addition of a trend component: 


Level component: a, = a(A; — S;-s) + (1 — @)(a;-1 + b;—1) 
Trend component: b, = Bla, — a;-1) + (1 — B)b-1 (9.19) 
Seasonal component: S, = y(A; — a,) + (1 — y) Sis 
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Here, a, B, and y are the smoothing parameters for level, trend, and seasonal components, 
respectively. The forecast for period t + 1 is 


F445 hs Sie b, te Spas (9.20) 
The forecast for k periods beyond the last period of observed data (period T) is 
Frik = hp Sl brk = STHs+k (9.21) 


The initial values for level and seasonal factors are the same as in the additive seasonality 
model without trend, that is, formulas (9.13) and (9.14). The initial values for the trend 
component are 


LS Gsi = Ai) 
aah st 


baz 


OL we De eS (9.22) 


i=] 


Basically, we are averaging A,+, — A;,As+2 — A2,..., and A,+, — Ay. These become 
the trend factors for the first s periods. 


Using the Holt-Winters Additive Model for Seasonality and Trend 


We will use the data in the Excel file New Car Sales, We may now update the parameters based on the 
which contains three years of monthly retail sales data. observed value for period 18, Ay3 = 42,227: 

Figure 9.20 shows a chart of the data. Seasonality exists 
in the time series and appears to be stable, and there 

iS an increasing trend; therefore, the Holt-Winters addi- 
tive model with seasonality and trend would appear to 


ay3g = afAyg — Sy) + (1 — a@)(@y2 + b42) 
= 0.3(42,227 — (-5,617.33)) 
+ 0.7(45,427.33 + 462.48) = 46,476.17 


be the most appropriate model. We arbitrarily select big = B(@13 — ay2) + (1 — B)b40 
a = 0.3, B = 0.2, and y = 0.9. Figure 9.21 shows the = 0.2(46,476.17 — 45,427.33) 
Excel implementation (Excel file Ho/t Winters Additive + 0.8(462.48) = 579.75 
Modei for Seasonality and Trend). 
The level and seasonal factors are initialized using A Mail abies onl Oia 


= 0.9(42,227 — 45427.33) 


formulas (9.13) and (9.14). The trend factors are initialized 
0: 1(=5,617.38) = =4385,99 


using formula (9.22): 


Other calculations are similar. To forecast period 37, we use 


by = [(42,227 — 39,810)/12 + (45,422 — 40,081)/12 formula (9.21): 


+... + (49,278 — 44,186)/12]/12 


= 462.48, fort = 1,2,..., 12 F36+1 = gg + bg6(1) + Sag-12+1 = 49,267 units 
Using Equation (9.20), the forecast for period 13 is Notice from the chart that the additive model appears 
to fit the data extremely well. Again, we can easily experi- 
Fy3 = ayo + byo + Sy = 45,427.33 ment with different values of the smoothing constants to 
+ 462.48 + (—5,617.33) = 39,810.00 find a best fit using an error measure such as MAD or MSE. 


Holt-Winters Multiplicative Seasonality Model with Trend 


The Holt-Winters multiplicative model is similar to the additive model for seasonality, but 
with a trend component: 


Level component: a, = a(A;,/S,—5) + (1 — a)(a,—, + Da) 
Trend component: b, = B(a, — a,—-,) + (1 — B)b,-, 


(9.23) 
Seasonal component: S$, = y(A,/a,) + (1 — y) S,—, 
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> Figure 9.20 = 


Portion of Excel File New | 1. New Car Retail Sales 
Car Sales 


Year Month Units 

Jan 39,810 
Feb 40,081 New Car Sales 
Mar 47,440 
Apr 47,297 _—‘|-©5,000 
May 49,211 | 60,000 
Jun 51,479 


Jul 46,466 | 55,000 
Aug 45,208 50,000 
Sep 44,800 
Oct 46,989 | 45,000 
Nov 42, 161 40,000 
Dec 44,186 
Jan 42,227 35,000 
Feb 45,422 30,000 
— ee F we we SS oe Ro S we we » a Ro e we we > ce Roy 
May 53,572 


IT ee 


EVD INS TENS DUIS et peek eth ee Fak feeb pk Sk ok feh | t beoh 


8 
om | 


Pe UES as Sn I te 
lodel with Seasonality and Trend _ 


ie 


a B aaa Car Sales 
: 03 02 03 aK 
Period (rt) Units Level(a) Trend (b) Seasonality (S) Forecast (F) 
4 39,810745427.33, 462.48 -5617.33_ 
2 40,081 4542733 462.48 -5346.33 
3 47,440 4542733, 462.48 2012.67 — 
4 47.297 4542733 46248 1869.67 
5 49.211 4542733 462.48 2843.57 
6 51,479 4542733 462.48 4911.87 
7 46,466 4542733 462.48 1136.07 | 
8 45,208 45427.33 462.48 10.43. 
944,800 4542733 462.48 _ -280.24 
10 46.989 45427.33 462.48 1896.69 
45427.33 462.48 -2826.09 
45427 33 462.48 -1118.24 A So 
46476.17. 579.75 4385.99 40272.48 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 
48169.64 802.50 -3007.51 41709.59 
4989920. 987.91 3959.49 50984.81 Period 
16 50.926 50337.87 878.06 _ 716.28 2756.77 
17 53.572 5106968 848.81 2536.44  54059.50 
18 54920 5134539 734.19 3708.34  56830.36 
19 54.449 5244958 808.19 1913.08 53215.64 } | 
20 56,079 54107.27, 978.09 1773.51 3247.34 _ 
21 52.177' 54296.93, 820.40 -1935.96 54805.12 
22 50,087 53039.22 40478 -2467.33 57014.02 
23 48,513 5281253 278.49 4152.19 $0617.91 
24 49.278 5228259 116.80 -2815.95 51972.78 
25) 48,134 | 52435.57 124.04 4310.01 48013.40 
26 54.887 5416008 444.13 353.48 49552.09 
27 61,064 55354.30, 594.15) 5534.68 58563.70 
28 53,350 54954.03, 395.27 -1372.00 56664.73 
29 59.467 55823.67 490.14 3532.64 57885.74 
30 59,370 56118.17 451.01 3297.48 6002215 
31 55,088 55550.90 247.36 _-225.30 58482.26 
32 59,349 5633143 353.99) 2893.17 5757177 
33 54,472 5660218 337.34 -2110.76 54749.46 
34 53,164 56547.07 258.85 -3291.49 §4472.19 
35 48,793\55647.70, 27.21, -6584,45 
36 46,956 53904.02  -326.97 -6534.81 


rar) 


| 
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a Figure 9.21 
Excel Implementation of Holt-Winters Additive Model for Seasonality and Trend 


The forecast for period t + | is 
Fray = (a, + B)St-5+1 (9.24) 
The forecast for k periods beyond the last period of observed data (period 7) is 


Frog = (Gr + brk)St-s+k (9.25) 


376 Chapter9 Forecasting Techniques 


v TABLE 9.1 
Forecasting Model Choice 
No Seasonality Seasonality 
No trend Simple moving average Holt-Winters additive or multiplicative 
or simple exponential seasonality models without trend or 
smoothing multiple regression 
Trend Double exponential Holt-Winters additive or multiplicative 
smoothing seasonality models with trend 


Initialization is performed in the same way as for the multiplicative model without trend. Again, 
this model can be implemented in a similar fashion on a spreadsheet as the additive model. 


Selecting Appropriate Time-Series-Based Forecasting Models 


Table 9.1 summarizes the choice of forecasting approaches. 


. CHECK YOUR UNDERSTANDING 


1. Explain how to use dummy variables and set up worksheets to apply regression analy- 
sis for seasonal forecasting models. 


2. Explain how to use the Holt-Winters model for seasonality and no trend. 
3. Explain how to use the Holt-Winters model for seasonality and trend. 


4. State what forecasting techniques are most appropriate for time series that may exhibit 
seasonality and/or trend. 


an Regression Forecasting with Causal Variables 


In many forecasting applications, other independent variables besides time, such as eco- 
nomic indexes or demographic factors, may influence the time series. For example, a man- 
ufacturer of hospital equipment might include such variables as hospital capital spending 
and changes in the proportion of people over the age of 65 in building models to forecast 
future sales. Explanatory/causal models, often called econometric models, seek to iden- 
tify factors that explain statistically the patterns observed in the variable being forecast, 
usually with regression analysis. We will use a simple example of forecasting gasoline 
sales to illustrate econometric modeling. 


EXAMPLE 9.16 


Forecasting Gasoline Sales Using Simple Linear Regression 


Figure 9.22 shows gasoline sales over ten weeks dur- shows a linear trend, although A? is not very high. The 
ing June through August along with the average price trendline is 


per gallon and a chart of the gasoline sales time series 
with a fitted trendline (Excel file Gasoline Sales). During 
the summer months, it is not unusual to see an increase Using this model, we would predict sales for week 11 as 


in sales as more people go on vacations. The chart Sales = 4,790.1 + 812.99(11) = 13,733 Gallons 


Sales = 4,790.1 + 812.99 Week 
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> Figure 9.22 7 as ale eek — , 
: A B C D E F G H } } K 
Gasoline Sales Data and | 1 Gasoline Sales ae = : r , pon ast 
pontine | : Gallons Sold Week Price/Gallo Gellonsccl \ Pee ae 
2 hai 2 = 0.6845 
| 4 7815 4 $3.95 16000 | 
5 5541 2 $4.20 14000 i 
| 6 5650 3 $4.12) conan 
| 7 soag 4 $3.98 | 
| 8 7600 5 SA.0f) | 20000 
| 9 11430 6 $3.92. s000 | 
| 10 9190 7 $4.03 
fa sso sé g308 
| {2721 9 $3.92 | 4000 
| 14830 10 $3.90 2000 
| 14 $3.80 


0 


al ae el ol oe oo 


On Aw b&w NY 


In the Gasoline Sales data, we also see that the average price per gallon changes each 
week, and this may influence consumer sales. Therefore, the sales trend might not simply 
be a factor of steadily increasing demand, but it might also be influenced by the average 
price per gallon. The average price per gallon can be considered as a causal variable. 
Multiple linear regression provides a technique for building forecasting models that incor- 
porate not only time, but also other potential causal variables. 


Incorporating Causal Variables in a Regression-Based Forecasting Model 


For the Gasoline Sales data, we can incorporate the price/ Notice that the R? value is higher when both variables 

gallon by using two independent variables. This results in are included, explaining more than 86% of the variation in 

the multiple regression model the data. If the company estimates that the average price 
Sales = By + By Week + Bo Price/Gallon for the next week will drop to $3.80, the model would fore- 


cast the sales for week 11 as 
The results are shown in Figure 9.23, and the regression 


: Sales = 72,333.08 + 508.67 x 11 — 16,463.20 < 3.80 
model is 


= 15,368 gallons 
Sales = 72,333.08 + 508.67 * Week — 16,463.20 x Price/Gallon 


tes CHECK YOUR UNDERSTANDING 


1. Explain the purpose of explanatory/causal (econometric) models. 


2. Describe how to use multiple linear regression for causal forecasting. 


as The Practice of Forecasting 


Surveys of forecasting practices have shown that both judgmental and quantitative meth- 
ods are used for forecasting sales of product lines or product families as well as for 
broad company and industry forecasts. Simple time-series models are used for short- and 
medium-range forecasts, whereas regression analysis is the most popular method for long- 
range forecasting. However, many companies rely on judgmental methods far more than 
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> Figure 9.23 Dirt the Ge nm a a 2 ees - F 6 


SUMMARY OUTPUT 


al 


Regression Results for 
Gasoline Sales 


N 


3 Regression Statistics 


| 4 Multiple R 0,.930528528 | 
|S RSquare 0.865883342 
| 6 AdjustedR Square  0,827564297 | 
| 7 Standard Error 1235.400329 
| 8 Observations 10 

10 ANOVA 
ha df SS MS F Significance F 
| 2 Regression 2 68974748.7 34487374.35 22.59668368 0.000883465 

113 Residual 7 10683497.8 1526213,972 

| 14 Total 9 79658246.5 

6 Coefficients | Standard Error t Stat P-value Lower 95% Upper 95% 
117 Intercept 72333.08447 21969.92267 3.292368642 0.013259225 20382.47252 124283.6964 
8 Week 508,6681395 168.1770861 3.024598364 0.019260863 110,9925232 906,3437559 | 


| 19 Price/Gallon 


-16463.19901 5351.082403 -3.076611005 0.017900405 -29116.49823 -3809.899786 | 


quantitative methods, and almost half judgmentally adjust quantitative forecasts. In this 
chapter, we focus on these three approaches to forecasting. 

In practice, managers use a variety of judgmental and quantitative forecasting tech- 
niques. Statistical methods alone cannot account for such factors as sales promotions, 
unusual environmental disturbances, new product introductions, large one-time orders, and 
so on. Many managers begin with a statistical forecast and adjust it to account for intangi- 
ble factors. Others may develop independent judgmental and statistical forecasts and then 
combine them, either objectively by averaging or in a subjective manner. It is important to 
compare quantitatively generated forecasts to judgmental forecasts to see if the forecast- 
ing method is adding value in terms of an improved forecast. It is impossible to provide 
universal guidance as to which approaches are best, because they depend on a variety of 
factors, including the presence or absence of trends and seasonality, the number of data 
points available, the length of the forecast time horizon, and the experience and knowledge 
of the forecaster. Often, quantitative approaches will miss significant changes in the data, 
such as reversal of trends, whereas qualitative forecasts may catch them, particularly when 
using indicators as discussed earlier in this chapter. 


oe eo ee ee ee Se ee 
ANALYTICS IN PRACTICE: Forecasting at NBCUniversal@ 


NBCUniversal (NBCU), a subsidiary of Comcast, is one of advertising time, which generates the majority of revenues, 
the world’s leading media and entertainment companies _ begins. The broadcast networks sell 60% to 80% of their air- 
in the distribution, production, and marketing of entertain- time inventory during a brief period starting in late May and 
ment, news, and information. The television broadcast lasting two to three weeks. This sales period is known as the 
year in the United States starts in the third week of upfront market. Immediately after announcing their program 
September. The major broadcast networks announce — schedules, the networks finalize their ratings forecasts and 
their programming schedules for the new broadcast year estimate the market demand. The ratings forecasts are pro- 
in the middle of May. Shortly thereafter, the sale of jections of the numbers of people in each of several 


*Based on Srinivas Bollapragada, Salil Gupta, Brett Hurwitz, Paul Miles, and Rajesh Tyagi, “NBC-Uni- 
versal Uses a Novel Qualitative Forecasting Technique to Predict Advertising Demand,” Interfaces, 38, 2 
(March-April 2008): 103-111. 


demographic groups who are expected to watch each air- 
ing of the shows in the program schedule for the entire 
broadcast year. After they finalize their ratings projections 
and market-demand estimates, the networks set the rate 
cards that contain the prices for commercials on all their 
shows and develop pricing strategies. 

Forecasting upfront market demand has always been 
a challenge. NBCU initially relied on historical patterns, 
expert knowledge, and intuition for estimating demand. 
Later, it tried time-series forecasting models based on his- 
torical demand and leading economic indicator data and 
implemented the models in a Microsoft Excel-based sys- 
tem. However, these models proved to be unsatisfactory 
because of the unique nature of NBCU’s demand popula- 
tion. The time-series models had fit and prediction errors 
in the range of 5% to 12% based on the historical data. 
These errors were considered reasonable, but the sales 
executives were reluctant to use the models because the 
models did not consider several qualitative factors that 
they believed influence the demand. As a result, they did 
not trust the forecasts that these models generated; there- 
fore, they never used them. Analytics staff at NBCU then 
decided to develop a qualitative demand forecasting model 
that captures the knowledge of the sales experts. 

Their approach incorporates the Delphi method and 
“grass-roots forecasting,” which is based on the concept of 
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asking those who are close to the end consumer, such as 
salespeople, about the customers’ purchasing plans, along 
with historical data to develop forecasts. Since 2004, more 
than 200 sales and finance personnel at NBCU have been 
using the system to support sales decisions during the 
upfront market when NBCU signs advertising deals worth 
more than $4.5 billion. The system enables NBCU to sell 
and analyze pricing scenarios across all NBCU’s television 
properties with ease and sophistication while predicting 
demand with a high accuracy. NBCU’s sales leaders credit 
the system with having given them a unique competitive 
advantage. 


tes CHECK YOUR UNDERSTANDING 


1. Discuss practical considerations in forecasting. 


2. How are the different types of forecasting methods used together? 


Cyclical effect 
Delphi method 


Double exponential smoothing 


Econometric model 
Historical analogy 


Holt-Winters additive seasonality 


model with no trend 


Holt-Winters additive seasonality 


model with trend 
Holt-Winters models 


Holt-Winters multiplicative seasonality 


model with no trend 


Holt-Winters multiplicative seasonality 


model with trend 


Index 

Indicator 

Mean absolute deviation (MAD) 

Mean absolute percentage error 
(MAPE) 

Mean square error (MSE) 

Root mean square error (RMSE) 

Seasonal effect 

Simple exponential smoothing 

Simple moving average 

Smoothing constant 

Stationary time series 

Time series 

Trend 
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Me CHAPTER 9 TECHNOLOGY HELP 


Excel Techniques the Input Range of the time-series data, the Damp- 
ing Factor, which is (1 — a@)—not the smoothing 
constant a—and the first cell of the Output Range, 
which should be adjacent to the first data point. You 
also have options for labels, to chart output and to 
obtain standard errors. 


Moving Average tool (Example 9.6): 
Select Data Analysis and then Moving Average 
from the Analysis group. In the dialog box, enter the 
Input Range of the data, the /nterval (the value of 
k), and the first cell of the Output Range. To align 
the actual data with the forecasted values in the Analytic Solver 
worksheet, select the first cell of the Output Range 
to be one row below the first value. We do not 
recommend using the chart or error options because 
the forecasts generated by this tool are not properly 
aligned with the data. 


Analytic Solver provides a set of tools for forecasting. See 
the online supplement Using Forecasting Techniques in 
Analytic Solver. We suggest that you first read the online 
supplement Getting Started with Analytic Solver Basic. 
This provides information for both instructors and students 
Exponential Smoothing tool (Example 9.10): on how to register for and access Analytic Solver. 

Select Data Analysis and then Exponential Smooth- 

ing from the Analysis group. In the dialog, enter 


i. PROBLEMS AND EXERCISES 


Qualitative and Judgmental Forecasting (that is, random, stationary, trend, seasonal, or 
1. Identify some business applications in which judg- eyeeby A 
mental forecasting techniques such as historical anal- b. In forecasting the future, discuss whether all or 
ogy and the Delphi method would be useful. only a portion of the data should be used. 
2. Search the Conference Board’s Web site to find 5. Use http://www.fao.org/faostat/en/#data to extract 


business cycle indicators, and the components and 
methods adopted to compute the same. Write a short 
report about your findings. 


Statistical Forecasting Models 


3. For each of the time series in the following Excel 


files, construct a line chart of the data and identify 
the characteristics of the time series (that is, random, 
stationary, trend, seasonal, or cyclical). 


Closing Stock Prices 
Unemployment Rates 
New Car Sales 


Housing Starts 


po a2o5 


Prime Rate 


- The Excel file Energy Production & Consumption 
provides data on production, imports, exports, and 
consumption. 


a. Develop line charts for each variable and 
identify the characteristics of the time series 


an annual dataset for any topic of your interest that 
would aid in constructing a statistical forecasting 
model analysis. Download the relevant dataset into 
an Excel workbook, develop a line chart for the cho- 
sen variables, and forecast the data. What would be 
the forecasts for the next five years? 


Forecasting Models for Stationary Time Series 


6. For the data in the Excel file Airport Passengers, do 
the following: 


a. Develop a spreadsheet for forecasting the number 
of airport passengers using a simple three-period 
moving average. 


b. Compute MAD, MSE, and MAPE error measures. 


7. The Excel file New Registered Users provides data 
on new registrations to an App on a monthly basis 
for four years. Compare the 3- and 12-month moving 
average forecasts using the MAD criterion. Explain 
which model yields better results and why. 


8. 


10. 


The Excel file Closing Stock Prices provides data 
for four stocks and the Dow Jones Industrial Average 
over a one-month period. 


a. Develop a spreadsheet for forecasting each of the 
stock prices and the DJIA using a simple two- 
period and three-period moving average. 

b. Compute MAD, MSE, and MAPE and determine 
whether two or three moving average periods is 
better. 


. The Excel file Stock Prices provides data for four 


stocks and the stock exchange average over a 12-day 

period. 

a. Use Excel’s Data Analysis Exponential Smooth- 
ing tool to forecast each of the stock prices using 
simple exponential smoothing with a smoothing 
constant of 0.3. 


b. Compute the MAD, MSE, and MAPE for each of 
the models. 


c. Does a smoothing constant of 0.1 or 0.5 yield bet- 
ter results? 


For the data in the Excel file Airport Passengers, do 

the following: 

a. Develop a spreadsheet for forecasting the number 
of airport passengers using simple exponential 
smoothing with smoothing constants from 0.1 to 
0.9 in increments of 0.1. 


b. Using MAD, MSE, and MAPE as guidance, find 
the best smoothing constant. 


Forecasting Models for Time Series with a 
Linear Trend 


ala 


12: 


13. 


14. 


For the coal production example using double expo- 
nential smoothing (Example 9.11), experiment with 
the spreadsheet model to find the best values of a and 
B that minimize MAD. 


Consider the data in the Excel file Consumer Price 
Index. Use the double exponential smoothing proce- 
dure to find forecasts for the next two years. 


Consider the prices for the Stock Exchange in the 
Excel file Stock Prices. Use simple linear regression 
to forecast the data. What would be the forecasts for 
the next three days? 


Consider the data in the Excel file Consumer Price 
Index. Use simple linear regression to forecast the 
data. What would be the forecasts for the next two 
years? 


15. 
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Consider the data in the Excel file Internet Users. 
Use simple linear regression to forecast the data. 
What would be the forecast for the next three years? 


Forecasting Time Series with Seasonality 


16. 


17. 


18. 


19. 


20. 


21. 


23. 


24. 


Develop a multiple linear regression model with cat- 
egorical variables that incorporate seasonality for 
forecasting the deaths caused by accidents in the 
United States. Use the data for years 1976 and 1977 
in the Excel file Accident Deaths. Use the model to 
generate forecasts for the next nine months, and com- 
pare the forecasts to actual observations noted in the 
data for the year 1978. 


Develop a multiple regression model with categorical 
variables that incorporate seasonality for forecasting 
sales using the last three years of data in the Excel 
file Auto Sales. 


Develop a multiple regression model with categorical 
variables that incorporate seasonality for forecasting 
2010 housing starts using the 2008 and 2009 data in 
the Excel file Housing Starts. 


Develop a multiple regression model with categorical 
variables that incorporate seasonality for forecasting 
for the data in the Excel file Tourists Arrival. 


For Example 9.14, experiment with the Holt-Winters 
Additive Model for Seasonality spreadsheet to find 
the best combination of a and y to minimize MAD. 


Modify the Excel file Holt-Winters Additive Model for 
Seasonality (see Example 9.14) to implement the Holt- 
Winters multiplicative seasonality model with no trend. 


. For Example 9.15, experiment with the Holt-Winters 


Additive Model for Seasonality and Trend spread- 
sheet model to find the best combination of a, B, and 
y to minimize MSE. 


Modify the Excel file Holt-Winters Additive Model 


for Seasonality and Trend for the New Car Sales data 


(see Example 9.15) to implement the Holt-Winters 
multiplicative seasonality model with trend. Try to 
find the best combination of a, B, and y to minimize 
MSE, and compare your results with Problem 22. 


The Excel file CD Interest Rates provides annual aver- 
age interest rates on six-month certificate of deposits. 
Compare the Holt-Winters additive and multiplica- 
tive models using a = 0.7, B = 0.3, y = 0.1, anda 
season of six years. Try to fine-tune the parameters 
using the MSE criterion. 
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25. Using Table 9.1, determine the most appropriate fore- 
casting technique for the data in the Excel file DJIA 
December Close and implement the model. 


26. Using Table 9.1, determine the most appropriate 
forecasting technique for the data in the Excel file 
Mortgage Rates and implement the model. 


27. Using Table 9.1, determine the most appropriate fore- 
casting technique for the data in the Excel file Prime 
Rate and implement the model. 


28. Using Table 9.1, determine the most appropriate 
forecasting technique for the data in the Excel file 
Treasury Yield Rates and implement the model. 


29. Using Excel’s Moving Average tool for the data in 
the Excel file Occupancy, identify the moving trend 


for each of the hotels, motels, backpacker hostels, 
and holiday parks. 


Regression Forecasting with Causal Variables 


30. Data in the Excel File Microchips shows the demand 
for one type of chip used in industrial equipment 
from a small manufacturer. 


a. Construct a chart of the data. What appears to 
happen when a new chip is introduced? 


b. Develop a causal regression model to forecast 
demand that includes both time and the introduc- 
tion of a new chip as explanatory variables. 


c. What would the forecast be for the next month if 
a new chip is introduced? What would it be if a 
new chip is not introduced? 


a, CASE: PERFORMANCE LAWN EQUIPMENT 


An important part of planning manufacturing capac- 
ity is having a good forecast of sales. Elizabeth Burke is 
interested in forecasting sales of mowers and tractors in 
each marketing region as well as industry sales to assess 
future changes in market share. She also wants to forecast 


future increases in production costs. Using the data in 
the Performance Lawn Equipment Database, develop 
forecasting models for these data and prepare a report of 
your results with appropriate charts and output from Excel. 
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LEAR NING fe) BJECTIVES After studying this chapter, you will be able to: 


= Define data mining and some common approaches u Understand k-nearest neighbors and discriminant 
analysis for classification. 


= Explain how cluster analysis is used to explore and w Describe association rule mining and its use in market 
reduce data. basket analysis. 

= Explain the purpose of classification methods and = Use correlation analysis for cause-and-effect 
how to measure classification performance, and the modeling. 
use of training and validation data. 


used in data mining. 
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Introduction to Data Mining 


In an article in Analytics magazine, Talha Omer observed that using a cell phone to 
make a voice call leaves behind a significant amount of data. “The cell phone pro- 
vider knows every person you called, how long you talked, what time you called 
and whether your call was successful or if was dropped. It also knows where you 
are, where you make most of your calls from, which promotion you are responding 
to, how many times you have bought before, and so on.”' Considering the fact that 
the vast majority of people today use cell phones, a huge amount of data about 
consumer behavior is available. Similarly, many stores now use loyalty cards. At 
supermarkets, drugstores, retail stores, and other outlets, loyalty cards enable con- 
sumers to take advantage of sale prices available only to those who use the card. 
However, when they do, the cards leave behind a digital trail of data about pur- 
chasing patterns. How can a business exploit these data? If they can better under- 
stand patterns and hidden relationships in the data, they can not only understand 
buying habits but also customize advertisements, promotions, coupons, and so on 
for each individual customer and send targeted text messages and e-mail offers 
(we’re not talking spam here, but registered users who opt into such messages). 

Data mining is a rapidly growing field of business analytics that is focused on 
better understanding characteristics and patterns among variables in large data- 
bases using a variety of statistical and analytical tools. Many of the tools that we 
have studied in previous chapters, such as data visualization, data summarization, 
PivotTables, and correlation and regression analysis, are used extensively in data 
mining. However, as the amount of data has grown exponentially, many other sta- 
tistical and analytical methods have been developed to identify relationships among 
variables in large data sets and understand hidden patterns that they may contain. 

Many data-mining procedures require advanced statistical knowledge 
to understand the underlying theory and special software to implement them. 
Therefore, our focus is on simple applications and understanding the purpose 
and application of data-mining techniques rather than their theoretical underpin- 
nings. In an optional online supplement, we describe the use of Analytic Solver 
for implementing data-mining procedures. 
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as The Scope of Data Mining 


Data mining can be considered part descriptive and part prescriptive analytics. In descrip- 
tive analytics, data-mining tools help analysts to identify patterns in data. Excel charts and 
PivotTables, for example, are useful tools for describing patterns and analyzing data sets; 


“ ; 
Talha Omer, “From Business Intelligence to Analytics,” Analytics (January/February 2011): 20. 
www.analytics-magazine.org. 
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however, they require manual intervention. Regression analysis and forecasting models 
help us to predict relationships or future values of variables of interest. As some research- 
ers observe, “the boundaries between prediction and description are not sharp (some of the 
predictive models can be descriptive, to the degree that they are understandable, and vice 
versa).~ In most business applications, the purpose of descriptive analytics is to help man- 
agers predict the future or make better decisions that will impact future performance, so we 
can generally state that data mining is primarily a predictive analytic approach. 
Some common approaches in data mining include the following: 


® Cluster analysis. Some basic techniques in data mining involve data exploration and 
“data reduction’ —that is, breaking down large sets of data into more-manageable 
groups or segments that provide better insight. We have seen numerous techniques 
earlier in this book for data exploration and data reduction. For example, charts, 
frequency distributions and histograms, and summary statistics provide basic 
information about the characteristics of data. PivotTables, in particular, are very 
useful in exploring data from different perspectives and for data reduction. Data 
mining software provide a variety of tools and techniques for data exploration that 
complement or extend the concepts and tools we have studied in previous 
chapters. This involves identifying groups in which the elements of the groups are 
in some way similar. This approach is often used to understand differences among 
customers and segment them into homogenous groups. For example, Macy’s 
department stores identified four types of customers defined by their lifestyle: 
“Katherine,” a traditional, classic dresser who doesn’t take a lot of risks and likes 
quality; “Julie,” neotraditional and slightly more edgy but still classic; “Erin,” a 
contemporary customer who loves newness and shops by brand; and “Alex,” the 
fashion customer who wants only the latest and greatest (they have male versions 
also).? Such segmentation is useful in design and marketing activities to better tar- 
get product offerings. These techniques have also been used to identify character- 
istics of successful employees and improve recruiting and hiring practices. 

= Classification. Classification is the process of analyzing data to predict how to 
classify a new data element. An example of classification is spam filtering in an 
e-mail client. By examining textual characteristics of a message (subject header, 
key words, and so on), the message is classified as junk or not. Classification 
methods can help predict whether a credit card transaction may be fraudulent, 
whether a loan applicant is high risk, or whether a consumer will respond to an 
advertisement. 

w Association. Association is the process of analyzing databases to identify natural 
associations among variables and create rules for target marketing or buying rec- 
ommendations. For example, Netflix uses association to understand what types 
of movies a customer likes and provides recommendations based on the data. 
Amazon.com also makes recommendations based on past purchases. Supermar- 
ket loyalty cards collect data on customers’ purchasing habits and print coupons 
at the point of purchase based on what was currently bought. 

m Cause-and-effect modeling. Cause-and-effect modeling is the process of devel- 
oping analytic models to describe the relationship between metrics that drive 
business performance—for instance, profitability, customer satisfaction, or 


2Usama Fayyad, Gregory Piatetsky-Shapiro, and Padhraic Smyth, “From Data Mining to Knowledge Dis- 
covery in Databases,” AJ Magazine, American Association for Artificial Intelligence (Fall 1996): 37-54. 
3Here’s Mr. Macy,” Fortune (November 28, 2005): 139-142. 
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employee satisfaction. Understanding the drivers of performance can lead to bet- 
ter decisions to improve performance. For example, the controls group of Johnson 
Controls, Inc., examined the relationship between satisfaction and contract 
renewal rates. They found that 91% of contract renewals came from customers 
who were either satisfied or very satisfied, and customers who were not satisfied 
had a much higher defection rate. Their model predicted that a one-percentage- 
poiut increase in the overall satisfaction score was worth $13 million in service 
contract renewals annually. As a result, they identified decisions that would 
improve customer satisfaction. Regression and correlation analysis are key tools 
for cause-and-effect modeling. 


a. CHECK YOUR UNDERSTANDING 


1. What is the purpose of data mining? 


2. Explain the basic concepts of cluster analysis, classification, association, and 
cause-and-effect modeling. 


we Cluster Analysis 


Cluster analysis, also called data segmentation, is a set of techniques that seek to group 
or segment a collection of objects (that is, observations or records) into subsets or clusters, 
such that those within each cluster are more closely related to one another than objects 
assigned to different clusters. The objects within clusters should exhibit a high amount of 
similarity, whereas those in different clusters will be dissimilar. 

Cluster analysis is a data-reduction technique in the sense that it can take a large num- 
ber of observations, such as customer surveys or questionnaires, and reduce the information 
into smaller, homogenous groups that can be interpreted more easily. The segmentation of 
customers into smaller groups, for example, can be used to customize advertising or pro- 
motions. As opposed to many other data-mining techniques, cluster analysis is primarily 
descriptive, and we cannot draw statistical inferences about a sample using it. In addition, 
the clusters identified are not unique and depend on the specific procedure used; therefore, 
it does not result in a definitive answer but only provides new ways of looking at data. 
Nevertheless, it is a widely used technique. 

There are two major methods of clustering—hierarchical clustering and k-means clus- 
tering. In hierarchical clustering, the data are not partitioned into a particular cluster in a 
single step. Instead, a series of partitions takes place, which may run from a single cluster 
containing all objects to n clusters, each containing a single object. Hierarchical clustering 
is subdivided into agglomerative clustering methods, which proceed by series of fusions 
of the n objects into groups, and divisive clustering methods, which separate n objects 
successively into finer groupings. Figure 10.1 illustrates the differences between these two 
types of methods. Agglomerative techniques are more commonly used. 

An agglomerative hierarchical clustering procedure produces a series of partitions of 
the data, P,, P,-),..., P;. P, consists of n single-object clusters, and P, consists of a single 
group containing all n observations. At each particular stage, the method joins together 
the two clusters that are closest together (most similar). At the first stage, this consists of 
simply joining together the two objects that are closest together. Different methods use dif- 
ferent ways of defining distance (or similarity) between clusters. 


“Steve Hoisington and Earl Naumann, “The Loyalty Elephant,” Quality Progress (February 2003); 33-41. 
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> Figure 10.1 Divisive Methods 


Agglomerative Versus 
Divisive Clustering pans 


A Ca) (ucla) TS) — ») Agglomerative Methods 


Measuring Distance Between Objects 


The most commonly used measure of distance between objects is Euclidean distance. 
This is an extension of the way in which the distance between two points on a plane is 
computed as the hypotenuse of a right triangle (see Figure 10.2). The Euclidean distance 
measure between two points (x1, X2,..., X,) and (yj, yz,..-, Y_) Is 


Vix — yi)? + (2 — yp)? #20 + On — yn)? (10.1) 


Some clustering methods use the squared Euclidean distance (that is, without the square 
root) because it speeds up the calculations. 


Applying the Euclidean Distance Measure 


Figure 10.3 shows a portion of the Excel file Co/leges and students in the top 10% of their high school, and gradu- 


Universities. The characteristics of these institutions differ ation rate. We can use the Euclidean distance measure in 
quite widely. Suppose that we wish to cluster them into formula (10.1) to measure the distance between them. 
more homogeneous groups based on the median SAT, For example, the distance between Amherst and 
acceptance rate, expenditures/student, percentage of Barnard is 


(1315 — 1220)? + (22% — 53%)? + (26,636 — 17,653)* + (85 — 69)* + (93 — 80)? 


= 8,983.53 
We can implement this easily by using the Excel or arrays. Therefore, the distance between Amherst and 
function SUMXMY2(array_x, array_y), which sums the Barnard would be computed by the Excel formula = 
squares of the differences in two corresponding ranges SQRT(SUMXMY2(C4:G4, C5:G5)). 


» Figure 10.2 (X5,Y5) 


Computing the Euclidean 
Distance Between Two 
Points 


Yo-Vq 
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> Figure 10.3 at Ee a a na Ae i ae = one G 


A 
Portion of the Excel Colleges and Universities 


1 


File Colleges and School Type Median SAT Acceptance Expenditures/Student _ 
Universities 4 Amherst Lib Arts 1315 22% $ 26,636 
| 5 Bamard Lib Arts 1220 53% $ 17,653 
6 Bates Lib Arts 1240 36% $ 17,554 
7 Berkeley University 1176 37% $ 23,665 | 
8 Bowdoin Lib Arts 1300 24% $ 25,703 78 90 | 
| 9 Brown University 1281 24% $§$ 24,201 80 90 
10 Bryn Mawr Lib Arts 1255 56% $ 18,847 70 84 


Normalizing Distance Measures 


When the data have different orders of magnitude, the distance measure can easily be 
dominated by the large values. Therefore, it is customary to standardize (or normalize) 
the data by converting them into z-scores. These are computed in the Excel file Colleges 
and Universities Cluster Analysis Worksheet. Using these, the distance measure between 
Amherst and Barnard is 


V((0.8280 — (—0.6877))2 + (—1.2042 — 1.1141)? + (—0.2214 — (—0.0824))? + 


(0.7967 — (—0.3840))2 + (1.3097 — (—0.4356))2 
= 3.5284 


A distance matrix between the first five colleges is shown in Table 10.1. 


Clustering Methods 


One of the simplest agglomerative hierarchical clustering methods is single linkage clus- 
tering, which is an agglomerative method that keeps forming clusters from the individual 
objects until only one cluster is left. In the single linkage method, the distance between two 
clusters r and s, D(r, s), is defined as the minimum distance between any object in cluster 
rand any object in cluster s. In other words, the distance between two clusters is given by 
the value of the shortest link between the clusters. Initially, each cluster simply consists of 
an individual object. At each stage of clustering, we find the two clusters with the mini- 
mum distance between them and merge them together. 

Another method that is basically the opposite of single linkage clustering is called 
complete linkage clustering. In this method, the distance between clusters is defined as the 
distance between the most distant pair of objects, one from each cluster. A third method is 
average linkage clustering. Here the distance between two clusters is defined as the average 
of distances between all pairs of objects, where each pair is made up of one object from each 
group. Other methods are average group linkage clustering, which uses the mean values for 
each variable to compute distances between clusters, and Ward’s hierarchical clustering 


4 paw 10.1 Amherst Barnard Bates Berkeley Bowdoin 

eee Amherst 0 3.5284 2.7007 4.2454 0.7158 
Barnard 0 1.8790 2.8901 2.9744 
Bates 0 3.9837 2.0615 
Berkeley 0 3.8954 
Bowdoin 0 
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method, which uses a sum-of-squares criterion. Different methods generally yield different 
results, so it is best to experiment and compare the results. In the following example, we 


illustrate single linkage clustering. 


Single Linkage Clustering 


We will apply single linkage clustering to the first five schools 
in the Excel file Colleges and Universities Cluster Analysis 
Worksheet. Looking at the distance matrix in Table 10.1, we 
see that the smallest distance occurs between Amherst and 
Bowdoin (0.7158). Thus, we join these two into a cluster. 
Next, recalculate the distance between this cluster and the 
remaining colleges by finding the minimum distance between 
any college in the cluster and the others. This results in the 
distance matrix shown in Table 10.2. Note that the smallest 
distance between either Amherst or Bowdoin and Barnard, 
for instance, is MIN(B.5284, 2.9744). This becomes the dis- 
tance between the Amherst/Bowdoin cluster and Barnard. 


In Table 10.2, the smallest distance is between 
Barnard and Bates (1.879). Therefore, we join these two 
colleges into a second cluster. This results in the distance 
matrix shown in Table 10.3. 

Next, we join the Amherst/Bowdoin and Barnard/Bates 
clusters together, as the smallest distance in Table 10.3 
is 2.06125. This results in the distance matrix shown in 
Table 10.4. Only one option remains, that is, to join Berkeley 
to the cluster of other colleges. 

If we examine the original data, we can see that 
Amherst and Bowdoin, and Barnard and Bates have similar 
profiles, but that Berkeley is quite different: 


Acceptance Expenditures/ 
School Type Median SAT Tare (%) Students Top 10% HS Graduation % 
Amherst Lib Arts 1315 22 $26,636.00 85 93 
Bowdoin Lib Arts 1300 24 $25,703.00 78 90 
Bamard Lib Arts 1220 53 $17,653.00 69 80 
Bates Lib Arts 1240 36 $17,554.00 58 88 
Berkeley University 1176 37 $23,665.00 95 68 


> Table 10.2 


Distance Matrix After First 
Clustering 


» Table 10.3 


Distance Matrix After 
Second Clustering 


> Table 10.4 


Distance Matrix After Third 
Clustering 


Amherst/Bowdoin Barnard Bates Berkeley 
Amherst/Bowdoin 0 2.9744 2.0615 3.8954 
Barnard 0 1.879 2.8901 
Bates 0 3.8937 
Berkeley 0 
Amherst/Bowdoin Barnard/Bates Berkeley 
Amherst/Bowdoin 0 2.0615 3.8954 
Barnard/Bates 0 2.8901 
Berkeley 0 
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Amherst/Bowdoin/Barnard/Bates Berkeley 
ee ae re cl i ict a ee “Shira dae amet ema care Te 


Amherst/Bowdoin/Barnard/Bates 0 2.8901 
Berkeley 0 
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> Figure 10.4 


Dendogram for Colleges and 
Universities Example 


ae Classification 


2.8901 i 


2.0615 + 


1.879 


0.7158 


Amherst Bowdoin Barnard Bates Berkeley 


At various stages of the clustering process, there are different numbers of clusters. We 
can visualize this using a dendogram, which is shown in Figure 10.4. The y-axis measures 
the intercluster distance. A dendogram shows the sequence in which clusters are formed 
as you move up the diagram. At the top, we see that all clusters are merged into a single 
cluster. If you draw a horizontal line through the dendogram at any value along the y-axis, 
you can identify the number of clusters and the objects in each of them. For example, if 
you draw a line at the distance value of 2.0, you can see that we have the three clusters: 
{Amherst, Bowdoin}, {Barnard, Bates}, and {Berkeley}. 


meg CHECK YOUR UNDERSTANDING 


1. What is the difference between agglomerative and divisive clustering methods? 
2. How are distances between objects measured in cluster analysis? 


3. Explain how single linkage clustering works. 


Classification methods seek to classify a categorical outcome into one of two or more cat- 
egories based on various data attributes. For each record in a database, we have a categori- 
cal variable of interest (for example, purchase or not purchase, high risk or no risk), and a 
nuinber of additional predictor variables (age, income, gender, education, assets, etc.). For 
a given set of predictor variables, we would like to assign the best value of the categorical 
variable. We will be illustrating various classification techniques using the Excel database 
Credit Approval Decisions. 

A portion of this database is shown in Figure 10.5. In this database, the categorical 
variable of interest is the decision to approve or reject a credit application. The remain- 
ing variables are the predictor variables. Because we are working with numerical data, 
however, we need to code the Homeowner and Decision fields numerically. We code the 
Homeowner attribute “Y” as 1 and “N” as 0; similarly, we code the Decision attribute 
“Approve” as | and “Reject” as 0. Figure 10.6 shows a portion of the modified database 
(Excel file Credit Approval Decisions Coded). 
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> Figure 10.5 aaa mas SRSA RES RISA 
; | A B ( D E F 

Portion of the Excel File 1 Credit Approval Decisions 
Credit Approval Decisions Be : | 
13 Homeowner CreditScore Years of Credit History Revolving Balance Revolving Utilization Decision | 
| 4 Y 725 20 $ 11,320 25% Approve | 
| s Y 573 9 $ 7,200 70% Reject | 
6 ¥ 677 a $ 20,000 55% Approve 
7 N 625 15 $ 12,800 65% Reject 
3 N 527 12 $ 5,700 75% Reject | 
Y 795 22 $ 9,000 12% Approve 
| 10 N 733 7 $ 35,200 20% Approve 
Ld. N 620 5 $ 22,800 62% Reject | 
12 Y 591 17 $ 16,500 50% Reject 
1 ae 660 24 $ 9,200 35% Approve 
> Figure 10.6 gt = oe “os 7 
a ; A B Cc D & r i 
Modified Excel File with 1 Coded Credit Approval Decisions ; 
Numerically Coded Variables s | 
3 Homeowner CreditScore Years of CreditHistory Revolving Balance Revolving Utilization Decision 
4 1 725 20 $ 11,320 25% 4 
5 1 573 9 $ 7,200 70% 0 
6 1 677 14 $ 20,000 55% 1 | 
| 7 0 625 15 $ 12,800 65% o | 
| 8 0 527 ae $ 5,700 75% 0 | 
19 1 795 22 $ 9,000 12% 1 
| 10 0 733 7 $ 35,200 20% 1 
j 11 0 620 5 $ 22,800 62% 0 
| 12 1 591 itr $ 16,500 50% 0 
| 13 1 660 24 $ 9,200 35% 1 


An Intuitive Explanation of Classification 


To develop an intuitive understanding of classification, we consider only the credit score 
and years of credit history as predictor variables. 


Figure 10.7 shows a chart of the credit scores and 

years of credit history in the Credit Approval Decisions 
data. The chart plots the credit scores of loan applicants 
on the x-axis and the years of credit history on the y-axis. 
The large bubbles represent the applicants whose 

credit applications were rejected; the small bubbles 
represent those that were approved. With a few 
exceptions (the points at the bottom right corresponding 
to high credit scores with just a few years of credit 
history that were rejected), there appears to be a clear 
separation of the points. When the credit score is 
greater than 640, the applications were approved, but 
most applications with credit scores of 640 or less were 
rejected. Thus, we might propose a simple classification 


Classifying Credit-Approval Decisions Intuitively 


rule: approve an application with a credit score greater 
than 640. 

Another way of classifying the groups is to use both 
the credit score and years of credit history by visually 
drawing a straight line to separate the groups, as shown in 
Figure 10.8. This line passes through the points (763, 2) and 
(595, 18). Using a little algebra, we can calculate the equa- 
tion of the line as 


Years = —0.095 x Credit Score + 74.66 


Therefore, we can propose a different classification rule: 
whenever Years + 0.095 x Credit score = 74.66, the 
application is rejected; otherwise, it is approved. Here 
again, however, we see some misclassification. 


Although this is easy to do intuitively for only two predictor variables, it is more 
difficult to do when we have more predictor variables. Therefore, more-sophisticated 
procedures are needed, as we will discuss. 
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> Figure 10.7 


Chart of Credit-Approval 
Decisions 
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» Figure 10.8 


Alternate Credit-Approval 
Classification Scheme 


Credit-Approval Decisions 


Years of Credit History 


Measuring Classification Performance 


As we saw in the previous example, errors may occur with any classification rule, result- 
ing in misclassification. One way to judge the effectiveness of a classification rule is to 
find the probability of making a misclassification error and summarizing the results in a 
classification matrix, which shows the number of cases that were classified either cor- 
rectly or incorrectly. 
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EXAMPLE 10.4 Classification Matrix for Credit-Approval Classification Rules 


In the credit-approval decision example, using just the credit off-diagonal elements in the table are the frequencies of mis- 
score to classify the applications, we see that in two cases, classification, whereas the diagonal elements are the numbers 
applicants with credit scores exceeding 640 were rejected, that were correctly classified. Therefore, the probability of 

out of a total of 50 data points. Table 10.5 shows a clas- misclassification was &, or 0.04. We leave it as an exercise for 


sification matrix for the credit score rule in Figure 10.7. The you to develop a classification matrix for the second rule. 


Table 10. 
i. i s Predicted Classification 
lassification Matrix for OTe Ct. AEN oe |e AE GES Sen ee ey Sees 
PisciiSeire Bale Actual Classification Decision = 1 Decision = 0 
Decision = 1 23 2 
Decision = 0 0 25 


The purpose of developing a classification model is to be able to classify new records. 
After a classification scheme is chosen and the best model is developed based on existing 
data, we use the predictor variables as inputs to the model to predict the output. 


Classifying Records for Credit Decisions Using Credit Scores and Years 
of Credit History 


The Excel files Credit Approval Decisions and Credit records to be 1 and the rest to be O. If we use the alternate 
Approval Decisions Coded include a small set of new rule developed in Example 10.3, which includes both the 
records that we wish to classify in the worksheet Records to credit score and years of credit history—that is, reject the 
Classify. These records are shown in Figure 10.9. If we use application if Years + 0.095 x Credit Score = 74.66—then 
the simple credit score rule from Example 10.3, that a score the decisions would be as follows. Only the last record 

of more than 640 is needed to approve an application, then would be approved. 


we would classify the decision for the first, third, and sixth 


Years of Credit Revolving Revolving Years + 0.095* 


Homeowner Credit Score History Balance Utilization Credit Score Decision 
1 700 8 $21,000.00 15% 74.50 0 
520 1 $4,000.00 90% 50.40 
1 650 10 $8,500.00 25% 71.75 0 
0 602 re $16,300.00 70% 64.19 0 
0 549 2 $2,500.00 90% 54.16 0 
1 $16,700.00 18% 85.49 1 


Classification Techniques 


We will describe two different data-mining approaches used for classification: k-nearest 
neighbors and discriminant analysis. 
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> Figure 10.9 


Additional Data in the 
Excel File Credit Approval 
Decisions Coded 


EXAMPLE 10.6 


| ° A 'B eT Re ‘<i Rives D E F 
1 

te Homeowner Credit Score Years of Credit History Revolving Balance Revolving Utilization Decision | 
3 1 700 8 $21,000 15% | 
4 0 520 1 $4,000 90% 
5 1 650 10 $8,500.00 25% 
6 0 602 if $16,300.00 70% 
7 0 549 2 $2,500.00 90% 
8 1 $16,700.00 18% 


k-Nearest Neighbors (k-NN) 


The k-nearest neighbors (k-NN) algorithm is a classification scheme that attempts to 
find records in a database that are similar to one we wish to classify. Similarity is based 
on the “closeness” of a record to numerical predictors in the other records. In the Credit 
Approval Decisions database, we have the predictors Homeowner, Credit Score, Years of 
Credit History, Revolving Balance, and Revolving Utilization. We seek to classify the deci- 
sion to approve or reject the credit application. 

Suppose that the values of the predictors of two records X and Y are labeled 
(X}, %2,...,%,) and (y;, Y2,.. -,¥y.). We measure the distance between two records by the 
Euclidean distance in formula (10.1). Because predictors often have different scales, they 
are often standardized before computing the distance. 

Suppose we have a record X that we want to classify. The nearest neighbor to that 
record is the one that has the smallest distance from it. The 1-NN rule then classifies record 
X in the same category as its nearest neighbor. We can extend this idea to a k-NN rule 
by finding the k-nearest neighbors to each record we want to classify, and then assigning 
the classification as the classification of a majority of the k-nearest neighbors. The 
choice of k is somewhat arbitrary. If k is too small, the classification of a record is very 
sensitive to the classification of the single record to which it is closest. A larger k reduces 
this variability, but making k too large introduces bias into the classification decisions. 
For example, if k is the count of the entire data set, all records will be classified the 
same way. Like the smoothing constants for moving average or exponential smoothing 
forecasting, some experimentation is needed to find the best value of k to minimize 
the misclassification rate. Data-mining software usually provides the ability to select 
a maximum value for k and evaluate the performance of the algorithm on all values of 
kK up to the maximum specified value. Typically, values of k between | and 20 are used, 
depending on the size of the data sets, and odd numbers are often used to avoid ties in 
computing the majority classification of the nearest neighbors. 


The Excel file Credit Approval Decisions Classification Data 

provides normalized data for the credit-approval decision 

records (see Figure 10.10). We would like to classify the new 

records using the decisions that have already been made. 
Consider the first new record, 51. Suppose we set 

k = 1 and find the nearest neighbor to record 51. Using the 


Using k-NN for Classifying Credit-Approval Decisions 


Euclidean distance measure in formula (10.1), we find that 
the record having the minimum distance from record 51 is 
record 27. Since the credit decision was to approve, we 
would classify record 51 as an approval. 

We can easily implement the search for the near- 
est neighbor in Excel using the SMALL, MATCH, and 
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VLOOKUP functions. To find the kth smallest value in an records are numbered 1 through 50, this will identify the 
array, use the function =SMALLA@array, k). To identify the correct record number. Then we can use the VLOOKUP 
record associated with this value, use the MATCH func- function to identify the decision associated with the record. 
tion with match_type = 0 for an exact match. Since the The formulas used in the example file are shown below. 


Nearest Neighbors 


> 


Distance Record Decision 
=SMALL(SO$4:$0$53, 1) =MATCH(R25, $0$4:$0$53, 0) =VLOOKUP(S25, $A$4:$G$53, 7) 
=SMALL(SO$4:$0$53, 2) =MATCH(R26, $0$4:$0$53, 0) =VLOOKUP(S26, $A$4:$G$53, 7) 
=SMALL(SO$4:$0$53, 3) =MATCH(R27, $0$4:$0$53, 0) =VLOOKUP(S27, $A$4:$G$53, 7) 
=SMALL(SOS4:$0$53, 4) =MATCH(R28, $0$4:$0$53, 0) =VLOOKUP(S28, $A$4:$G$53, 7) 
=SMALL(SO$4:$0$53, 5) =MATCH(R29, $0$4:$0$53, 0) =VLOOKUP(S29, $A$4:$G$53, 7) 


a f- © NH —- 


Using larger values of k helps to smooth the data and mitigate overfitting. Therefore, if k = 5, we find the following: 


Nearest Neighbors 


Distance Record Decision 
1.04535 27 Approve 
1.14457 46 Approve 
1.17652 26 Approve 
1.22300 23 Approve 
1,35578 3 Approve 


a & GO N =| = 


Because all of these records have an approve decision, would use the majority decision, although other rules, which 
we would classify record 51 as approve also. In general, we can impact classification error rates, can also be applied. 


(i PaaS SAO AAS SS YER SEARO ETC RRA SLO AI EAE BALAN SRL LA TRATES 


4 J K L M N fo} Fis Scie R- s i oes peed Vine fein eRe West 
yi _ Normalized Data Records to Classify i 
2 Record 61 4 
3 Homeowner Credit Score Years of Credit History Revolving Balance Revolving Utilization Decision Distance Record Homeowner Credit Score Years of Credit History Revolving Balance Revolving Utilization Decision 4 
ce 0.914 0.808 4.442 0.291 0.704 Approve 2.28710 54 1 700 8 $21,000 15% Ft 
5) 0.914 0.884 0.748 0.682)Reject $2 0 520 fl $4,000 90% i 
G 0.914 0.275 0.220 Approve 53 1 650 10 $5,500.00 25% 

vail -1.073 0.3 0.528 Reject 54 0 02 7 $16,300.00 70% i 
3] 1.073 1.392 0.636 Reject 55 0 549 2 $2,500.00 90% i 
9 | 0.914 1585 -1.404 Approve 2 56. 4 742 16 $16,700.00 18% i 
i} 10! 4.073 0.858 Approve H 
142} 4.073 9.435 Reject Normalized Records if 
32 0.914 0.066 Reject i 
is 0.914 0.396 Approve 3 Record Homeowner Credit Score Years of Credit History Revolving Balance Revolving Utilization Decision | 
#14) 0.914 0.919 \Apprave 51 0.914 0.530 -0.534 0.784 1.012 i 
51 0,914 41.082 Reject 52 1.073 -1.469 1.686. ~1,103, 1,297) a 
418 | 0.914 0.682 Reject 53 0914 -0.025 -0.204 0. 604 ~0.704 j 
coal 4,073 4.205|Reject 3.69320 54 ~1,073 40.559 -0 698 0.262 0.682 H 
18 0.944 -1.258,Approve 2.03698 55, -1.073 “1,147 4 522 1 270 1.297 q 

19 | 0.914 -1.320\Approve (4.686768 56 0.914 0.997 0619 0.306 0.919 
20: 1.073 0.343/Relect_ 2.53381 ij 
27] “1,073 0.959 Reject 3.62116 i 
22 0.914 4.361|Approve 2.50458 Nearest Neighbors j 
433 4.073, 0.682/Reject _|9.07594 i 
241 4.073 4.605 Reject 4.24708 K Distance Record Decision i} 
25] ~1.073 0.427 Reject 2.66841 1 1,04536 27 Approve q 
26 0.914 0.704 Approve 1.22300 2 1.14457 46 Approve . i 
-1.073 -1.135 Approve 2.91816 3 1.17662 26 Approve i 
0914 ~1.320 Approve (1.75921 a 1.22300 23 Approve 4 
9 0.796|Approve \1.17652 5 4.35578 Re ee — ees Ee Se | 
sn ON rat SEES ISNA RPSL STIPE SNP NI III IESE TIS DET LS IEEE I EET LE NEEDLE DELETE ITE 


Portion of Credit Approval Decisions Classification Data Excel File 
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Discriminant Analysis 


Discriminant analysis is a technique for classifying a set of observations into predefined 
classes. The purpose is to determine the class of an observation based on a set of predic- 
tor variables. We will illustrate discriminant analysis using the Credit Approval Decisions 
data. With only two classification groups, we can apply regression analysis. Unfortunately, 
when there are more than two, linear regression cannot be applied, and special software 
must be used. 


Classifying Credit Decisions Using Discriminant Analysis 


> Figure 10.11 


For the credit-approval data, we want to model the deci- 
sion (approve or reject) as a function of the other variables. 
Thus, we use the following regression model, where Y rep- 
resents the decision (0 or 1): 


Y = bo + 61 X Homeowner + bo X Credit Score 
+ bz X Years Credit History + by, x Revolving Balance 
+ bs * Revolving Utilization 


The estimated value of the decision variable is called 
a discriminant score. The regression results are shown 
in Figure 10.11. Because Y can assume only two values, 
it cannot be normally distributed; therefore, the statistical 
results cannot be interpreted in their usual fashion. The esti- 
mated regression function is 


Y = 0.567 + 0149 x Homeowner + 0.000465 x Credit Score 
+ 0.00420 x Years Credit History + 0 « Revolving Balance 
— 1.0986 < Revolving Utilization 


For example, the discriminant score for the first record 
would be calculated as 


Y = 0.567 + 0.149 x 1 + 0.000465 x 725 + 0.00420 x 20 
+ 0 X 11320 — 1.0986 x 25% = 0.862 


The Excel file Credit Approval Decisions Discriminant 
Analysis shows the results (Figure 10.12). Below the data, 
we calculate the averages for each group of decisions. 
(Note that the data have been sorted by decision to facili- 
tate computing averages.) 

Next, we need a rule for classifying observations 
using the discriminant scores. This is done by computing 
a cut-off value so that if a discriminant score is 
less than or equal to it, the observation is assigned to 
one group; otherwise, it is assigned to the other group. 
While there are several ways of doing this, one simple 
way is to use the midpoint of the average discriminant 
scores: 


Cut-Off Value = (0.9083 + 0.0781)/2 = 0.4932 


We see that all approval decisions have discriminant 
scores above this cut-off value, while all rejection deci- 
sions have scores below it. Data-mining software has 
more sophisticated ways of performing the classifica- 
tions. We may use this cut-off value to classify the new 
records. This is shown in Figure 10.13. 


+ 
: ig 

Regression Results | suyisiaay ourput 
13 
i 4 Regression Statistics 
5 | Motiple R 0911190075 
i 6 (R Square 0.830268994 
17 Adjusted R Square | 0810981379 
8 Standard Error 0.218884522 
9 | Observations 50 
" 10 | 
111 |ANOVA 
4 12) df ss MS e Significance F 
13 | Regression 5 10.3119409 2.062388181 43.04674383 7.33307E-16 
| 14 Residual 44 2.108059097 0.047910434 
| 15 [Total 49 12.42 
i 16 : 
{17 Coefficients Standard Error t Stat P-value Lower 95% | Upper 95% | Lower 95.0% Upper 95.0% 4 
{18 Intercept 0567045347 0.478648652 1.184679712 0.242503847) -0.39760763) 1.53169832' -0.39760763 1.53169832 
j19 Homeowner 0.149103522 0.090877595 1.640707181 0.107988621 -0.03404824 0.33225528 -0.03404824 0.33225598 | 
| 20 | Credit Score 0.000464676 0.00059988 0.774615018 0.442710032  _-0.0007443  0.00167365| -0.0007443' 0.00167365 | 
[21 Years of Credit Histor 0.004198118 0.006744824 0.622420643 0,.536877785 -0.00939518 0.01779142 -0.00939518 0.01779142 
22 Revolving Balance -8.6449E-07 3.79441E-06 -0.227833217 0.820831342 -8.5116E-06 6.7826E-06 -8.5116E-06 6.7826E-06 | 
| 23 Revolving Utilization _-1.09861334 0.196984059 -5.57716874 1.40586E-06 -1.49560862 -0.70161805 
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-1.49560862 


070161805 | 
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> Figure 10.12 
Discriminant Calculations 


i __ Discriminant | 
Homeowner Credit Score Years of CreditHistory Revolving Balance Revolving Utilization Decision Score 


1 725 | 20 Is 11,320 25% 4 0.8526 
S| 1 677 4 § 20,000 | 55% 1 0.4554 
1 795 | 22 is 9,000 12% 4-7 10383 
0 733 : 7 5 35,200 _ 20% 1 | 0.6869 
1 660 24 $s 9,200 | 35% 4 0.7341 
1 700 19 [$s 22,000 18% 4 0.9044 
1 774 EE 1 6,100 7% 4 1.0482 
1 202. | 40 $ 40,500 | 5% 4 1.0668 
4 811 20 $ 13,400 3% 4 1.1324 
co 1 642 13 $ 16,000 25% 1 0.7806 
4) ue 688 3 ps 3,300) 11% =] 0.7756 | 
ca 1 649 Tie )$ 7,500 5% 1 1.0067 | 
6 | 1 695 15 $ 20,300 22% i 0.8428 i 
Pi 1 701 9 1 11,709 15% 1 0.9048 
# | 1 677 12 $ 7,600 95% 1 0.9757 | 
8 | 1 699 sh $ __ 12,800 27% 1 0.8046 [8 
20 Piss W096 io epi ($s 10,000 20% 4 09068 fi 
21 | 1 695 16 $ 9,700 11% 1 0.3770 
22) pa er oT aes ee is S400: foe 7% 1 1.0482 
ees 1 [aoe 10 $ 10,500 | 5% 1 1,0668 
3 24) 1 [Bite ok 20 is 43,400) 3% tok 
25 1 } 702 1 ‘s 41,700 ~ 15% 4 
26 | 1 733 15 $ 43,000 24% 4 
27 1 573 9 $ 7,200 70% 6 
i 28 | 0 625 16 Ls 12,800 , Oe | 0 
23 | 0 527 12 $s 5700; 75% o- 
| 33 | o 620 | 5 $ 22800, 82% ae Bi 
a 1 591 7 ARG [7 RR): 
Z| ; at 500 _ 16 $ 42,500 “83% sO 
i Te 565 6 i$ 7,700) 70%. Le 
0 20 3 $ 37,400 87% 0 
1 aes SO eae EB ar Ug 17,300) 50% aL 
0 _ 523 Seige 27,000! 79% fear Ow Wie: 
Oo” 763 z Ts 11,200 70% oath 
0 555 4 i$ 2,500 100%. G 
0 Bt Q = 8400; 4% o 
6 635 7 ane 29,100 85% 6 
a er 507 |. se is 2,000; 100% ee 
a 45 | 5 ie 1,000 80% 0 
oO 582 _ 3 sm 8500! 65% (pea Fie 
o) 585 18 oy 31,000, 78% a 
x aia 620 ap aS Ch ara ay a ae 
ii oe 640 7 Pen 17,300 | cae ae 
1 Oo” 536 14 $ 27,000 79% 0 
: o 760 2 Cy 14,200 | 70% 0 
0 567 4 $ 2,200 95% ee 
a 30° 0 600 | ic RRS 2) ee aes 
51. a 4 21 el are Ba Ee __ 29,100 i Ae a Te SS 
| ci ye 509 3 $ 2000) 100% o 
"53 | 0 595 18 $ 29,000 | 78% 0 
© 54 [Averages i = & _4 
$5 |Approve ” 0.9130 7 723.3913 ” 445217” ~~ 12622.6087, 0.1648 ri | 09083 | 
fa ineect ___¥ 02202 F 5917037 7 8.4444 _f _15064.1111 [RT 
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Credit Score Years of Credit History Revalving E Balance Revolving Utilization Score 
8 ; $21,000 Ai 15% 0.8921 
1 | -0.1793 


0.7782 


0.0930 
-0.1604 od 
0.9117 


a Figure 10.13 
Classifying New Records Using Discriminant Scores 


i CHECK YOUR UNDERSTANDING 


1. Explain the purpose of classification. 

2. How is classification performance measured? 

3. Explain the k-nearest neighbors algorithm for classification. 
4 


. Describe when regression can be used for discriminant analysis. 
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as Association 


Association rules identify attributes that frequently occur together in a given data set. 
Association rule mining, often called affinity analysis, seeks to uncover interesting asso- 
ciations and/or correlation relationships among large sets of data. A typical and widely 
used example of association rule mining is market basket analysis. For example, super- 
markets routinely collect data using barcode scanners. Each record lists all items bought 
by a customer for a single-purchase transaction. Such databases consist of a large number 
of transaction records. Managers would be interested to know if certain groups of items 
are consistently purchased together. They could use these data for adjusting store layouts 
(placing items optimally with respect to each other), for cross-selling, for promotions, for 
catalog design, and to identify customer segments based on buying patterns. Association 
rule mining is how companies such as Netflix and Amazon.com make recommendations 
based on past movie rentals or item purchases, for example. 


EXAMPLE 10.8 Custom Computer Configuration 


Figure 10.14 shows a portion of the Excel file PC Purchase If the manufacturer can better understand what types of 
Data. The data represent the configurations for a small components are often ordered together, it can speed up 
number of orders of laptops placed over the Web. The final assembly by having partially completed laptops with 
main options from which customers can choose are the the most popular combinations of components configured 
type of processor, screen size, memory, and hard drive. prior to order, thereby reducing delivery time and improving 


A “1” signifies that a customer selected a particular option. customer satisfaction. 


Association rules provide information in the form of if-then statements. These rules 
are computed from the data but, unlike the if-then rules of logic, association rules are 
probabilistic in nature. In association analysis, the antecedent (the “if” part) and conse- 
quent (the “then” part) are sets of items (called item sets) that are disjoint (do not have any 
items 1n common). 

To measure the strength of association, an association rule has two numbers that 
express the degree of uncertainty about the rule. The first number is called the support 
for the (association) rule. The support is simply the number of transactions that include 
all items in the antecedent and consequent parts of the rule. (The support is sometimes 


vy Figure 10.14 


Portion of the Excel File PC 
Purchase Data 


f 


A B F D 
PC Purchase Data 


3 Processor Screen Size Memory Hard Drive 


5 
2 
4 | | | 
5 Intel Core i3 Intel Core iS Intel Core i7 10-inch screen 12-inch screen 15-inch screen 2GB 4GB 8GB 320GB 500GB 750GB 
7 
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3 


ce 


| 10 
11 
12 

13 
14 


| 


o-0o00}000 
-_ooo9coo.-— 
fo ofa Oo OVO 
O7no+=02205 
5 
-o0000000 
o-0O}-/00+0— 


\2Aceco00000 


| 
| 
| 
| 


COs20300=0 
Oona oOu- ONO 
CODD CO OA0O 
bau D00=-=00 

Conam400-0 


| 


Chapter 10 Introduction to Data Mining 399 


expressed as a percentage of the total number of records in the database.) One way to think 
of support is that it is the probability that a randomly selected transaction from the data- 
base will contain all items in the antecedent and the consequent. The second number is the 
confidence of the (association) rule. Confidence is the ratio of the number of transactions 
that include all items in the consequent as well as the antecedent (namely, the support) to 
the number of transactions that include all items in the antecedent. The confidence is the 
conditional probability that a randomly selected transaction will include all the items in the 
consequent given that the transaction includes all the items in the antecedent: 


P(Antecedent and Consequent ) 


P(Antecedent ) Ces 


Confidence = P (Consequent|Antecedent) = 


The higher the confidence, the more confident we are that the association rule provides 
useful information. 

Another measure of the strength of an association rule is lift, which is defined as the 
ratio of confidence to expected confidence. Expected confidence is the number of transac- 
tions that include the consequent divided by the total number of transactions. Expected 
confidence assumes independence between the consequent and the antecedent. Lift pro- 
vides information about the increase in probability of the “then’’ (consequent) given the 
“if? (antecedent) part. The higher the lift ratio, the stronger the association rule; a value 
greater than 1.0 is usually a good minimum. 


EXAMPLE 10.9 Measuring Strength of Association 


0.8% = 800/100,000) and a confidence of 

40% (= 800/2,000). Suppose the number of total 
transactions for C is 5,000. Then expected confidence 
is 5,000/100,000 = 5%, and lift = confidence/ 
expected confidence = 40% /5% = 8. 


Suppose that a supermarket database has 100,000 point- 
of-sale transactions, out of which 2,000 include both 

items A and B and 800 of these include item C. The asso- 
ciation rule “If A and B are purchased, then C is also pur- 
chased” has a support of 800 transactions (alternatively, 


Association rule mining requires special data-mining software to identify good rules. 
However, we can obtain an intuitive understanding of this technique by examining correla- 
tions, as the next example illustrates. 


Using Correlations to Explore Associations 


EXAMPLE 10.10 


Figure 10.15 shows the correlation matrix for the data in the 
PC Purchase Data file. Of course, this only shows the cor- 
relation between pairs of variables; however, it can provide 
some insight for understanding associations. Higher cor- 
relations have been highlighted. For example, we see that 
the highest correlation is between the Intel Core i7 and a 
750-GB hard drive. Twelve records have the Core i7, and 
17 records have a 750-GB hard drive. If we compute the 
SUMPRODUCT of these two columns in the data, we find 
that 8 of the 67 records have both of these components. 

A simple association rule is /f an Intel Core i7 is chosen (the 


antecedent), then a 750-GB hard drive is purchased (the 
consequent). The support for this rule is 8, and the con- 
fidence is (8/67)/(12/67) = 8/12 = 67%. The expected 
confidence is 17/67; thus, the lift is (8/12)/(17/67) = 2.683. 
We also see a moderate correlation between the 
Core i7 and an 8-GB memory. Thus, we might propose 
the rule /f an Intel Core i7 and 8-GB memory are purchased 
(the antecedent), then a 750-GB hard drive is purchased 
(the consequent). In this case, only four records have all 
three; hence the support is 4. Six records have both com- 
ponents of the antecedent; therefore, the confidence would 


(continued) 
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be (4/67)/(6/67) = 4/6 = 67%. The expected confidence 6 have both. Five records have all three items. Consider the 

is 17/67; therefore, the lift is (4/6)/(17/67) = 2.63. Neither rule /f a 15-inch screen and 8-GB memory are purchased, 

rule has a stronger association than the other. then a 750-GB hard drive is purchased. Thus, the support 
Finally, we also see a moderate correlation between is 5, and the confidence is (6/67)/(6/67) = 5/6 = 83%. 

a 15-inch screen and the 750-GB hard drive, as well as The expected confidence is 17/67, so the lift is 

between a 15-inch screen and 8-GB memory. Nineteen (6/6)/(17/67) = 3.28. This rule has a higher lift ratio and is 

records have a 15-inch screen, 13 have 8-GB memory, and therefore a stronger association rule. 


Intel Core i3 Intel Core i5 Intel Core i7 10 inch screen 12 inch screen 15 inch screen 26GB 4GB 8 GB 320 GB 500 GE _=750GB | 
| 2 | Intel Core i3 1 
> Intel Core i5 -0.68884672 1 
4 Intel Core i7  -0.32659863 -0.46017899 1 i 
| 5 |10 inch screen 0.279261486 -0.06166099 -0.26162798 1 ‘ 
| € 12 inch screen 0.031338159  -0.1052632 0.098863947 -0.535569542 1 
| 7 |15imeh screen -0.29888445 0.174976377 0.137915917 -0.352396093' -0.601585208 1 
& |2GB 0.103561074 0.111614497 -0.27236339 0.075646007 0.060469105 -0.13856480¢9 1 { 
| 9 |4GB 0.097654391 -0.04316721 -0.06331855  0.06538164 -0.009001195 -0.051869866 -0.59824393 1 ; 
10/8 GB -0.18232971 -0.10591632 0.361405355 -0.186296835 -0.015788849 0.193716103 -0.28609763 -0.56165237 1 i 
{ 31 320 GB 0. 194695858 0.042508385 -0.29387691 0.191267616 -0.203826567  0.04495614 0.013629326 0.282291771  -0.30869598 1 i 
i 12/500 GB -0.13890028 0.223414565 -0.12117953 0.041916288 0191413544 -0.251770128 0.078031873 -0.00558351' -0.00112979 -0.58382015 4 
; 13 | 750 GB -0.04251455 -0.30002796 0.443258072 -0.246149705 -0.008199201 0.241920528 -0.10352841 -0.18288286 0.32105073 -0.36685601 -0.54108944 1 


a Figure 10.15 
PC Purchase Data Correlation Matrix 


CHECK YOUR UNDERSTANDING 


1. What is association rule mining? 


2. Explain the concepts of support, confidence, and lift in association rule mining. 


an Cause-and-Effect Modeling 


Managers are always interested in results, such as profit, customer satisfaction and reten- 
tion, and production yield. Lagging measures, or outcomes, tell what has happened and 
are often external business results, such as profit, market share, and customer satisfac- 
tion. Leading measures (performance drivers) predict what will happen and usually are 
internal metrics, such as employee satisfaction, productivity, and turnovei. For example, 
customer satisfaction results in regard to sales or service transactions are a lagging mea- 
sure; employee satisfaction, sales representative behavior, billing accuracy, and so on are 
examples of leading measures that might influence customer satisfaction. If employees are 
not satisfied, their behavior toward customers could be negatively affected, and customer 
satisfaction could be low. If this can be explained using business analytics, managers can 
take steps to improve employee satisfaction, leading to improved customer satisfaction. 
Therefore, it is important to understand what controllable factors significantly influence 
key business performance measures that managers cannot directly control. Correlation 
analysis can help to identify these influences and lead to the development of cause-and- 


effect models that can help managers make better decisions today that will influence 
results tomorrow. 
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Recall from Chapter 4 that correlation is a measure of the linear relationship between 
two variables. High values of the correlation coefficient indicate strong relationships 
between the variables. The following example shows how correlation can be useful in 


cause-and-effect modeling. 


EXAMPLE 10.11 


The Excel file Ten Year Survey shows the results of 
40 quarterly surveys conducted by a major electronics 
device manufacturer, a portion of which is shown in 

Figure 10.16.° The data provide average scores on a 1-5 
scale for customer satisfaction, overall employee satisfac- 
tion, employee job satisfaction, employee satisfaction with 
their supervisor, and employee perception of training and 
skill improvement. Figure 10.17 shows the correlation 
mairix. All the correlations except the one between job 
satisfaction and customer satisfaction are relatively strong, 
with the highest correlations between overall employee 
satisfaction and employee job satisfaction, employee 


Using Correlation for Cause-and-Effect Modeling 


satisfaction with their supervisor, and employee perception 
of training and skill improvement. 

Although correlation analysis does not prove any cause 
and effect, we can logically infer that a cause-and-effect 
relationship exists. The data indicate that customer satisfac- 
tion, the key external business result, is strongly influenced 
by internal factors that drive employee satisfaction. Logically, 
we could propose the model shown in Figure 10.18. This 
suggests that if managers want to improve customer 
satisfaction, they need to start by ensuring good relations 
between supervisors and their employees and focus on 
improving training and skills. 


= B C D F i 
| 1. Ten Year Survey i 
1 2 | 

3 _ Survey Sample | Customer satisfaction Employee satisfaction Job satisfaction Satisfaction with supervisor Training and skill improvement i 

4 1 2.97 3.51 3.92 3.06 3.48 
| 5 2 3.71 3.58 4.13 3.06 2.57 

6 3 3.29 3.43 3.62 4.42 3.06 | 
We 4 2.05 3.81 4.12 4.31 celts | 
1 8 5 4.56 4.17 4.25 4.14 4.15 | 
| 9 6 4.28 4.13 4.13 4.57 3.61 
| 10 7 2.17 2.42 4.19 2.53 2.72 
}11 8 3.01 2.95 3.95 3.25 2.56 


4 Figure 10.16 
Portion of Ten Year Survey Data 


| A B C D E F 
1 Customer satisfaction | Employee satisfaction Job satisfaction Satisfaction with supervisor Training and skill improvement 
| 2 Customer satisfaction 1 
| 3 Employee satisfaction 0.493345395 { 
| 4 Job satisfaction 0.151693544 0.840444148 1 
5 Satisfaction with supervisor 0.495977225 0.881324581 0.606796166 il 
6 0.532307756 0.828657884 0.710624973 0.769700425 ars ahs eed a 


Training and skill improvement 


4 Figure 10.17 
Correlation Matrix of Ten Year Survey Data 


Mey CHECK YOUR UNDERSTANDING 


1. What is the difference between a leading and lagging measure? 


2. How is correlation used in cause-and-effect modeling? 


Based on a description of a real application by Steven H. Hoisington and Tse-His Huang, “Customer Sat- 
isfaction and Market Share: An Empirical Case Study of IBM’s AS/400 Division,” in Earl Naumann and 
Steven H. Hoisington (eds.) Customer-Centered Six Sigma (Milwaukee, WI: ASQ Quality Press, 2001). 
The data used in this example are fictitious, however. 
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> Figure 10.18 
Cause-and-Effect Model 


Satisfaction with 
Supervisor 


Customer 
Satisfaction 


Job 
Satisfaction 


Employee 
Satisfaction 


Training and Skill 
Improvement 


| oe a ee 


ANALYTICS IN PRACTICE: Successful Business Applications 
of Data Mining® 


Many different companies use data mining to seg- 
ment customers, identify the most profitable types of 
customers, reduce costs, and enhance customer relation- 
ships through improved marketing efforts. Some success- 
ful application areas of data mining include the following: 


m Apharmaceutical company analyzed sales force activity 
data to better target high-value physicians and deter- 
mine which marketing activities will have the greatest 
impact. Sales representatives can use the results and 
plan their schedules and promotional activities. 

= Acredit-card company used data mining to analyze cus- 
tomer transaction data to identify customers most likely 
to be interested in a new credit product. As a result, costs 


Helder Almeida/Shutterstock 


for mail campaigns decreased by more than 20 times. m A large consumer package goods company applied data 

m A\large transportation company used data mining to seg- mining to improve its retail sales process. They used data 
ment its customer base and identify the best types of from consumer panels, shipments, and competitor activ- 
customers for its services. By applying this segmentation ity to understand why customers choose different brands 
to a general business database such as those provided and switch stores. Armed with this data, the company can 
by Dun & Bradstreet, they can develop a prioritized list of select more effective promotional strategies. 


prospects for its regional sales force members. 


ee 


Agglomerative clustering methods Average linkage clustering 
Association rule mining Classification matrix 
Average group linkage clustering Cluster analysis 


Based on Kurt Thearling, “An Introduction to Data Mining,” White Paper from Thearling.com. http:// 
www.thearling.com/text/dmwhite/dmwhite.htm. 
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Complete linkage clustering 
Cut-off value Lagging measures 
Confidence of the (association) rule Leading measures 
Data mining Lift 

Dendogram 


k-nearest neighbors (k-NN) algorithm 


Market basket analysis 
Normalize 

Single linkage clustering 
Support for the (association) rule 
Ward’s hierarchical clustering 


Discriminant analysis 
Discriminant score 

Divisive clustering methods 
Euclidean distance 
Hierarchical clustering 


CHAPTER 10 TECHNOLOGY HELP 


Useful Excel Functions Analytic Solver 


SUMXMY2(array_x, array_y) Sums the squares of the Analytic Solver provides powerful data-mining tools. See 
differences in two corresponding ranges or arrays. the online supplement Using Data Mining in Analytic 
Solver. We suggest that you first read the online supple- 
ment Getting Started with Analytic Solver Basic. This pro- 
vides information for both instructors and students on how 
to register for and access Analytic Solver. 


SMALL<(array, k) Finds the kth smallest value in an array. 


MATCH (lookup_value, lookup_array, 0) Finds the posi- 
tion of an exact match to a lookup_value in a lookup_ 
array. 


& PROBLEMS AND EXERCISES 


Cluster Analysis 5. Using only Credit Score, Years of Credit History, 
Revolving Balance, and Revolving Utilization, apply 
single linkage cluster analysis to the first six records 


in the Excel file Credit Approval Decisions and draw 


1. Compute the Euclidean distance between the following 
set of points: 


a. (1.06, 9.2) and (0.89, 10.3) 
b. (1.6, 0.628, 9.077) and (2.2, 1.555, 5.088) 


. For the Excel file Pharmaceuticals, normalize each 
column of the numerical data (i.e., compute a Z-score 
for each of the values) and then compute the Euclid- 
ean distances between the following pharmaceutical 
companies: ABT, CHTT and MRX. 


. For the three clusters identified in Table 10.3, find the 
average and standard deviations of each numerical 
variable for the schools in each cluster and compare 
them with the average and standard deviation for the 
entire data set. Does the clustering show distinct dif- 
ferences among these clusters? 


. For the Excel file Total Population, find a normalized 
distance matrix between Arkansas, Delaware, South 
Carolina, and South Dakota states. Apply single link- 
age clustering to these states and draw a dendogram 
illustrating the clustering process. 


a dendogram illustrating the clustering process. 


. Apply single linkage cluster analysis to the first five 


records in the Excel file Sales Data, using the vari- 
ables Percent Gross Profit, Industry Code, and Com- 
petitive Rating, and draw a dendogram illustrating 
the clustering process. 


Classification 


7. Using the approach described in Example 10.6, clas- 


sify first record in the worksheet Records to Classify 
in the Excel file Train Journey Decisions by using 
the k-NN algorithm for k = 1 to 5. 


. Use the k-NN algorithm to classify the new data in 


the Excel file Additional Mortgage Defaulters using 
only credit score and value of loan as input variables. 


. Use discriminant analysis to classify the new records 


in the Excel file Train Journey Decisions using only 
hourly passenger and adult rate as input variables. 


404 Chapter 10 Introduction to Data Mining 


10. Extract the records and code the non-numerical data 
Company in the Excel file Train Journey Decisions. 
Apply the discriminant analysis to classify the occu- 
pied seats for the train passengers in the Records to 
Classify worksheet. 


Association 


11. The Excel file Auto Options provides data on options 
ordered together for a particular automobile model. 
By examining the correlation matrix, suggest some 
associations. 


12. The Excel file Automobile Options 2 provides data 
on options ordered together for a particular model of 
automobile. Consider the following rules: 


Rule 1: If Fastest Engine, then Traction Control. 


Rule 2: If Faster Engine and 16-inch Wheels, then 3 
Year Warranty. 


Compute the support, confidence, and lift for each of 
these rules. 


Cause and Effect Modeling 


13. Identify the leading and lagging measures for the 
variables provided in the Excel file Eraser. Find the 
correlation matrix and propose a cause-and-effect 
model using the strongest correlations. 


ts CASE: PERFORMANCE LAWN EQUIPMENT 


The worksheet Purchasing Survey in the Performance 
Lawn Care Database provides data related to predicting 
the level of business (Usage Level) obtained from a third- 
party survey of purchasing managers of firms that are cus- 
tomers of Performance Lawn Equipment.®° The seven PLE 
attributes rated by each respondent are the following: 

Delivery speed—the amount of time it takes to deliver 
the product once an order is confirmed 

Price level—the perceived level of price charged by 
PLE 

Price flexibility—the perceived willingness of PLE 
representatives to negotiate price on all types of purchases 

Manufacturing image—the overall image of the 
manufacturer 

Overall service—the overall level of service neces- 
sary for maintaining a satisfactory relationship between 
PLE and the purchaser 

Sales force image—the overall image of PLE’s sales 
force 

Product quality—perceived level of quality 

Responses to these seven variables were obtained 
using a graphic rating scale, where a 10-centimeter line 
was drawn between endpoints labeled “poor” and “‘excel- 
lent.” Respondents indicated their perceptions using a 
mark on the line, which was measured from the left end- 
point. The result was a scale from 0 to 10, rounded to one 
decimal place. 

Two measures were obtained that reflected the out- 
comes of the respondent’s purchase relationships with PLE: 


Usage level—how much of the firm’s total product 
is purchased from PLE, measured on a 100-point scale, 
ranging from 0% to 100% 

Satisfaction level—how satisfied the purchaser is 
with past purchases from PLE, measured on the same 
graphic rating scale as perceptions | through 7 

The data also include four characteristics of the 
responding firms: 

Size of firm—size relative to others in this market 
(0 = small; 1 = large) 

Purchasing structure—the purchasing method used in 
a particular company (1 = centralized procurement, 0 = 
decentralized procurement) 

Industry—the industry classification of the purchaser 
[1 = retail (resale such as Home Depot), 0 = private 
(nonresale, such as a landscaper)} 

Buying type—a variable that has three categories 
(1 = new purchase, 2 = modified rebuy, 3 = straight 
rebuy) 

Elizabeth Burke would like to understand what she 
learned from these data. 


a. What types of data-mining techniques might provide 
useful information? Explain. 

b. Develop a cause-and-effect model that can provide 
insights about the drivers of satisfaction and usage 
level. 


Summarize your results in a report to Ms. Burke. 


° The data and description of this case are based on the HATCO example on pages 28-29 in Joseph F. Hair, 
Jr., Rolph E. Anderson, Ronald L. Tatham, and William C. Black, Multivariate Analysis, 5th ed. (Upper 
Saddle River, NJ: Prentice Hall, 1998). : 


CHAPTER 


Spreadsheet Modeling 
and Analysis 


marekuliasz/Shutterstock 


After studying this chapter, you will be able to: 


a Explain how to use logic, business principles, influ- w Use Excel features and spreadsheet engineering to 
ence diagrams, and historical data to develop analytic ensure the quality of spreadsheet models. 

= Explain how model validity can be assessed. 

w Build spreadsheet models for descriptive, predictive, 


decision models. 
= Apply principles of spreadsheet engineering to 
designing and implementing spreadsheet and prescriptive applications. 


models. a Perform what-if analysis on spreadsheet models. 
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= Construct one- and two-way data tables using = Use the Excel Scenario Manager to evaluate different 
Excel. model scenarios. 

m Use data tables to analyze uncertainty in decision w Apply the Excel Goal Seek tool for break-even analysis 
models. and other types of models. 


Models are essential to understanding decision problems that managers face, 
predicting the outcomes of decision alternatives, and finding the best decisions 
to make; therefore, modeling is the heart and soul of business analytics. 

We introduced the concept of a decision model in Chapter 1. Decision mod- 
els transform inputs —data, uncontrollable inputs, and decision options —into out- 
puts, or measures of performance or behavior. When we build a decision model, 
we are essentially predicting what outputs will occur based on the model inputs. 
The model itself is simply a set of assumptions that characterize the relationships 
between the inputs and the outputs. The quality of a model depends on the qual- 
ity of the assumptions used to create it. This can only be assessed by compar- 
ing model outputs to known results, either from the past or in the future. Thus, 
model assumptions must be based either on sound logic and experience or on 
the analysis of historical data that may be available. 

In this chapter, we focus on building logical and useful decision models 
using spreadsheets. We also describe approaches for analyzing models to evalu- 
ate future scenarios and ask “what-if” questions to facilitate better business 
decisions. 

Being able to build spreadsheet models, understand their logic, and use them 
to evaluate scenarios are important skills that professionals in all areas of busi- 
ness can use in their daily work. For example, financial analysts use spreadsheet 
models for predicting cash flow requirements in the future; marketing analysts 
use them for evaluating the impact of advertising decisions and budget alloca- 
tions; operations personnel use them for planning production and staffing require- 
ments. Spreadsheet models are also used routinely in managerial accounting, 
investment banking, consulting activities, and many other areas. We will begin 
by considering some useful approaches to initiate the model-building process in 
order to get a better understanding of the scenarios that we wish to model using 
spreadsheets. 
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ANALYTICS IN PRACTICE: Using Spreadsheet Modeling and 
Analysis at Nestlé! 


Nestlé is a large and well-known global food and bever- 
age company. Nestlé’s executive information system (EIS) 
department gathers data from the firm’s subsidiaries (report- 
ing units) to provide top management with operational, finan- 
cial, and strategic information. The EIS department decided 
to improve its service by using Excel-based business analyt- 
ics tools and encourage analysts and controllers to make 
better use of the information that these tools provide. They 
developed descriptive, predictive, and prescriptive spread- 
sheet models for evaluating the economic profitability of 
investment decisions, setting selling prices, managing cash 
flows, and evaluating business opportunities and risks. 
Through this process, they discovered that spread- 
sheets were extremely useful for developing small and 
simple (but not simplistic) quality models. As a result, they 


made a concerted effort to increase the number of managers 
accustomed to using spreadsheet models and other analytic 
tools in their decision making. To do this, they developed and 
conducted seminars to train employees to use Excel to 
develop small spreadsheet models devoted to sensitivity 
analysis, forecasting, simulation, and optimization using 
mini-case studies. The teaching materials were adapted from 
real Nestlé data (for example, a forecast of the annual sales of 
ice cream in the U.S.). The goal was to encourage users to 
explore new problems by themselves and to apply these 
small and simple tools. The training courses became popular 
among Nestlé’s employees, increased the number of 
managers accustomed to analytic decision making, and 
established new reporting protocols imposing the use of 
analytic models. 
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as Model-Building Strategies 


Building decision models is more of an art than a science. Creating good decision models 
requires a solid understanding of basic business principles in all functional areas, such 
as accounting, finance, marketing, and operations, knowledge of business practice and 
research, and logical skills. Models often evolve from simple to complex and from deter- 
ministic to stochastic (see the definitions in Chapter 1), so it is generally best to start 
simple and enrich models as necessary. 


Building Models Using Logic and Business Principles 


We introduced the concept of using logic and business principles to develop models in 
Chapter |. For instance, Example 1.3 showed how to use the dimensions of terms to 
help develop logically consistent formulas. Example 1.4 described a decision model for 
outsourcing. Let us look more closely at the logic of how that model was developed. 


A Total Cost Decision Model 


To develop a mathematical model, we need to specify 
the precise nature of the relationships among these 
quantities. For example, we can easily state that 


From basic business principles, we know that the total 
cost of producing a fixed volume of a product is composed 
of fixed cost and variable cost. We also know that the 
variable cost depends on the unit variable cost as well as 


Total Cost = Fixed Cost + Variable Cost (11.1) 
the quantity produced. The quantity produced, however, 
is a decision option because it can be controlled by the 
manager of the operation. Goan 


' Adapted from Christophe Oggier, Emmanuel Fragniére, and Jeremy Stuby, “Nestlé Improves Its Finan- 
cial Reporting with Management Science,” Interfaces, Vol. 35, No. 4, July-August 2005, 271-280. 
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Using these relationships, we may develop a mathemati- 
cal representation by defining symbols for each of these 


quantities: 
C = Total cost 


Logic also suggests that the variable cost is the unit vari- 
able cost times the quantity produced. Thus, 


Variable Cost = Unit Variable Cost x Quantity Produced 


une) V = Unit variable cost 
By substituting this into equation (11.1), we have F = Fixed cost 
' : Q = Quantity produced 
Total Cost = Fixed Cost + Variable Cost This resiilts In the following model: 
= Fixed Cost + Unit Variable Cost C=F+VQ (11.4) 
x Quantity Produced (11.3) This descriptive model can be used to evaluate the cost for 


any input value of the quantity produced. 


Building Models Using Influence Diagrams 


Although it can be easy to develop a model from basic logic and business principles, as 
we illustrated in the previous example, most model development requires a more formal 
approach. A simple descriptive model is a visual representation called an influence diagram 
because it describes how various elements of the modei influence, or relate to, others. An 
influence diagram is a useful approach for conceptualizing the structure of a model and 
can assist in building a mathematical or spreadsheet model. The elements of the model are 
represented by circular symbols called nodes. Arrows called branches connect the nodes 
and show which elements influence others. Influence diagrams are quite useful in the early 
stages of model building when we need to understand and characterize key relationships. 


Developing a Decision Model Using an Influence Diagram 


We will develop a decision model for predicting profit in 
the face of uncertain future demand using an influence 
diagram, which is shown in Figure 11.1. We all know that 
profit depends on both revenues and costs. Thus, at the 
top of the influence diagram we see that both revenue and 
cost influence profit. Using some basic business logic, 

we can expand the influence diagram by adding more 
information. Revenue depends on the unit price and the 
quantity sold, and cost depends on the unit cost, quantity 
produced, and fixed costs of production. The quantity sold 
depends on the uncertain demand as well as the quantity 
produced, since we cannot sell more than the demand or 
the quantity produced, whichever is less. These facts are 
reflected in the influence diagram shown in Figure 11.1. In 
this figure, all the nodes that have no branches pointing 
into them are inputs to the model. Unit price, unit cost, and 
fixed cost are data inputs; demand is an uncertain input, 
and the quantity produced is a decision option because 

it can be controlled by the manager of the operation. 
Profit is the output (note that it has no branches pointing 
out of it) that we wish to calculate. Any nodes that have 
arrows pointing both in and out of them are intermediate 


calculations that link the inputs with the output and can be 
considered as “building blocks” of the model. 

The next step is to translate the influence diagram into 
a more formal model using the following definitions: 


P = profit 

R = revenue 

C = cost 

p = unit price 
Cc = unit cost 


F = fixed cost 

S = quantity sold 

Q = quantity produced 

D = demand 
A logical approach is to work down in the influence 
diagram starting from the output. First, profit = 
revenue - cost; thus, 


P= oC 


Next, revenue equals the unit price (p) multiplied by the 
quantity sold (S): 


R=pxs 


Note that cost consists of the fixed cost (F) plus the 
variable cost of producing Q units (c X Q): 


C=] F F65e@ 


The quantity sold, however, must be the smaller of the 
demand (D) and the quantity produced (Q), or 
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S = min{D, Q} 


Therefore, R = p X S = p X min{D, Q}. Substituting 
these results into the basic formula for profit PP = R — C, 
we have 


P =p X min{D, Q} - (F+c X Q) (11.5) 


Building Models Using Historical Data 


Data used in models can come from existing databases and other data sources, analysis of 
historical data, or surveys, experiments, and other methods of data collection. In the profit 
model, for example, we might query accounting records for values of the unit cost and fixed 
costs. Statistical methods that we have studied are often used to estimate data required in pre- 
dictive models. For instance, we might use historical data to compute the mean demand; we 
might also use quartiles or percentiles in the model to evaluate different scenarios. The next 
example shows how we might use empirical data and line-fitting techniques to build a model. 


The DTP Corporation has two major products. Marketing 
analysts have conducted experiments to gather data on 

the effect of media advertising on profits. These data are 
shown in Figure 11.2 (see the Excel file D7P Corporation). 
First, create scatter charts for the data. Then, using the Add 
Trendline feature in Excel, we find that logarithmic functions 
can adequately fit the data: 


Product 1 Profit = 49.699 + 1.1568 In(X;) 
Product 2 Profit = 19.913 + 0.4177 In(Xo) 


Building a Decision Model Using Historical Data? 


where X; and Xo are the amount spent on advertising prod- 
ucts 1 and 2, respectively. The total profit as a function of 
the amount spent on advertising each product can there- 
fore be expressed as: 


Total Profit = 49.699 + 1.1568 In(X;) + 19.913 
+ 0.4177 In(X>) 


= 69.612 + 1.1568 In(X;) + 0.4177 In(X») 


» Figure 11.1 


An Influence Diagram 
for Profit 


Revenue 


Quantity 
Produced 


Quantity Sold 


Demand 


2 Glen L. Urban, “Building Models for Decision Makers,” /nterfaces, 4, 3 (May 1974): 1-11. 
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» Figure 11.2 


DTP Corporation 
Marketing Data 


Spreadsheet Modeling and Analysis 


A B D E G H | J K 
1 DTP Corporation 
id Product 1 y = 1.1568In{x) + 49.699 
3 Product 1 Product 2 R2 = 0.7785 
4 Advertising $ Profit Advertising Profit $58.00 = 
5 (thousands) (millions) (thousands) (millions) $57.00 ® 
6 $50 $53.89 $50 $21.49 # $56.00 ¢ 
7. $75 $54.91 $75 $21.54 1b). o ? 
8 $100 $54.87 $100 $21.99 a $55.00 
9 $125 $55.48 $125 $21.80 $54.00 
10 $150 $55.97 $150 $22.21 $53.00 es ; eceraees : 
12 $200 $55.33 $200 $22.32 Advertiai 
13 $225 $56.42 $225 $22.12 i abies 
14 $250 $55.53 $250 $22.20 — 
15 $275 $55.77 $275 $22.47 
16 $300 $56.56 $300 $22.08 Product 2 y= 0.4177In(x) + 19.913 
17 $325 $56.72 $325 $22.22 R2 = 0.7337 
18 $350 $56.20 $350 $22.31 $23.00 
19 $375 $56.15 $375 $22.20 
20 $400 $57.04 S400 mages! |, 92250 Saha eee 
ral © $22.00 
22 
23 
24 $21.00 7" re t ———— 
ee $0 $100 $200 $300 $500 
re Advertising 
27 


However, even if data are not available, using a good subjective estimate is better than 
sacrificing the completeness of a model that may be useful to managers. 


Model Assumptions, Complexity, and Realism 


Models cannot capture every detail of a real problem, and managers must understand 
the limitations of models and their underlying assumptions. Validity refers to how well a 
model represents reality. One approach for judging the validity of a model is to identify and 
examine the assumptions made in a model to see how they agree with our perception of the 
real world; the closer the agreement, the higher the validity. Another approach is to com- 
pare model results to observed results; the closer the agreement, the more valid the model. 
A “perfect” model corresponds to the real world in every respect; unfortunately, no such 
model has ever existed and never will, because it is impossible to include every detail of 
real life in one model. To add more realism to a model generally requires more complexity, 
and analysts have to know how to balance these factors. 


CHECK YOUR UNDERSTANDING 


1. What are three types of strategies that can be used in building decision models? 
2. Explain how to interpret an influence diagram. 


3. How can you assess the validity of a model? 


ae Implementing Models on Spreadsheets 


Spreadsheets have the advantage of allowing you to easily modify the model inputs and 
calculate the numerical results. We will use both spreadsheets and analytical modeling 
approaches in our model-building applications—it is important to be able to “speak both 
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languages.” We may creatively apply various Excel tools and capabilities to improve the 
structure and use of spreadsheet models. In this section, we discuss approaches for devel- 
oping good, useful, and correct spreadsheet models. Good spreadsheet analytic applica- 
tions should also be user-friendly; that is, it should be easy to input or change data and 
see key results, particularly for users who may not be as proficient in using spreadsheets. 
Good design reduces the potential for errors and misinterpretation of information, leading 
to more insightful decisions and better results. 


Spreadsheet Design 


Because decision models characterize the relationships between inputs and outputs, it is 
useful to separate the data, model calculations, and model outputs clearly in designing a 
spreadsheet. It is particularly important not to use input data in model formulas, but to ref- 
erence the spreadsheet cells that contain the data. In this way, if the data change or if you 
want to experiment with the model, you need not change any of the formulas, which can 
easily result in errors. We illustrate these concepts in the following example. 


Spreadsheet Implementation of the Profit Model 


The analytical model we developed in Example 11.2 can correspondence between the spreadsheet formulas and 
easily be implemented in an Excel spreadsheet to evaluate the model, for instance: 

profit (Excel file Profit Model). Let us assume that unit Profit (cell C22) = Revenue — Variable Cost — Fixed Cost 
price = $40, unit cost = $24, fixed cost = $400,000, = 615 = C19 — G20 


and demand = 50,000. For the purposes of building 

a spreadsheet model, we assume that the quantity 
produced is 40,000 units, although as we have noted, 
this is a decision option that can be changed. Figure 11.3 
shows a spreadsheet implementation of this model. To 
better understand the model, study the relationships 


Thus, if you can write a spreadsheet formula, you can 
develop a mathematical model by substituting symbols or 
numbers into the Excel formulas. Notice also how the data 
are separated from the model and referenced in the model 
formulas. A manager might use the spreadsheet to evalu- 
ate how profit would be expected to change for different 


between the spreadsheet iil ore the influence values of the uncertain future demand and/or the quantity 
diagram, and the mathematical model. Observe the produced. We do this later in this chapter. 


» Figure 11.3 


A B c A B a 


Spreadsheet Implementation Profit Model : Profit Model 
5 i | 
of Profit Model Daa | 3 IData 
4 
Unit Price 5 Unit Price 40 
Unit Cost 6 | Unit Cost 24 
Fixed Cost 7 | Fixed Cost 400000 
Demand 8 | Demand 50000 
9 | 
110) | 
‘Model | 11 Model 
feaee, Unit Price $40. H 13 | coc UNE PRG SBOE oc Se ke 
Quantity Sold =——400 14 Quantity Sold =MIN(B8,B18) 
fo Revenue 115. * Revenue ——(isti‘“‘é@NZé~BIA CL 
Unit Cost 17 On CoB eee: es 
Quantity Produced 40000 |18 QuantityProduced 40000 sis 
_—s VariableCost ~=—S—~S=é«S:96,000.00 19, °°. Variable Cost 5.  SBIT°BIS: 
Fixed Cost. = =——————s«$400,000.00 20 | FixedCost ehT 
{21 


| Profit ie 205000] Profit 
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There are often many options when implementing a model on a spreadsheet. It is 
important to keep the end user in mind and format the spreadsheet model in a form that 
he or she—who may be a financial manager, for example—can easily interpret and use. In 
the following example, we show three different ways of implementing a financial model to 
illustrate this issue. 


Modeling Net Income on a Spreadsheet 


The calculation of net income is based on the following end result and, from a financial perspective, provides little 
formulas: information to the end user. 
An alternative is to break down the model by 
& gross profit = sales — cost of goods sold writing the preceding formulas in separate cells in the 
@ operating expenses = administrative expenses spreadsheet using a data-model format, as shown in 
+ selling expenses Figure 11.5. This clearly shows the individual calculations 
+ depreciation expenses and provides better information. However, although both 
® net operating income = gross profit — of these models are technically correct, neither is in the 
— operating expenses form to which most accounting and financial employees 
™ earnings before taxes = net operating income are accustomed. 
— interest expense A third alternative is to express the calculations 
@ net income = earnings before taxes — taxes as a pro forma income statement using the structure 
and formatting that accountants are used to, as shown 
We could develop a simple model to compute net in Figure 11.6. Although this has the same calculations 
income using these formulas by substitution: as in Figure 11.5, note that the use of negative dollar 
net income = sales — cost of goods sold — administrative amounts requires a change in the formulas (that is, 
expenses — selling expenses — depreciation addition of negative amounts rather than subtraction 
expenses — interest expense — taxes of positive amounts). The Excel workbook Net Income 
We can implement this model on a spreadsheet, as Models contains each of these examples in separate 
worksheets. 


shown in Figure 11.4. This spreadsheet provides only the 


Spreadsheet Quality 


Building spreadsheet models, often called spreadsheet engineering, is part art and part 
science. The quality of a spreadsheet can be assessed by both its logical accuracy and its 
design. Spreadsheets need to be accurate, understandable, and user-friendly. 

First and foremost, spreadsheets should be accurate. Verification is the process of 
ensuring that a model is accurate and free from logical errors. Spreadsheet errors can be 


| 
| 


> Figure 11.4 


& 
a 
: 
= 
a \> 


Simple Spreadsheet Model 


for Net Income Data 


Sales 
Cost of Goods Sold 
Administrative Expenses 
Selling Expenses 

9 Depreciation Expenses 
10 Interest Expense 

11 Taxes 


ON OwMbBWN 


PAAARDAANW 


13 Model 


|] =B5-SUM(B6:811) 
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> Figure 11.5 eo serene — 
| B C | 
Data-Model Format for Net | | 


A 
Net Income Model - Data Model Format 


bet 


Income 4 
| 3 Data 
| 4 
| 5 Sales $ 5,000,000 
6 Cost of Goods Sold $ 3,200,000 
| ? Administrative Expenses $ 250,000 
8 Selling Expenses $ 450,000 
| 9 Depreciation Expenses $ 325,000 | 
10 Interest Expense $ 35,000 { 
11 Taxes $ 296,000 
12 
13 Model 
=B5-B6 
0 | =SUM(B7:B9) 
| =B15-B1i6 
=B17-B10 
» Figure 11.6 r B C D | 
Pro Forma Income 1 Pro Forma Income Statement 
2 } 
Statement Format 3 eae $ 5,000,000 
4 Cost of Goods Sold $(3,200,000) | 
5 | Gross Profit $ 1.800,000 =C3+C4 | 
fa 
7 Operating Expenses | 
8 Administrative Expenses $250,000 | 
9 Selling Expenses $450.000 | 
110 Depreciation Expenses $325,000 | 
11 Total $(1.025,000) =-(SUM(B8:B10)} | 
12} 
13 Net Operating Income $ 775,000 =C5+C11 | 
14 Interest Expense $ (35,000) | 
15 | 
16 Earnings Before Taxes $ 740,000 =C13+C14 
17 Taxes $ (296,000) 


disastrous. A large investment company once made a $2.6 billion error. They notified holders 
of one mutual fund to expect a large dividend; fortunately, they caught the error before send- 
ing the checks. One research study of 50 spreadsheets found that fewer than 10% were error 
free.* Significant errors in business have resulted from mistakes in copying and pasting, sort- 
ing, numerical input, and spreadsheet formula references. Industry research has found that 
more than 90% of spreadsheets with more than 150 rows were incorrect by at least 5%. 

There are three basic approaches to spreadsheet engineering that can improve spread- 
sheet quality: 


1. Improve the design and format of the spreadsheet itself. After the inputs, out- 
puts, and key model relationships are well understood, you should sketch a 
logical design of the spreadsheet. For example, you might want the spread- 
sheet to resemble a financial statement to make it easier for managers to read. 
It is good practice to separate the model inputs from the model itself and to 
reference the input cells in the model formulas; that way, any changes in the 


3 §. Powell, K. Baker, and B. Lawson, “Errors in Operational Spreadsheets,” Journal of End User Comput- 
ing, 21 (July-September 2009): 24-36. 
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inputs will be automatically reflected in the model. We have done this in the 
examples. 

Another useful approach is to break complex formulas into smaller pieces. We 
also did this in the previous examples. This reduces typographical errors, makes it 
easier to check your results, and makes the spreadsheet easier to read for the user. 

2. Improve the process used to develop a spreadsheet. If you sketched out a concep- 
tual design of the spreadsheet, work on each part individually before moving on 
to the others to ensure that each part is correct. As you enter formulas, check the 
results with simple numbers (such as 1) to determine if they make sense, or use 
inputs with known results. Be careful in using the Copy and Paste commands in 
Excel, particularly with respect to relative and absolute addresses. Use the Excel 
function wizard (the f, button on the formula bar) to ensure that you are entering 
the correct values in the correct fields of the function. 

3. Inspect your results carefully, and use appropriate tools available in Excel. 
For example, the Excel Formula Auditing tools (in the Formulas tab) help you 
validate the logic of formulas and check for errors. Using Trace Precedents 
and Trace Dependents, you can visually show what cells affect or are affected 
by the value of a selected cell, similar to an influence diagram. The Formula 
Auditing tools also include Error Checking, which checks for common errors 
that occur when using formulas, and Evaluate Formula, which helps to debug 
a complex formula by evaluating each part of the formula individually. We 
encourage you to learn how to use these tools. 


Other Excel tools that can be used to improve the quality and user-friendliness of 
spreadsheet models include range names and form controls, both of which were introduced 
in Chapter 2. 


Data Validation 


One useful Excel tool is the data validation feature, which allows you to define acceptable 
input values in a spreadsheet and provides an error alert if an invalid entry is made. This 
can help you avoid inadvertent user errors. This feature can be found in the Data Tools 
group within the Dara tab on the Excel ribbon. Select the cell range, click on Data Valida- 
tion, and then specify the criteria that Excel will use to flag invalid data. 


Using Data Validation 


Figure 11.7 shows a spreadsheet model for the Outsourcing leaves plenty of opportunity for error. However, suppose 


Decision Model we discussed in Example 1.4. Observe that we know that the unit cost of any item is at least $10 
how the IF function is used in cell B20 to identify the best but no more than $100. If a cost is $47.50, for instance, 
decision. If the cost difference is negative or zero, then a misplaced decimal would result in either $4.75 or $475, 
the function returns “Manufacture” as the best decision; which would clearly be out of range. In the Data Validation 
otherwise, it returns “Outsource.” dialog, you can specify that the value must be a decimal 
Suppose that you are asked to use the spreadsheet number between 10 and 100, as shown in Figure 11.8. On 
to evaluate the manufacturing and purchase cost options the Error Alert tab, you can also create an alert box that 
and best decisions for a large number of parts used in pops up when an invalid entry is made (see Figure 11.9). On 
an automobile system assembly. You are given lists of the /nput Message tab, you can create a prompt to display 
data that cost accountants and purchasing managers a comment in the cell about the correct input format. Data 
have compiled and printed and must look up the data and validation has other customizable options that you might 


enter them into the spreadsheet. Such a manual process want to explore. 
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» Figure 11.7 EERE 
B 


Outsourcing Decision Model 14 ‘Outsourcing Decision Model 


Spreadsheet 


4 | 

S Manufactured in-house 

6 | Fixed cost $50,000 
i 7 | Unit variable cost $125] 


| 9 Purchased from supplier \ 
| 10 | Unit cost $175), 
mis i 
eee Production volume 1500). 
# 13} i 
| 14 Model 
q 15 | 

116 
1 17 js 
| 18 | 


19 | Cost difference (Manufacture - Purchase) 
20 | Best Decision 


1 Outsourcing Decision Model 
eI 
| 3 Data 


WwW 


(Manufactured in-house 
Fixed cost 50000 
Unit variable cost 125 


NOW DS 


48 
9 Purchased from supplier 
Unit cost 175 


Production volume 1500 


415 

416} 

1i7 bs 

18 

| 19 Cost difference (Manufacture - Purchase) 
| 20 | Best Decision 


7) Ignore blank 


Minimum: , A Figure 1 1 9 
ee ; Example of an Error Alert 


Maximum: 


i 


a Figure 11.8 
Data Validation Dialog 
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es CHECK YOUR UNDERSTANDING 


1. Why is it important to separate data, calculations, and outputs in designing a spread- 
sheet model? 


What approaches can be used to improve spreadsheet quality? 


Explain how Excel’s Data Validation feature can help avoid user errors in spreadsheet 
applications. 


Ct! eo ee a a eo Me on 
ANALYTICS IN PRACTICE: Spreadsheet Engineering at Procter & Gamble* 


In the mid-1980s, Procter & Gamble (P&G) needed an At the basic level, all input fields had comments 
easy and consistent way to manage safety stock inven- attached; this served as a quick online help function for the 
tory. P&G’s Western European Business Analysis group planners. For each model, they also provided a user manual 
created a spreadsheet model that eventually grew into a that describes every input and result and explains the for- 
suite of global inventory models. The model was designed _mulas in detail. The mode! templates and all documentation 
to help supply chain planners better understand invento- were posted on an intranet site that was accessible to all 
ries in supply chains and to provide a quick method for P&G employees. This ensured that all employees had access 
setting safety stock levels. P&G also developed several to the most current versions of the models, supporting mate- 
spin-off models based on this application that are used _rial, and training schedules. 

around the world. 

In designing the model, analysts used many of the 
principles of spreadsheet engineering. For example, they 
separated the input sections from the calculation and 
results sections by grouping the appropriate cells and 
using different formatting. This speeded up the data entry 
process. In addition, the spreadsheet was designed to dis- 
play all relevant data on one screen so the user does not 
need to switch between different sections of the model. 

Analysts used a combination of data validation and 
conditional formatting to highlight errors in the data input. 
They also provided a list of warnings and errors that a user 
should resolve before using the results of the model. The list 
flags obvious mistakes such as negative transit times, input 
data that may require checking, and forecast errors that fall 
outside the boundaries of the model's statistical validity. 


PEE Piha ae ooniy 


Bryan Busovicki/Shutterstock 


an Descriptive Spreadsheet Models 


A wide variety of practical problems in business analytics can be modeled using spread- 
sheets. In this section, we present several examples of descriptive modeling applica- 
tions. These models allow one to answer questions such as “How many resources do 


* Based on Ingrid Farasyn, Koray Perkoz, and Wim Van de Velde, “Spreadsheet Models for Inventory 
Target Setting at Procter & Gamble,” Interfaces, 38, 4 (July-August 2008): 241-250. 
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we need to meet estimated demand?” or “What would our profit be under different 
scenarios?” One thing to note is that a useful spreadsheet model need not be complex; 
often, simple models can provide managers with the information they need to make 
good decisions. 


Staffing Models 


Staffing is an area of any business where making changes can be expensive and 
time-consuming. Thus, it is important to understand staffing requirements well in advance. 
The time it takes to hire and train new employees can be 90 to 180 days, so it is not always 
possible to react quickly to staffing needs. Hence, advance planning is vital so that man- 
agers can make good decisions about overtime or reductions in work hours, or adding or 
reducing temporary or permanent staff. Planning for staffing requirements is an area where 
analytics can be of tremendous benefit. Example 11.7 is adapted from a real application in 
the banking industry. 


A Staffing Model for Resource Requirements® 


Suppose that the manager of a loan-processing 


; Product Product Mix (%) Hours Per File 
department wants to know how many employees will be EI 
needed over the next several months to process a certain peduers 9 ial 
number of loan files per month so she can better plan Product 7 6 2.00 
capacity. Let’s also suppose that there are different types Product 8 iS) 2.00 
of products that require processing. A product could be Product 9 3 1.50 
a 30-year fixed rate mortgage, a 7/1 ARM, an FHA loan, Product 10 1 3.50 
or a construction loan. Each of these loan types vary in Bfcralianeoda 3 3.00 


their complexity, require different levels of documentation, 
and, consequently, have different times to complete. 
Assume that the manager forecasts 700 loan applications 
in May, 750 in June, 800 in July, and 825 in August. Each 
employee works productively for 6.5 hours each day, and 
there are 22 working days in May, 20 in June, 22 in July, 
and 22 in August. The manager also knows, based on 
historical loan data, the percentage of each product type 
and how long it takes to process one loan of each type. 
These data are as follows: 


Total 100 


The manager would like to determine the number 
of full-time equivalent (FTE) staff needed each month to 
ensure that all loans can be processed. 

Figure 11.10 shows a simple descriptive model on 
a spreadsheet to calculate the FTEs required (Excel file 
Staffing Model). For each month, we take the desired 
throughput and convert this to the number of files for 
each product based on the product mix percentages. 


ee IS elses ce A). | s MOWER IE By multiplying by the hours per file, we then calculate the 
Reguctd = asia number of hours required for each product. Finally, we 
Product 2 7 2.00 divide the total number of hours required each month by 
Product 3 13 1.50 the number of working hours each month (hours worked 
Product 4 12 5.50 per day x days in the month). This yields the number of 
Product 5 9 4.00 FTEs required. 


5 The author is indebted to Mr. Craig Zielazny of BlueNote Analytics, LLC, for providing this example. 
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>» Figure 11.10 


Staffing Model Spreadsheet 
Implementation 


A B C D E F G H | J K | 
1 Staffing Model | 
Z ] 
3 Data 
4 May June July August 
5 Desired Throughput 700 750 800 825 
6 Hours Worked Per Day 6.5 6.5 6.5 6.5 
7 Days in Month 22 20 22 22 
: Ul 
9 Model i 
10 May June July August 


Product Files/ Hours | Files/ Hours | Files/ Hours | Files/ Hours 

11 Products Mix Hours Per File|Month Required |Month Required|Month Required|Month Required 
12 Product 1 22% 3.50 539.00] 165.00 616.00} 181.50 } 
13 Product 2 17% 2.00 238.00} 127.50 136.00 272.00) 140.25 280.50 
14 Product 3 13% 1.50 156.00} 107.25 160.83] 
15 Product 4 12% 5.50 99.00 544.50 
16 Product 5 9% . 4.00 74.25 297.00 
17 Product 6 9% 3.00 74.25 222.75), 
18 Product 7 6% 2.00 49.50 99.00} | 
19 Product 8 5% 2.00 41.25 82.50 
20 Product 9 3% 1.50 24.75 37.13} | 
21 Product 10 1% 3.50 8.25 f 
22 Misc 
23 
24 FTEs Required 

A B C D E 
1 Staffing Model 
2 
3 Data 
4 May June July August | 
5 Desired Througt 700 750 800 825 i 
6 Hours Worked F6.5 6.5 6.5 6.5 
7 \Daysin Month 22 20 22 22 
8 
9 Model 


a 
So 


May 


11 Products Product Mix Hours Per File 


Files/Month Hours Required | 


12) Product 1 =B12*SBS5 =C12*D12 
13 Product2 0.17 2 =B13*SBS5 =C13*D13 
14, Product3 0.13 1.5 =B14*$BS5 =C14*D14 
15 Product4 0.12 5.5 =B15*SBS5 =C15*D1i5 
16) Product5 0.09 4 =B16*SBS5 =C16*D16 
117 Product6 0.09 3 =B17*$B$5_——- =C17*D17 
18; Product7 0.06 2 =B18*SBS55_ =C18*D18 
19} Product8 0.05 2 =B19"$BS5 =C€19*D19 
20, Product9 0.03 15 =B20*SB$5 _ =C20*D20 | 
21 Product10 0.01 3.5 =B21*SBS5 =C€21*D21 ! 
22 | Misc =B22*$B$5_-=C€22*D22.—s|: 
23 | Total [=SUM(D12:022) =SUM(E12:22) | 
24 FTEs Required 


Single-Period Purchase Decisions 


Banana Republic, a division of Gap, Inc., was trying to build a name for itself in fashion 
circles as parent company Gap shifted its product line to basics such as cropped pants, 
jeans, and khakis. One holiday season in the early 2000s, the company bet that blue would 
be the top-selling color in stretch merino wool sweaters. They were wrong; as the company 
president noted, “The number | seller was moss green. We didn’t have enough.”® 

This example describes one of many practical situations in which a one-time purchase 
decision must be made in the face of uncertain demand. Department store buyers must 
purchase seasonal clothing well in advance of the buying season, and candy shops must 


® Louise Lee, “Yes, We Have a New Banana, BusinessWeek (May 31, 2004): 70-72. 
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decide on how many special holiday gift boxes to assemble. The general scenario is com- 
monly known as the newsvendor problem: A street newsvendor sells daily newspapers 
and must make a decision about how many to purchase. Purchasing too few results in lost 
opportunity to increase profits, but purchasing too many results in a loss since the excess 
must be discarded at the end of the day. 

We first develop a general model for this problem and then illustrate it with an exam- 
ple. Let us assume that each item costs C to purchase and is sold for R. At the end of the 
period, any unsold items can be disposed of at S each (the salvage value). Clearly, it makes 
sense to assume that R > C > S. Let D be the number of units demanded during the 
period and Q be the quantity purchased. Note that D is an uncontrollable input, whereas Q 
is a decision variable. If demand is known, then the optimal decision is obvious: Choose 
Q = D. However, if D is not known in advance, we run the risk of overpurchasing or 
underpurchasing. If Q < D, then we lose the opportunity of realizing additional profit 
(since we assume that R > C), and if Q > D, we incur a loss (because C > S). 

Notice that we cannot sell more than the minimum of the actual demand and the 
amount produced. Thus, the quantity sold at the regular price is the smaller of D and Q. 
Also, the surplus quantity is the larger of 0 and Q — D. The net profit is calculated as 


Net Profit = R X Quantity Sold + S$ X Surplus Quantity -— C x Q (11.6) 


In reality, the demand D is uncertain and can be modeled using a probability distri- 
bution based on approaches that we described in Chapter 5. We do not deal with models 
that involve probability distributions (building the models is enough of a challenge at this 
point); however, we learn how to deal with them in the next chapter. 


EXAMPLE 11.8 A Single-Period Purchase Decision Model 


Suppose that a small candy store makes Valentine’s Day Net Profit = $18.00 x min{D, Q}+$9.00 x max{0, Q—D} 
gift boxes that cost $12.00 and sell for $18.00. In the past, ~$12.00 x Q 
at least 40 boxes have been sold by Valentine’s Day, but 
the actual amount is uncertain, the owner has often run 
short or made too many. After the holiday, any unsold 
boxes are discounted 50% and are eventually sold. 

The net profit can be calculated using formula (11.6) 
for any values of Q and D: 


Figure 11.11 shows a spreadsheet that implements this 
model, assuming a demand of 41 and a purchase quantity 
of 44 (Excel file Newsvendor Model). 


» Figure 11.11 ° aT. — : — 
i del iNowar ; 
Spreadsheet Implementation ! Newsvendor Mode : Newsvendor Model 
of Newsvendor Model 3 Data | 3 \Data 
4 4 | 
1 5 Selling price $ 18.00 5 | Sélling price 18 
i 6 | Cost $ 12.00 het er 
: | Discount price $ 9.00 ae Discount price 9 “al 
t 8 i 
5S mecel 9 Model 


114 Quantity Sold =MIN(B11,B12) 
15 Surplus Quantity =MAX(0,B12-811) 


17| Profit[=B14°85+615°B7-B12°B6 | 
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Overbooking Decisions 


An important operations decision for service businesses such as hotels, airlines, and car-rental 
companies is the number of reservations to accept to effectively fill capacity, knowing that 
some customers may not use their reservations or tell the business. If a hotel, for example, 
holds rooms for customers who do not show up, they lose revenue opportunities. (Even if 
they charge a night’s lodging as a guarantee, rooms held for additional days may go unused.) 
A common practice in these industries is overbooking reservations; that is, to take more res- 
ervations than can be handled, with the expectation that some customers will cancel. When 
more customers arrive than can be handled, the business usually incurs some cost to satisfy 
them (by putting them up at another hotel or, for most airlines, providing extra compensation 
such as ticket vouchers). Therefore, the decision becomes how much to overbook to balance 
the costs of overbooking against the lost revenue for underuse. The following example illus- 
trates a model to evaluate the net revenue under different scenarios and overbooking policies. 


A Hotel Overbooking Model 


Figure 11.12 shows a spreadsheet model (Excel file Hote/ the reservation limit. Celi B14 is the number of customers 


Overbooking Model) for a popular resort hotel that has 300 who decide to cancel their reservation. In this example, we 
rooms and is usually fully booked. The hotel charges $120 assume that only 6 of the 310 reservations are cancelled. 
per room. Reservations may be canceled by the 6:00 p.m. Therefore, the actual number of customers who arrive (cell 
deadline with no penalty. The hotel has estimated that the B15) is the difference between the number of reservations 
average overbooking cost is $100. made and the number of cancellations. If the actual 

The logic of the model is straightforward. In the number of customer arrivals exceeds the room capacity, 
model section of the spreadsheet, cell B11 represents the overbooking occurs. This is modeled by the MAX function 
decision variable of how many reservations to accept, in in cell B17. Net revenue is computed in cell B18. A manager 
this case, 310. In this example, we assume that the hotel is would probably want to use this model to analyze how the 
willing to accept 310 reservations; that is, to overbook by number of overbooked customers and net revenue would 
10 rooms. Cell B12 represents the actual customer demand be influenced by changes in the reservation limit, customer 
(the number of customers who want a reservation). Here demand, and cancellations. 
we assume that 312 customers tried to make a reservation. As with the newsvendor model, the customer demand 
The hotel cannot accept more reservations than its and the number of cancellations are random variables that 
predetermined limit; therefore, the number of reservations we cannot specify with certainty. We also show how to 


made in cell B13 is the smaller of the customer demand and incorporate randomness into the model in the next chapter. 


» Figure 11.12 


A B A B 
Hotel Overbooking Model 1 Hotel Overbooking Model 1 |Hotel Overbooking Model 
Pa : 2 
Spreadsheet | 3 Data | 3 |Deta 
14 4 | 
5 Rooms available 300}| 5 | Rooms available 300 
6 Price $120 |) 6 | Price 120 
7 Overbooking cost $100 | 7 Overbooking cost 100 
8 8 
g 
10 
41 | 
12 
13 


17 Overbooked customers 17 Overbooked customers i 
18 Net revenue 18 Net revenue 


Chapter 11 Spreadsheet Modeling and Analysis 421 


, ee ee ee ee ee el eo 2 
ANALYTICS IN PRACTICE: Using an Overbooking Model at a Student 
Health Clinic 


The East Carolina University (ECU) Student Health Service 
(SHS) provides health care services and wellness educa- 
tion to enrolled students.’ Patient volume consists almost 
entirely of scheduled appointments for non-urgent health 
care needs. In a recent academic year, 35,050 appoint- 
ments were scheduled. Patients failed to arrive for over 
10% of these appointments. The no-show problem is not 
unique. Various studies report that no-show rates for health 
service providers often range as high as 30% to 50%. 

To address this problem, a quality-improvement (Q)) 
team was formed to analyze an overbooking option. Their 
efforts resulted in developing a novel overbooking model 
that included the effects of employee burnout result- 
ing from the need to see more patients than the normal 
capacity allowed. The model provided strong evidence 
that a 10% to 15% overbooking level produces the high- 
est value. The overbooking model was also instrumental 
in alleviating staff concerns about disruption and pres- 
sures that result from large numbers of overscheduled 
patients. At a 5% overbooking rate, the staff was reas- 
sured by model results that predicted 95% of the oper- 
ating days with no patients being overscheduled; in the 


Poprotskiy Alexey/Shutterstock 


worst case, eight patients would be overscheduled a few 
days each month. In addition, ata 10% overbooking rate, the 
model predicted that during 85% of the operating days per 
month, no patients would be overscheduled; a maximum of 
16 overscheduled patients would rarely occur. 

Based on the model, the SHS implemented an overbook- 
ing policy and overbooked by 7.3% with plans to increase to 
10% in future semesters. The SHS director estimated that the 
savings from overbooking during the first semester of imple- 
mentation would be approximately $95,000. 


Retail Markdown Decisions 


In Example 1.1 in Chapter 1, we described markdown pricing decisions that retail stores 
must make in managing their inventory. The following example shows how to implement a 
spreadsheet model for a simple scenario. 


Modeling Retail Markdown Pricing Decisions 


the stores would be expected to sell 50 x 7 = 350 

units at the full retail price and earn a revenue of 

$70.00 x 350 = $24,500. The remaining 650 units would 
be sold at $21.00, for a clearance revenue of $13,650. 
Therefore, the total revenue would be predicted as 
$24,500 + $13,650 = $38,150. 

As an experiment, the store reduced the price to $49 
for one weekend and found that the average daily sales 
were 32.2 units. Assuming a linear trend model for sales as 
a function of price, as in Example 1.7, 


A chain of department stores is introducing a new 
brand of bathing suit for $70. The prime selling season 
is 50 days during the late spring and early summer; 
after that, the store has a clearance sale around July 4 
and marks down the price by 70% (to $21.00), typically 
selling any remaining inventory at the clearance price. 
Merchandise buyers have purchased 1,000 units and 
allocated them to the stores prior to the selling season. 
After a few weeks, the stores reported an average sales 
of 7 units/day, and past experience suggests that this 
constant level of sales will continue over the remainder of 


A Daily Sales = a — b X Price 
the selling season. Thus, over the 50-day selling season, 


(continued) 


7 Based on John Kros, Scott Dellana, and David West, “Overbooking Increases Patient Access at East Caro- 
lina University’s Student Health Services Clinic,” Interfaces, Vol. 39, No. 3 May—June 2009, pp. 271-287. 
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we can find values for a and b by solving these two equations Units sold at markdown = daily sales x (50 — d) as long 
simultaneously based on the data the store obtained. as this is less than or equal to the number of units remain- 
ing in inventory from full retail sales. If not, this number 
needs to be adjusted. 

Then we can compute the markdown revenue as 


7 =a-—b X $70.00 
32.2 =a — b X $49.00 


Lee eremedied leek ea Ce Markdown Revenue = Units Sold x Markdown Price 


Daily Sales = 91 — 1.2 X Price 


We may also use Excel’s SLOPE and INTERCEPT 
functions to find the slope and intercept of the straight 
line between the two points ($70, 7) and ($49, 32.2); this is 
incorporated into the Excel model that follows. 

Because this model suggests that higher sales can be 
driven by price discounts, the marketing department has x (50 — d) 
the basis for making improved discounting decisions. For This amount is sold at a price of $21.00, resulting in 
instance, suppose they decide to sell at full retail price for d 
days and ae discount the price by y% for the remainder Cleardnes Race Revenud= 11000! ae are meee 
of the selling season, followed by the clearance sale. What 
total revenue could they predict? x $70.00 x (100% — y%)] 

We can compute this easily. Selling at the full retail x (50 — d)] x $21.00 
price for d days yields revenue of 


Finally, the remaining inventory after 50 days is 
Clearance Inventory = 1000 — Units Sold at Full Retail 
— Units Sold at Markdown 
= (000) = 7 Ke) = |i = 2 
x $70.00 x (100% — y%)] 


revenue of 


The total revenue would be found by adding the models 


Full Retail Price Revenue = 7 units/day x d days developed for full retail price revenue, discounted price 
x $70.00 = $490.00x revenue, and clearance price revenue. 
The markdown price applies for the remaining 50 — d days: Figure 11.13 shows a spreadsheet implementation 


of this model (Excel file Markdown Pricing Model). By 
changing the values in cells B7 and B8, the marketing 
manager could predict the revenue that could be achieved 
for different markdown decisions. 


II 


Markdown Price = $70 x (100% — y%) 
Daily Sales = a — b X Markdown Price 


= 91 — 1.2 x $70 x (100% — y%) 


» Figure 11.13 A B C A 
Maradown ; Markdown Pricing Model ; Markdown Pricing Model 
hee 3 Data 3 |Data 
Pricing Model 4 Retail price $70.00 4 | Retail price 70 
Spreadsheet 5 Inventory 4000 5 | Inventory 1000 
6 Selling season (days) 50 6 | Selling season (days) 50 
7 Days at full retail 40 ral Days at full retail 40 
8 Intermediate markdown 30% 8 Intermediate markdown 0.3 
9 Clearance markdown 70% 9 | Clearance markdown 0.7 
10 10 
: i Sales Data Average | 11 (Sales Data 
Price x Daily Sales (Y) 12 | Price (X) 
7.00 13 |70 i 
e a 32.20 14 |49 32.2 
15 Demand function parameters 15 Demand function parameters 
16 | Intercept 91 16 | Intercept =INTERCEPT(B13:B14,A13:A14) 
tg Slope 12 17 | Slope =SLOPE(B13:B14.A13:A14) 
19 Model i 
20 20 
21 |Full Retall Sales. 9-5 ln 21 § 
22  Retailprice 22 | 
23 teeters DaleNieey Ite. 23 | 
24 Days at retail Lise 24 
25 BSA Units sold at retail 25 | 
26 denice ee revenue “$1 9,600. 00 26 
27 Discount Sales 27 
28 Discount 30% 28 Discount =B88 
29 Discount price $49.00 29 | Discount price =822"(1-B28) 
30 Daily sales 32.20 30 | Daily sales =B16 + 817°B29 
35 Unit sold Pan is aon eet : aa. Unit sold =MIN(B30*(B6-B24),85-825) 
33 Clearance Sales re Clearance Sales Sracount revenue —B51520 
34 Clearance price $21.00 H 34 | Clearance price =B4"(1-B9 
35 Units sold at clearance 398 35 | Units sold at pre Be 
aS le” ihe ____ Clearance revenue _—_ $8,358.00] 36 Clearance revenue =834°B35 
3 37 i 
38 _Total revenue (SITSGO| | Total revenue [GZ5FCTSTOR] 
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egy CHECK YOUR UNDERSTANDING 


1. State some examples of descriptive spreadsheet models that you might use in your 
work or leisure activities. 


Explain the logic of modeling single-period purchase decisions. 
Explain the logic of modeling overbooking decisions on spreadsheets. 


Discuss the practical implications for building realistic models such as the retail 
markdown model. 


as Predictive Spreadsheet Models 


Predictive models focus on understanding the future. Practical business models focus on 
predicting financial performance such as profitability or cash flow, customer retention, 
product sales, and many other key metrics. Individuals often use spreadsheet models for 
financial planning, personal budgets, and so on. Such models usually involve multiple time 
periods, and spreadsheets are an ideal vehicle for capturing this. We will present several 
examples. 


New Product Development Model 


Many firms face the decision to launch a new product. In the pharmaceutical industry, for 
instance, research and development (R&D) is a long and arduous process; total develop- 
ment expenses can approach $1 billion. The following example illustrates a scenario to 
predict the profitability of a new pharmaceutical venture. 


New-Product Development 


Suppose that Moore Pharmaceuticals has discovered a 
potential drug breakthrough in the laboratory and needs 
to decide whether to conduct clinical trials and seek FDA 
approval to market the drug. Total R&D costs are expected 
to reach $700 million, and the cost of clinical trials will be 
about $150 million. The current market size is estimated 
to be two million people and is expected to grow at a rate 
of 3% each year. In the first year, Moore estimates gaining 
an 8% market share, which is anticipated to grow by 
20% each year. It is difficult to estimate beyond five years 
because new competitors are expected to be entering the 
market. A monthly prescription is anticipated to generate 
revenue of $130 while incurring variable costs of $40. 
A discount rate of 9% is assumed for computing the net 
present value of the project. The company needs to know 
how long it will take to recover its fixed expenses and the 
net present value over the first five years. 

Figure 11.14 shows a spreadsheet model for this 
situation (Excel file Moore Pharmaceuticals). The model 
is based on a variety of known data, estimates, and 


assumptions. If you examine the model closely, you will see 
that some of the inputs in the model are easily obtained 
from corporate accounting (for example, discount rate, unit 
revenue, and unit cost) using historical data (for example, 
project costs), forecasts, or judgmental estimates based 
on preliminary market research or previous experience (for 
example, market size, market share, and yearly growth 
rates). The model itself is a straightforward application of 
accounting and financial logic; you should examine the 
Excel formulas to see how the model is built. 

The assumptions used represent the “most likely” 
estimates, and the spreadsheet shows that the product 
will begin to be profitable by the fourth year. However, the 
model is based on some rather tenuous assumptions about 
the market size and market-share growth rates. In reality, 
much of the data used in the model are uncertain, and the 
corporation would be remiss if it simply used the results of 
this one scenario. The real value of the model would be in 
analyzing a variety of scenarios that use different values for 
these assumptions. 
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» Figure 11.14 | 2 oe nee pA eek c wp. a Fa 
Spreadsheet Implementation 1 Moore Pharmaceuticals | 
of Moore Pharmaceuticals 2 j 
3 Data B 

Model : 
5 Market size 2,000,000! 

6 Unit (monthly Rx) revenue $ 130.00 | 

7 Unit (monthly Rx) cost $ 40.00 | 

8 | Discount rate 9% t 

9 4 

| 10 Project Costs [ 

1 11) R&D $ 700,000,000 

4 12 | Clinical Trials $ 150,000,000 

13 Total Project Costs $ 850,000,000 | 


Cumulative Net Profit} 


__ Net Present Value [)§//185)404)860)] 


Market size 2000000 
Unit (monthly Rx} revenue 130 
Unit (monthly Rx) cost 40 
Discount rate 0.09 


Project Costs 

R&D 700000000 
Clinical Trials 150000000 
j 13 | Total Project Costs =B11+B12 
114 | 
| 15 Model 
| 16 
17 


Cash Budgeting 


Chapter 11 
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Cash budgeting is the process of projecting and summarizing a company’s cash inflows 
and outflows expected during a planning horizon, usually 6 to 12 months.® The cash bud- 
get also shows the monthly cash balances and any short-term borrowing used to cover cash 
shortfalls. Positive cash flows can increase cash, reduce outstanding loans, or be used else- 
where in the business; negative cash flows can reduce cash available or be offset with 
additional borrowing. Most cash budgets are based on sales forecasts. 


A Cash Budget Model 


Figure 11.15 shows an example of a cash budget 
spreadsheet (Excel file Cash Budget Model). The budget 
begins in April; thus, the sales for April and subsequent 
months are forecast values. On average, 20% of sales are 
collected in the month of sale, 50% in the month following 
the sale, and 30% in the second month following the sale 
(see cells B7:B9). For example, in the figure in column E, 
$120,000 is collected on April sales, $250,000 on March 
sales, and $120,000 on February sales. Purchases are 
60% of sales and are paid for one month prior to the sale. 
Wages and salaries are 12% of sales and are paid in the 
same month as the sale. Rent of $10,000 is paid each 


month. Additional cash operating expenses of $30,000 per 


month will be incurred for April through July, decreasing 

to $25,000 for August and September. Tax payments 

of $20,000 and $30,000 are expected in April and July, 
respectively. A capital expenditure of $150,000 will occur 

in June, and the company has a mortgage payment of 
$60,000 in May. The cash balance at the end of March 

is $150,000, and managers want to maintain a minimum 
balance of $100,000 at all times. The company will borrow 
the amounts necessary to ensure that the minimum balance 
is achieved. Any cash above the minimum will be used to 
pay off any loan balance until it is eliminated. The available 
cash balances in row 25 of the spreadsheet are the outputs 
the company wants to predict. 


(SA REESE BEES LS EARLE EERE Lo LE LIDIA SBS ASL LEEDT ELECT BLT Di EDS GE AGELESS EAS PDI II ISRAEL GLE NEARED IE VDE LENT TERT ICSE 


Dh sy eg is Bee ee Or Oe eB ne a ee eh ciel 
i 41 Cash Budget Model i 
hed ii 
i3 Desired Minimum Balance $100,000 i 
j 4 February March April May June July August __ September October i 
15 Sales $400,000 $500,000 $600,000 $700,000 $800,000 | $800,000 $700,000 | $600,000 | $500,000 i 
H 6 Cash Receipts i 
a7 Collections (current) 20% $120,000 $140,000 $160,000 $160,000 $140,000 | $ 120,000 i 
| 3 Collections (previous month) 50% $250,000 $300,000 $350,000 $400,000 | $400,000 $350,000 i 
4 § Collections (2nd month previous) 30% 120,000 _ $150,000 _ $180,000 | $210,000 _ $240,000 | $ 240, 4 
#40 Total Cash Receipts $490,000 $590,000 $690,000 $770,000 $780,000 $710,000 | 
14 i 
i 12 Cash Disbursements ; | i 
2B Purchases $420,000 $480,000 $480,000 $420,000 $360,000 | $300,000 i 
+14 Wages and Salaries $ 72,000 $ 84,000 $ 96,000 $ 96,000 $ 84,000 $ 72,000 4 
115) Rent $ 10,000 $ 10,000 $ 10,000 | $ 10,000 $ 10,000 $ 10,000 | 
116 Cash Operating Expenses $ 30,000 $ 30,000 $ 30,000 $ 30,000 $ 25,000 $ 25,000 j 
47 Tax Installments $ 20,000 $ 30,000 4 
518 Capital Expenditure $150,000 4 
h49 Mortgage Payment $ 60,000 | 
| 20 Total Cash Disbursements $552,000 $664,000 $766,000 $586,000 $479,000 $407,000 } 
j21 | | 
22 Ending Cash Balance | ; 
23 Net Cash Flow $ (62,000) $ (74,000) $(76,000) $184,000 $301,000 $303,000 j 
ea Beginning Cash Balance $150,000 $100,000 $100,000 $100,000 $122,000 $423,000 i 
125) Available Balance $ 88,000 $ 26,000 $ 24,000 | $284,000 $423,000 | $726,000 : 
© 26 Monthly Borrowing $ 12,000 | $ 74,000/$ 76,0001$ - |$ - $ - | | 
oF | Monthly Repayment $ $ $ - |$162000;\$ - 1$  - 
428 Ending Cash Balance $150,000 “$100,000 $100,000 ‘$100,000 | $122,000 _ $423,000 _$ 726,000 
loo Cumulative Loan Balance $ $ 12,000 $ 86,000 $162,000 $ - $ - 8  - | 
ESS TEI LTD 5 RELLY EASIER ME BE IERIE AE LEB TREES. 2 aR DTA SES RLY LEN IDPS ES MT STC IES TILT Nl EEE SEED NS LASSIE DEERE 


a Figure 11.15 
Cash Budget Model 


2 Douglas R. Emery, John D. Finnerty, and John D. Stowe, Principles of Financial Management (Upper 
Saddle River, NJ: Prentice Hall, 1998): 652-654. 
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Retirement Planning 


Retirement planning is important to every individual. Understanding the impact of com- 
pounding on investment growth, saving at an early age, and selecting the right portfolio of 
investments is key to a successful financial future. Simple spreadsheet models can be used 


to help develop sound financial plans. 


A student who is completing her MBA has accepted a job 
with a starting salary of $80,000. The company will match 
up to 5% of pre-tax salary under their 401 (k) retirement 
plan. She expects her salary to increase on average 4% 
each year, and plans to contribute 15% of her pre-tax 
income to her 401(k) account, up to the annual cap of 
$18,000. She has chosen to invest in two aggressive 
mutual funds: the Vanguard Balanced Index Fund, which 
has less risk, for her 401(k), and the Boston Trust Asset 
Management Fund for a Roth IRA. Based on a ten-year 
average return, she expects the Vanguard fund to earn 6% 
each year and the Boston Trust fund to earn 6.5% each 
year. Currently, individuals can contribute up to $18,000 of 
pre-tax income annually into a 401(k) account; individuals 
under age 55 can contribute $5,500 to their Roth IRA 
annually; and individuals 55 and over can contribute $6,500 
into a Roth IRA. She hopes to retire at 60 and wants to 
predict the value of her retirement investments. 


Project Management 


A Retirement-Planning Model 


Figure 11.16 shows a spreadsheet model of this 
scenario (Excel file Retirement Planning Model). Several key 
assumptions have been made in developing this model. 
One, of course, is that the annual salary increase and 
returns on investment will be the same each year. In reality, 
these values will be uncertain and vary randomly each 
year (and investment returns can be negative). A second 
assumption is how the model calculates the return on 
investment. The annual returns assume that the investment 
return is applied to the previous year’s balance and not 
to the current year’s contributions (examine the formulas 
in columns H and 1). An alternative would be to calculate 
the investment return based on the end-of-year balance, 
including current-year contributions. This will produce a 
different result. In reality, neither of these are quite correct, 
since the 401(k) contributions would normally be made ona 
monthly basis. Reflecting this would require a much larger 
and more complex spreadsheet model. 


Project management is concerned with scheduling the activities of a project involv- 
ing interrelated activities. An important aspect of project management is predicting the 
expected completion time of the project. To do this, we first define the set of activities that 
comprise the project, the time it takes for each activity, and the predecessors of each activ- 
ity (those activities that must immediately precede it). These precedence relationships are 


| SainnanEnennnisienmainiemmememanienemmetenamntsionan ar teescece reednnee cicero ee 


EERE ILIV ELSE EDDA ETE LD ARIE GIP LE NE OST N TT aN Cc se 


Zen A 8 Cc D E Bene bee ap resend 2 Cin sa a esas Pate! Coote on ny eR i 
Retirement Planning 401K Employer Roth IRA Final | 
ji | Age Salary _Contributio Match 401K Balance__Baiance Balance | 
| 2] Yearly 401K Contribution 15.0% 24 $80,000 $12,000 $4,000 $16,000 $5,500 $21,500) 
13 | Employer Match of Salary 6.0% 25 $83,200 $12,480 $4,160 $33,600.00 $11,357.50 ae 
14 | Salary increase 4.0% 26 = $86,528 $12,979 $4,326 $52,921.60 $17,595.74 $70,517} 
15 | 27 ~—- $89,989 $13,498 $4,499 $74,094.72 $24,239.46 $98,334] 
16 | Vanguard Balanced Index Fund 28 = $93,589 $14,038 $4,679 $97,258.14) $31,315.03 $128,573}) 
a Expected annual return 6.0% 29 $97,332 $14,600 $4,867 $122,560.08 $38,850.50 $161,411 

18 30° $101,226 $15,184 $5,061 $150,158.78 $46,875.78 $197,035 i 
'9 | Boston Trust Asset Management Fund 34. $105,275 $15,791 $5,264 $180,223.22) $55,422.71 $235,646)) 
| 10 | Expected annual return ‘6.6% 32 $109,486 $16,423 $5,474 $212,933.72 $64,525.19 $277,459|| 
12 | 33 $113,865 $17,080 $5,693 $248,482.73 $74,219.32 $322,702|| 
| 12 34 $118,420 $17,763 $5,921 | $287,075.60, $84,543.58 $371,619 

)13 35 $123,156 $18,000 $6,158 $328,457.95 $95,538.91 $423,907) 


a Figure 11.16 


Portion of Retirement Planning Model 
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usually depicted as a network. The longest path through the network defines the minimum 
project completion time and is called the critical path. To find the critical path, we first 
compute the earliest time that each activity can start and the earliest time it can finish. The 
earliest time that the last activity can finish is the minimum project completion time. Then 
we find the latest time each activity can start and the latest time that it can finish without 
delaying the project. The difference between the latest finish time and earliest finish time is 
called the slack. If the slack of an activity is zero, then it is on the critical path. 


Becker Consulting has been hired to assist in the 
evaluation of new software. The manager of the information 
systems department is responsible for coordinating 

all activities involving consultants and the company’s 
resources. The activities shown in Table 11.1 have been 
defined for this project, which is depicted graphically in 
Figure 11.17. 

Figure 11.18 shows a spreadsheet designed to 
calculate the project completion time (Excel file Becker 
Consulting Project Management Model). The model uses 
Excel MAX, MIN, and IF functions to implement the logic 
of calculating the project schedule and critical path. We 
start by finding the earliest start and finish times for each 
activity. Activities A, B, C, and D have no immediate 
predecessors and, therefore, have the earliest start 
times, 0. The earliest start time for each other activity is 
the maximum of the earliest finish times for the activity’s 


vy TABLE 11.1 

Activity and Time Estimate List 
Activity 

Select steering committee 
Develop requirements list 
Develop system size estimates 
Determine prospective vendors 

Form evaluation team 

Issue request for proposal 

Bidders conference 

Review submissions 

Select vendor short list 

Check vendor references 

Vendor demonstrations 

User site visit 

Select vendor 

Volume-sensitive test 

Negotiate contracts 

Cost-benefit analysis 

Obtain board of directors’ approval 


(2) 90) MO) 4 le "OM auluiie) ee [sla 


A Project Management Spreadsheet Model 


immediate predecessor. Earliest finish times are computed 
as the early start time plus the activity time. The earliest 
finish time for the last activity, Q (cell D21, copied to 
cell F23), represents the earliest time the project can be 
completed, that is, the minimum project completion time. 
To compute latest start and latest finish times, we set 
the latest finish time of the last activity equal to the project 
completion time. The latest start time is computed by 
subtracting the activity time from the latest finish time. The 
latest finish time for any other activity, say X, is defined as 
the minimum latest start of all activities for which activity 
X is an immediate predecessor. Slack is computed as the 
difference between the latest finish and earliest finish times. 
The critical path consists of activities with zero slack. Based 
on the expected activity times, the critical path consists 
of activities B-F-G-H-I-K-M-O-P-Q and has a predicted 
duration of 159 days. 


Predecessor(s) Activity Time (days) 
_ 15 
_ 50 
- 20 
— 3 
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> Figure 11.17 
Project Network Structure 


> Figure 11.18 


Becker Consulting Project 
Management Model 


Spreadsheet 
A A ; 
| 1 Becker Consulting 
}.2 
423 
14 Activity 
15 A 
6 B 
Wee Cc 
8 D 
19 E 
| 10 F 
441 G 
{2 H 
13 | } 
14 J 
{15 K 
+ 16) L 
1 47 M 
18 N 
1 19 fe) 
) 20 P 
j 21 Q 
| 22 


' 1 Becker Consulting Project Management Model 4 
i 2 : 
exe Activity Earliest Earliest Latest Latest On Se) 
44) Activity Time Start Time Finish Time Start Time Finish Time Slack Path? ! 
Sa A 15.00 0.00 15.00 28.00 43.00 28.00 
j 6 B 50.00 0.00 50.00 0.00 50.00 0.00 Yes 
aT Cc 20.00 0.00 20.00 30.00 50.00 30.00 i 
1 84 D 3.00 0.00 3.00 47.00 50.00 47.00 j 
9 E 7.00, 15.00 22.00. 43.00 50.00 28.00. 
110 F 6.00 50.00 56.00 50.00 56.00 0.00 Yes 
B14 G 1.00 56.00 57.00 56.00 57.00 0.00 Yes 
} 120 H 36.00 57.00 93.00 57.00) 93.00 0.00' Yes 
; 13 | 6.00 93.00 99.00 93.00 99.00 0.00 Yes 
144; J 6.00 99.00 105.00 125.00 131.00 26.00 
115, K 32.00 99.00 131.00 99.00 131.00 0.00 Yes 
146 | L 4.00 99.00 103.00 127.00, 131.00 28.00 
£17 M 3.00 131.00 134.00 131.00 134.00 0.00 Yes 
118 N 15.00 134.00 —- 149.00 137.00 152.00 3.00 : i 
h419° fe) 18.00 134.00 152.00 134.00 152.00 0.00 Yes 
} 204 P 2.00 152.00 154.00 152.00) 154.00 0,00 Yes } 
4.21 Q 5.00 154.00 159.00 154.00 159.00 0.00 Yes ; 
22 
234 : Project completion time 159.00 ; 
Bo C Do ere Se es Mee 
a 
| 
Activity Earliest Earliest Latest Latest On Critical 
Time Start Time Finish Time Start Time Finish Time Slack Path? 
15 0 =C5+B5 =F5-B5 =E9 =F5-D5  =IF(G5<0.0001,"Yes","") | 
50 0 =C6+B6 =F6-B6 =E10 =F6-D6 _-=!IF(G6<0.0001,"Yes","") _ 
20 0) =C7+B7 =F7-B7 =E10 =F7-D7 _—_=IF(G7<0.0001,"Yes”,"") i 
3 0 =C8+B8 =F8-B8 =E10 =F8-D8  =IF(G8<0.0001,"Yes","") ' 
7 =D5 =C9+B9 =F9-B9 =E10 =F9-D9 —=|F(G9<0.0001,"Yes","")_ | 
6 =MAX(D6,D7,D8,09) =C10+B10 =F10-B10 (=E11 =F10-D10 =IF(G10<0.0001,"Yes","") 
1 =D10 =C11+B11 =F11-B11 =E12 =F11-D11 =IF(G11<0.0001,"Yes","") 
36 =D11 =C12+B12 =F12-B12 =E13 =F12-D12 =IF(G12<0.0001,"Yes","") 
6 =D12 =C13+B13 =F13-B13_  =MIN(E14,E15,E16) =F13-D13 =IF(G13<0.0001,"Yes"\"") | 
6 =D13 =C14+B14 =F14-B14  =E17 =F14-D14 =IF(G14<0.0001,"Yes","") i 
32 =D13 =C15+B15 =F15-B15 =E17 =F15-D15 =IF(G15<0.0001,"Yes",") 
4 =D13 =C16+B16 =F16-B16 =E17 =F16-D16 =IF(G16<0.0001,"Yes","")_ | 
3 =MAX(D14,015,016) =C17+B17 =F17-B17 _ =MIN(E18,E19) =F17-D17 =IF(G17<0.0001,"Yes","") 
5 =D17 =C18+B18 =F18-B18 =E20 =F18-D18 =IF(G18<0.0001,"Yes",") | 
18 =D17 =C19+B19 =F19-B19 =E20 =F19-D19 =IF(G19<0.0001,"Yes","") 
2 =MAX(D18,D19) =C20+B20 =F20-B20 =E21 =F20-D20 =IF(G20<0.0001,"Yes","") | 
5 =D20 =C21+B21 =F21-B21 =D21 =F21-D21 =IF(G21<0.0001,"Yes","") 
; | Project completion time =D21 
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gg CHECK YOUR UNDERSTANDING 


1. Explain how spreadsheets can be effectively designed to model problems involving 
multiple time periods. 


oa 


2. What practical assumptions should be included in retirement planning models? 


3. Explain how the critical path is determined in a project management model. 
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as Prescriptive Spreadsheet Models 


We introduced prescriptive models in Chapter |. Recall that a prescriptive decision model 
helps decision makers to identify the best solution to a decision problem. Prescriptive mod- 
els are often called optimization models. An optimization model is most often formulated 
mathematically and specifies a set of decision variables, numerical quantities that repre- 
sent the decision options from which to choose; an objective function that minimizes or 
maximizes some quantity of interest, profit, revenue, cost, time, and so on; and constraints, 
which are limitations, requirements, or other restrictions that are imposed on any solu- 
tion. We will study the mathematical formulation and solution techniques for optimization 
problems in Chapters 13-15. Here we focus on building spreadsheet models that capture 
these model elements. 


Portfolio Allocation 


Selecting investment portfolios is fundamentally a trade-off between return and risk. 
Clearly, a major source of uncertainty is the annual return of each asset, leaving the deci- 
sion maker with the risk of not achieving a desired return. In addition, the decision maker 
faces other risks—for example, unanticipated changes in inflation or industrial production, 
the spread between high- and low-grade bonds, and the spread between long- and short- 
term interest rates. 

One approach to incorporating such risk factors in a decision model is arbitrate 
pricing theory (APT).” APT provides estimates of the sensitivity of a particular asset 
to these types of risk factors, leading to a prescriptive model for finding the best 
portfolio mix. 


A Portfolio Allocation Model 


An investor has $100,000 to invest in four assets. The amounts with which the investor will be comfortable 
expected annual returns and minimum and maximum allocating to each investment are as follows: 

Investment Annual Minimum Maximum 

Return 

1. Life insurance 5% $2,500 $5,000 

2. Bond mutual funds 7% $30,000 None 

3. Stock mutual funds 11% $15,000 None 

4. Savings account 4% None None 

(continued) 


°M. Schniederjans, T. Zorn, and R. Johnson, “Allocating Total Wealth: A Goal Programming Approach,” 
Computers and Operations Research, 20,7 (1993): 679-685. 
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Let us assume that the risk factors per dollar allocated However, the total weighted risk associated with this 


to each asset have been determined as follows: solution is 
7" Total Weighted Risk = —0.5(5,000) + 1.8(50,000) 


t t Risk Factor/Dollar Invested 
Se + 2.1(15,000) — 0.3(30,000) = 110,000 
1. Life insurance =(0}: 
2. Bond mutual funds 1.8 Because this is greater than the limit of 100,000, 


this solution could not be chosen. The decision problem, 
then, is to determine how much to invest in each asset to 
4. Savings account 0.3 maximize the total expected annual return, remain within 
the minimum and maximum limits for each investment, and 
meet the limitation on the weighted risk. 

A spreadsheet for this problem is shown in Figure 11.19 
(Excel file Portfolio Allocation Model). Problem data are 


3. Stock mutual funds 2.1 


The investor may specify a target level for the weighted 
risk factor, thus leading to a constraint that limits the risk to 
the desired level. For example, suppose that our investor 
will tolerate a weighted risk per dollar invested of at most 


1.0. Then the weighted risk for a $100,000 total investment specified in rows 4 through 10. On the bottom half of the 
will be limited to 100,000. If our investor allocates $5,000 spreadsheet, we specify the amounts invested (decision 
in life insurance, $50,000 in bond mutual funds, $15,000 in options) in cells B16:B19, all of which must add up to 
stock mutual funds, and $30,000 in a savings account, the $100,000; the total expected return (objective function) in cell 
total expected annual return would be B24, which is the formula =SUMPRODUCT(B6:B9,B16:B19); 
and the total amount invested and total weighted risk 
Expected Annual Return = 0.05($5,000) + 0.07($50,000) (constraints) in cells B21 and B22. Note that the formulas 
+ 0.11($15,000) + 0.04($30,000) = $6,600 used in cells B24 and B22 [=SUMPRODUCT(E6:E9,B16:B19)] 


match the calculations shown above. 


Locating Central Facilities 


A common problem in designing service systems is to locate a facility in a “central” loca- 
tion with respect to other facilities to minimize some measure of distance from the central 
location to each of the other facilities. Distances can be measured in several ways. Suppose 
that the X - and Y-coordinates of two locations are (X;, ¥;) and (X>, Y>). One measure is the 
straight-line distance between the points. This is computed as 


Straight-line distance between (Xj, Y,) and (X>, Y%) = V(X, —Xy+(%- Ye) 


(11.7) 
> Figure 4 1 : 1 9 = RS PEEL SAT TAAL ONT NETL S LTE NLL IE NT SAID SSCS TS EC ARIAT TSC Sana ae Rati rai Ca rm aoe reagan | 
eet er ce BS a SN oe ere 
Portfolio Allocation Model ; Portfolio Allocation Model | 
Spreadsheet 5 Data ' 
| 4 | Annual Risk factor 
| 5 Investment return Minimum Maximum perdollar |) 
6 Life Insurance 5.0% $2,500.00 $5,000.00 0.5), 
j 7 Bond mutual funds 7.0% $30,000.00 none 1.8 1 
| 8) Stock mutual funds 11.0% $15,000.00 none 2.11) 
19.4 Savings Account 4.0% none none 0.3]| 
} 10 | Total amount available $100,000 Limit 100,000), 
44 1 
12 Model i 
13. | 
14 Amount i 
15 invested i 
16 Life Insurance ] 
fz. Bond mutual funds | 
j 18: Stock mutual funds i 
19 Savings Account i 
120. i 
} 21 | Total amountinvested $100,000.00 j 
| 22 Total weighted risk” 110,000.00 j 
23 


| 24 Total expected return) 96,600.00) } 


en EE | 
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» Figure 11.20 


Straight-Line Versus 
Rectilinear Distance 


| 
I%i-Yol - 


Formula (11.7) is often called Euclidian distance. A second measure of distance is 
called rectilinear distance, which is computed as 


Rectilinear distance between (Xj, Y,) and (X>, Y) = |X; — X| + |¥, - ¥5| 


(11.8) 


This is often called the “city block” metric. Rectilinear distance moves along the coordi- 
nate axes; Figure 11.20 illustrates the difference. Distances are often weighted based on 
the volume, or frequency, of trips between locations. The goal is to find the location for the 
central facility that minimizes the distance measure. 


A medical testing laboratory needs to collect blood samples 
from several regional hospitals to perform diagnostic 
testing. Currently, the laboratory is in the middle of a small 
town, but several new hospitals have been constructed 

in outlying areas. The lab wants to relocate to reduce the 
travel distance required to pick up the samples. The X- and 
Y-coordinates for the hospital locations have been found 
on a grid. The following table shows these, along with the 
average number of trips per month that the lab must make 
to each location. 


nnn 


Hospital Trips/ 
Location X-Coordinate Y-Coordinate Month 
1 0 0 5 
2 20 80 26 
3 60 30 20 
4 100 100 35 
5 70 110 15 


A Location Model for a Medical Laboratory 


The area is quite rural, so the distances between 
locations can be measured “as the crow flies” —that is, 
using the straight-line distance formula (11.7). Suppose 
that Xo and Yo represent the coordinates of the laboratory. 
We want to minimize the weighted distance between the 
laboratory and all locations, where the weights are the 
number of trips/month: 


minimize 5 V(X; — Xo)? + (Y — Yo)* 
+ 25V/ (Xp — Xo)? + (% — Yo)? 
+ 20V (Xs — Xo)? + (% — Yo)? 
+ B5V/ (x4 — Xo)* + (Y%4 — Yo)? 
+ 15V (Xs — Xo)? + (% — Yo)? 


Figure 11.21 shows a spreadsheet model (Excel file Labora- 
tory Location Model). The locations (decision options) are 


(continued) 
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on a coordinate system using a bubble chart. The sizes of 
the bubbles represent the numbers of trips/month, and the 
orange bubble is the location of the laboratory for the speci- 


specified in cells B11:C11, and the total weighted distance 
(objective function) is calculated in cell C19. This model has 
no constraints. The spreadsheet also shows the hospital 
locations and recommended laboratory location visually fied lab location coordinates. 


a Sa AA Nn EA th ak RA a NF RRL 


> ~ r ay Tee ne Si RT ia a Td nt el a nL LAR al i i SR SSCS BRIER TRIO cc a 
Be Sh s A B c D_ Bora ae Soc i Cee anit 
Laboratory | 1 Laboratory Location Model ~~ «ae i : = a eel ——| 
: 2 : : — i 
Location Model | 7 Data i 
Spreadsheet | A | i 
+ 5 Location X Coordinate Y Coordinate Trips/month i 
16 1 0 0 5} | [ | 
{ 7 2 20 80 25 —}——};-— = t | 
38 3 60 30 20} | fh sae 
ig 4 100 100 35] | = + — | 
16 | 5 70 110 15 } +——+ — : a i 

| 11 |Lab Location |_ 40.00 60.00] | a sin a =F 
112 <a 
13. Location Distance Weighted Distance j | i i 
174 | 1 72.14 360.56 “ 1 | : ris = se i 
2 ; oe.28 aes ee ak il pe A Lose 
: 4 72-41 2573.89 | -10 0 10 20 30 40 50 60 70 80 90 100 110 120 ih 
4 - = ~ | HM 
! 18 j 5 58.31 874.64 X-Coordinate i 

+19 Total SSSR ARTA ; : t — 


seienemmnammesn ecu I TT TTT 


Job Sequencing 


A unique application of Excel modeling is for job-sequencing problems. Job-sequencing 
problems involve finding an optimal sequence, or order, by which to process a set of jobs. 
For any job sequence, we may compute the completion time for each job by successively 
adding the processing times of that job and all that were completed before it. We may then 
compare the completion times with the requested due dates to determine if the job is com- 
pleted either early or late. For any job i, lateness (Lj) is the difference between the comple- 
tion time (C;) and the due date (D,), which can be either positive or negative. Tardiness (T;) 
is the amount of time by which the completion time exceeds the due date; thus, tardiness is 
zero if a job is completed early. Hence, for job i, 


L; = C; = D; (11.9) 
T= axe) (11.10) 


Researchers have shown that sequencing jobs in order of shortest processing time (SPT) first 
will minimize the average completion time for all jobs. Sequencing by earliest due date (EDD) 
first will minimize the maximum number of tardy jobs. However, the manager might be inter- 
ested in minimizing other criteria, such as the average tardiness, total tardiness, or total lateness. 


A Spreadsheet Model for Job Sequencing 


Suppose that a custom manufacturing company has ten processing time (RP) and a due date (Dj) that was requested 
jobs waiting to be processed. Each job ij has an estimated by the customer, as shown in the following table: 


Time 8 Z 6 4 10 8 10 5 9 5 
Due date 20 aL 39 28 23 40 25 35 29 30 
— ee ee a ee eee 
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To develop a spreadsheet model for this problem, we to identify the processing time and due date associated 
use the Excel function INDEX to identify the processing with a specific job. For example, the formula in cell B11 is 
times and due date for the job assigned to a particular =INDEX($B$4:$K$6, 2, B10). This function references the 
sequence. value in the second row of the range B4:K6 corresponding to 

Figure 11.22 shows the model (Excel file Job the job assigned to cell B10, in this case, job 5. Likewise, the 
Sequencing Model) and a portion of the Excel formulas. A formula in cell B13, =INDEX($B$4:$K$6, 3, B10), finds the 
particular job sequence (the decision options) is given in due date associated with job 5. Any sequence of integers in 
row 10; for this example, we show the sequence for the the decision variable range is called a permutation. The goal 
EDD rule. In rows 11 and 13, we use the INDEX function is to find a permutation that optimizes the chosen criterion. 


> Figure 11.22 


Spreadsheet Model for Job 
“ilesdioy: Model 


RSD OMIEG SA 


EE LACS AAI RSet 


ee erry 


* Sa Se er ee ee a ee | 
i Job Sequencing Model 4 
2 3 
3 Data | 
4 Job { 2 3 4 5 6 7 8 9 10. 
5] Time 8 7 6 4 10 8 10 5 ) 5} 
6 Due date 26 27 39 28 23 25 35 29 30} 
i i 
8 Model i 
a Sequence 4 2 3 4 5 6 7 8 9 10) 
10° Job Assigned| 5 7 1 2 4 9 10 8 3 i 
nH Processing time 10 10 8 7 4 g 5 5 6 S| 
az Completion time 10 20 28 35 39 48 53 58 64 72 
3 Due Date 2 25 26 2 28 29 30 35 39 40) 
14 Lateness 43 5 2 8 11 19 23 23 25 22 
15 Tardiness B) 0 2 8 11 19 2B 23 25 a2 
16 i 
_ 17. Average Completion Time 42.7 { 
| 18 Maximum Number Tardy 8 a 
19 Total Lateness 425 i 
20 Average Lateness 12.5 j 
21 Variance of Lateness 188.85 H 
2 Total Tardiness 143 
23 Average Tardiness 14.3 
24 Variance of Tardiness 121.21 fend | hn er 
BT Fa ENR Sn TO SL Fa ae NA ERT SS RACES TR dl eee teat ea ear eee cael PARA peat fae alah Re eee aCe ml 
i 4 A SO a IG Se GT ie ele INU See 
| 1 Job Sequencing Model | 
he 2) H 
| 3. Data 
4 Job 1 2 3 
ee Time & 7 6 i 
1 6 Due date 26 27 39 | 
ie a i 
| & Model f H 
al Sequence 1 ae reas: 2 | 
; it Processing time =INDEX($B$4:$K36,2 B10) "=INDEX($B$4:$K$6,2,C10) =INDEX(SB$4:$KS6,2,010) 
#12) Completion time =B11 =B12+C11 =C12+D11 | 
13 | Due Date =INDEX($B$4:$K$6,3,B10) =INDEX($B$4:$K$6,3,C10) =INDEX($B$4:$K$6,3,D10) | 
114 Lateness =B12-B13 =C12-C13 =D12-D13 | 
4 15) Tardiness =MAX(0,B14) =MAX(0,C14) =MAX(0,D14) i 
116 { 


f 


17 ‘Average Completion Time =AVERAGE(B12:K12) 
| 18 Maximum Number Tardy | =COUNTIF(B15:K15,">0") 


119 | ‘Total Lateness ‘ =SUM(B14:K14) 
20 Average Lateness =AVERAGE(B14:K14) 
21 Variance of Lateness =VAR.P(B14:K14) 
| 22. Total Tardiness =SUM(B15:K15) 
23 | “Average Tardiness =AVERAGE(B15:K15) : . | 


24 |\Variance of Tardiness =VAR.P(B15: K15) 
ee aes 
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7 CHECK YOUR UNDERSTANDING 


1. Summarize the key features of prescriptive spreadsheet models. 


2. What is the difference between Euclidian and rectilinear distance in modeling facility 
location problems? 


3. Explain the decision variables and possible objective functions that can be used for 
job-sequencing models. 


as Analyzing Uncertainty and Model Assumptions 


Because predictive analytical models are based on assumptions and incorporate data that 
most likely are not known with certainty or are subject to error, it is usually important to 
investigate how these assumptions and uncertainty affect the model outputs. This is one of 
the most important and valuable activities for using spreadsheet models to gain insights and 
make good decisions. In this section, we describe several different approaches for doing this. 


What-lf Analysis 


Spreadsheet models allow you to easily evaluate what-if questions—how specific combi- 
nations of inputs that reflect key assumptions will affect model outputs. What-if analysis 
is as easy as changing values in a spreadsheet and recalculating the outputs. However, 
systematic approaches make this process easier and more useful. 

In Example 11.2, we developed a spreadsheet model for profit and suggested how a 
manager might use the model to change inputs and evaluate different scenarios. A more 
informative way of evaluating a wider range of scenarios is to build a table in the spread- 
sheet to vary the input or inputs in which we are interested over some range and calculate 
the output for this range of values. The following example illustrates this. 


EXAMPLE 11.18 


Using Excel for What-If Analysis 


In the profit model used in Example 11.2, we stated that refers to cells in the model; thus, the user could change 


demand is uncertain. A manager might be interested in the quantity produced or any of the other model inputs 
the following question: For any fixed quantity produced, and still have a correct evaluation of the profit for these 
how will profit change as demand changes? In Figure values of demand. One of the advantages of evaluating 
11.23, we created a table for varying levels of demand and what-if questions for a range of values rather than one 
computed the profit. This shows that a loss is incurred at a time is the ability to visualize the results in a chart, 

for low levels of demand, whereas profit is limited to as shown in Figure 11.24. This clearly shows that profit 
$240,000 whenever the demand exceeds the quantity increases as demand increases until it hits the value of the 


produced, no matter how high it is. Notice that the formula quantity produced. 


Conducting what-if analysis in this fashion can be quite tedious. Fortunately, Excel 
provides several tools—Data Tables, Scenario Manager, and Goal Seek—that facilitate 
what-if and other types of decision model analyses. These can be found within the What-If 
Analysis menu in the Data tab. 


Data Tables 


Data tables summarize the impact of one or two inputs on a specified output. Excel 
allows you to construct two types of data tables. A one-way data table evaluates an output 
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> Figure 11.23 = 


What-If Table for : Profit Model 
Uncertain Demand | 3. Data Demand Qty. Sold Revenue Cost Profit _| 
Ay ils Pom 25000 25000 $1,000,000 $1,360,000 $(360,000) h 
55 | Unit Price $40.00 30000 30000 $1,200,000 $1,360,000 $(160,000)|’ 
16 | Unit Cost $24.00 35000 35000 $1,400,000 $1,360,000 $ 40,000 | 
7 Fixed Cost $400,000.00 40000 40000 $1,600,000 $1,360,000 $ 240,000 | 
8 Demand 50000 45000 40000 $1,600,000 $1,360,000 $ 240,000 | 
50000 40000 $1,600,000 $1,360,000 $ 240,000 
55000 40000 $1,600,000 $1,360,000 $ 240,000 


60000 40000 $1,600,000 $1,360,000 $ 240,000 | 


er eee Se eS a ee ee es eee 
Profit Model { 
Data Demand Qty. Sold Revenue Cost Profit 


25000 =MIN(E4,$B$18) =$B$13*F4 =$C$19+$C$20 =G4-H4 | 
30000 =MIN(E5,$B$18) =$B$13°FS =$C$19+SC$20 =G5-H5S 
35000 =MIN(E6,$B$18) =$B$13"F6 =$C$19+$C$20 =G6-H6 
40000 =MIN(E7,$B$18) =$B$13*F7 =$C$19+$C$20 =G7-H7 
45000 =MIN(E8,$B$18) =$B$13*F8 =$C$19+$C$20 =G8-H8 
50000 =MIN(E9,$B$18) =$B$13*F9 =$C$19+$C$20 =G9-H9 | 
55000 =MIN(E10,$B$18) =$B$13*F10 =$C$19+$C$20 =G10-H10 
60000 _ =MIN(E11,$B$18) =$B$13*F11 =$C$19+$C$20 =G11-H11_ 


i 


q 


Unit Price 40 
Unit Cost 24 
Fixed Cost 400000 
Demand 50000 


Figure ti24 — 
Chart of What-/f Analysis What-If Chart for Uncertain Demand 


$300,000 


$200,000 


Profit 


$(100,000) 
$(200,000) 
§(300,000) 


$(400,000) 
25000 30000 35000 40000 45000 50000 55000 60000 || 


Demand 
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> Figure 11.25 
Data Table Dialog 
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variable over a range of values for a single input variable. Two-way data tables evaluate 
an output variable over a range of values for two different input variables. 

To create a one-way data table, first create a range of values for some input cell in your 
model that you wish to vary. The input values must be listed either down a column (column 
oriented) or across a row (row oriented). If the input values are column oriented, enter the 
cell reference for the output variable in your model that you wish to evaluate in the row 
above the first value and one cell to the right of the column of input values. Reference any 
other output variable cells to the right of the first formula. If the input values are listed across 
a row, enter the cell reference of the output variable in the column to the /eft of the first 
value and one cell below the row of values. Type any additional output cell references below 
the first one. Next, select the range of cells that contains both the formulas and values you 
want to substitute. From the Data tab in Excel, select Data Table under the What-If Analy- 
sis menu. In the dialog box (see Figure 11.25), if the input range is column oriented, type 
the cell reference for the input cell in your model in the Column input cell box. If the input 
range is row oriented, type the cell reference for the input cell in the Row input cell box. 


A One-Way Data Table for Uncertain Demand 


In this example, we create a one-way data table for profit of demand as well as the cell reference to profit), and select 
for varying levels of demand. First, create a column of Data Table from the What-/f Analysis menu. In the Column 
demand values in column E exactly as we did in Example input cell field, enter B8; this tells the tool that the values 
11.18. Then in cell F3, enter the formula = C22. This simply in column E are different values of demand in the model. 
references the output of the profit model. Highlight the When you click OK, the tool produces the results (which we 


range E3:F11 (note that this range includes both the column formatted as currency) shown in Figure 11.26. 


We may evaluate multiple outputs using one-way data tables. 


One-Way Data Tables with Multiple Outputs 


Suppose that we want to examine the impact of the “Profit” in F2 and “Revenue” in G2 to identify the results. 
uncertain demand on revenue in addition to profit. We Then highlight the range E3:G11 and proceed as described 
simply add another column to the data table. For this case, in the previous example. This process results in the data 


insert the formula =C15 into cell G3. Also, add the labels table shown in Figure 11.27. 


To create a two-way data table, type a list of values for one input variable in a column 
and a list of input values for the second input variable in a row, starting one row above 
and one column to the right of the column list. In the cell in the upper left-hand corner 
immediately above the column list and to the left of the row list, enter the cell reference 
of the output variable you wish to evaluate. Select the range of cells that contain this cell 
reference and both the row and column of values. On the What-If Analysis menu, click 
Data Table. In the Row input cell of the dialog box, enter the reference for the input cell 


> Figure 11.26 


One-Way Data Table for 
Uncertain Demand 


> Figure 11.27 


One-Way Data Table with 
Two Outputs 
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A 
Profit Model 


Data 


Unit Price $40.00 
Unit Cost $24.00 
Fixed Cost $400,000.00) 
Demand 50000 


ih hem 
RSE PNIF® HK wON = a 


D 


E = 


Demand 
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“Ff 
$240,006.00]| 


$ 240,000.00 || 
$ 240,000.00 
$ 240,000.00 || 


Profit 
Demand $240,000 


25000 $(360,000) 
30000 $(160,000) 
35000 $ 40,000 
40000 $ 240,000 
45000 $ 240,000 
50000 $ 240,000 
55000 3 240,000 
60000 $ 240.000 


$ 1,600,000 


$1,000,000 | 
$ 1,200,000 
$ 1,400,000 
$1,600,000 | 
$ 1,600,000 
$1,600,000 | 
$ 1,600,000 


in the model that corresponds to the input values in the row. In the Column input cell box, 
enter the reference for the input cell in the model that corresponds to the input values in the 


column. Then click OK. 


Two-way data tables can evaluate only one output variable. To evaluate multiple out- 
put variables, you must construct multiple two-way tables. 


In most models, the assumptions used for the input data are 
often uncertain. For example, in the profit model, the unit cost 
might be affected by supplier price changes and inflationary 
factors. Marketing might be considering price adjustments to 
meet profit goals. We use a two-way data table to evaluate the 
impact of changing these assumptions. First, create a column 
for the unit prices you wish to evaluate and a row for the unit 
costs in the form of a matrix (see column E and row 2 in Figure 
11.28). In the upper left corner (which is cell E2 in Figure mee) 


Scenario Manager 


A Two-Way Data Table for the Profit Model 


enter the formula =C22, which references the profit in the 
model. Select the range of all the data (not including the 
descriptive titles; that is, E2:113 in Figure 11.28) and then 
select the data table tool in the What-/f Analysis menu. In the 
Data Table dialog, enter B6 for the Row input cell since the 
unit cost corresponds to cell B6 in the model, and enter B5 for 
the Column input cell since the unit price corresponds to cell 
B5. Figure 11.28 shows the completed result as a heat map, 
using conditional formatting color scales (see Chapter 3). 


The Excel Scenario Manager tool allows you to create scenarios—sets of values that are 
saved and can be substituted automatically on your worksheet. Scenarios are useful for con- 
ducting what-if analyses when you have more than two output variables (which data tables 
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cannot handle). The Excel Scenario Manager is found under the What-If Analysis menu in 
the Data Tools group on the Data tab. When the tool is started, click the Add button to open 
the Add Scenario dialog and define a scenario (see Figure 11.29). Enter the name of the 
scenario in the Scenario name box. In the Changing cells box, enter the references, sepa- 
rated by commas, for the cells in your model that you want to include in the scenario (or 
hold down the Ctrl key and click on the cells). In the Scenario Values dialog that appears 
next, enter values for each of the changing cells. If you have put these into your spread- 
sheet, you can simply reference them. After all scenarios are added, they can be selected by 
clicking on the name of the scenario and then the Show button. Excel will change all values 
of the cells in your spreadsheet to correspond to those defined by the scenario for you to see 
the results within the model. When you click the Summary button on the Scenario Manager 
dialog, you will be prompted to enter the result cells and choose either a summary or a Piv- 
otTable report. The Scenario Manager can handle up to 32 variables. 

The Scenario Manager is a useful tool for best-case/worst-case analysis. For exam- 
ple, in the profit model, a best-case scenario would be a high unit price, low unit and fixed 


cost, and high demand, while a worst-case scenario would have a low unit price, high unit 
and fixed cost, and low demand. 


Using the Scenario Manager for the Markdown Pricing Model 


In the Markdown Pricing Model spreadsheet, suppose that or =E8 for the changing cell B8. Repeat this process for 
we wish to evaluate four different strategies, which are each scenario. Click the Summary button. In the Scenario 
shown in Figure 11.30. In the Add Scenario dialog, enter Summary dialog that appears next, enter C33 (the total 
Ten/ten as the scenario name and specify the changing revenue) as the result cell. The Scenario Manager evaluates 
cells as B7 and B8 (that is, the number of days at full retail the model for each combination of values and creates the 
price and the intermediate markdown). In the Scenario summary report shown in Figure 11.31. The results indicate 
Values dialog, enter the values for these variables in that the largest profit can be obtained using the twenty/ 
the appropriate fields, or enter the formulas for the cell twenty markdown strategy. 


references; for instance, enter =E2 for the changing cell B7 


Goal Seek 


If you know the result that you want from a formula but are not sure what input value the 
formula needs to get that result, use the Goal Seek feature in Excel. Goal Seek works only 
with one variable input value. If you want to consider more than one input value or wish to 
maximize or minimize some objective, you must use the Solver add-in, which is discussed 
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in other chapters. On the Data tab, in the Data Tools group, click What-If Analysis, and 
then click Goal Seek. The dialog shown in Figure 11.32 will appear. In the Set cell box, 
enter the reference for the cell that contains the formula that you want to resolve. In the 
To value box, type the formula result that you want. In the By changing cell box, enter the 
reference for the cell that contains the value that you want to adjust. 


> Figure 11.29 
Add Scenario Dialog 


Scenario name: 


ati 


} | Changing cells: 


1 | Ctrl+click cells to select non-adjacent changing cells. 


Comment: 


A 

Markdown Pricing Model Scenarios Ten/ten Twenty/twenty Thirty/thirty Forty/forty 
Days at full retail price 10 20 30 40 

Data Intermediate markdown 10% 20% 30% 40% | 
Retail price | 


Inventory 

Selling season (days) 
Days at full retail 
Intermediate markdown 
Clearance markdown 


a Figure 11.30 
Markdown Pricing Model with Scenarios 


il Scenario Summary 
Current Values: Ten/ten Twenty/twenty Thirty/thirty Forty/forty 1 


Cells: 


> Figure 11.31 


Scenario Summary for the 
Markdown Pricing Model 


§ C$33 $43,246.00 50,302.00 $52,850.00 
: Notes: Current Values column represents values of changing cells at 
' time Scenario Summary Report was created. Changing cells for each 
' scenario are highlighted in gray. 


» Figure 11.32 
Goal Seek Dialog 
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Finding the Break-Even Point in the Outsourcing Model 


In the outsourcing decision model we introduced in production volume in cell B12 that yields a value of zero 
Chapter 1 (see Example 1.4), we might wish to find the in cell B19. In the Goal Seek dialog, enter B19 for the Set 
break-even point. The break-even point is the value cell, enter 0 in the To value box, and enter B12 in the By 

of demand volume for which total manufacturing cost changing cell box. The Goal Seek tool determines that the 
equals total purchased cost or, equivalently, for which the break-even volume is 1,000 and enters this value in cell B12 
difference is zero. Therefore, you seek to find the value of in the model, as shown in Figure 11.33. 


" CHECK YOUR UNDERSTANDING 


What Excel tools can be used to perform what-if analyses? 


Explain the advantages of using Excel data tables. 


What is a scenario, and why are scenarios useful in what-if analyses? 


a oN 


Explain how the Excel Goal Seek tool works. 


Tit eT 


Arbitrate pricing theory (APT) Permutation 
Best-case/worst-case analysis Pro forma income statement 
Critical path Rectilinear distance 

Data table Scenarios 

Data validation Slack 

Euclidian distance Spreadsheet engineering 
Influence diagram Two-way data table 
Newsvendor problem Verification 

One-way data table What-if analysis 


Overbooking 
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mim CHAPTER 11 TECHNOLOGY HELP 


Excel Techniques this cell reference and both the row and column of 
Data Validation (Example 11.6): values. On the What-If Analysis menu, click Data 


Select the cell range, click on Data Validation in the 
Data Tools group within the Data tab on the Excel 
ribbon, and then specify the criteria that Excel will 
use to flag invalid data. On the Error Alert tab, you 
can also create an alert box that pops up when an 
invalid entry is made. On the /nput Message tab, 
you can create a prompt to display a comment in the 
cell about the correct input format 


One-Way Data Tables (Example 11.19): 


Create a range of values for some input cell in your 
model that you wish to vary. The input values must 
be listed either down a column (column oriented) 
or across a row (row oriented). If the input values 
are column oriented, enter the cell reference for 
the output variable in your model that you wish 

to evaluate in the row above the first value and 

one cell to the right of the column of input values. 
Reference any other output variable cells to the 
right of the first formula. If the input values are 
listed across a row, enter the cell reference of the 
output variable in the column to the left of the first 
value and one cell below the row of values. Type 
any additional output cell references below the first 
one. Next, select the range of cells that contains 
both the formulas and values you want to substi- 
tute. From the Data tab in Excel, select Data Table 
under the What-If Analysis menu. In the dialog 
box, if the input range is column oriented, type the 
cell reference for the input cell in your model in 
the Column input cell box. If the input range is row 
oriented, type the cell reference for the input cell in 
the Row input cell box. 


Two-Way Data Tables (Example 11.21): 


Type a list of values for one input variable in a 
column and a list of input values for the second 
input variable in a row, starting one row above and 
one column to the right of the column list. In the 
cell in the upper left-hand corner immediately above 
the column list and to the left of the row list, enter 
the cell reference of the output variable you wish 

to evaluate. Select the range of cells that contain 


Table. In the Row input cell of the dialog box, enter 
the reference for the input cell in the model that 
corresponds to the input values in the row. In the 
Column input cell box, enter the reference for the 
input cell in the model that corresponds to the input 
values in the column. 


Scenario Manager (Example 11.22): 
Click the What-If Analysis menu in the Data Tools 
group on the Data tab. When the tool is started, 
click the Add button to open the Add Scenario 
dialog and define a scenario. Enter the name of the 
scenario in the Scenario name box. In the Chang- 
ing cells box, enter the references, separated by 
commas, for the cells in your model that you want 
to include in the scenario (or hold down the Ctrl 
key and click on the cells). In the Scenario Values 
dialog that appears next, enter values for each of 
the changing cells. If you have put these into your 
spreadsheet, you can simply reference them. After 
all scenarios are added, they can be selected by 
clicking on the name of the scenario and then the 
Show button. When you click the Summary but- 
ton on the Scenario Manager dialog, you will be 
prompted to enter the result cells and choose either 
a summary or a PivotTable report. 


Goal Seek (Example 11.23): 
On the Data tab, in the Data Tools group, click 
What-If Analysis, and then click Goal Seek. In the 
Set cell box, enter the reference for the cell that con- 
tains the formula that you want to resolve. In the To 
value box, type the formula result that you want. In 
the By changing cell box, enter the reference for the 
cell that contains the value that you want to adjust. 


Analytic Solver 


Analytic Solver provides tools for what-if and sensitivity anal- 
ysis in spreadsheet models. See the online supplement Model 
Analysis in Analytic Solver. We suggest that you first read 
the online supplement Getting Started with Analytic Solver 
Basic. This provides information for both instructors and stu- 
dents on how to register for and access Analytic Solver. 
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gs PROBLEMS AND EXERCISES 


an average of six times each year, and 40% of 
customers defect each year, what is the economic 
value of the customer? 


Model-Building Strategies 


1. A manufacturer of kitchen appliances is preparing to 


set the price on a new blender. Demand is thought to 
depend on the price and is represented by the model 


D = 2,900 — 2P 
The accounting department estimates that the total 
cost can be represented by 


C = 6,000 + 6D 


Develop a mathematical model for the total profit in 
terms of the price, P. 


. Intel, the largest semiconductor manufacturing com- 
pany in the world, sells two major types of computer 
chips, type A and type B. The sales of these two chips 
are dependent of each other (in economics, we call 
these substitutable products because if the price of 
one increases, sales of the other will increase). The 
store wishes to establish a pricing policy to maximize 
revenue from these chips. A study of price and sales 
data shows the following relationships between the 
quantities sold (N) and prices (P) of each model: 


Na = 55 + 0.05P, + 0.35P3 
Np = 63 + 0.15P, — 0.18P3 


a. Construct a mathematical model for the total 
revenue. 

b. What is the predicted revenue if Py = $40.50 
and Ps = $50? 


. Few companies take the time to estimate the value of a 
good customer (and often spend little effort to keep 
one). Suppose that a customer at a restaurant spends, on 
average, R per visit and comes F times each year (for 
example, if a customer purchases once every two years, 
then F = '/, = 0.5). The restaurant realizes a gross 
profit margin of M (expressed as a fraction) on the aver- 
age bill for food and drinks. In addition, the fraction of 
customers defecting (not returning) each year is D, 


a. Develop a mathematical model to compute the 
gross profit during a customer’s lifetime in doing 
business with the restaurant (this is often called 
the economic value of a customer). 


b. If the average purchase per visit is €40, the gross 
profit margin is 0.5 (that is, 50%), customers visit 


. The demand for organic chicken meat is quite sensi- 


tive to price. Typically, there is an inverse relation- 
ship between its demand and price—when price 
decreases, demand increases and vice versa. The 
price of 1 pound of organic chicken selling at a 
major U.S. grocery chain is $3.47 with an average 
consumption of 10 pounds per customer. In the fol- 
lowing month, the price of 9.842 pounds of organic 
chicken is $3.56 per pound. 


a. Plot these points on a coordinate system and 
develop a function that relates demand and price. 


b. Develop a model that will determine the total rev- 
enue as a function of the price. 


. A company is trying to predict the long-run market 


share of a new men’s deodorant.'® Based on initial 
marketing studies, they believe that 40% of new pur- 
chasers in this market will ultimately try this brand, 
and of these, about 65% will purchase it in the future. 
Preliminary data also suggest that the brand will attract 
heavier-than-average buyers, such as those who exer- 
cise frequently and participate in sports, and that they 
will purchase about 15% more than the average buyer. 


a. Calculate the long-run market share that the com- 
pany can anticipate under these assumptions. 


b. Develop a general model for predicting long-run 
market share. 


- A manufacturing company make their sales by vis- 


iting the customers personally to market their prod- 
ucts. They want to determine the impact of these 
sales visits on the total profit earned by their sales- 
persons. The cost for the company depends on the 
basic salary paid to the salesperson and the number 
of miles traveled by the salesperson. Thus, the profit 
earned by the company per salesperson depends on 
the number of units sold by each salesperson and the 
cost spent on these salespersons. Construct an influ- 
ence diagram that relates these variables. 


- Construct an influence diagram for profit in the 


single-period purchase decision (Newsvendor Model) 


'° Based on an example of the Parfitt-Collins model in Gary L. Lilien, Philip Kotler, and K. Sridhar Moorthy, Marketing Models (Englewood 
Cliffs, NJ: Prentice Hall, 1992): 483. 


10. 


Tie 


12. 


13. 


discussed in this chapter. Use Excel’s Formula Audit- 
ing capability to demonstrate the relationship between 
the spreadsheet model and the influence diagram. 


- Construct an influence diagram for the net revenue 


in the overbooking decision model discussed in this 
chapter. Use Excel’s Formula Auditing capability to 
demonstrate the relationship between the spreadsheet 
model and the influence diagram. 


. Construct an influence diagram for the staffing model 


in Example 11.7. 


Construct an influence diagram for the portfolio allo- 
cation model in Example 11.15. 


Return on investment (ROI) is computed in the fol- 
lowing manner: ROI is equal to turnover multiplied 
by earnings as a percent of sales. Turnover is sales 
divided by total investment. Total investment is cur- 
rent assets (inventories, accounts receivable, and 
cash) plus fixed assets. Earnings equal sales minus 
the cost of sales. The cost of sales consists of variable 
production costs, selling expenses, freight and deliv- 
ery, and administrative costs. 


a. Construct an influence diagram that relates these 
variables. 


b. Define symbols and develop a mathematical 
model. 


A (greatly) simplified model of the national economy 
can be described as follows. The national income is 
the sum of three components: consumption, invest- 
ment, and government spending. Consumption is 
related to the total income of all individuals and to 
the taxes they pay on income. Taxes depend on total 
income and the tax rate. Investment is also related to 
the size of the total income. 


a. Use this information to draw an influence dia- 
gram by recognizing that the phrase “A is related 
to B” implies that A influences B in the model. 


b. If we assume that the phrase “A is related to B” can 
be translated into mathematical terms as A = kB, 
where k is some constant, develop a mathematical 
model for the information provided. 


Economists believe that housing starts depend on 
interest rates and demographic factors such as popu- 
lation size, family income, and the age of the home- 
buying population. In addition, interest rates depend 
on inflation, Federal Reserve policies, and govern- 
ment borrowing. Government borrowing depends on 
government spending and tax revenues. Develop an 


14. 
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influence diagram that illustrates the relationships 
among these factors. 


The monthly demand for a digital camera is sensitive 
to price: 


Price Demand 
$150.00 QS 
$160.00 2,068 
$170.00 1,839 
$180.00 1,708 
$190.00 1,542 
$200.00 1,421 
$210.00 1,314 
$220.00 1,293 
$230.00 1,195 
$240.00 1,150 


Find the most appropriate trendline to explain the 
relationship between demand and price, and develop 
a model for the monthly revenue. 


Implementing Models on Spreadsheets 


15. 


16. 


We 


Develop a spreadsheet model for the gasoline usage 
scenario (Example 1.3) using the data provided. 
Apply the principles of spreadsheet engineering in 
developing your model. 


Develop a spreadsheet model to compute the total 
revenue for any price in Example 1.6 (prescriptive 
pricing model). Use the model to create a table for 
a range of prices to help you identify the price that 
results in the maximum revenue. 


Developaspreadsheet for calculating the total revenue for 
the Intel scenario in Problem 2. Design it such that the 
price-demand function parameters are easy to change. 


Descriptive Spreadsheet Models 


18. 


A famous fashion boutique in Shanghai, China, 
is planning its pricing for a dress that can be worn 
on Christmas day as well as the Chinese New Year. 
The product will be sold for ¥100 in the boutique 
at the beginning of December and will sell through 
Christmas and the Chinese New Year (assume 
60 days). After that time, the dress will be discounted 
to ¥50 for clearance and sell out. The planned inven- 
tory is 2,000 units. Last year before the beginning 
of any festive season, another one of its bestselling 
dresses sold at an average of 10 units per day at the 
full retail price of ¥100 for 20 days. A Christmas sale 
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(25 days into the selling season) reduced the price to 
¥80 and increased sales to an average of 50 units per 
day. A Chinese New Year sale (15 days into the sell- 
ing season) with a price of ¥60 increased sales to an 
average of 65 units per day. For the coming year, the 
company is considering permanent price reductions 
for its new product until the end-of-season clearance 
sale. Develop a spreadsheet model to evaluate their 
revenue under the following scenarios: 


a. No price reductions at all until the end-of-season 
clearance sale. 

b. A price reduction to ¥80 for the Christmas sale 
and then a sale price of ¥60 until the end-of- 
season clearance sale. 

c. A price reduction to ¥70 for the Chinese New 
Year sale and then a sale price of ¥60 until the 
end-of-season clearance sale. 


Develop a spreadsheet model to determine how much 
a person or a couple can afford to spend on a house.!! 
Lender guidelines suggest that the allowable monthly 
housing expenditure should be no more than 28% of 
monthly gross income. From this, you must subtract 
total nonmortgage housing expenses, which would 
include insurance and property taxes and any other 
additional expenses. This defines the affordable 
monthly mortgage payment. In addition, guidelines 
also suggest that total affordable monthly debt pay- 
ments, including housing expenses, should not exceed 
36% of gross monthly income. This is calculated by 
subtracting total nonmortgage housing expenses and 
any other installment debt, such as car loans, student 
loans, credit card debt, and so on, from 36% of total 
monthly gross income. The smaller of the affordable 
monthly mortgage payment and the total affordable 
monthly debt payments is the affordable monthly 
mortgage. To calculate the maximum that can be bor- 
rowed, find the monthly payment per $1,000 mort- 
gage based on the current interest rate and duration of 
the loan. Divide the affordable monthly mortgage 
amount by this monthly payment to find the affordable 
mortgage. Assuming a 10% down payment, the maxi- 
mum price of a house would be the affordable mort- 
gage divided by 0.9. Use the following data to test 
your model: total monthly gross income = $6,100: 
nonmortgage housing expenses = $340; monthly 
installment debt = $400; monthly payment per 
$1,000 mortgage = $6.75. 


20. 


ro 


a & 


Transaction Amount 
Up to $25,000 
$25,001 to $75,000 
$75,001 to $100,000 


MasterTech is a new software company that devel- 
ops and markets productivity software for municipal 
government applications. In developing their income 
statement, the following formulas are used: 
gross profit = net sales — cost of sales 
net operating profit = gross profit — administrative expenses 
— selling expenses 

net income before taxes = net operating profit 

— interest expense 
net income = net income before taxes — taxes 


Net sales are expected to be $1,250,000. Cost of sales 
is estimated to be $300,000. Selling expenses have 
a fixed component that is estimated to be $90,000 
and a variable component that is estimated to be 8% 
of net sales. Administrative expenses are $50,000. 
Interest expenses are $8,000. The company is taxed 
at a 50% rate. Develop a spreadsheet model to calcu- 
late the net income. Design your spreadsheet using 
good spreadsheet-engineering principles. 


A bi-monthly Sunday bazaar is held at a local mar- 
ketplace in London, England. The expected crowd 
is 4,500. The average expenditure estimate is £25 
per person. Entry coupons sell for £10 each, and the 
bazaar’s profit is 90% of the gate and concession 
sales minus a total fixed cost of £50,000. Develop a 
mathematical model and implement it on a spread- 
sheet to find the bazaars expected profit. 


A stockbroker calls on potential clients from refer- 
rals. For each call, there is a 20% chance that the cli- 
ent will decide to invest with the stockbroker’s firm. 
Forty percent of those interested are found not to be 
qualified, based on the brokerage firm’s screening 
criteria. The remaining are qualified. Of these, half 
will invest an average of $5,000, 25% will invest an 
average of $20,000, 15% will invest an average of 
$50,000, and the remainder will invest $100,000. The 
commission schedule is as follows: 


Commission 

$75 + 0.5% of the amount 
$100 + 0.4% of the amount 
$150 + 0.3% of the amount 


The broker keeps half the commission. Develop a 
spreadsheet to calculate the broker’s commission 
based on the number of calls per month made. What is 
the expected commission based on making 250 calls? 


| Based on Ralph R. Frasca, Personal Finance, 8th ed, (Boston: Prentice Hall, 2009). 


23. 


The director of a nonprofit ballet company in a 
medium-sized U.S. city is planning its next fundrais- 
ing campaign. In recent years, the program has found 
the following percentages of donors and gift levels: 


Gift Level Amount Average Number of Gifts 
Benefactor $10,000 3 
Philanthropist $5,000 10 
Producer’s $1,000 25 

Circle 

Director’s $500 50 

Circle 

Principal $100 7% of solicitations 
Soloist $50 12% of solicitations 


24. 


25. 


Develop a spreadsheet model to calculate the total 
amount donated based on this information if the 
company contacts 1,000 potential donors to donate 
at the $100 level or below. 


Cinéma Le Méliés is a small movie theatre in 
Grenoble, France. After the release of a widely antici- 
pated Marvel movie, like the Avengers: Endgame, the 
number of adult and children’s tickets sold at the the- 
atre is 55,000 and 20,000, respectively. Adult ticket 
prices are €14 and the children’s ticket prices are 
€11. Revenue from food and beverage concessions is 
estimated to be €50,000, and souvenir revenue is esti- 
mated to be €80,000. Variable costs per person (adult 
or child) are €5, and fixed costs amount to €100,000. 
Determine the profitability of this movie theatre. 


The admissions director of an engineering college 
has $500,000 in scholarships each year from an 
endowment to offer to high-achieving applicants. 
The value of each scholarship offered is $25,000 
(thus, 20 scholarships are offered). The benefactor 
who provided the money would like to see all of it 
used each year for new students. However, not all 
students accept the money; some take offers from 
competing schools. If they wait until the end of the 
admission deadline to decline the scholarship, it can- 
not be offered to someone else because any other 
good students would already have committed to 
other programs. Consequently, the admissions direc- 
tor offers more money than available in anticipation 
that a percentage of offers will be declined. If more 
than 20 students accept the offers, the college is com- 
mitted to honoring them, and the additional amount 
has to come out of the dean’s budget. Based on prior 


26. 
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history, the percentage of applicants that accept the 
offer is about 70%. Develop a spreadsheet model for 
this situation to evaluate how much money must be 
allocated from the dean’s budget based on the num- 
ber of scholarships offered. 


J&G Bank receives an average of 30,000 credit card 
applications each month. Approximately 60% of 
them are approved. Each customer charges an aver- 
age of $2,000 to his or her credit card each month. 
Approximately 85% pay off their balances in full, 
and the remaining incur finance charges. The aver- 
age finance charge is 3.5% per month. The bank 
also receives income from fees charged for late pay- 
ments and annual fees associated with the credit 
cards. This is a percentage of total monthly charges 
and is approximately 7%. It costs the bank $20 
per application, whether it is approved or not. The 
monthly maintenance cost for credit card customers 
is $10. Finally, losses due to charge-offs of custom- 
ers’ accounts average 5% of total charges. Develop 
a spreadsheet model to calculate the bank’s total 
monthly profit. 


Predictive Spreadsheet Models 


PA fe 


28. 


With the growth of digital photography, a young 
entrepreneur is considering establishing a new busi- 
ness, Wild World Photography. She estimates that the 
average number of safari trail bookings per year is 
19. One of the key variables in developing her busi- 
ness plan is the life she can expect from a single digi- 
tal single-lens reflex (DSLR) camera before it needs 
to be replaced. Due to heavy usage, the shutter life 
expectancy is estimated to be 114,000 clicks. For 
each booking, the average number of photographs 
taken is assumed to be 2,000. Develop a model to 
predict the camera life (in years). 


The wedding banquet prices at a famous hotel in 
Singapore continue to increase on a yearly basis. 
The booking volume this year is estimated to be at 
3,000 tables (for 10 persons per table) and is pro- 
jected to grow at arate of 2.50% per year. The book- 
ing price for a 10-plate table set is S$800 and will 
increase by S$50 each year. Per-table variable costs 
are $$300, and annual fixed costs are S$250. Per- 
table costs are expected to increase 2% per year. 
Fixed costs are expected to increase 1% per year. 
Develop a spreadsheet model to predict the net pres- 
ent value of profit over a three-year period, assum- 
ing a 4% discount rate. 
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The board of directors of Bolt Electric Vehicles (BEV) 
is considering replacing its original model, the BEV- 
Neo, with a new model, the BEV-Alpha, which they 
feel will appeal to the younger demographic. The com- 
pany will produce the approved model for the next four 
years, after which time a reevaluation will be necessary. 
Having passed the concept and initial design phases, 
the BEV-Alpha will enter the final design and manu- 
facturing phase. Final development costs are estimated 
to be $75 million, and the new fixed costs for tooling 
and manufacturing are estimated to be $550 million. 
The BEV-Alpha is expected to sell for $40,000. The 
first-year sales for the BEV-Alpha is estimated to be 
50,000, with a sales growth for the subsequent years of 
5% per year. The variable cost per vehicle is uncertain 
until the design and supply-chain decisions are final- 
ized, but is estimated to be $32,000. Next-year sales for 
the BEV-Neo are estimated to be 40,000, but the sales 
are expected to decrease at a rate of 10% for each of the 
next three years. The selling price is $38,000. Variable 
costs per vehicle are $31,000. Since the model has been 
in production, the fixed costs for development have 
already been recovered. Develop a four-year model to 
predict the profitability of each vehicle and recommend 
the best decision using a net present value discount rate 
of 6%. How sensitive is the result to the estimated vari- 
able cost of the BEV-Alpha? How might this affect the 
decision? 


The Schoch Museum is embarking on a five-year 
fundraising campaign. As a nonprofit institution, the 
museum finds it challenging to acquire new donors, 
as many donors do not contribute every year. Suppose 
that the museum has identified a pool of 8,000 poten- 
tial donors. The actual number of donors in the first 
year of the campaign is estimated to be 60% of this 
pool. For each subsequent year, the museum expects 
that 30% of current donors will discontinue their con- 
tributions. In addition, the museum expects to attract 
some percentage of new donors. This is assumed to 
be 10% of the pool. The average contribution in the 
first year is assumed to be $50, and will increase at 
a rate of 2.5%. Develop a model to predict the total 
funds that will be raised over the five-year period. 


The Hyde Park Surgery Center specializes in high- 
risk cardiovascular surgery. The center needs to 
forecast its profitability over the next three years to 
plan for capital growth projects. For the first year, 
the hospital anticipates serving 1,200 patients, which 


32. 


33. 


34. 


is expected to grow by 8% per year. Based on cur- 
rent reimbursement formulas, each patient provides 
an average billing of $125,000, which will grow by 
3% each year. However, because of managed care, 
the center collects only 25% of billings. Variable 
costs for supplies and drugs are calculated to be 10% 
of billings. Fixed costs for salaries, utilities, and so 
on will amount to $20,000,000 in the first year and 
are assumed to increase by 5% per year. Develop a 
spreadsheet model to predict the net present value of 
profit over the next three years. Use a discount rate 
of 4%. 


Adam is 24 years old and has a 401(k) plan through 
his employer, a large financial institution. His com- 
pany matches 50% of his contributions up to 6% of his 
salary. He currently contributes the maximum amount 
he can. In his 401(k), he has three funds. Investment 
A is a large-cap index fund, which has had an aver- 
age annual growth over the past ten years of 6.63%. 
Investment B is a mid-cap index fund with a ten-year 
average annual growth of 9.89%. Finally, Investment 
C is a small-cap index fund with a ten-year average 
annual growth rate of 8.55%. Fifty percent of his con- 
tribution is directed to Investment A, 25% to Invest- 
ment B, and 25% to Investment C. His current salary 
is $48,000, and based on a compensation survey of 
financial institutions, he expects an average raise of 
2.7% each year. Develop a spreadsheet model that 
predicts his retirement balance at age 65. 


Develop a realistic retirement planning spreadsheet 
model for your personal situation. If you are cur- 
rently employed, use as much information as you 
can gather for your model, including potential sal- 
ary increases, promotions, contributions, and rates 
of return based on the actual funds in which you 
invest. If you are not employed, try to find informa- 
tion about salaries in the industry in which you plan 
to work and the retirement benefits that companies 
in that industry offer for your model. Estimate rates 
of returns based on popular mutual funds used for 
retirement or average performance of stock market 
indexes. Clearly state your assumptions and how you 
arrived at them. 


Jennifer Bellin has been put in charge of plan- 
ning her company’s annual leadership conference. 
The dates of the conference have been determined 
by her company’s executive team. The table that 


a G. 1 Meo ® w > 


C. 


follows contains information about the activities, 
predecessors, and activity times (in days): 


Activity 

Time 
Activity Predecessors (days) 
Develop conference 3 
theme 
Determine attendees 3 
Contract facility A 7 
Choose entertainment A 10 
Send announcement B 5 
Order gifts B 5 
Order materials B 1 
Plan schedule of Cc 40 
sessions 
Design printed B,H 15 
materials 
Schedule session Cc 1 
rooms 
Print directions H 10 
Develop travel memo E 8) 
Write gift letter FE 5 
Confirm catering H 3 
Communicate with H 3 
speakers 
Track RSVPs and iE 30 
assign roommates 
Print materials | 3 
Assign table numbers P 1 
Compile packets of G 3 
materials 
Submit audiovisual O 1 
needs 
Put together welcome P 5 
letter 
Confirm arrangements P 3 
with hotel 
Print badges Gr P 5 


Develop a spreadsheet model for finding the project 
completion time and critical path. 


Prescriptive Spreadsheet Models 


35. Experiment with the portfolio allocation model in 


Example 11.15 to attempt to find the best solution 


36. 
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that maximizes the expected annual return and meets 
the total weighted risk constraint. 


A business student has $2,500 available from a 
summer job and has identified three potential 
stocks in which to invest. The cost per share and 
expected return over the next two years is given in 
the table. 


Stock A B Cc 


Price/share 
Return/share $8 $7 


37. 


$25 $15 $30 


$11 


Develop a spreadsheet model that computes the total 
return for any mix of investments. Experiment with 
the model to attempt to find the best solution with the 
highest total return and that limits the investment to 
$2,500. 


The Bose Theater, a community playhouse, needs to 
determine the lowest-cost production budget for an 
upcoming show. Specifically, they have to determine 
which set pieces to construct and which, if any, set 
pieces to rent from another local theater at a prede- 
termined fee. However, the organization has only two 
weeks to complete the construction of the set before 
the play goes into technical rehearsals. The theater 
has two part-time carpenters, each of whom works up 
to 13 hours a week at $12 an hour. It also has a part- 
time scenic artist who can work 15 hours per week to 
paint the set and props as needed at a rate of $13 per 
hour. The set design requires 18 flats (walls), 2 hang- 
ing drops with painted scenery, and 4 large wooden 
tables (props). The following are the number of hours 
required for each piece for carpentry and painting: 


Carpentry Painting 
Flats 0.5 2.0 
Hanging Drops 2.0 10.0 
Props 3.0 3.0 


Flats, hanging drops, and props can also be rented 
at a cost of $80, $650, and $300 each, respectively. 
The theater wants to determine how many of each 
unit it should build and how many it should rent to 
minimize total costs. Develop a spreadsheet model 
that computes the total cost for any mix of units 
built and rented, as well as the total hours required 
for carpenters and painters (which must meet the 
limited hours available per week). Experiment with 
the model to attempt to find the best solution that 
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meets the labor availability and the required number 
of units of each type. 


38. A franchise of a chain of Mexican restaurants wants 
to determine the best location to attract customers 
from three suburban neighborhoods. The coordi- 
nates of the three suburban neighborhoods are as 


follows: 
Neighborhood X-Coordinate Y-Coordinate 
Liberty 2: 12 
Jefferson 9 6 
Adams 1 1 


The population of Adams is four times as large as that 
of Jefferson, and Jefferson is twice as large as Lib- 
erty. The restaurant wants to consider the population 
in its location decision. Develop a model to find the 
best location, assuming that straight-line distances 
can be used between the locations. Experiment with 
the model to find the best location. 


39. ElectroMart wants to identify a location for a ware- 
house that will ship to five retail stores. The coordi- 
nates and annual number of truckloads are given here. 
Develop a model to find the best location, assuming 
that straight-line distances can be used between the 
locations. Experiment with the model to find the best 
location. 


a a i ta i et Roa sd itd tne | 
Retail Store X-Coordinate Y-Coordinate Truckloads 


A 18 15 ie 
B 3 4 18 
Cc 20 5 24 
D 3 16 2 
E 10 20 18 


ee 


40. An IT support group at Thomson State College has 
seven projects to complete. The time and project 
deadlines (both in days) are shown next. 


a ee ee ee ee ee ee 
Project 1 2 3 4 2 6 7 
Time 4 Se 112i 6 O15 8 
Deadline t2 S242 560) $28. 324667" 48 


a. Develop a spreadsheet model for this situation. 
b. Use a spreadsheet model to try to find a sequence 
that minimizes the average lateness. 


c. Use a spreadsheet model to try to find a sequence 
that minimizes the average tardiness. 


d. Compare these solutions to the SPT and EDD rules. 


Analyzing Uncertainty and Model Assumptions 


41. Implement the model you developed in Problem | on 
a spreadsheet and construct a one-way data table to 
estimate the price for which profit is maximized. 


42. For the stockbroker model you developed in Prob- 
lem 22, use a one-way data table to show how the 
broker’s commission is a function of the number of 
calls made. 


43. For the nonprofit ballet company fundraising model 
you developed in Problem 23, use a one-way data 
table to show how the amount varies based on the 
number of solicitations. 


44. For the Schoch Museum (Problem 30), use data 
tables to investigate the impacts of the percentage 
assumptions used in the model on the cumulative 
funds raised by the fifth year. 


45. A local supermarket orders 27 copies of a monthly 
magazine. Depending on the cover story, demand 
for the magazine varies. The supermarket purchases 
the magazines for $1.73 and sells them for $4.03. 
Any magazines left over at the end of the month 
are donated to hospitals and other health care facili- 
ties. Modify the newsvendor example spreadsheet to 
model this situation. Use what-if analysis to inves- 
tigate the financial implications of this policy if the 
demand is expected to vary between 10 and 30 copies 
each month. 


46. The weekly price at an extended-stay hotel (renting 
by the week for business travelers) is $950. Operat- 
ing costs average $20,000 per week, regardless of 
the number of rooms rented. Construct a spreadsheet 
model to determine the profit if 40 rooms are rented. 
The manager has observed that the number of rooms 
rented during any given week varies between 32 and 
50 (the total number of rooms available). 


a. Use a data table to evaluate the profit for this 
range of unit rentals. 


b. Suppose the manager is considering lowering or 
increasing the weekly price by $100. Use a data 
table to evaluate how the profit will be affected. 


47. Use the Markdown Pricing Model spreadsheet model 
and a two-way data table to find the total revenue if 
days at full retail vary from 20 to 40 in increments of 
S and the intermediate markdown varies from 15% to 
50% in increments of 5%. 


48. For the engineering admissions situation in 
Problem 25, apply two-way data tables to analyze 


the impact on extra funds needed and the number of 
students who accept scholarships as the acceptance 
rate and number of offers vary. 


49. Vision Clinic in Brussels, Belgium, specializes in 
laser-assisted corrective eye surgery. Prospective 
patients make appointments for prescreening exams to 
determine their candidacy for the surgery. If they qual- 
ify, a €275 charge is applied as a deposit for the actual 
procedure. The weekly demand is 160, and about 10% 
of prospective patients fail to show up or cancel their 
exam at the last minute. Patients who do not show up 
are refunded the prescreening fee less a €27 process- 
ing fee. Vision Clinic can handle 120 patients per week 
and is considering overbooking its appointments to 
reduce the lost revenue associated with cancellations. 
However, any patient who is overbooked may spread 
unfavorable comments about the company; thus, the 
overbooking cost is estimated to be €111. Develop a 
spreadsheet model for calculating net revenue. Use 
data tables to study how revenue is affected by changes 
in the number of appointments accepted and patient 
demand. 


50. For the Sunday bazaar model that you developed in 
Problem 21, use the Scenario Manager to evaluate 
profitability for the following scenarios: 


Likely Optimistic Pessimistic 
Expected 4,500 5,500 1,500 
Crowd 
Concessions £25.00 £30.00 £15.00 


Expenditure 


Fixed Cost £50,000.00 £30,000.00 £60,000.00 

51. Think of any retailer that operates many stores 
throughout the country, such as Old Navy, Hallmark 
Cards, or Vineyard Vines, to name just a few. The 
retailer is often seeking to open new stores and needs 
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to evaluate the profitability of a proposed location 
that would be leased for five years. An Excel model 
is provided in the Store Financial Model spreadsheet. 
Use the Scenario Manager to evaluate the cumulative 
discounted cash flow for the fifth year under the fol- 
lowing scenarios: 


Scenario 1 Scenario2 Scenario 3 
Inflation Rate 4% 4% 5% 
Cost of 20% 31% 23% 
Merchandise 
(% of Sales) 
Labor Cost 190,000 350,000 210,000 
Other 250,000 280,000 310,000 
Expenses 
Sales Rev- 900,000 700,000 900,000 
enue Year 1 
Sales Growth 20% 17% 16% 
Year 2 
Sales Growth 16% 13% 15% 
Year 3 
Sales Growth 11% 11% 11% 
Year 4 
Sales Growth 7% 5% 7% 
Year 5 


52. For the gasoline usage situation in Problem 15, apply 
the Goal Seek tool to find the fuel economy needed 
to consume 20 gallons per month, with all other data 
being constant. 


53. For the stockbroker situation in Problem 22, use the 
Goal Seek tool to find the number of calls needed to 
achieve a broker commission of $5,000. 


54. For the ballet company situation in Problem 23, use 
the Goal Seek tool to find the number of solicitations 
required to achieve $150,000 in total donations. 


ps CASE: PERFORMANCE LAWN EQUIPMENT 


Part 1: The Performance Lawn Equipment Database con- 
tains data needed to develop a pro forma income statement. 
Dealers selling PLE products all receive 18% of sales rev- 
enue for their part of doing business, and this is accounted 
for as the selling expense. The tax rate is 50%. Develop an 
Excel worksheet to extract and summarize the data needed 
to develop the income statement for 2018 and implement 


an Excel model in the form of a pro forma income state- 
ment for the company. 


Part 2: The CFO of Performance Lawn Equipment, J. Kenneth 
Valentine, would like to have a model to predict the net 
income for the next three years. To do this, you need to deter- 
mine how the variables in the pro forma income statement 
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will likely change in the future. Using the calculations and 
worksheet that you developed along with other historical data 
in the database, estimate the annual rate of change in sales 
revenue, cost of goods sold, operating expense, and inter- 
est expense. Use these rates to modify the pro forma income 
statement to predict the net income over the next three years. 


Because the estimates you derived from the histori- 
cal data may not hold in the future, conduct appropriate 
what-if and scenario analyses to investigate how the pro- 
jections might change if these assumptions don’t hold. 
Summarize your results and conclusions in a report to 
Mr. Valentine. 
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After studying this chapter, you will be able to: 


a Explain the concept of Monte Carlo simulation and its m Apply Monte Carlo simulation to prescriptive, 


importance of analyzing risk in business decisions. predictive, and prescriptive applications. 

= Use Excel’s Random Number Generation tool. w Analyze and interpret simulation results. 

= Generate random variates for common probability dis- | ™ Use data tables to conduct simple Monte Carlo 
tributions using Excel functions. simulations. 
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Chapter 12 Simulation and Risk Analysis 


Many of the models we developed in Chapter 11, such as the newsvendor, over- 
booking, and retirement-planning models, incorporated uncontrollable inputs, 
such as customer demand, hotel cancellations, and annual returns on invest- 
ments, which exhibit random behavior. We often assume such variables to be 
constant to simplify the model and the analysis. However, many situations dictate 
that randomness be explicitly incorporated into our models. This is usually done 
by specifying probability distributions for the appropriate uncontrollable inputs. 
As we noted earlier in this book, models that include randomness are called sto- 
chastic, or probabilistic, models. 

Nearly every manager deals with risk. Risk is the likelihood of an undesirable 
outcome. It can be assessed by evaluating the probability that the outcome will 
occur along with the severity of the outcome. For example, an investment that 
has a high probability of losing money is riskier than one with a lower probability. 
Similarly, an investment that may result in a $10 million loss is certainly riskier 
than one that might result in only a $10,000 loss. In assessing risk, we could 
answer questions such as, What is the probability that we will incur a financial 
loss? How do the probabilities of different potential losses compare? What is the 
probability that we will run out of inventory? What are the chances that a project 
will be completed on time? Risk analysis is an approach for developing “a com- 
prehensive understanding and awareness of the risk associated with a particular 
variable of interest (be it a payoff measure, a cash flow profile, or a macroeco- 
nomic forecast).”' Hertz and Thomas present a simple scenario to illustrate the 
concept of risk analysis: 


The executives of a food company must decide whether to launch a new pack- 
aged cereal. They have come to the conclusion that five factors are the deter- 
mining variables: advertising and promotion expense, total cereal market, share 
of market for this product, operating costs, and new Capital investment. On the 
basis of the “most likely” estimate for each of these variables, the picture looks 
very bright—a healthy 30% return, indicating a significantly positive expected 
net present value. This future, however, depends on each of the “most likely” 
estimates coming true in the actual case. If each of these “educated guesses” 
has, for example, a 60% chance of being correct, there is only an 8% chance 
that all five will be correct (0.60 x 0.60 x 0.60 x 0.60 x 0.60) if the factors 
are assumed to be independent. So the “expected” return, or present value 
measure, is actually dependent on a rather unlikely coincidence. The decision 


'David B. Hertz and Howard Thomas, Risk Analysis and Its Applications (Chichester, UK: John Wiley & 
Sons, Ltd., 1983): 1. 
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maker needs to know a great deal more about the other values used to make 
each of the five estimates and about what he stands to gain or lose from vari- 
ous combinations of these values.* 


Thus, risk analysis seeks to examine the impacts of uncertainty in the estimates 

and their potential interaction with one another on the output variable of interest. 

In this chapter, we discuss how to build models involving uncertainty and 

risk, and analyze them using an approach called simulation. We discuss two 

types of simulation approaches: Monte-Carlo simulation and systems simula- 

tion. Monte Carlo simulation is generally focused on risk analysis, particularly for 

| spreadsheet models. Systems simulation models dynamic systems that change 

over time, such as waiting lines, inventory systems, manufacturing systems, and 

soon. These techniques have wide applicability in finance and operations, as well 
as other areas of business. 
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as Monte Carlo Simulation 


Monte Carlo simulation is the process of generating random values for uncertain inputs 
in a model, computing the output variables of interest, and repeating this process for many 
trials (replications) to understand the distribution of the output results and their statistical 
properties. For example, in a predictive financial model, we might be interested in the 
distribution of the cumulative discounted cash flow over several years (the model out- 
put) when future sales, sales growth rate, operating expenses, and inflation factors (model 
inputs) are all uncertain. 

In Monte Carlo simulation, we model uncertain inputs using probability distributions. 
Determining the appropriate probability distributions is crucial to building good simula- 
tion models. For many uncertain inputs, empirical data may be available, either in histori- 
cal records or collected through special efforts. For example, maintenance records might 
provide data on machine failure rates and repair times, or observers might collect data 
on service times in a bank or post office. This provides a factual basis for choosing the 
appropriate probability distribution to model the input variable. We can also identify an 
appropriate distribution by fitting historical data to a theoretical model, as we illustrated 
in Chapter 5. 

In other situations, historical data are not available, and we can draw upon the prop- 
erties of common probability distributions and typical applications that we discussed in 
Chapter 5 to help choose a representative distribution that has the shape that would most 
reasonably represent the analyst’s understanding about the uncertain variable. For exam- 
ple, a normal distribution is symmetric, with a peak in the middle. Exponential data are 
very positively skewed, with no negative values. A triangular distribution has a limited 
range and can be skewed in either direction. 

In many cases, uniform or triangular distributions are used in the absence of data. 
These distributions depend on simple parameters that one can easily identify based on 


2Tbid., 24. 
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> Figure 12.1 
Profit Model Spreadsheet 


following values: 


Demand 
40,000 
45,000 
50,000 
55,000 
60,000 


pec eae 
A B Cc 

1 Profit Model 
re 
| 3 Data 

4 

5 Unit Price $40.00 
16 Unit Cost $24.00 

7 Fixed Cost $400,000.00 

8 Demand 50000 

9 
| 10 

11 Model 

12 
| 13 Unit Price $40.00 a 
14) Quantity Sold 40000 

15 | Reventie — ~ $1,600,000.00) 
16 | Fe 

17 is UnitCost $24.00 

18 Quantity Produced 40000 

19 | Variable Cost $960,000.00 
20 | Fixed Cost _ $400,000.00 
21 

22 Profit [s2m97000:60), 


managerial knowledge and judgment. For example, to define the uniform distribution, we 
need to know only the smallest and largest possible values that the variable might assume. 
For the triangular distribution, we also include the most likely value. In the construction 
industry, for instance, experienced supervisors can easily tell you the fastest, most likely, 
and slowest times for performing a task such as framing a house, taking into account pos- 
sible weather and material delays, labor absences, and so on. 


Profit Model 


In Chapter 11 (Example 11.4), we developed a simple 
spreadsheet model for computing profit. The model is 
shown again in Figure 12.1. Suppose that the demand, unit 
cost, and fixed cost are uncertain. Historical data for the 
demand might suggest a probability distribution with the 


Probability 
0.1 
0.3 
0.4 
0.15 
0.05 


This is a simple discrete probability distribution. For 
the unit cost, managers might only know that it might 
vary between $22 and $26; thus, a uniform distribution 
would be an appropriate distribution to model this. They 
might also estimate that the fixed cost might be as low as 
$350,000 or as high as $500,000, with the most likely value 
being $400,000. In this case, a triangular distribution can 
be used. 

If values from these distributions are generated 
randomly in the appropriate cells of the spreadsheet, the 
value of profit will also change. By repeating this many 
times, we will obtain a probability distribution of profit; this 
is the essence of Monte Carlo simulation. 


Before we learn how to implement Monte Carlo simulation on spreadsheets, we need 
to introduce some key concepts and methods for generating random values from probabil- 
ity distributions in Excel. 


Z CHECK YOUR UNDERSTANDING 


1. What is Monte Carlo simulation? 


2. How can uncertain inputs be identified and specified in Monte Carlo simulation models? 
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as Random Sampling from Probability Distributions 


> Figure 12.2 
A Sample of Random 


Numbers 


The basis for generating random samples from probability distributions—which underlies 
Monte Carlo simulation—is the concept of a random number. In the context of simulation, 
random numbers are numbers that are uniformly distributed between 0 and 1. Techni- 
cally speaking, computers cannot generate truly random numbers since they must use a 
predictable algorithm. However, the algorithms are designed to generate a sequence of 
numbers that appear to be random. In Excel, we may generate a random number that is 
greater than or equal to 0 and less than | within any cell using the function RAND( ). This 
function has no arguments; therefore, nothing should be placed within the parentheses 
(but the parentheses are required). Figure 12.2 shows a table of ten random numbers gen- 
erated in Excel. You should be aware that unless the automatic recalculation feature is sup- 
pressed, whenever any cell in the spreadsheet is modified, the values in any cell containing 
the RAND( ) function will change. Automatic recalculation can be changed to manual by 
choosing Calculation Options in the Calculation group under the Formulas tab. Under 
manual recalculation mode, the worksheet is recalculated only when the F9 key (in Excel 
for Windows) is pressed, or the Calculate Now button in the Formulas tab is clicked. 

A value randomly generated from a specified probability distribution is called a ran- 
dom variate. Most techniques for generating random variates involve transforming ran- 
dom numbers into outcomes from a probability distribution. Excel allows you to generate 
random variates from discrete distributions and certain others using the Random Number 
Generation option in the Analysis Toolpak. (“Random Number Generation” is a bit of a 
misnomer, as the tool generates random variates.) From the Data tab in the ribbon, select 
Data Analysis in the Analysis group and then Random Number Generation. The Random 
Number Generation dialog, shown in Figure 12.3, will appear. From the Random Number 
Generation dialog, you may select from seven distributions: uniform, normal, Bernoulli, 
binomial, Poisson, patterned, and discrete. (The patterned distribution is characterized by 
a lower and upper bound, a step, a repetition rate for values, and a repetition rate for the 
sequence.) If you select the Output Range option, you are asked to specify the upper-left 
cell reference of the output table that will store the outcomes, the number of variables 
(columns of values you want generated), number of random numbers (the number of data 
points you want generated for each variable), and the type of distribution. The default dis- 
tribution is the discrete distribution. 

The dialog in Figure 12.3 also allows you the option of specifying a random number 
seed. A random number seed is a value from which a stream of random numbers is 
generated. By specifying the same seed, you can produce the same random numbers at a 
later time. This is desirable when we wish to reproduce an identical sequence of “random” 


rt 


A B 
Random Numbers 


Sample Random Number 

0.326510048 
0.743390121 

0.801687688 
0,804777187 
0.848401291 | 
0,614517898 
0,452136913 
0.600374163 
| 0,533963502 | 
| 13 10 0.638112424 | 


1 
| 
| 
| 
| 
| 
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2 
3 
4 
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7 
8 
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Using Excel’s Random Number Generation Tool 


We will generate 100 outcomes from a Poisson will change and prompt you for the value of Lambda, 
distribution with a mean of 12. In the Random Number the mean of the Poisson distribution; enter 12 in the 
Generation dialog, set the Number of Variables to 1 box and click OK. The tool will display the random 

and the Number of Random Numbers to 100 and select numbers in a column. Figure 12.4 shows a histogram of 


Poisson from the drop-down Distribution box. The dialog the results. 


Random Number Generation 


> Figure 12.3 


Excel Random Number Gen- 
eration Dialog 


Distribution: 


Parameters 


\ Output options 
1 | ©) Output Range: 
NO) New Worksheet Ply: 


» Figure 12.4 hk a : 
Histogram of Samples from 1 Poisson Samples 
a Poisson Distribution 4 2 


1 3 | Sample Value Bin Frequency 


1 10 
11 


Frequency 


Oo On awk. wnr 
Ch Noe Oo So Oo 


wo MON TAU BWH 


15 17 19 More 


Chapter 12 Simulation and Risk Analysis 457 


events in a simulation to test the effects of different policies or decision variables under the 
same circumstances. However, one disadvantage with using the Random Number Genera- 
tion tool is that you must repeat the process to generate a new set of sample values; press- 
ing the recalculation (F9) key will not change the values. This can make it difficult to use 
this tool for simulation models. 


ee CHECK YOUR UNDERSTANDING 


1. What is a random number, and how can it be generated in Excel? 


2. What are the limitations of using the Excel Random Number Generation tool for 
simulation? 


as Generating Random Variates Using Excel Functions 


One disadvantage with using the Random Number Generation tool is that it only generates 
one stream of random values. This can make it difficult to use this tool to perform Monte 
Carlo simulation in spreadsheet models. We need a method to replace uncertain input data 
cells in a model with random variates. Fortunately, this can be accomplished using various 
Excel functions. In this section, we describe how to generate random variates for many 
common types of probability distributions using Excel functions. 


Discrete Probability Distributions 


Generating a random variate from discrete probability distributions is quite easy. We will 
illustrate this process using the probability distribution for rolling two dice. 


Sampling from the Distribution of Dice Outcomes 


The probability mass function and cumulative distribution in to but not including 0.0278 has a probability of 0.0278 and 


decimal form are as follows: corresponds to the outcome x = 2; the interval from 0.0278 
and up to but not including 0.0833 has a probability of 0.0556 
x f(x) F(x) and corresponds to the outcome x = 3; and so on. This is 
2 0.0278 0.0278 summarized as follows: 
3 0.0556 0.0833 Interval Outcome 
4 0.0833 0.1667 = 0 and < 0.0278 2 
5 0.1111 0.2778 > 0.0278 and < 0.0833 
6 0.1389 0.4167 > 0.0833 and < 0.1667 4 
7 0.1667 0.5833 > 0.1667 and < 0.2778 5 
8 0.1389 0.7222 > 0.2778 and < 0.4167 6 
9 0.1111 0.8333 > 0.4167 and < 0.5833 7 
10 0.0833 0.9167 > 0.5833 and < 0.7222 8 
11 0.0556 0.9722 > 0.7222 and < 0.8323 9 
12 (0.0278 _ 1.0000 > 0.8323 and < 0.9167 10 
Notice that the values of F(x) divide the interval from 0 to 2 0.9167 and < 0.9722 11 
1 into smaller intervals that correspond to the probabilities > 0.9722 and < 1.0000 12 


of the outcomes. For example, the interval from 0 and up 
(continued) 
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Any random number, then, must fall within one of 0.743390121. This number falls in the interval corresponding 
these intervals. Thus, to generate an outcome from this to an outcome of 9. Essentially, we have developed 
distribution, all we need to do is to select a random number a technique to roll dice on a computer. If this is done 
and determine the interval into which it falls. Suppose we repeatedly, the frequency of occurrence of each outcome 
use the data in Figure 12.2. The first random number is should be proportional to the size of the random number 
0.326510048. This falls in the interval corresponding to range (that is, the probability associated with the outcome) 
the sample outcome of 6. The second random number is because random numbers are uniformly distributed. 


We can easily use this approach to generate outcomes from any discrete distribution; 
the VLOOKUP function in Excel can be used to implement this on a spreadsheet. 


Using the VLOOKUP Function for Random Variate Generation 


Suppose that we want to sample from the probability number in cell 12, finds the last number in the first column 


distribution of the predicted change in the Dow Jones of the table range that is less than the random number, 
Industrial Average index shown in Chapter 5 in Figure 5.7. and returns the value in the third column of the table range. 
We first construct the cumulative distribution F(x). Then In this case, 0.49 is the last number in column E that is 
assign intervals to the outcomes based on the values less than 0.530612386, so the function returns 5% as the 
of the cumulative distribution, as shown in Figure 12.5. outcome. An alternative way to generate outcomes in this 
This specifies the table range for the VLOOKUP function, fashion is simply to embed RAND() within the VLOOKUP 
namely, $E$2:$G$10. List the random numbers ina function, for instance, =VLOOKUP(RAND( ), $E$2:$G$10, 
column using the RAND() function. The formula in cell J2 3). This is useful when we need to generate uncertain 

is =VLOOKUP(I2, $E$2:$G$10, 3), which is copied down inputs within spreadsheet models. We will see this used in 
that column. This function takes the value of the random examples later in this chapter. 


Uniform Distributions 


It is quite easy to transform a random number into a random variate from a uniform distri- 
bution between a and b. Consider the formula 


U'= o + (b= a) perRANDED (12.1) 


Note that when RAND( ) = 0, U = a, and when RAND( ) approaches 1, U approaches 
b. For any other value of RAND( ) between 0 and 1, (b — a) X RANDC() represents the 
same proportion of the interval (a, b) as RAND( ) does of the interval (0, 1). For instance, 
if RAND( ) = 0.5, then U = a + (b — a)/2 = (a + b)/2, which is the midpoint of the 


> Figure 12.5 
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A B | ¢ D F 


Using the VLOOKUP 1 _ Changein DJIA f(x) F(x) Interval Change in DJIA Random Number Outcome | 
Function to Sample from 2 -20% 0.01 oo 0) 0.01 -20% 0.530612386 5%) 
a Discrete DIG tion 3 -15% 0.05 0.06 0.01 0.06 -15% 0.232776591 -5%|. 
4 -10% 0.08 0.14 0.06 0.14 -10% 0.780924503 10%| 

5 5% 0.15 0.29 0.14 0.29 -5% 0.363267546 0%], 

6 0% 02 0.49 0.29 0.49 0% 0.489479718 0% 

| 7 5% 0.25 0.062832805 -10%| 

8 10% 0.18 0.53878251 5% 
9 15% 0.06 0.52525315 5%, 
_ 20% 0.02 0.99381738 20%} 


0.840872917_ 
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interval (a, b). Thus, all real numbers between a and b can occur. Since RANDC ) is uni- 
formly distributed, so also is U. 


Modeling Uncertainty with a Uniform Random Variate 


The uniform distribution is often used when little is known as high as $50 per unit. Without any other information, a 
about the distribution of an uncertain variable. For example, uniform distribution is a reasonable model. Thus, the price 

in trying to assess the financial implications of outsourcing can be generated as Price = $42 + ($50 — $42) x RAND(), 
manufacturing, uncertainty might exist in the supplier’s price or $42 + $8 x RAND(). If RAND generates the 

prior to designing the manufacturing process. Suppose that random number 0.6200, then the price would be 


the supplier states that the price might be as low as $42 or $42 + $8 X 0.6200 = $46.96. 


If you want to generate whole numbers from a uniform distribution between a and b 
(called a discrete uniform distribution), use the Excel function RANDBETWEEN(a, b). 


Exponential Distributions 


The exponential distribution was introduced in Chapter 5. Exponential random variates can 
be generated easily using the Excel formula =—(1/A)*LN(RAND( )), where 1/A = 
is the mean of the exponential distribution, and LN is the Excel function for the natural 
logarithm. 


Normal Distributions 


Normal random variates can be generated in Excel using inverse functions. Inverse func- 
tions find the value for a distribution that has a specified cumulative probability. For normal 
distributions, Excel has two inverse functions: 


@ NORM.INV(probability, mean, standard_deviation) 
gm NORM.S.INV(probability) 


For example, the z-value for a standard normal distribution with a cumulative probability 
of 0.95 is =NORM.S.INV(0.95), which returns 1.645. You may recall using this function 
to find z-values for confidence intervals and hypothesis tests in Chapters 6 and 7. To use 
these functions to generate random variates, simply enter RAND( ) in place of probability 
in the function. Thus, 


@ NORM.INV(RAND( ), mean, standard_deviation) generates a random variate 
from a normal distribution with a specified mean and standard deviation 


m NORM.S.INV(RAND( )) generates a random variate from a standard normal dis- 
tribution (mean = 0 and variance = 1). 


For example, NORM.INV(RAND( ), 5, 2) will generate a random variate from a normal 
distribution with mean 5 and standard deviation 2. Each time the worksheet is recalculated, 
a new random number and, hence, a new random variate are generated. These functions 
may be embedded in cell formulas and will generate new values whenever the worksheet 
is recalculated. The following example shows how sampling from probability distribu- 
tions can provide insights about business decisions that would be difficult to analyze 


mathematically. 
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In finance, one way of evaluating capital budgeting projects 
is to compute a profitability index (PI), which is defined as 
the ratio of the present value of future cash flows (PV) to the 
initial investment (/): 


PI = PV/I (12.2) 


Because the cash flow and initial investment that may be 
required for a particular project are often uncertain, the 
profitability index is also uncertain. If we can characterize 
PV and | by some probability distributions, then we would 
like to know the probability distribution for P/. For example, 
suppose that PV is estimated to be normally distributed 
with a mean of $12 million and a standard deviation of $2.5 
million, and the initial investment is also estimated to be 
normal with a mean of $3.0 million and standard deviation 
of $0.8 million. Intuitively, we might believe that the profit- 
ability index is also normally distributed with a mean of 
$12 million/$3 million = $4 million; however, as we shall 


A Monte Carlo Experiment for Evaluating Capital Budgeting Projects 


see, this is not the case. We can use a Monte Carlo experi- 
ment to identify the probability distribution of P/ for these 
assumptions. 

Figure 12.6 shows a simple model from the Excel 
file Profitability Index Experiment. For each experiment, 
the values of PV and / are sampled from their assumed 
normal distributions using the NORM.INV function in 
columns F and G, and PI is calculated in column H. 

The average value of P/ for 1,000 experiments is shown 
in cell D7. We clearly see that this is not equal to 4 as 
previously suspected. The histogram in Figure 12.7 also 
demonstrates that the distribution of P/ is not normal 

but is skewed to the right. This experiment confirms 

that the ratio of two normal distributions is not normally 
distributed. We encourage you to create this spreadsheet 
and replicate this experiment (note that your results 

will not be exactly the same as these because you are 
generating random values!). 


> Figure 12.6 7 z Pe . F G H 

Sampling Experiment for 1 Profitability Index Analysis Experiment PV I PLS 

Profitability Index 2 1 11.79045 2.116217 5.571475 | 
3 Mean Standard Deviation 2 10.62588 2.839064 3.742741 © 
4 PV 12 2.5 3 12.22324 1.049416 11.64765 | 
5 1 3 4 11,.25269 3.947846 2.850337 _ 
6 5 11.3254 3.995613 2.83446 | 
7 Mean Pl for 1000 Experiments | 4.365203 6 15.02659 3.324238 4.52031 | 
8 7 12.79318 3.255405 3.929827 | 
9 8 13.19409 3.000283 4.397616 | 
10 9 12.7466 3.532532 3.608346 | 
11 10 
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Binomial Distributions 


To generate a random variate from a binomial distribution, we may use the Excel function 
BINOM.INV(trials, probability, alpha). In terms of the notation we used in Chapter 5, 
trials represents the number of experiments, n, and probability is probability of a success 
in each trial, p. This function finds the smallest value for which the cumulative binomial 
distribution is greater than or equal to alpha. To randomly generate a binomial random 
variate, we simply replace alpha with RAND( ); that is, BINOM.INV(n, p, RAND()). 


Binomial Random Variates 


Sixty potential customers are called each hour by a Binomial Random Variates). In column E, we use the formula 


telemarketer. The probability that any of them will make =BINOM.INV($B$3, $B$4, RAND()). Note that the mean 

a purchase is 0.08. Over a ten-hour period, how many of the binomial (See Chapter 5) is np = (60)(0.08) = 4.8. 
customers might make a purchase? Figure 12.8 shows a Thus, over a ten-hour period, we would expect 48 
spreadsheet for generating ten random samples from a successes. Although the ten samples had an average of 6.1, 
binomial distribution with n = 60 and p = 0.08 (Excel file a larger number of samples would average closer to 4.8. 


Triangular Distributions 


We briefly discussed the triangular distribution in Chapter 5. Recall that this distribution 
depends on three parameters, a = minimum, b = maximum, and c = most likely. Trian- 
gular distributions are often used when one can reasonably estimate these three parameters 
with little other information. A triangular random variate, X, can be generated using one of 
the following formulas that depend on the value of R (R is a random number): 


X=at VR(b-a)(c— a) for0 < R < F(c) 
1 


X=b- V(1—R)(b- a)(b-c) for F(c) = R =< (12.3) 


where F(c) = (c — a)/(b — a). 

To generate a triangular random variate, X, first generate a random number R and 
compute F(c). If R < F(c), then use the first formula to generate X; otherwise, use the 
second formula. Here is the Excel logic expressed as an IF function: 


=IF(R < F(c), a + SQRT(R*(b—a)*(c—a)), b-SQRT((1—R)*(b—a)*(b—c))) (12.4) 


(You might consider using range names instead of cell references for R, a, b, and c to make 
this easier to implement in Excel.) 
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A B fe D E y 
1 Triangular Random Variates 100 Random Variates 
2 
3 |TV Broadcast Revenues (millions of $) 1 $980.47 
4 a $735 2 $1,160.10 
i 5 b $1,300 3 $1,045.76 
6 c $1,087 4 $893.39 
7 R 0.492705721 5 $930.19 
i 8 F(c) 0.62 6 $815.15 
9 7 $1,192.50 
| 10 Triangular random variate $1,048.03 8 $929.61 
11 9 $904.76 
| 12 10 $995.99 
13 | 11 $1,022.02 
| 14 | 12) $1,115.82 
115 13 $1,003.83 
| 16 | 14, $855.37 
| 17 15. $1,231.00 
18 16 $1,096.27 
} 19 | 17' $1,198.10 
} 20 | 18 $824.95 
} 21 19\ $1,014.15 
| 22 | 20 $1,072.67 
| 23 21) $883.80 
1 24 22: $1,072.82 
1 25 | 23° $1,147.42 
| 26 24, $882.57 
27 25, $947.44 
1 28 26 $1,084.02 
| 29 27. $1,023.70 
| 30 | 28 $1,077.04 
| 31 29° $1,132.64 
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4 Figure 12.9 
Triangular Random Variates 


Caution: You cannot replace the R’s in formula (12.4) with RAND( ) since they must 
all be the same random number. Therefore, in an application, R must be referenced from a 


cell outside of this formula. 


EXAMPLE 12.8 


In 1990, Cincinnati was one of six cities in the United 
States that submitted a proposal to host the 2012 
Olympics. The author was involved in assisting the 
committee to conduct a risk analysis of their budget to 
predict whether the budget would be met (a condition 
required by the U.S. Olympic Committee). Because of the 
uncertainty in estimating many of the financial parameters, 
such as TV broadcast revenues, ticket sales, and so 

on, triangular distributions were used to model these 


Using the Triangular Distribution for a U.S. Olympic Bid Risk Assessment 


uncertainties. Figure 12.9 shows a spreadsheet (Excel file 
Triangular Random Variates) with the parameters used for 
estimating broadcast revenues. Formula (12.4) was used to 
generate the random variate in cell B10. The spreadsheet 
also shows a table with 100 samples from the distribution. 
The histogram shows that the distribution is roughly 
triangular; however, with only 100 samples, there will be 
considerable variation in the outcomes as the spreadsheet 
is recalculated. 


rs CHECK YOUR UNDERSTANDING 


1. Explain how to use the VLOOKUP function for random variate generation of discrete 
distributions. 


2. Explain how Excel is used to generate random variates from common probability 


distributions. 
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Monte Carlo Simulation in Excel 


We may apply the methods in the previous section for generating random variates to build 
and implement Monte Carlo simulation models in Excel spreadsheets and conduct risk 
analyses. In this section, we illustrate several examples of using simulation for descriptive, 
predictive, and prescriptive analytics applications. 

The general process for performing Monte Carlo simulation in Excel is as follows: 


1. Develop the spreadsheet model. 

2. Determine the probability distributions that describe the uncertain inputs in the 
model and use the appropriate Excel functions to generate random variates for 
these uncertain inputs. 

Identify the model output that you wish to evaluate. 

Determine the number of trials (replications) for the simulation. 

Create a data table to summarize the values of the model output for the replications. 
Compute summary statistics, percentiles, confidence intervals, frequency 
distributions, and histograms to interpret the results. 


oe 


Profit Model Simulation 


We will illustrate this process for the profit model that we discussed earlier in this chapter. 


Setting Up the Monte Carlo Simulation Model for the Profit Model 


In Example 12.1, we discussed the probability distributions Figure 12.10 shows the spreadsheet for the simulation 
for the uncertain inputs for the Profit Mode! spreadsheet. (Excel file Profit Model Monte Carlo Simulation). Using 
Specifically, we have the following: the approach illustrated in Example 12.4, we constructed 
a lookup table to generate the demand based on 
® Demand—Discrete distribution with the following data: the probability distribution. Then we use the function 
=VLOOKUP(RAND( ), H3:J7, 3) in cell B8 to generate 
Demand Probability the random variates for the demand. Next, we use formula 
40,000 0.1 (12.1) to generate random variates for the unit cost. In 


cell BG, we use the formula =F11+(G11—F11)*RAND(). 


45,000 0.3 
Finally, we use formula (12.4) to generate triangular random 
50,000 Of variates for the fixed cost. In cell B7, we enter the formula 
55,000 0.15 =IF(G17<G18, G14+SQRT(G17*(G15—G14)"(G16—G14)), 
60,000 0.05 G15—SQRT((1—G17)*(G15—G14)*(G15—G16))). This 
completes step 2 of the Monte Carlo simulation process. 
B Unit cost—Uniform distribution between $22 and $26 If you recalculate the spreadsheet manually, you will see 
m Fixed cost—Triangular distribution with that each of these values changes randomly and leads to a 
minimum = $350,000, maximum = $500,000, and different value for the profit, which is the model output that 
most likely = $400,000 we wish to evaluate. 


To perform the simulation (steps 4 and 5), we need to generate a sufficient number 
of trials, or replications, to obtain enough data to create a reasonable distribution of the 
model output values. From statistics, you already know that the larger the sample size, the 
more accurate the results. Because we are doing the simulation in Excel, we are somewhat 
limited in the number of replications that we can easily compute. (Professional software 
has more powerful capabilities.) However, when dealing with relatively small models, it 
is fairly easy to generate several hundred replications using data tables. The following 
example illustrates how to do this. 
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> Figure 12.10 Berean 
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' _ 1 Profit Modet Demand Distribution VLOOKUP Table i 
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14 45,000 0.3 ! 5 i 000 | 

ibis teat is Unit Price $40.00 50,000 04 08 04 08 50,000 | 
i 6 Unit Cost $22.16 55,000 0.15 0.95 0.8 0.95 | 

7 Fixed Cost $402,563.89 60,000 0.05 4095 1 60,000 | 

£ Demand 50000: i 

= Unit cost distribution i 

i 10 Uniform: a b i 

44 Model $22.00 $26.00 i 

12 i 

in Unit Price $40.00 Fixed cost distribution i 

I td Quantity Sold Triangular a $350,000 | 

45 Revenue $1,600,000.00 b $500,000 j 

i 16 c $400,000 i 

a Unit Cost $22.16 R 0.367080337 | 

16 Quantity Produced 40000 Fic) 0.33 i 

i 49 Variable Cost $836,520.16 j 

20 Fixed Cost $402,563.89| 

i 21 i 


We may use either one-way or two-way data tables for 
simulation. For a relatively small number of trials, say 100 or 
less, one-way tables suffice, but for a larger number of trials 
it is better to use a two-way table to consolidate the data 

in a better fashion. In this example, we will use a one-way 
table; in later examples, we will use two-way tables. 

First, construct a one-way data table (see Chapter 11) 
by listing the number of trials down a column and 
referencing the cell associated with the profit (cell C22) in 
the cell above and to the right of the list. In Figure 12.11, 
we used 100 trials, extending from cell L3 to cell L102, and 
cell M2 references cell C22. Select the range of the table 
(L2:M102)—and here’s the trick—in the Column Input Cell 
field in the Data Table dialog, enter any blank cell in the 
spreadsheet. Make sure that this is one you will not use. 
When you click OK in the Data Table dialog, the values in 
column M will display the simulation results for the profit. 

Why does this work? Recall that when you create a 
data table, the Column Input Cell generally refers to some 
parameter in the model. The data table simply takes these 
values, replaces them in the model, and then displays the 
output. Because we used a blank cell for the Column Input 
Cell, the trial numbers do not affect the model. However, 
for each trial, the spreadsheet is recalculated. Since we 
used the RAND function to generate random variates, each 
recalculation uses different values for the uncertain inputs. We 
may repeat the simulation by recalculating the spreadsheet. 
Because you may want to preserve the results for subsequent 
analysis, we suggest setting the Ca/culations Options in the 
Formulas tab to Automatic Except for Data Tables. 

The last step in the simulation process is to analyze 
the results using various statistical tools such as summary 


Using Data Tables and Analyzing Results for Monte Carlo Simulation in Excel 


Statistics, percentiles, confidence intervals, and frequency 
distributions and histograms. We don’t recommend using 
Data Analysis tools because if you wish to recalculate the 
spreadsheet and run a new simulation, the results will not 
update. Instead, use Excel functions. 

Figure 12.12 shows statistical analyses of the 
simulation results. A point estimate for the mean profit is 
$228,038.77. Because the simulation was based on only 
100 trials, sampling error may be significant. We can assess 
this by developing a confidence interval. Using formula 
(6.3), a 95% confidence interval for the mean is 


$228,038.77 + 1.96($53,828.55/10), 
or [$217,488.37, 238,589.17] 


A larger number of trials would decrease the width of this 
interval. 

The standard deviation of profit is quite large, and 
you Can also see that the simulated values range from 
about $117,000 to $337,000, indicating that considerable 
variability exists in the predicted profit. The frequency 
distribution and histogram likewise provide a perspective of 
this variability. To find the frequency distribution, we used 
COUNTIF functions to find the cumulative frequencies, 
and then found the number of observations in each cell by 
subtraction. The percentiles allow you to make probability 
Statements about the profit and analyze risk. For instance, 
we see that the 90th percentile is $290,592. This means 
that there is only a 10% chance that the profit will exceed 
this value. Percentiles allow you to analyze risk. For 
instance, if the company needs to make a profit of at least 
$280,000, we see that the probability of that happening is 
only about 0.15. 
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{ Sea “8 patted: ate Goal ¢ K ft id 
Demand Distribution VLOOKUP Table ‘Data Table | 
Demand Probability Cumulative Interval Demand $310,915.95 | 
40,000 Oo. 0.1 Oo 01 40,000 1 $436,921.03 | 
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55,000 0.15 0.95 08 0.95 55,000 4 $260,360.65 | 
60,000 0.05 1095 7 60,000 5 $178,464.64 | 
6 $271,561.77 | 
Unit cost distribution 7 $144,653.51 | 
Uniform a b 8 $219,140.36 | 
$22.00 $26.00 9 $249,348.01 } 
10 $244,566.02 | 
Fixed cost distribution 41 $262,498.03 | 
Triangular a $350,000 12 $120,566.31 | 
b $500,000 413 $220,228.09 | 
c $400,000 14, $205,168.25 | 
R 0.367080337 15 $192,762.52 | 
F(e) 0.33 16 $218,941.09 | 
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18 $258,189.13 | 
19 $307,364.24 | 


Portion of Simulation Data Table 


» Figure 12.12 


Statistical Analysis of the 
Profit Model Simulation 
Results 
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|. 4 Of bay eee eG ens See oa uel: ESE a cee i etek 
| 4 Summary Statistics Frequency Distribution 4 
iS / 
a Mean $228,038.77 Upper Cell Limit Cumulative Frequency Frequency i 
4 Standard deviation $53,828.55 $75,000 0 QO 
5 Minimum $117,481.18 $100,000 a 0 i 
| 6 Maximum $337,361.57 $125,000 2 3 j 
7 $150,000 10 7 i 
18 Profit Percentiles $175,000 21 a] H 
ig 0.05 $138,026 $200,000 32 4 ( 
| 10. 0.10 $151,254 $225,000 44 12 i 
11 015 $162,929 $250,000 59 15 i 
12, 0.20 $174,683 $275,000 82 23 | 
113 0.25 $182,888 $300,000 93 11 | 
[14 0.30 $198,177 $325,000 98 5 i 
145 0.35 $212,845 $350,000 100 2 
46 0.40 $219,061 $375,000 400 0 
7 0.45 $227,316 $400,000 400 0 
16 0.50 $230,842 
19 0.55 $247,541 Histogram i 
20 0.60 $253,022 
21. 0.65 $259,715 
y| 0.70 $261,699 j 
423. 0.75 $268,954 
24 | 0.80 $273,463 1s : 
1o | 0.85 $280,673 
| 26 | 0.90 $290,592 10 { 
27 | 0.95 $307,128 
{26 | 4.00 $337,362.— > | 
3 | Jashayee ba 
ag S © £ cs} s S S) AS) 2 ) CS { 
“ e s 3 é - ol ~ Fal - £ Ss x & s rl | 


An easier alternative to compute a frequency distribution is to use the Excel function 
FREQUENCY (data array, bin array). This is an “array” function and returns values in a range 
of cells. When you enter an array formula, you must first select the range in which to place 
the results. Then, after entering the formula, you must press Ctrl+Shift+Enter in Windows or 
Command+Shift+Enter on a Mac simultaneously. For example, in Figure 12.12, instead of com- 
puting the cumulative frequencies and frequencies in columns S and T, we could have selected 
the range S4:S17, then entered =FREQUENCY(M3:M102, R4:R17), and pressed Ctrl (or 
Command) +Shift+Enter. The range would be filled with the frequencies. In this fashion, we 
avoid having to compute cumulative frequencies and then convert them into frequencies. 
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New-Product Development 


The Moore Pharmaceuticals spreadsheet model to support a new-product development 
decision was introduced in Chapter 11 (see Figure 11.14). Although the values used in the 
spreadsheet suggest that the new drug would become profitable by the fourth year, much 
of the data in this model are uncertain. Thus, we might be interested in evaluating the 
risk associated with the project. Three questions we might be interested in are as follows: 


1. What is the risk that the net present value over the five years will not be positive? 
2. What are the chances that the product will show a positive cumulative net profit 


in the third year? 


3. In the fifth year, what minimum amount of cumulative profit are we likely to 
achieve with a probability of at least 0.90? 


Suppose that the project manager of Moore Pharmaceuticals has identified the fol- 
lowing uncertain variables in the model and the distributions and parameters that describe 


them, as follows: 


@ Market size: normal with mean of 2,000,000 units and standard deviation of 


400,000 units 


® R&D costs: uniform between $600,000,000 and $800,000,000 
@ Clinical trial costs: normal with mean of $150,000,000 and standard deviation 


$30,000,000 


@ Annual market growth factor: triangular with minimum = 2%, maximum = 6%, 


and most likely = 3% 


@ Annual market share growth rate: triangular with 
minimum = 15%, maximum = 25%, and most likely = 20% 


The next example shows how to implement a Monte Carlo simulation for this scenario. 


Figure 12.13 shows how to set up the Moore 
Pharmaceuticals model for Monte Carlo simulation (Excel file 
Moore Pharmaceuticals Excel Simulation Model). In the profit 
model example (Example 12.9), we saw how to incorporate 
uniform and triangular random variates into a simulation 
model. In this example, we also have uncertain inputs that are 
normally distributed. We may use the NORM.INVfunction to 
generate these random variates. Thus, the formula in cel! B5 
is =NORM.INV(RAND( ), 14, J4), and the formula in cell B12 
is =NORM.INV(RAND( ), 112, J12). 

In this problem, note that we must use different values 
for the annual market growth factor and annual market 
share growth rate in each year of the model, as these 
values are independent of each other. This means that 
we have to use a different random number for each of the 
triangular distributions. Thus, we have created a separate 
distribution for each year in columns J through M. 


A Simulation Model for Moore Pharmaceuticals 


Based on the risk analysis questions that we wish 
to answer, we define the cumulative net profit in the third 
year (cell D28), the cumulative net profit in the fifth year 
(cell F28), and the net present value (cell B30) as the model 
outputs of interest. 

Because we have three different model outputs, we 
need to create three data tables, one for each output to 
conduct the simulation. In general, you should use a larger 
number of trials for models that have a larger number of 
uncertain inputs. In this example, we will use 500 trials. To 
do this more efficiently, we can use two-way data tables. 
Figure 12.14 shows a portion of one of these data tables, 
which uses five columns of 100 trials (a total of 500 trials). 
See the Excel file for the complete results. In the Data Table 
dialog, enter any blank cell for both the Row Input Cell and 
Column Input Cell (being sure not to use the same cells for 
different data tables). 
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i Moore Pharmaceuticals _ - 4 Me 
Data Market size distribution 
Normal Mean Standard Deviation 
Market size 2,166,428 aie aia 
Unit (monthly Rx) revenue $ 130.00 D i 
Unit (monthly Rx) cost $ 40.00 pa R&D cost distribution 
Discount rate 9% "p00 000,000 : $800,000,000 
Project Costs 
Clinical trial cost distribution 
R&D 785.9 
ene he ai 3 a Normal Mean Standard Deviation 
150 4 
Total Project Costs $000 876 1080) $150,000,000 $30,000,000 
Blaodel Annual market growth factor distribution 
Year2 Year 3 Year 4 Year 5 
Triangular a 2% 2% 2% 2% |} 
; fons 1 2 3 4 5 b 8% 6% 6% 6% | 
Marke aon aed ape Bae 3.74% 3.04% 4.68% 2.74% c 3% 3% 3% 3% | 
et size 166,425 2,247,439 2,315,810 2,424 088 2,490,583 R 0574149045 0.2709219 | 
19, AS 490, . 19 0.85383452 0.138044397 } 
Market share growth rate é 20.82%" 21.89%" 17.97%” 17.62% F(c) 0.25 0.25 0.25 0.25 |) 
Market share 8.00% 9.67% 11.76% 13.88% 16.32% 
Sales 173,314 217,220 272,386 336,369 406,502 Annual market share growth rate distribution d 
Year 2 Year 3 Year 4 Year 6 ‘ 
Annual Revenue $270,370,159.07 $338,863,240 62 $424,922,006.63  $524,735,869.63 $634,143,179.68 Trangular a 15% 15% 15% 15% \ 
___ Annual Costs $83,190,81817 _$104,265.612.50___$130,745,232.81__$161,457,190.66 __$195,120,978.36 b 25% 25% 25% 25% | 
Profit $187,179.340.89 $234,597,628.12 $294.176,773.82  $363,278,678.98  $439,022,201. c 20% 20% 20% 20% t 
— E R 0.649762986 0,781434287 0.176883419 6137651264 | 
Cumulative Net Profit! § (744 896,969.99) $ (507, 099,341.87) $ (212,922,568.05) $ 150,356,110. 93 __$ 589,378,312.24 F(c) 0.50 0.50 0.50 1 


Net Present Value| $210, 152.512.84} 


a Figure 12.13 
Moore Pharmaceuticals Simulation Model 


> Figure 12.14 
Portion of Data Table 
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As with the profit model example, we can compute 
and frequency distributions to analyze the results. Then 


$ (245,707,637) 
$ (257,534,992) 
$ 23,221,754 

$ (204,320,475) 
$ (216,663,990) 
$ (335,171,592) 
$ (514,066,190) 
$ (339,300,974) 
$ (136,935,834) 
$ (29,544 EY 
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siete Oe Saha tees arr PR sn Si 
Third Year Cumulative Net Profit 


1 2 
$ (122,911,680) 
$ (237,813,185) 
$ 139,708,957 
$ (130,193,652) 
$ (506,101,512) 
$ (169,566,469) 
$ (188,460,942) 
$ 9,840,554 
$ (118,483,642) 
$ (73,1 754,260) 


3 
$ (154,068,080) 
$ (274,181,051) 
$ (492,230,168) 
$ (68,172,798) 
$ (83,836,995) 
$ (49,161,857) 
$ (127,187,172) 
$ (43,071,809) 
$ 29,634,056 
§ (77,250,633) 


Fn 


$ (403,108,697) 
$ (94,362,507) 
$ (297,159,046) 
$ (513,339,863) 
$ (342,952,843) 
$ (36,026,190) $ 
$ (329,348,855) 
$ 16,191,428 
$ (250,551,064) 
$ (120,511,277) 


Ta ae aC an 


$ 
$ (203,086,811) |) 


(18,839, 133) i 


$ 14,740,621 j 
$ (385,647,094) \ 
$ (828,388,878) | 
(112,820,438) | 
$ (268,227,428) | 
§ (264,657,524) | 
$ (191,919,293) | 
§ (424,535,487) { 


SammmEBaNe 


summary statistics, percentiles, 
we may address the risk analy- 


sis questions posed earlier using percentile information (see Chapter 4) as the following 


example illustrates. 


What is the probability that the net present value over 
the five years will not be positive? We can answer this 
question using percentiles. Be careful when using 
Excel tools. For example, the Rank & Percentile tool 
requires the data to be in one column; therefore, 

you cannot use this tool with a two-way data table. 
However, we can easily construct a simple table of 
percentiles using the PERCENTILE.INC(array, k) func- 
tion, as shown in Figure 12.15. The array is the data 
table range, and k is the percentile value between 0 
and 1, which is referenced in column AJ. We see that 
the probability that the net present value will not be 


Risk Analysis for Moore Pharmaceuticals 


positive is somewhere between 0.15 and 0.20. More 
refinement can find this more accurately. 

What are the chances that the product will show a posi- 
tive cumulative net profit in the third year? Again, using 
percentiles for the third-year value, you should try to 
verify that the probability of a positive cumulative net 
profit in the third year is less than 10%. 

In the fifth year, what minimum amount of cumulative 
profit are we likely to achieve with a probability of at 
least 0.90? Here, we are looking for the 10th percentile, 
which, depending on the variation in the simulation 
results, is about $160 million. 
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> Figure 12.15 


Percentiles Table for Net 
Present Value 


Retirement Planning 


Hd A AK 


lod 
| 4 | Net Present Value Percentiles i 
5 0.05) $ (159,916,435. 10) | 
16 0.10 $ (107,871,262.73) | 
i 0.15'$ (31,613,348.27) } 
8 0.20/$  13,055,115.98 |) 
is} 0.25 $  38,024,192.84 } 
410] 0.30 $ 72,790,221.07 | 
11] 0.35, $ 109,272,078.11 | 
/12| 0.40 $ 138,778,622.24 jj 
143 0.45 $ 166,968,192.24 } 
4i4 0.50 $ 197,119,519.55 | 
25 0.55 $ 225,949,641.47 |) 
4.36 | 0.60 $ 253,676,885.65 || 
137) 0.65 $ 278,125,314.43 | 
4 18| 0.70' $ 306,995,325.04 | 
#19] 0.75 $ 344,355,960.76 | 
420] 0.80 $ 387,955,067.81 | 
23 0.85 $ 437,120,942.60 | 
4 22 | 0.90) $ _493,273,288.94 
}23| 0.95 $ 577,919,181.93 |! 
$ 


424| 1.00! $ 901,961,366.71 | 


In Chapter 11, we developed a model for predicting the amount that an individual might 
have saved upon retirement. This model, however, was based on some unrealistic assump- 
tions, namely, that the annual salary increase and expected annual investment returns are 
constant for each year. In reality, these values will typically change each year. More impor- 
tantly, investment returns may not necessarily have a positive return each year. Thus, using 
these assumptions can easily overestimate the predicted retirement savings and not pro- 
vide any information about risk and variability. The following example shows how we can 
enrich this model to make it more realistic through Monte Carlo simulation. 


To build more realism into the model, let us assume that the 
annual salary increase may vary from 2% to 5%, uniformly 
distributed. Data on the Vanguard Balanced Index Fund 
show that the average recent return is about 6%, but that it 
also has a standard deviation of 6.5%. For the Boston Trust 
Asset Management Fund, the average return is about 6.5% 
with a standard deviation of 7%. 

To build these assumptions into the model, we need 
to create new columns to generate random values for the 
annual salary increase and investment returns and make 
some adjustments in other formulas. Figure 12.16 shows 
the enhanced model (Excel file Retirement Planning Excel 
Simulation Model). The formulas in the Salary Increase 
column generate uniform random variates using the Excel 
formula =2% + 3%*RAND( ). The formulas for the returns 
of the mutual funds use the NORM.INV(RAND(), mean, 
standard deviation) function with the respective means 
and standard deviations. We assume that these annual 


Retirement Planning Model Monte Carlo Simulation 


changes apply to the previous year’s salary and fund 
balances. 

Now we can use a data table to simulate the final 
retirement balance. We used a two-way table with 100 rows 
and 10 columns to simulate 1,000 trials. A portion of the 
data table is shown in Figure 12.17. Figure 12.18 on page 
470 shows the statistical analysis. We see that although the 
average is around $3.6 million, the standard deviation and 
range are quite large. The histogram is positively skewed, 
indicating that very high returns are rather unlikely. 

We may also calculate probabilities to address 
questions of risk. For example, the probability that the 
retirement balance will be $3 million or less is estimated 
to be 235/1,000 = 0.235. The probability that it will be 
more than $5 million is only 1 — 955/1,000 = 0.045. The 
probability that it will be greater than $3 million but less 
than 4.5 million is (873 — 235) /1,000 = 0.638. This should 
provide reasonable assurance of a comfortable retirement. 
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: eS 8 acea SUS Ce" A POS - SRO Ben Bee | & t # | Shksens Neocon Gey 

H Salary "Annual 401K Employer Vanguard 

hal Age Increase Salary | Contribution Match Return _ 401K Balance 

¢ 2) Yearly 401K Contribution 15. 24 $80,000 $12,000 $4,000 

;3 Employer Match of Salary 5.0%. 25 2.47% $81,979 $12,297 $4,099 -2,02% 

14) Salary increase 4.0% 26 4.81% $85,919! $12,888 $4296 9.86% 

2 S| 27 = 4.02% | $89.371 $13,406 $4,469 3.90% 

i & Vanguard Balanced Index Fund 28 «= 4.61% $93,492 $14,024 $4,675 13.2096 z R 
ea Expected annual return 6.0% 28 4.14% $97,360) $14,604 $4,868 = 9.22% $129,333 2.09% $29,924 $159,256 | 
is 30 4.54% $101,783 $15,267 $5,089 1.84% $152,072 “1.20% $35,064 $187,136 | 
| & Boston Trust Asset Management Fund 34 4.44% $106,207 $15,945 $5,315 13.03% $193,142 5.70% $42 562 $235,704 | 
ect Expected annual return 6.5% 32 3.87% $110,411 $16,562) $5521 9.50% $233,623 207%  $48942 _ $2e2.565/ 
p33 33 - 2.93% $113,642 $17,046 $5,682 5.83% $269,974 ~1,08% $53,940 $323,914) 
p22! 34 - 2.97% $117,016 $17,552 $5,851 4AT% $304,635 5.67% $62 496 $367,131 | 
#33 35 2.49% $119,925 $17,989 $5,996 17.77% $382,754 12.68% $75,919 $458,673 | 
i 34] 36 © 3.89% $124,585 $18,000 $6,229 9.00% $441,427 25.20% $100,550 $541,976 | 
eS 37 2.45% $127,642 $18,000 $6,382 3.51% $450,329 7.17% $113,259, $563,588 | 
136. 38 4.28% $133,109 $18,000 $6,655 9.89% $519,522 12.07% $132,427 $651,948 | 
ead 39 3.92% $138,324 $18,000 $6,916 = -1.23% $538,071 -2.51% $134,608 $872,678 
i 3s! 40 3.36% $142,979 $18,000 $7,149 14.05% $638,823 15.33% $160,740 $799,563 / 
f2) 44 2.63% $146,742 $18,000 $7,7_ «10.35% $730,274 9.24% $181,086 $911,360 | 
}20 42 4.17% $152,861 $18,000 $7,643 0.48% $752,548 -0.05% $126,503 $939,051 
$2 43 3.18% $157,721 $18,000 $7,886 —- 3.08% $801,619 1.88% $195,502 $997,121 | 
§ 22) 44 4.62% $165,006 $18,000 $8,250 3.76% $858,050 4.46% $209,720 $1,067,770 | 
bz 45 2.58% $169,260 $18,000 $8,463 1.74% $809,409 43.50% $243,715. $1,143,124 | 
i 24 46 3.58% $175,318 $18,000 $8,765 «4.33% $965,124 -6.14% $234,257 $1,199,281! 
is 47 4.98% $184,019, $18,000 $9,201 -0.16% $990,759 -3.79% $220,873 $1,221,693} 
526 48 2.07% $187,824 $18,000 $9,391 «10.59% $1,123,040 16.15% $273,670 $1,396,710) 
Fadl 49 4.72% $196,696 $18,000 $9,634 6.04% $1,004,281 7.08% $298,539 $1,392,820 | 
528. 50 3.12% $202,824 $18,000 $10,141 17.04% $1,243,184 9.81% $333,312 $1,576,495 | 
25 81 2.84% $208,582 $18,000 $10,429 17.68% $1,491,413 §.68% $357,734 $1,849,147 | 
£30 62 3.72% $216,344, $18,000 $10,817 74% $1,531,201 12.66% $408,531, $1,939,822 | 
Hest 63 4.96% $227,069 $18,000 $11,383 = 6 88% «$1,685,956 3.19% $427,067, $2,093,023 | 
4 32! 54 2.59% $232,039 $18,000 $11,647 «4.22% «= $1,765,916 10.25% $476,236 $2,242,262) 
f 33! 55 2.96% $239,636 $18,000} $11,992 1.20% $1,817,071 16.21% $560,032 $2,377,103) 
(34 56 3.10% $247,264 $16,000 $12,363 © 12.78% $2,079,717 9.17% $617,894 $2,697,611} 
135 87 4.60% $258,645 | $18,000 $12,932 8.19% $2,280,909 -4.22% $597,730 $2,878,639} 
136) 5& 4.25% $269,629 $18,000 $13,481 0.15% $2,308,988 6.51% $643,168 $2,952,154 | 
;3 59 2.97% $277,634 $18,000 $13,882 6.01% = $2,479,714 15.12% $746,888 

134! 60 3.15% $286,385 $18,000 | $14,319 640% —_—_—$2,670.638 
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a Figure 12.16 
Enhanced Retirement Model 


Ss 
; 4 $3,370,240 


4 K 
1 $2,.972,612.30 $4,125,489.61 $4,797,783.10 $2,703,771.68 $3,514,270.00 $4,779,412.92 $2,682,145.74 $3,852,707.81 $3,844,107.08 $4,510,170.69 | 
2 $3,057,747.32 $3,219,266.60 $2,723,019 27, $3,284,853.71 $2,259,297.61 $3,323,296.97 $3,800,118.62) $4,289,250.60 $2,849,252.49 $3,359,736. 32 
3 $2,769,131.64 $5,093,121.81 $2,654,622.52 $3,924 632.12) $3,029,786 72) $3,524,913.15) $3,390,938.96) $2,616, 131.52) $2,324,308.44 $2,844,006.25 | 
4 $2,723,876.79 $2,820,133.16 $4,399,788.88 $4,425,761.53 $3,268,764.18 $4,342,841.60 $5,161,633.23| $2,962,830.19) $2,796,172.19 $4,414,897.51 | 
| iar 5 $3,436,156.84. $4,701,085.14 $3,066,694 62) $2.846,726.34 $3,398,339.90| $4,726,058.86 $4,393,709.87| $3,173,826.53, $3,393,236.90 $3,860,802.62 | 
6 
7 
8 
9 


a 
5 | 


$4,642,910.55, $3,387,098.84, $3,873,594.91 $3,469,364.94 | $3,601,006.57 $3,279,704. 72 $4,502,853.46 | $3,080,111.91) $2,750,442.94) $2,163,172.28 |} 


19) $3,598,555.08 $5,684,821.05 $3,841,224.95 $3,677,723.29 $3,411,599.69 $3,429,350.95 $4,639,879.37 $2,947,605.37, $2,798,555.49 $3,611, 197.81 | 
i 40! $2,703,124.44 $3,312,924.65 $3,924,574.28 $3,264,019.96 $4,034,926.58 $3,638,393. 93. $4,872,441.91 $4,345,954.79 $2,807 696.09. $5,811,100.66 : 
4) $3,906,544.35 $4,013,895.35 $2,440,240.28 $2,891,771.57) $2,770,552.28 $3,128,537.79| $4,274,633.80 $4,770,789.32 $3,202,082.54, $4,130,254.05 7 


32! 10, $3,124,797 54 $4,448,443.27 $3, 568, 510.29 $3,211,756.14 
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a Figure 12.17 
Portion of Retirement Model Simulation Data Table 


3,867,210.02 $2,697,401.23 $2,962,349.96 $3,763,642.63 $4,573,512 24 $4,224 896.47 |) 
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Single-Period Purchase Decisions 


In Chapter 11, we introduced a model for single-period purchase decisions: the news- 
vendor problem. In this model, we calculated the net profit associated with purchasing a 
quantity Q in advance of a selling season and realizing a demand D in the future. In reality, 
demand will not be known and can be modeled by some probability distribution. The deci- 
sion problem that a seller faces is determining the best purchase quantity to maximize the 
expected net profit. We may use Monte Carlo simulation to find the distribution of the net 
profit for any purchase quantity, and then use the model to find the best purchase quantity. 
In this fashion, we are using Monte Carlo simulation as a prescriptive approach. 

The following example shows how to use Monte Carlo simulation by resampling from 


historical data. 
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2 Summary Statistics 

3 Average $3,587 194.56 

4 | Standard Deviation $757,860.20 

5S Minimum $1,851,529.41 
6 Maximum $6,338,890.20 

7 

8 Frequency Distribution 

S$ |Upper Cell Limit Cumulative Frequency Frequency 

10 $1,500,000 0 0 

11 $2,000,000 3 iS) 

12 $2,500,000 52 49 
{13 $3,000,000 235 183 
/14 $3,500,000 494 259 
415 $4,000,000 730 236 
116 $4,500,000 873 143 
117 $5,000,000 955 82 
| 18 $5,500,000 985 30 
j19 $6,000,000 998 13 
/20 | $6,500,000 1000 2 
121] $7,000,000 1000 0 ~ 
| 22 $7,500,000 1000 0 9 Ra 
123 $8,000,000 1000 0 oo 
|24 $8,500,000 1000 0 

{25 $9,000,000 1000 0 


4 Figure 12.18 
Statistical Analysis of Retirement Model Simulation Results 


Suppose that the candy store in Example 11.8 has 20 years 
of historical data on Valentine’s Day sales of gift boxes, 
shown in the table below: 


Historical Candy Sales 


42 47 
45 At 
40 At 
46 45 
43 51 
43 43 
46 45 
42 42 
44 44 
43 48 


We may use these data to construct an empirical 
probability distribution and use this to simulate the 
demand. Figure 12.19 (Excel file Newsvendor Simulation 
Model) shows the frequency distribution and histogram 
of these data, from which we calculated the probability 
and cumulative probability of each demand value. 

Using this distribution, we can construct a lookup 
table to generate random variates for the demand as 
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A Prescriptive Simulation Model for a Single-Period Purchase Decision 


shown in columns K through M. We enter the formula 
=VLOOKUP(RAND( ), K3:M14, 3) in cell B11. Now we 
may easily simulate the profit using a data table. 

However, the objective is to find the purchase quantity 
that maximizes the expected profit. To do this, we can 
use a two-way data table where the rows represent the 
simulation trials and the columns correspond to the 
purchase quantity. Thus, in the Data Table dialog, set the 
Row Input Cell as B12 and the Column Input Cell as any 
blank cell. Figure 12.20 shows a portion of the data table. 
Each column of the data table provides 200 trials for each 
purchase quantity. We computed the average and standard 
deviation of profit above the table. We can observe 
two things. First, the largest average profit occurs for a 
purchase quantity of 45 (although this may vary in different 
simulations). Second, the range and standard deviation 
generally increase as the purchase quantity increases, 
suggesting a higher amount of risk. For example. we see 
that 29 of the 200 profit values for Q = 45 fall at or below 
$240, resulting in a lower profit than if the seller orders 40 
boxes. However, the remainder are larger than $240. Thus, 
a high probability exists of making a higher profit. Similarly, 
if 51 boxes are ordered, the profit may be as low as $207, 
but as high as $306—a higher profit potential, but also a 
higher risk. 
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1 _ Newsvendor Model Historical Candy Sales ee Frequency Probability Probability 
2 | 42 1 0.05 0.05 
®. Data 45 7 2 0.1 0.15 
4 4 | : _ 40 42 3 0.15 03 
5) Selling price $18.00 46 43 4 0.2 0.5 
6 Cost $12.00 43 44 2 0.1 06 
t| Discount price $9.00 43 45 3 0.15 0.75 
: 8 46 46 2 0.1 0.85: 
9 \Model 42 47 1 0.05 0.9, 
410 44 48 1 0.05 0.95 
444 Demand 43 49 0 0 0.95, 
| 12) Purchase Quantity 47 50 0 0 0.95 
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a Figure 12.19 
Simulation Model Data 


Random Number Interval 
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VLOOKUP Table 


Demand 


“8 Maximum $240.00 $245.00 $252.00 $258.00 $264.00 $270.00 $276.00 $282.00 $288.00 $294.00 $300.00 $306.00 
| 4 Average Profit $240.00 $245.55 $250.65 $252.96 $255.99 $256.50 $253.32 $251.72 $248.94 $249.99 $245.37 $241.11 


B55) ‘Standard Deviation $0.00 $1.97 $4.11 $8.35 $10.74 $14.18 $16.46 $19.58 $19.96 $20.05 $22.83 $21.59 


5 $240.00 $246.00 $252.00 $258.00 $264.00 $252.00 $267.00 $264.00 $243.00 $249.00 $246.00 $243.00. 
6 $240.00 $246.00 $252.00 $258.00 $255.00 $261.00 $276.00 $237.00 $225.00 $276.00 $237.00 $234.00, 
7 $240.00 $246.00 $252.00 $258.00 $246.00 $225.00 $249.00! $246.00 $225.00 $240.00 $228. 00 $252.00 
8 $240.00 $246.00 $252.00 $258.00 $237.00 $234.00 $231.00 $255.00 $270.00 $276.00, $300.00 $243.00 


10 $240.00 $246.00 $252.00 $258.00 $246.00 $225.00 $276.00! $246.00 $243.00 $249.00 $264.00 $252.00) 
42 $240.00 $246.00 $252.00) $258.00 $246.00 $261.00 $240.00 $228.00 $243.00 $231.00) $210.00: $252.00 


14 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $240.00 $219.00 $279.00 $249.00 $273.00 $270.00) 
15 $240.00 $246.00 $243.00 $240.00 $264.00’ $252.00 $231.00 $246.00 $243.00 $258.00 $255.00 $207.00 
16 $240.00 $246.00 $252.00 $258.00 $246.00 $270.00 | $276.00, $273.00 $261.00 $240.00) $255.00 | $234.00) 
17 $240.00 $246.00 $252.00 $258.00 $246.00 $243.00 $267.00, $228.00, $243.00 $231.00 $255.00 $261.00 
18 $240.00 $246.00 $252.00 $240.00 $255.00 $270.00 $267.00/ $264.00 $243.00 $258.00) $228.00, $306.00 
19 $240.00 $246.00 $252.00 $249.00 $237.00 $234.00 $240.00 $237.00 $216.00 $222. 00 $300.00 $243.00} 
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21 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $240. 00 $264.00 $234.00 $222.00) $237.00! $234.00! 
22 $240.00 $246.00. $252.00 $249.00 $264.00 $270.00 $249.00, $228.00 $261.00 $222.00 $255.00 $243.00 
23 $240.00 $246.00 $252.00) $240.00 $264.00 $234.00 $267.00 $273.00 $243.00 $222.00 $273.00 $261.00 
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a Figure 12.20 
Portion of Data Table and Summary Results for 200 Trials 


$240.00 $237.00 $234.00 $231.00 $228.00 $225.00 $222.00 $219.00 $216.00 $213.00 $210.00 $207.00 


4 6) $264.00 40 41 42 43, 44 45 46 47 48 49 50 Ee 
al 1 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $249.00 $228.00 $234.00 $240.00) $210.00 $252.00, 
7 8 2 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00/ $276.00 $219.00' $243.00 $285.00! $246.00 $243.00) 
ea 3 $240.00 $246.00 $252.00 $258.00 $246.00 $270.00 $249.00 $237.00 $261.00 $249.00 $255.00 $234.00) 


4 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $267.00 $219.00 $234.00 $240.00 $219.00 $225.00 _ 


9 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $240.00 $237.00 $243.00 $258.00. $210.00 $270.00 _ 
11 $240.00 $246.00 $252.00 $231.00 $264.00 $270.00) $267.00 $228.00 $234.00 $267.00 $264.00 $225.00 _ 


13 $240.00 $246.00 $252.00 $258.00 $255.00 $252.00 $240.00) $282.00 $234.00 $231.00 $219. 00 $234.00. i 


20 $240.00 $246.00 $252.00 $258.00 $264.00 $270.00 $231.00 $246.00 $261.00 $258 00 $237.00 $234.00 _ 


24 $240: 00 $246. 00 $252. 00 $258. 00) $264. 00 $261 0) $249. 00) $264 00 $243 00) $231 00. $237. 00 $207. 0, a 


Frequency Distribution for Q = 45 q 
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This example showed how we can use simulation for prescriptive decisions, as well as 
assess the risk of alternative decisions. We should note that while sampling from empiri- 
cal data is easy to do, it does have some drawbacks. First, the empirical data may not 
adequately represent the true underlying population because of sampling error. Second, 
using an empirical distribution precludes sampling values outside the range of the actual 
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data. Therefore, it is usually advisable to fit a distribution and use it for the uncertain vari- 
able. We can do this by fitting a distribution to the data using the techniques we described 
in Chapter 5. 


Overbooking Decisions 


We also introduced overbooking decisions in Chapter 11. In any realistic situation, 
the actual customer demand as well as the number of cancellations would be uncer- 
tain. Similar to the newsvendor problem, we may use Monte Carlo simulation to help 
determine the best overbooking policy. We illustrate this in the following, based on 


Bxample 1.9: 


In the Hotel Overbooking Simulation Model spreadsheet (see 
Figure 12.21), let us assume that customer demand is normally 
distributed with a mean of 320 and standard deviation of 15. 
Because we want this value to be a whole number, we can use 
the Excel function ROUND (number, num_digits); thus using 


=ROUND(NORM.INV(RAND( ), 320, 15), 0) 


in cell B14 will guarantee this. The number of cancella- 
tions depends on the number of reservations made in 

cell B15. Suppose that the probability that any reservation 
is cancelled is 0.04. Then the number of cancellations is 

a binomial random variable, with n = number of reser- 
vations made, and p = 0.04. We may enter the formula 
=BINOM.INV(B15, 0.04, RAND()) into cell B16 to generate 
a binomial random variate. Note that we are referencing cell 


Project Management 


Monte Carlo Simulation for the Hotel Overbooking Model 


B15 in this formula as it will change in each simulated trial 
because of the random demand. 

The decision variable is the reservation limit in cell 
B13. We may use data tables to simulate the number of 
overbooked customers and net revenue for each choice of the 
reservation limit. We use two-way data tables with 100 rows 
(trials) and 7 columns corresponding to reservation limit 
decisions, from 300 to 330 in increments of 5. In Figure 12.21, 
we see that as the reservation limit (Shown in the range 
E4:K4) increases, so does the average number of overbooked 
customers. We also see that the average net revenue 
is maximized when 315 reservations are taken; that is, 
overbooking the hotel by 15 rooms. For 315 reservations, we 
also see that the average number of overbooked customers is 
1.74 (cell H3). 


In Chapter 11, we developed a project management spreadsheet model for scheduling 
activities and computing the critical path. For many real projects, activity times are random 
variables. In most cases, times must be estimated judgmentally, so we often assume that 


a 
Overbooked customers 


Average 0.00 0.00 0.32 1.74 4.16 6.22 7.32 Average ss4s0120 $4963.20 $35,138.40 $35,489.00 $35,212.50 ima ieee 
0 300 305 310 315 320) 325 330 $35.160 305 310 3S 320) 4 
Uf Ok Ot SO) i Ola lw tats ieee $34 920.00/ $35,640.00 $36,000.00 Se ga ESE Tanna 
2 Oo} 0} Oo} 68} 8} 613) 66 2 $35,040.00 $35,280.00 $35,520.60 $35,880.00 $35,640.00 $35,900.00 $25 800.00 | 
3 0 Oo Th co Ol hUF Oo 3 $34,920.00’ $35,520.00 $35,520.00 $35,880.00 $34.700.00 $34,900.00/ $33,900.00 | 
4 oF OF OF U3] US| Oc} ho 4 $33 840.00 $34 800.00 $35,900.00 $34,800.00 $35,200.00|$35,400.00' $25,760.00) 
+. 0 8 OF oO oO OF 3 5| $34,440.00 $34,680.00 $35,160.00 $35,200.00 ' $35,200.00: $35,800.00 ' $34,080.00 | 
ge oF OF OF 3 1 «64 613 6 $34 320.00 $34.680.00| $34,560.00 $35,160.00 $35,300.00 $34,900.00. $34,200.00 | 
Ce i a a a a i 7 $33,840.00) $35,280.00 $34,920.00 $34,200.00 $25,600.00 /$35,900.00' $35,600.00 | 
eo 68} Ut} 6 OS] 12) 40 8 | $34,080.00 $34,440.00) $34,800.00 $36,000.00 $34.320.00 $34,400.00! $34,300.00 | 
3 0} 66} hl} 4} 8) 10) 20 $ $34,440.00 $34,800.00 | $33,960.00 $35,500.00 $35,520.00) $34 000.00 $34,100 00 | 
10} OF OF OF OF 69 10! OO 10 $34,800.00 $35,160.00’ $34,680.00 $35,760.00 $35,640.00 $34,400.00 $34 400.00’) 
11, 0 OF OF 3 OF oO 5 11 $34,800.00 $35,280.00 $34,320.00 $35,760.00 $35,640.00! $33,240.00 $32,760.00'! 
iz 0} Oo} lt] CS te 12, $34,200.00 $35,520.00 $34,800.00 $32.760.00 $35,400.00 $34 $00.00’ $35 100.00 | 
17} 8 OO Ol hU6mtlhCUB} 19 13) $34,560.00 $35,280.00 $35,760.00 $35,400.00 $34 200.00 $34 800.00| $35,700.00 | 
14 OF 8} 0; Ut 6} 12} «OO 14 $34,680.00 $35,040.00 $35,900.00. $35,600.00 $34 700.00) $25,700.00 | $33. 960.00 | 
i ; . a 5 3 1 3 15 $34,560.00 $34,920.00 $34,920.00 $35,040.00 $34 $20.00) $35,600.00: $34 900.00 | 

15; 4 


16 $34,560.00 $34,440.00 $35,640.00 $35,640.00 $34,600.00 $35,760.00 $34,200.00 | 
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4 Figure 12.21 
Hotel Overbooking Model Monte Carlo Simulation 


Chapter 12 Simulation and Risk Analysis 473 


they have a triangular distribution. Analytical methods, such as the Program Evaluation 
and Review Technique (PERT), allow us to determine probabilities of project completion 
times by assuming that the project completion time is normally distributed. However, this 
assumption may not always be valid. Simulation can provide a more realistic characteriza- 
tion of the project completion time and the associated risks. We will illustrate this with the 
Becker Consulting project management model used in Chapter 11. 


A Spreadsheet Simulation Model for Project Management 


Suppose that the information systems manager has using the triangular distributions are calculated in column E. 


determined the most likely time for each activity but, If we use these to find the critical path, we would find that 
recognizing the uncertainty in the times to complete each the project completion time is 155, with activities B, F, G, 
task, has estimated the smallest and largest times that H, |, K, M, O, P, and Q on the critical path. Calculations for 
the activities might take. These are shown in Table 12.1. the triangular random variates are shown in columns N and 
With only these estimates, a triangular distribution is an O. The values of the random variates are referenced in the 
appropriate assumption. Note that the times for activities A, shaded cells in column F. For this simulation, we see that the 
G, M, P, and Q are constant. completion time is 148.67. Note that as the activity times vary 
Figure 12.22 shows a spreadsheet model designed randomly, different project completion times and critical paths 
to simulate the project completion time when the activity may result (manually recalculate the spreadsheet several times 
times are uncertain (Excel file Becker Consulting Project to see this). We may use a data table to simulate the project 


Management Simulation Model). The mean activity times completion time. Figure 12.23 shows the simulation results. 


v Table 12.1 
Uncertain Activity Time Data 


Minimum Time Most Likely Time Maximum Time 


Activity Predecessors (days) (days) (days) 
A Select steering committee _ 15 15 Lis) 
B Develop requirements list = 40 45 60 
C Develop system size estimates _ 10 14 30 
D Determine prospective vendors _ 2 3 5 
E Form evaluation team A 5 7 

F Issue request for proposal BaGabye 4 5 8 
G Bidders conference F 1 1 1 
H Review submissions G 25 30 50 
| Select vendor short list H 3 5 10 
J Check vendor references | 3 it 10 
K Vendor demonstrations | 20 30 45 
L User site visit I 3 4 5 
M Select vendor pAb 3 3 

N Volume-sensitive test M 10 13 20 
O Negotiate contracts M 10 14 28 
P Cost-benefit analysis N,O 2 2 2 


Q Obtain board of directors’ approval P 5 5 
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A 8 C apart £ Ge SSA Se PMCS i HR eR L fade 
1 Becker Consulting Project Management Simulation Model a 
2 s 
3 Minimum Most Maximum Activity Early Early Latest Latest On Critical Triangular Random Variates i 
4 Activity | Time (a) | _Likely Time (c) __Time (b) Mean _ Time (Triangular) Start Finish Start Finish Stack __—sPath? 
| aay. ea ies iets We | infer 15.00 ~~ 15.00 0.00 15.00 | 19.65 3465 19.65 Activity B 
6 8 40 45 60 48.33 42.98 0.00 42.98 0.00 42.98 0.00 Yes a 40.00 | 
7 Cc 10 14 30 18.00 17.93 0.00 17,93 | 25.05 42.98 25.05 b 60.00 | 
6 D 2 3 5 3.33 2.34 0.00 2.34 40.64 42.98 40.64 c 45.00 
9 E 5 7 9 7.00 8.33 15.00 23.33 34.65 42.98 19.65 R 0.089 | 
10 F 4 5 8 5.67 6.01 42.98 4899 4298 | 48.99 0.00 Yes F(c) 0.2500 
11 G 1 1 1.00 1.00 48.99 4999 48.99 49.99 0.00 Yes Triangular random variate 42.98 
12 H 25 30 50 35.00 32.54 49.99 82.53 49.99 82.53 0.00 Yes 
13 | 3 5 10 600 7.29 $2.53 89.82 82.53 89 82 0.00 Yes Activity C 
14 J 3 7 10 6.67 8.20 89 82 98.01 116.21 124.41 26.40 a 10.00 
is K 20 30 45 31.67 34.59 89.82 124.41 89.82 124.41 0.00 Yes b 30.00 / 
16 L 3 4 5 4.00 4.10 89.82 93.91 120.31 124.41 30.49 c 14.00 
17 M 3 3 3 3.00 3.00 124.41 127.41 124.41 127.41 i 0.00 Yes R 0.545 
18 N 10 13 20 14.33 12.34 127.41 139.75 129.33 141.67 1.92 F(c) 0.2000 
19 fe) 10 14 28 17.33 14.26 127.44 141.67 127.41 141.67 0,00 Yes Triangular random variate 17.93 
| 20 Lid 2 2 2 2.00 2.00 141.67 143.67 141.67 143.67 0.00 Yes 
21 Q 5 5 5 5.00 5.00 143.67 148.67 143.67 148.67 0.00 Yes Activity D 
| 22 a 2.00 
| 23 Project completion time 148.67 b 5.00 
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A Figure 12.22 
Portion of Project Management Spreadsheet Model 
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> Figure 12.23 5 Z 
A Awe 3 3 21S ER pe ae 9 | eh en piled Beyond Ripe wat seats Baye £ Or eas. WS os 
Simulation Results 24 (Simulation Results 
25: 
26 Summary Statistics 
27 |Average 155.56 biromank 
| 28 | Standard Deviation 9.27 7 
| 29 Minimum 125.81 0 
30 |Maximum 183.37 
31 | 200 
32 |Frequency Distribution 
33 |Upper Cell Limit Cum. Frequency Frequency 
34 | 120 0 OM a 
35 | 130 1 1 
36 | 140 24 20 | 100 
| 37 | 150 145 124 
7 38 | 160 351 206 - i 
39 | 170 463 112 ; 
| 40 | 180 498 35 gl EB i 
4 41 | 190 500 2 9 Sse es i 
i 42 200 5 1220 130 140 150 160 170 180 180 200 
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mg CHECK YOUR UNDERSTANDING 


1. Summarize the general process for performing Monte Carlo simulations in Excel. 
2. Explain how to use data tables for Monte Carlo simulations on spreadsheets. 


3. What statistical tools can you use to evaluate risk using the results from Monte Carlo 
simulations? 


ee ee ee ee 


ANALYTICS IN PRACTICE: Implementing Large-Scale Monte Carlo 
Spreadsheet Models? 


Implementing large-scale Monte Carlo models in spread- develop new approaches to effectively implementing spread- 
sheets in practice can be challenging. This example sheet analytics across the company. 

shows how one company used Monte Carlo simulation Based in Stuttgart, Germany, Hypo Real Estate Bank 
for commercial real estate credit-risk analysis but had to International (Hypo), with a large portfolio in commercial real 


*Based on Yusuf Jafry, Christopher Marrison, and Ulrike Umkehrer-Neudeck, “Hypo International 


Strengthens Risk Management with a Large-Scale, Secure Spreadsheet-Management Framework,” 
Interfaces, 38, 4 (July-August 2008): 281-288. 


estate lending, undertakes some of the world’s largest 
real estate transactions. Hypo was faced with the chal- 
lenge of complying with Basel II banking regulations in 
Europe. Basel Il sets the minimum capital to be held in 
reserve by internationally active banks. If a bank is able to 
comply with the more demanding requirements of the reg- 
ulations, it can potentially save €20-€60 million per year in 
Capital costs. To qualify however, Hypo needed new risk 
models and reporting systems. The company also wished 
to upgrade its internal reporting and management frame- 
work to provide better analytical tools to its lending offi- 
cers, who were responsible for structuring new loans, and 
to provide its managers with better insights into the risks 
of the overall portfolio. 

Monte Carlo simulation is the only practical 
approach for analyzing the risk models the bank needed. 
For example, in one commercial real estate application, 
200 different macroeconomic and market variables are 
typically simulated over 20 years. The cash-flow model- 
ing process can be even more complex, particularly if the 
effects of all the intricate details of the transaction must 
be quantified. However, the computational process of 
Monte Carlo simulation is numerically intensive because 
the entire spreadsheet must be recalculated both for each 
iteration of the simulation and for each individual asset (or 
transaction) within the portfolio. This pushes the limits of 
stand-alone Excel models, even for a single asset. More- 
over, because the bank is usually interested in analyzing 
its entire portfolio of thousands of assets, in practice, it 
becomes impossible to do so using stand-alone Excel. 

Therefore, Hypo needed a way to implement the 
complex analytics of simulation in a way that its global 
offices could use on all their thousands of loans. In addi- 
tion to the computational intensity of simulation analyt- 
ics, the option to build the entire simulation framework in 
Excel can lead to human error, which they called spread- 
sheet risk. Spreadsheet risks that Hypo wished to mini- 
mize included the following: 


w Proliferation of spreadsheet models that are stored 
on individual users’ desktop computers throughout 
the organization and are untested and lack version 


a Dynamic Systems Simulation 


Dynamic systems involve processes that consist of interacting events occurring over 
time. For example, nearly everyone experiences waiting lines, or queues, at supermarkets, 
banks, toll booths, telephone call centers, restaurants, and amusement parks. Many other 
waiting line systems involve “customers” other than people—for example, messages in 
communication systems, trucks waiting to be unloaded at a warehouse, work in process 
at a manufacturing plant, and photocopying machines awaiting repair by a traveling 
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Vladitto/Shutterstock 


data, and the unsanctioned manipulation of the results of 
spreadsheet calculations. 

= Potential for serious mistakes resulting from typographical 
and “cut and copy-and-paste” errors when entering data 
from other applications or spreadsheets. 

ms Accidental acceptance of results from incomplete 
calculations. 

a Errors associated with running an insufficient num- 
ber of Monte Carlo iterations because of data or time 
constraints. 


Given these potential problems, Hypo deemed a pure 
Excel solution as impractical. Instead, they used a consulting 
firm’s proprietary software, called the Specialized Finance Sys- 
tem (SFS), which embeds spreadsheets within a high-perfor- 
mance, server-based system for enterprise applications. This 
eliminated the spreadsheet risks but allowed users to exploit 
the flexible programming power that spreadsheets provide, 
while giving confidence and trust in the results. The new sys- 
tem has improved management reporting and the efficiency of 
internal processes and has also provided insights into structur- 
ing new loans to make them less risky and more profitable. 
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technician. In these systems, customers arrive at random times, and service times are rarely 
predictable. Managers of these systems would be interested in knowing how long custom- 
ers have to wait, the length of waiting lines, the utilization of the servers, and other mea- 
sures of performance. Another example of a dynamic system is an inventory management 
system. Managers would be interested in knowing inventory levels, numbers of lost sales 
or backorders incurred, and the costs of operating the system. More complex examples of 
dynamic systems include entire production systems, which might incorporate aspects of 
both waiting lines and inventory systems, as well as material movement, information flow, 
and so on. 

Dynamic system simulation models allow us to draw conclusions about the behavior 
of a real system by studying the behavior of a model of the system, usually with random 
sequences of events similar to what we might observe in the real system. Simulation has 
the advantage of being able to incorporate nearly any practical assumption and thus is 
the most flexible tool for dealing with dynamic systems. In practice, simulating dynamic 
systems is best accomplished using powerful commercial software; however, we can use 
Excel quite easily for some simple applications to illustrate the concepts. 

Modeling dynamic systems is generally more difficult than just replicating spread- 
sheets using Monte Carlo simulation, primarily because the logical sequence of events 
over time must be explicitly taken into account. For instance, key events that occur in a 
waiting line system are arrivals of customers, completions of services, and possibly line- 
switching or a customer’s decision to leave a line because of excessive waiting. Events in 
an inventory system include the demand for items, receipt of replenishment orders, and 
placement of new orders. The next example illustrates a dynamic simulation for a simple 
production and inventory scenario and also shows how we can incorporate Monte Carlo 
simulation into the analysis. 


A Production/Inventory Simulation 


Mantel Manufacturing supplies various engine components are required. We assume that on day 1, the initial inven- 
to manufacturers of motorcycles on a just-in-time basis. tory and production are 100 units. The Excel function 
Planned production capacity for one component is 100 RANDBETWEEN(80, 130) is used in column C to gener- 
units per shift, and the plant operates one shift per day. ate discrete uniform random variates for the demand. In 
Because of fluctuations in customers’ assembly operations, column D, we use an IF function to determine whether 
however, demand fluctuates and is historically between 80 an additional production shift is scheduled based on the 
and 130 units per day. To maintain sufficient inventory to beginning inventory in column B. For example, the formula 
meet its just-in-time commitments, the operations manager in cell D6 is =100+IF(B6<50, 100). Then in column E, the 
is considering a policy to run a second shift the next day if ending inventory is calculated using equation (12.5); this is 
inventory falls to 50 or below at the end of a day (after the copied to the beginning inventory for the next day. 
daily demand is known). For the annual budget planning The chart shows the ending inventory and production 
process, he needs to know how many additional shifts will each day. The spikes in the production series show when 
be needed. additional shifts were scheduled. If you recalculate the 

The fundamental equation that governs this process spreadsheet, the results will change. Since the model 
each day is provides results only for one year, we use a data table with 


100 trials to replicate the spreadsheet in order to determine 


Ending Inventory = Beginning Invento 
g g el a distribution for the number of additional shifts (see Figure 


+ Production — Demand (12.5) 
12.25). While the average is close to 13, considerable 
Figure 12.24 shows a spreadsheet model (Excel file variation exists among simulation runs. To be safe, the 
Mantel Manufacturing) to simulate 260 working days budget should plan on a higher number of shifts than the 


(one year) and count the number of additional shifts that average. 
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Spreadsheet Simulation Model for Mantel Manufacturing 


SRE RE ET eR Sa a EEE a RT RI RU AU HR ote eC! | 


t j 


ee pe B : eel See eed AO Eee, HOU OS 3) ee ieee aoe ee acca | a 
131 Date Table for Mome Carlo Simulation: Number of additional shifts | i f 
132) Min = Number of Additional Shifts 
133| Trial 13 : Max 20 aa pase me oe ear eaianea = 
3 34! 1 13 Average 13.27 | 18 Ad Ls pee ee = —— 2 
135) 2 16 
tae | 3 13 Frequency Distribution 
8 ar 4 11 Bin Range Frequency 
| ca 5 18 6 Gorless 1 
|2) 6 13 7 7 0 
40 ne 11 8. 8 1 
dat) 8 14 3 9 4 
42 | 9 17 10 10 4 
#43; 10 12 11 1 16 
t4a| 11 11 12 12 18 
48 | 42| hs ¥ihE 13 13 g 
446) 13 9 14 14 14 
ae, 14) 11 15 15 13 
15 12 16 16 ch 
16 15 7 7 F | 
17 12 18 of more 6 
18 14 Total 700 


a Figure 12.25 
Monte Carlo Simulation for Number of Additional Shifts 
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We will develop a simulation model for a waiting line (queueing) system. We assume that 
there is a single server. Customers arrive at the system and join a waiting line on a first- 
come, first-served basis if the server is busy; otherwise, they go immediately into service. 
Then they receive the service and leave the system. Typical performance measures that 
we would like to evaluate are the average waiting time per customer, the idle time of the 


server, and the number in the queue. 


To understand the logic behind the simulation model, consider the sequence of activi- 


ties that each customer undergoes: 


1. Customer arrives. 
2. Customer waits for service if the server is busy. 
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3. Customer receives service. 
4. Customer leaves the system. 


We can make the following observations: 


1, If a customer arrives at time ¢ and the server is not busy, then that customer can 
begin service immediately upon arrival. 

2. If a customer arrives at time ¢ and the server is busy, then that customer will 
begin service at the time that the previous customer completes service (which 
will be greater than f). The waiting time is the difference between the time ser- 
vice begins and the arrival time. 

3. In either case, the time at which a customer completes service is computed as the 
time that the customer begins service plus the time it takes to perform the service. 

4. The server idle time is the difference between the arrival time of the next cus- 
tomer and the time at which the current customer completes service, if the 
arrival time of the next customer is greater than the time at which the current 
customer completes service; otherwise, the idle time is zero. 

5. To find the number in the queue, we note that when a customer arrives, then all 
prior customers who have not completed service by that time must still be waiting. 


These observations provide all the information we need to run a small manual simulation. 

Table 12.2 shows such a simulation. We assume that the system opens at time 0 and 
that the arrival times and service times have been generated by some random mecha- 
nism and are known. We can use the logic above to complete the last five columns. For 
example, the first customer arrives at time 3.2 (the server is idle from time 0 until this 
event). Because the queue is empty, customer | immediately begins service and ends at 
time 3.2 + 3.7 = 6.9. The server is idle until the next customer arrives at time 10.5. Cus- 
tomer 2 then begins service and completes service at time 10.5 + 3.5 = 14.0. Customer 3 
arrives at time 12.8. Because customer 2 is still in service, customer 3 must wait until time 
14.0 to begin service, incurring a waiting time of 1.2. You should verify the calculations for 
the remaining customers in this simulation. 

Figure 12.26 shows the formulas for a spreadsheet model that corresponds to Table 12.2. 
The start time for any customer is the maximum of the arrival time and the time of service of 
the previous customer. This is implemented using the MAX function. Waiting time is simply 
the difference between the start time and arrival time: idle time for the server is computed 
from the arrival time of the current customer and the completion time of the last customer. 
Finding the length of the queue when a customer arrives is a bit tricky. For example, in 
Table 12.2, customer 5 arrives at time 17.2. At this time, customer 3 is still in service and 


Customer Arrival Time Service Time Number in Queue Start Time End Time Waiting Time Server Idle Time 
a a a ge ee ee 


1 


Oo O8 © Ion or B® cp 


— 


3.2 
10.5 
12.8 
14.5 
Lier 
19.7 
26.9 
28.7 
32.7 
36.9 


oy 0 cw 6.9 0 3.2 
3.5 0 10.5 14 0 3.6 
4.3 1 14 18.3 1.2 

3 1 18.3 Dts 3.8 0 
2.8 2 21.3 24.1 44 0 
4.2 2 24.1 28.3 4.4 0 
2.8 1 28.3 31.1 1.4 3 
1.3 1 31.1 32.4 2.4 0 
24 0 32.7 34.8 0 0.3 
4.8 0 36.9 41.7 0 2.1 
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customer 4 is waiting until time 18.3. Thus, the length of the queue is now 2. We can com- 
pute this using a MATCH function to determine the last customer whose completion time is 
less than or equal to the arrival time of the current customer. For example, the value of the 
MATCH function in cell D7 is 3; therefore, 5 — 3 = 2 provides the correct value for the 
number in the queue. To make this work correctly if customer 2 arrives before customer | 
has completed service, we needed to add an end time of 0 in cell F2 for “customer zero” and 
include this in the MATCH range. 


SON i ees §=6Car Wash Simulation 


Mike and Judy operate a small car wash; Judy is in charge 
of finance, accounting, and marketing and Mike is in 
charge of operations. On a typical Saturday, customers 
arrive randomly between three and eight minutes apart. 
A standard wash takes four minutes (the service time), 
but may run as high as seven minutes for those cars that 
purchase extra services. The probabilities of the times 
between arrivals and service times are estimated from 
historical data. Although customers may complain a bit, 
they do not leave if they have to wait. 

To simulate this system on a spreadsheet, we need 
to generate the arrival times of customers and the time 
required for service. For arrivals, we could specify either the 
actual times that customers arrive for service or the times 
between successive arrivals. The second approach works 
better for simulation purposes because we need only know 


; Z rs BGR C D E F G Heals 
| 1 Mike & Judy's Carwash 

mal 
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the time that the last customer arrived to generate the arrival 
time of the next customer. Therefore, we set the arrival time 
for a customer as the arrival time of the previous customer 
plus a random value. We use discrete distributions in 
column J—M for the time between arrivals and service time, 
and we use VLOOKUP functions to find these. 

Figure 12.27 shows the spreadsheet model (Excel file 
Car Wash Simulation). The model simulates 100 customers 
(roughly one day). We calculate the maximum number in 
the queue, maximum waiting time, average waiting time 
per customer, and total idle time. It does not make sense 
to average the number in the queue or idle time, because 
these are time-dependent, not customer-dependent. 
Because this model only simulates one day, you could use 
data tables to find distributions for these measures. We 
leave this as an exercise. 


Maximum number in queue 1 
Time between arrivals Maximum waiting time 6 
Probability Random Number Intervals Time (min) Average waiting time per customer 1.18 
0.20 0.00 0.20 3 Total idle time — 67 
0.20 0.20 0.40) 4 
0.30 0.40 0.70 5 
0.15 0.70 0.85 6 
0.10 0.85 0.95 7 
0.05 0.95 1.00 8 
Service time 
Probability Random Number Intervals Time (min) 
0.50 0 0.5 4 
0.25 05 0.75 5 
0.15 0.75 0.9 6 
0.10 0.9 1 7 


Portion of Spreadsheet Implementation of Car Wash Simulation 


t 


480 Chapter 12 Simulation and Risk Analysis 


a CHECK YOUR UNDERSTANDING 


1. Explain the characteristics of dynamic systems and why these are more challenging to 
simulate than Monte Carlo spreadsheet models. 


Summarize the logic used in developing spreadsheet models to simulate waiting lines. 


Why is it important to use data tables to replicate simulation models of dynamic 


systems? 


Syngenta, a leading developer of crop varieties (seeds) 
that provide food for human and livestock consump- 
tion, is committed to bringing greater food security to 
an increasingly populous world by creating a transfor- 
mational shift in farm productivity. Syngenta Soybean 
Research and Development (R&D) is leading Syngenta’s 
corporate plant-breeding strategy by developing and 
implementing a new product development model that 
is enabling the creation of an efficient and effective Soy- 
bean-breeding strategy. Their strategy addressed the 
following objectives: 


m Increase the frequency of favorable traits within the 
population of soybean plant varieties; 

m= Reduce the time required to develop new soybean 
plant varieties with favorable traits; 

= Build a process to efficiently transfer favorable traits 
among soybean plant varieties; 

= Improve data quality, prediction of variety perfor- 
mance, and characterization of environments; 

a Make better decisions to positively impact the prob- 
ability, cost, and timeline of developing a new soybean 
plant variety. 


The soybean-variety pipeline produces commercial 
soybean varieties containing traits that enable it to thrive 
in different environmental conditions and against various 


Ee ee ee ee ee 
ANALYTICS IN PRACTICE: Using Systems Simulation for 
Agricultural Product Development? 


diseases and pests, while providing higher yields than the 
varieties Currently available. A project lead makes decisions 
that improve the parent varieties with a process called trait 
introgression (Tl). 

Key to the new strategy is the combination of advanced 
analytics and plant-breeding knowledge to find opportunities 
to increase crop productivity and optimize plant-breeding 
processes. Syngenta uses systems and Monte Carlo simula- 
tion models to codify Syngenta Soybean R&D best practices 
and help create the best soybean-breeding plans and stra- 
tegically align its research efforts. The TI tool uses systems 
simulation to model the flow of a process, the biology of cre- 
ating progeny from mating two plants, and the calculations 
needed to track genetic segregation according to Mendel’s 
principles of genetics. Although cost and time are key out- 
comes of the TI tool, knowing both the expected number of 
seeds with the desired combination of traits and the uncer- 
tainty surrounding that expectation is critical to selecting the 
best breeding plan. Simulation allows a project lead to plan 
each process step and view the consequences of the plan on 
cumulative cost, cumulative time, and genetic composition 
of the progeny at the end of each step in the TI process. If 
the cost, time, or probability of successfully transferring the 
desired traits of the planned TI process is unacceptable, the 
project lead can change one or more decisions and quickly 
rerun the simulation. 


“Adapted from Joseph Byrum, Craig Davis, Gregory Doonan, Tracy Doubler, David Foster, Bruce Luzzi, 
Ronald Mowers, and Chris Zinselmeiers, “Advanced Analytics for Agricultural Product Development,” 
Interfaces, Vol. 46, No. 1, January-February 2016, pp. 5-17. 
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Useful Excel Functions 


RAND( ) Generates a random number greater than or 
equal to 0 and less than 1. 


RANDBETWEEN(a, b) Generates a discrete uniform 
random variate between a and b inclusive. 


NORM.INV(RAND( ), mean, standard_deviation) Gener- 
ates a normal random variate with specified mean and 
standard deviation. 


NORM.S.INV(RAND( )) Generates a standard normal 
random variate. 


BINOM.INV(n, p, RAND( )) Generates a binomial ran- 
dom variate. 


ts PROBLEMS AND EXERCISES 


(Many of these problems extend problems in Chapter 11 
and will be noted accordingly.) 


Random Sampling from Probability Distributions 


1. Use the RAND function to generate 100 exponen- 
tial random variates with the mean 1.5, and create a 
frequency distribution and a histogram with bins of 
width 0.5. Apply the chi-square goodness of fit test 
(see Chapter 5) to test the hypothesis that the data are 
exponentially distributed. 


. A financial consultant has an average of seven cus- 
tomers he consults with each day; assume a Poisson 
distribution. The consultant’s overhead requires that 
he consult with at least five customers per day for 
his fees to cover his expenses. Use the Excel Random 
Number Generation tool to generate 100 samples of 
the number of customers that the financial consultant 
will have on a daily basis. What percentage of these 
will meet his target of at least five? 


NO 
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Random number seed 
Random variate 

Risk 

Risk analysis 


FREQUENCY (data array, bin array) Computes a 
frequency distribution for the data array corresponding 

to the bins defined in the bin array. Note that this is an 
array function and must be implemented using the process 
discussed in the chapter. 


Analytic Solver 


Analytic Solver provides a powerful Monte Carlo simula- 
tion tool. See the online supplement Using Monte Carlo 
Simulation in Analytic Solver. We suggest that you first 
read the online supplement Getting Started with Analytic 
Solver Basic. This provides Information for both instruc- 
tors and students on how to register for and access Ana- 
lytic Solver. 


Generating Random Variates Using Excel Functions 


3. The weekly demand of a slow-moving product has 
the following probability mass function: 


Demand, x Probability, f(x) 
0 0.1 

1 0.3 

2 0.2 

3 0.4 

4 or more 0 


Use VLOOKUP to generate 25 random variates from 
this distribution. 


4. The following table shows the number and frequency 
of books bought per customer, on an hourly basis, at 
a bookstore from 10am to 9pm on a specific day. Use 
VLOOKUP to generate 20 random variates from this 
distribution. 
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Number Frequency 
0 2 
1 27 
2 is 
4 21 
5 9 
7 4 
8 1 
9 2 

10 1 
15 1 


. The time required to play the Pandemic board game 


is uniformly distributed between 45 and 60 minutes. 
Use formula (12.1) to obtain a sample of 50 out- 
comes and compute the mean, minimum, maximum, 
and standard deviation. 


. The exponential distribution of the amount of time 


a car battery lasts has a mean of 4 years. Generate 
20 random variates from this distribution as whole 
numbers. 


. Historical data shows that the birth weight of a ran- 


dom pool of 3,226 newborn babies with a mean of 
3.39 kg and a standard deviation of 0.55 kg per baby, 
is normally distributed, but never more than 6 kg. 
Assuming that each newborn baby is independent of 
the others, predict the average weight of the next five 
babies. (Hint: Develop a method to ensure that the 
random variate is limited to 6 kg.) 


. A formula in financial analysis is the following: 


Return on equity = net profit margin ™ total asset 
turnover X equity multiplier. Suppose that the equity 
multiplier is fixed at 3.5, but that the net profit margin 
is normally distributed with a mean of 3.6% and a 
standard deviation of 0.4%, and that the total asset 
turnover is normally distributed with a mean of 1.7 
and a standard deviation of 0.2. Set up and conduct a 
sampling experiment similar to Example 12.6 to find 
the distribution of the return on equity. Show your 
results as a histogram to help explain your analysis 
and conclusions. 


- A government body is putting a large project out for 


low bid. Bids are expected from eight contractors 
and will have a normal distribution with a mean of 


10. 


11. 


12. 


$4.2 million and a standard deviation of $0.27 mil- 
lion. Devise and implement a sampling experiment 
similar to that in Example 12.6 for estimating the dis- 
tribution of the minimum bid and the expected value 
of the minimum bid. 


A metal pistons manufacturer conducts a marketing 
research and finds that for every 10 pistons made, an 
average of 12% of its pistons are rejected because 
they are not correctly sized. Generate 20 random vari- 
ates for the number of pistons that would be rejected 
to estimate the minimum and maximum number that 
might be expected. 


Inthe Olympic bid proposal discussedin Example 12.8, 
ticket sales revenue was estimated to be a triangular 
distribution with minimum= $560 million, maximum 
= $600 million, and most likely = $600 million. 
Generate a random variate from this distribution. 


A research study on the duration of two-month-old 
babies’ smile was carried out. Analysts created the 
following distribution, which were assumed to be 
uniform over various intervals, each with a discrete 
probability (all in seconds). 


b Probability 
0.12 
0.35 
0.28 
0.14 
0.08 
0.03 


lonnwn = alo 
Oona w Ww Ph 


Develop a spreadsheet to generate ten random vari- 
ates from this distribution. (Hint: Use Excel lookup 
functions to choose the distribution parameters based 
on the probabilities and then apply the uniform ran- 
dom variate formula.) 


Monte Carlo Simulation in Excel 


13. Use the profit model developed in Example 12.1 


to implement a financial simulation model for a 
new product proposal and determine a distribution 
of profits using the discrete distributions below for 
the unit cost, demand, and fixed costs. Price is fixed 
at €1,200. Unit costs are unknown and follow the 
distribution 


14. 


15. 


Unit Cost Probability 
€350 0.20 
€500 0.35 
€725 0.30 
€800 0.25 


Demand is also variable and follows the following 
distribution: 


Demand Probability 


120 0.25 
140 0.55 
180 0.20 


Fixed costs are estimated to follow the distribution 


Fixed Costs Probability 


€42,000 0.15 
€48,000 0.60 
€50,000 0.25 


Simulate this model for 50 trials and a production 
quantity of 200 units. What is the average profit? 


Refer back to the outsourcing decision model in 
Example 1.4 of Chapter 1. The Excel file Outsourc- 
ing Decision Model is a spreadsheet implementation 
of the model. The model calculates the total cost for 
manufacturing and outsourcing. The key outputs in 
the model are the difference in these costs and the 
decision that results in the lowest cost. Note how 
the IF function is used in cell B20 to identify the 
best decision. Assume that the production volume 
is uncertain. Suppose the manufacturer has enough 
data and information to estimate that the production 
volume will be normally distributed with a mean of 
1,100 and a standard deviation of 100. Use a 100-trial 
Monte Carlo simulation to find the average cost dif- 
ference and percent of trials that result in manufac- 
turing or outsourcing as the best decision. (Hint: Your 
data table should show both the cost difference and 
decision for each trial.) 


Suppose that the daily purchase of a stock any given 
day is normally distributed with a mean of 3% and 
a standard deviation of 0.5%. In predicting the long- 
run market share, a research study shows an incre- 
ment of 28% of buying the stock any given day and 
an increment of 42% of repeat purchase on the next 


16. 


17. 
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day. Conduct a Monte Carlo simulation with 250 trials 
and compute summary statistic of the long-run market 
share. 


For the Sunday bazaar model in Problem 21 of Chap- 
ter 11, suppose that the expected crowd is normally 
distributed with a mean of 4,000 and a standard devia- 
tion of 350, and the average expenditure has a triangu- 
lar distribution with minimum = £20, maximum = 
£40, and most likely = £25. Conduct a Monte Carlo 
simulation with 500 trials to find the distribution and 
summary statistics of the expected profit. 


A professional football team is preparing its budget 
for the next year. One component of the budget is the 
revenue that they can expect from ticket sales. The 
home venue, Dylan Stadium, has five different seat- 
ing zones with different prices. Key information is 
given below. The demands are all assumed to be nor- 
mally distributed. 


Seating Seats Ticket Mean Standard 
Zone Available Price Demand Deviation 
First Level 15,000 $100.00 14,500 750 
Sideline 

Second 5,000 $90.00 4,750 500 
Level 

First Level 10,000 $80.00 9,000 1,250 
End Zone 

Third Level 21,000 $70.00 17,000 2,500 
Sideline 

Third Level 14,000 $60.00 8,000 3,000 
End Zone 


18. 


Determine the distribution of total revenue under 
these assumptions using 250 trials. Summarize the 
statistical results. 


Financial analysts often use the following model to 
characterize changes in stock prices: 


P= Pelt OS@ I+ ZV 
E 


where 


Py) = current stock price 


aU 
| 


= price at time ¢ 

jt = mean (logarithmic) change of the stock price 
per unit time 

go = (logarithmic) standard deviation of price 

change 


Z = standard normal random variable 
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This model assumes that the logarithm of a stock’s price 
is anormally distributed random variable (although we 
did not discuss it, the lognormal distribution is used 
in many financial applications). Using historical data, 
We can estimate values for 4 and a. Suppose that the 
average daily change for a stock is $0.003227, and the 
standard deviation is 0.026154. Develop a spreadsheet 
to simulate the price of the stock over the next 30 days 
if the current price is $53. Construct a chart showing 
the movement in the stock price. 


The owner of Wild World Photography (see Prob- 
lem 27 in Chapter 11) believes that the average num- 
ber of safari trail bookings per year can be estimated 
by triangular distribution with a minimum of 10, a 
maximum of 22, and a most likely value of 15. One 
of the key variables in developing her business plan is 
the life she can expect from a single digital single-lens 
reflex (DSLR) camera before it needs to be replaced. 
Due to heavy usage, the shutter life expectancy is 
estimated by a normal distribution with a mean of 
152,500 clicks with a standard deviation of 10,000. 
For each booking, the average number of photo- 
graphs taken is assumed to be normally distributed 
with a mean of 1,950 and a standard deviation of 325. 
Develop a simulation model using 50 trials to deter- 
mine summary statistics and the distribution of the 
camera life (in years). 


The manager of the extended-stay hotel in Problem 
46 of Chapter 11 believes that the number of rooms 
rented during any given week has a triangular dis- 
tribution with minimum 32, most likely 38, and 
maximum 50. The weekly price is $950, and weekly 
operating costs follow a normal distribution with 
mean $20,000 and a standard deviation of $2,500 but 
with a minimum value of $15,000. (Hint: You can- 
not embed RAND within the NORM.INV function 
in order to truncate the value using an IF statement. 
Use the same idea as generating a triangular random 
variate.) Run a simulation using 200 trials to answer 
the following questions. 


a. What is the probability that weekly profit will 
exceed $20,000? 


b. What is the probability that weekly profit will be 
less than $10,000? 


A manufacturing company is considering investing in 
a new machine that costs €38,000. Its use is expected 
to generate a cash flow of about €10,000 per year for 
each of the next five years. However, the cash flow is 
uncertain, and the manager estimates that the actual 


22. 


23. 


24. 


cash flow will be normally distributed with a mean of 
€8,500 and a standard deviation of €400. The discount 
rate is set at 3% and assumed to remain constant over 
the next five years. The company evaluates capital 
investments using net present value. How risky is this 
investment? Develop and run a simulation model to 
answer this question using 100 trials. 


Develop a simulation model for a three-year finan- 
cial analysis of total profit based on the following 
data and information. Sales volume in the first year 
is estimated to be 100,000 units and is projected to 
grow at a rate that is normally distributed with a 
mean of 7% per year and a standard deviation of 4%. 
The selling price is $10, and the price increase is nor- 
mally distributed with a mean of $0.50 and standard 
deviation of $0.05 each year. Per-unit variable costs 
are $3, and annual fixed costs are $200,000. Per-unit 
costs are expected to increase by an amount normally 
distributed with a mean of 5% per year and standard 
deviation of 2%. Fixed costs are expected to increase 
following a normal distribution with a mean of 10% 
per year and standard deviation of 3%. Based on 500 
simulation trials, compute summary statistics for the 
average three-year undiscounted cumulative profit. 


Cinéma Le Méliés is a small movie theatre in Grenoble, 
France (see Problem 24 in Chapter 11). After the 
release of a typical, widely anticipated Marvel 
movie, such as the Avengers: Endgame, the number 
of adult and children’s tickets sold at the theatre has 
a normal distribution with a mean of 2,000 and a 
standard deviation of 500. The number of children’s 
tickets sold daily has a normal distribution with a 
mean of 950 and a standard deviation of 39. Adult 
ticket prices are €14 and the children’s price is €11. 
Revenue from food and beverage concessions is esti- 
mated to be between €840 and €1100 daily, with a 
most likely value of €953. Likewise, souvenir rev- 
enue has a minimum of €1015, most likely value 
of €1115, and a maximum value of €1678. Variable 
costs per person (adult or child) are €5, and fixed 
costs amount to €10,000 daily. Determine the distri- 
bution of profit for this theatre using 500 trials. What 
is the probability that the theatre will make a profit 
of €20,000 or less? 


Lily’s Gourmet Ice Cream Shop offers a variety of 
gourmet ice cream and shakes. Although Lily’s com- 
petes with other ice cream shops and frozen yogurt 
stores, none of them offer gourmet ice creams with 
a wide variety of different flavors. The shop is also 
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located in an upscale area and therefore can com- 
mand higher prices. The owner is a culinary school 
graduate without much business experience and 
has engaged the services of one of her friends who 
recently obtained an MBA to assist her with financial 
analysis of the business and evaluation of the prof- 
itability of introducing a new product. The shop is 
open during the spring and summer, with higher sales 
in the summer season. Based on past observation, 
Lily has defined three sales scenarios for the new 
product. 


Summer: 


@ High—3,000 units 
@ Most likely—2,500 units 
@ Low—2,100 units 


Spring: 

@ High—2,500 units 

= Most likely—1,500 units 
= Low—1,000 units 


The expected price is $3.00. However, the unit cost is 
uncertain, and driven by the costs of the ingredients 
she has to buy for the product. This is estimated to 
be between $1.40 and $2.00, with a most likely value 
of $1.50 in the summer, but in the spring, the most 
likely cost is $2.00 because the ingredients are more 
difficult to obtain then. Fixed costs are estimated to 
be $2,600. Find the distribution of profit for each sea- 
son and the annual profit distribution using 200 trials 
for each. 


The Oxford Theater produces plays and musicals 
for a regional audience. For a typical performance, 
the theater sells at least 250 tickets and occasionally 
reaches its capacity of 600 seats. Most often, it sells 
about 450 tickets. The fixed cost for each perfor- 
mance is normal with a mean of $2,600 and a stan- 
dard deviation of $260. Ticket prices range from $30 
to $70 depending on the location of the seat. Of the 
600 seats, 150 cost $70, 200 cost $55, and the rest 
cost $30. Of all the tickets sold, the $55 seats sell 
out first. If the total demand is at least 500, then all 
the $70 seats sell out. If not, then between 50% and 
75% of the $70 seats sell, with the remainder being 
the $30 seats. If, however, the total demand is less 
than or equal to 350, then the number of $70 and 
$30 seats sold are usually split evenly. The theater 
runs 160 performances per year and incurs an annual 
fixed cost of $2 million. Develop a simulation model 
to evaluate the profitability of the theater using 250 
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trials. What is the distribution of annual net profit and 
the risk of losing money over a year? 


UOB Bank receives a significant number of hous- 
ing loan applications each month, with an average 
of 5,000 and a standard deviation of 463, normally 
distributed. The application approval rate var- 
ies between 40% and 55%. The average monthly 
interest rate on installments has recently ranged 
from 3.15% to 6.45%. The monthly total earned by 
the bank from approved applications is normally 
distributed with the mean S$5,000 and standard 
deviation S$121. The monthly maintenance cost 
for each housing loan applicant is distributed nor- 
mally with a mean S$10 and a standard deviation 
of S$2. Approximately 79% of customers pay their 
installments on time, and the remaining are charged 
for late payments. This is a percentage of total 
monthly charges and has varied between 1.5% and 
3%. Finally, it costs the bank S$5 to process each 
housing loan application, whether it is approved or 
not. Use Monte Carlo simulation with 500 trials to 
analyze the profitability of the housing loan to the 
bank. 


Sturgill Manufacturing Inc. needs to predict the 
numbers of machines and employees required to 
produce its planned production for the coming year. 
The plant runs three shifts continuously during the 
workweek, for a total of 120 hours of capacity per 
week. The shop efficiency (the percent of total time 
available for production), which accounts for setups, 
changeovers, and maintenance, averages 70% with a 
standard deviation of 5%, which reduces the weekly 
capacity. Six key parts are produced, and the plant 
has three different types of machines to produce each 
part. The machines are not interchangeable as they 
each have a specific function. The time to produce 
each part on each machine varies. The mean time and 
standard deviation (in hours) to produce each part on 
each machine are shown below: 


Mean Time 

Part Type Machine A Machine B Machine C 
1 3.5 2.6 8.9 

2 3.4 PS 8 

3 1.8 3.5 12.6 

4 2.4 5.8 12.5 

5 4.2 4.3 28 

6 4 4.3 28 
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Standard Deviation 


Part Type Machine A Machine B Machine C 
1 0.15 0.12 0.15 

2 0.15 On 0.15 

3 0.1 0.15 0.25 

4 0.15 0.15 0.25 

S) 0.15 0.15 0.5 

6 0.15 0.15 0.5 


The forecasted demand is shown below. 


Part Type Demand (Parts/Week) 
1 42 
2 18 
3 6 
4 6 
5 6 
6 6 


Machines A and B require only one person to run 
two machines. Machine C requires only one person 
per machine. Develop a simulation model to deter- 
mine how many machines of each type and number 
of employees will be required to meet the forecasted 
demand. Use 200 trials for each data table and com- 
pute summary statistics only. 


O’Brien Chemicals makes three types of products: 
industrial cleaning, chemical treatment, and some 
miscellaneous products. Each is sold in 55-gallon 
drums. The selling price and unit manufacturing cost 
are shown below: 


Manufacturing 


Selling Cost/ 

Product Type Price/drum drum 
Industrial Cleaning 

Alkaline Cleaner $700.00 $275.00 

Acid Cleaner $600.00 $225.00 

Neutral Cleaner $450.00 $150.00 
Chemical Treatment 

Iron Phosphate $920.00 $400.00 

Zirconium $1,350.00 $525.00 

Zinc Phosphate $1,400.00 $625.00 
Other 

Sealant $850.00 $350.00 

Rust Prevention $600.00 $260.00 
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Fixed costs are assumed normal with a mean of 
$5 million and a standard deviation of $20,000. 
Demands are all assumed to be normally distributed 
with the following means and standard deviations: 


Mean Standard 

Product Type Demand __ Deviation 2 
Industrial Cleaning 

Alkaline Cleaner 5,000 100 

Acid Cleaner 2,000 500 

Neutral Cleaner 5,000 350 
Chemical Treatment 

lron Phosphate 5,500 250 

Zirconium 2,800 130 

Zinc Phosphate 4,350 300 
Other 

Sealant 8,000 350 

Rust Prevention 4,250 250 


The operations manager has to determine the quan- 
tity to produce in the face of uncertain demand. One 
option is to simply produce the mean demand for each 
product; depending on the actual demand, this could 
result in a shortage (lost sales). The other option is to 
produce at a level equal to the 75th percentile of the 
demand distribution for each product (that is, find the 
value so that 75% of the area under the normal distri- 
bution is to the left). Using Monte Carlo simulation 
with 150 trials, evaluate and compare summary statis- 
tics for these policies and write a report for the opera- 
tions manager summarizing your findings. Make sure 
to round normal variates to whole numbers. What 
trade-offs does the manager have to make? 


The board of directors of Bolt Electric Vehicles 
(BEV) (see Problem 29 in Chapter 11) is consider- 
ing replacing its original model, the BEV-Neo, with 
a new model, the BEV-Alpha, which they feel will 
appeal to the younger demographic. The company 
will produce the approved model for the next four 
years, after which time a reevaluation will be neces- 
sary. Having passed the concept and initial design 
phases, the BEV-Alpha will enter the final design 
and manufacturing phase. Final development costs 
estimates are $75 million, and the new fixed costs 
for tooling and manufacturing are estimated to be 
$600 million. The BEV-Alpha is expected to sell for 
$32,000. The first-year sales for the BEV-Alpha is 
estimated to be normally distributed with an average 
of 60,000/year and standard deviation of 12,000/year. 
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The sales growth for subsequent years is estimated 
to be normally distributed with an average of 6% 
and standard deviation of 2%. The variable cost per 
vehicle is uncertain until the design and supply-chain 
decisions are finalized, but is estimated to be between 
$20,000 and $28,000 with the most likely value being 
$22,000. Next-year sales for BEV-Neo are estimated 
to be 50,000 with a standard deviation of 9,000/year, 
but the sales are expected to decrease at a rate that is 
normally distributed with a mean of 10% and stan- 
dard deviation of 3.5% for each of the next three 
years. The selling price is $28,000. Variable costs are 
constant at $21,000. Since the model has been in pro- 
duction, the fixed costs for development have already 
been recovered. Develop a four-year Monte Carlo 
simulation model using 500 trials to recommend the 
best decision using a net present value discount rate 
of 5%. 


. The Schoch Museum (see Problem 30 in Chapter 11) 


is embarking on a five-year fundraising campaign. As 
a nonprofit institution, the museum finds it challeng- 
ing to acquire new donors, as many donors do not 
contribute every year. Suppose that the museum has 
identified a pool of 8,000 potential donors. The actual 
number of donors in the first year of the campaign is 
estimated to be somewhere between 60% and 75% 
of this pool. For each subsequent year, the museum 
expects that a certain percentage of current donors 
will discontinue their contributions. This is expected 
to be between 10% and 60%, with a most likely value 
of 35%. In addition, the museum expects to attract 
some percentage of new donors. This is assumed to 
be between 5% and 40% of the current year’s donors, 
with a most likely value of 10%. The average con- 
tribution in the first year is assumed to be $50 and 
will increase at a rate between 0% and 8% each sub- 
sequent year, with the most likely increase of 2.5%. 
Develop and analyze a simulation model to predict 
the total funds that will be raised over the five-year 
period using 500 trials. 


For the Hyde Park Surgery Center scenario described 
in Problem 31 in Chapter 11, suppose that the follow- 
ing assumptions are made. The number of patients 
served the first year is uniform between 1,300 and 
1,700; the growth rate for subsequent years is trian- 
gular with parameters ( 5%, 8%, 9%), and the growth 
rate for year 2 is independent of the growth rate 
for year 3; average billing is normal with mean of 
$150,000 and standard deviation $10,000; and the 
annual increase in fixed costs is uniform between 5% 
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and 7% and independent of other years. Find the dis- 
tribution of the net present value of profit over the 
three-year horizon and analyze the summary statis- 
tics using 200 trials. Summarize your conclusions. 


Adam is 24 years old and has a 401(k) plan through 
his employer, a large financial institution. His com- 
pany matches 50% of his contributions up to 6% of 
his salary. He currently contributes the maximum 
amount he can. In his 401(k), he has three funds. 
Investment A is a large-cap index fund, which has had 
an average annual growth over the past ten years of 
6.63% with a standard deviation of 13.46%. Invest- 
ment B is a mid-cap index fund with a ten-year aver- 
age annual growth of 9.89% and a standard deviation 
of 15.28%. Finally, Investment C is a small-cap index 
fund with a ten-year average annual growth rate of 
8.55% and a standard deviation of 16.90%. Fifty per- 
cent of his contribution is directed to Investment A, 
25% to Investment B, and 25% to Investment C. His 
current salary is $48,000 and based on a compensa- 
tion survey of financial institutions, he expects an 
average raise of 2.7% with a standard deviation of 
0.4% each year. Develop a simulation model to pre- 
dict how much he will have available at age 60 using 
500 trials. 


Develop a realistic retirement planning simulation 
model for your personal situation. If you are currently 
employed, use as much information as you can gather 
for your model, including potential salary increases, 
promotions, contributions, and rates of return based 
on the actual funds in which you invest. If you are not 
employed, try to find information about salaries in 
the industry in which you plan to work and the retire- 
ment benefits that companies in that industry offer 
for your model. Estimate rates of returns based on 
popular mutual funds used for retirement or average 
performance of stock market indexes. Clearly state 
your assumptions and how you arrived at them and 
fully analyze and explain your model results. 


. Malaysia’s state water tariffs are one of the cheapest 


in comparison to its neighbor countries. The cost of a 
meter installation is RM10 per household. The daily 
cost of supplying water is assumed to be normally 
distributed, with a mean of RM10/m? and a stan- 
dard deviation of RM1.20/m?. The daily loss, which 
results from the interruption of water supply due to 
pipe leakage, is normally distributed with a mean of 
2.2% and a standard deviation of 0.5%. Each house- 
hold currently gets its water supply from the provider 
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at a rate of RMO0.57/m°. Based on analysis of previous 
years’ water bills, the daily cost of water is expected to 
increase following a triangular distribution with most 
likely value of 5%, minimum of 3%, and maximum of 
7%, beginning with the first day. The cost of capital is 
estimated to be 4%. Develop a simulation model using 
500 trials to find the net present value of the water sup- 
ply over a five-day period, including the water tariffs 
and meter installation cost. What is the probability that 
the water tariffs will be more than RM18? 


A regional tax preparation firm competes with such 
national chains as H&R Block. It is considering 
expanding and needs a financial model to analyze the 
decision to open a new store. Key factors affecting this 
decision include the demographics of the proposed 
location, price points that can be achieved in the tar- 
get market, and the availability of funds for marketing 
and advertising. Capital expenditures will be ignored 
because unused equipment from other locations can 
often be shifted to a new store for the first year until 
they can be replaced periodically through the fixed 
cost budget. The firm’s target markets are commu- 
nities with populations between 36,000 and 45,000, 
assumed to be uniformly distributed. Market demand 
for tax preparation service directly relates to the num- 
ber of households in the territory; approximately 14% 
of households are anticipated to use a tax preparation 
service. Assuming an average of 2.5 people per house- 
hold, this can be expressed as 0.14*population/2.5. 
The firm estimates that its first-year demand will have 
a mean of 6% of the total market demand, and for 
every dollar of advertising, the mean increases by 2%. 
The first-year demand is assumed to be normal with 
a standard deviation of 20% of the mean demand. An 
advertising budget of $6,000 has been approved but 
is limited to 10% of annual revenues. Demand grows 
fairly aggressively in the second and third year and is 
assumed to have a triangular distribution with a mini- 
mum value of 19%, most likely value of 29%, and 
maximum value of 39%. After year 3, demand growth 
is between 6% and 16%, with a most likely value of 
7%. The average charge for each tax return is $150 
and increases each year at a rate that is normally dis- 
tributed with a mean of 4% and a standard deviation 
of 1%. Variable costs average $14 per customer and 
increase annually at a rate that is normally distrib- 
uted with a mean of 3% and a standard deviation of 
1.5%. Fixed costs are estimated to be approximately 
$35,000 for the first year and grow annually at a rate 
between 1.5% and 3%. Develop a Monte Carlo simu- 
lation model to find the distribution of the net present 
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value of the profitability over a five-year period using 
a discount rate of 3%. Use 500 trials. 


For the profit model developed in Example 12.1, suppose 
that the demand is uniform with a minimum of 35,000 
and maximum of 60,000; fixed costs are normal with a 
mean of $400,000 and a standard deviation of $25,000: 
and unit costs are triangular with a minimum of $22.00, 
most likely value of $24.00, and maximum value of 
$30.00. Simulate 100 trials for production quantities 
from 35,000 to 60,000 in increments of 5,000 and com- 
pute the average and standard deviation for each quan- 
tity. What is the best quantity to produce? 


Use the Newsvendor Model spreadsheet to set up 
and run a Monte Carlo simulation assuming that 
demand is triangular with minimum value = 40, 
maximum value = 50, and most likely value = 47. 
Find the distribution of profit for order quantities 
between 40 and 50 to identify the best order quantity. 
Use 100 simulation trials. 


A bakery stall at a local supermarket bakes 100 loaves 
of banana bread every morning for sale. The cost of 
baking a loaf of banana bread is $3 and it sells for $5. 
The average expected sales at the stall each morning 
typically varies between 90 and 115 loaves of banana 
bread. Any leftover bread at the end of the morning 
is donated to an orphanage nearby. Identify the best 
quantity to bake using a simulation with 100 trials. 


Develop and analyze a simulation model for Vision 
Clinic in Problem 49 of Chapter 11 with the follow- 
ing assumptions. Assume that the demand is uniform 
between 110 and 160 per week and that anywhere 
between 10% and 20% of prospective patients fail 
to show up or cancel their exam at the last minute. 
Using a simulation with 100 trials, determine the 
averages for the net profit (revenue less overbooking 
costs) and number overbooked for taking appoint- 
ments between 130 and 150 patients in increments 
of 2. What would you recommend? 


- DemiGod Shipping Company forecasts a 10% increase 


in its sales over the year 2019. Its assets and liabili- 
ties, at the end of 2018, amount to $20 billion and 
$7 billion respectively. Sales for this period were 
$25 billion, earning a 3% profit margin. The company 
reinvests 28% of its net income and pays out the rest 
to its shareholders. Develop a spreadsheet model and 
identify uncertain distributions that you believe would 
be appropriate to conduct a Monte Carlo simulation. 
Based on your model and simulation, make a recom- 
mendation on how much additional funds are needed. 


41. In Jennifer Bellin’s leadership conference project 


(Problem 34 in Chapter 11), suppose that the activity 
times are uncertain. Estimated ranges for these times 
are shown in the table below. 


Activity Description Prede- Minimum Maximum 


cessors Time Time 
Estimate Estimate 

Develop 1 3) 
conference 
theme 
Determine 1 5 
attendees 
Contract A 5 1s) 
facility 
Choose A 5 20 
entertain- 
ment 
Send B 1 10 
announce- 
ment 
Order gifts B 1 10 
Order B 1 
materials 
Plan Cc 30 50 
schedule of 
sessions 
Design B, H 10 20 
printed 
materials 
Schedule Cc 1 1 
session 
rooms 
Print H 5 15 
directions 
Develop E 1 10 
travel 
memo 
Write gift F 1 10 
letter 
Confirm H 1 5 
catering 
Communi- H 1 5 
cate with 
speakers 
Track L 15 40 
RSVPs 
and assign 


roommates 
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Activity Description Prede- Minimum Maximum 


cessors Time Time 
Estimate Estimate 

Print | 1 5 
materials 
Assign table P 1 1 
numbers 
Compile G 1 5 
packets of 
materials 
Submit O 1 1 
audio-visual 
needs 
Put together P 1 10 
welcome 
letter 
Confirm P 1 5 
arrange- 
ments with 
hotel 
Print G, P a ii 
badges 


Develop a spreadsheet simulation model to find the 
distribution of the project completion time using 100 
trials. All times should be expressed as whole num- 
bers of days. 


Dynamic Systems Simulation 


42. A front office receptionist of a given company 


answers the incoming calls on multi-line telephones. 
The number of calls successfully attended by the 
receptionist within each 5-minute period is recorded, 
resulting in the following frequency distribution: 


Number of Probability 
Calls 

0 0.05 

1 0.10 

2 0.30 

3 0.45 

4 0.07 

5 0.03 


The front desk has five phone lines, each of which has 
a waiting system of up to 10 calls. Develop a simula- 
tion model to find the probability that some callers 
will not be attended to within 15 minutes and must 
make another call. Simulate the calls for the five lines. 
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E-Globex is a moneychanger headquartered in Kuala 
Lumpur, Malaysia. It quotes the current US Dollar to 
Malaysian Ringgit exchange rate to be RM4.1740 for 
every | US Dollar. The daily price changes over the 
last 30 days are analyzed, resulting in the following 
frequency distribution: 


Price Change Frequency | 
—RM0.64 2 
—RM0.39 
—RMO0.13 
—RM0.02 
RMO 
RMO.02 
RM0.13 
RMO.24 
RM0O.57 


= NOG So & 1m 


Develop a spreadsheet model to simulate the money 
exchange performance over the next 60 days. Use 
Monte Carlo simulation with 50 trials to replicate the 
spreadsheet and find the distribution of the money 
exchange. 


The Miller-Orr model in finance addresses a firm’s 
problem of managing its cash position by purchasing 
or selling securities at a transaction cost in order to 
lower or raise its cash position. That is, the firm needs 
to have enough cash on hand to meet its obligations, 
but does not want to maintain too high a cash balance 
because it loses the opportunity for earning higher 
interest by investing in other securities. The Miller-Orr 
model assumes that the firm will maintain a minimum 
cash balance, m, a maximum cash balance, M, and an 
ideal level, R, called the return point. Cash is managed 
using a decision rule that states that whenever the cash 
balance falls to m, R — m securities are sold to bring 
the balance up to the return point. When the cash bal- 
ance rises to M,M — R securities are purchased to 
reduce the cash balance back to the return point. Using 
some advanced mathematics, the return point and 
maximum cash balance levels are shown to be 
R=m+Z 
M=R+ 2Z 
where 
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C = fixed transaction cost to sell securities 
- 


Q 
| 


= variance of the daily cash flows 
= average daily rate of return corresponding to 
the premium associated with securities 


= 


For example, if the premium is 4%, r = 0.04/365. 
To apply the model, note that we do not need to know 
the actual demand for cash, only the daily variance. 
Essentially, the Miller-Orr model determines the deci- 
sion rule that minimizes the expected costs of mak- 
ing the cash-security transactions and the expected 
opportunity costs of maintaining the cash balance 
based on the variance of the cash requirements. 

Suppose that the daily requirements are normally 
distributed with a mean of 0 and variance of $60,000. 
Assume a transaction cost equal to $35, interest rate 
premium of 4%, and required minimum balance of 
$7,500. Develop a spreadsheet implementation for this 
model. Apply Monte-Carlo simulation to simulate the 
cash balance over the next year (365 days). Your sim- 
ulation should apply the decision rule that if the cash 
balance for the current day is less than or equal to the 
minimum level, sell securities to bring the balance up to 
the return point. Otherwise, if the cash balance exceeds 
the upper limit, buy enough securities (that is, subtract 
an amount of cash) to bring the balance back down to 
the return point. If neither of these conditions hold, then 
there is no transaction and the balance for the next day 
is simply the current value plus the net requirement. 
Show the cash balance results on a line chart. 


For the car wash simulation model (Example 12.18), 
use data tables to find the distributions for the maxi- 
mum number in the queue, maximum waiting time, 
average waiting time per customer, and total idle 
time. Use 100 trials for each. 


In many queueing situations, the time between arrivals 
and service times are assumed to have exponential dis- 
tributions. Modify the car wash model (Example 12.18) 
to simulate a queueing system with an exponential 
arrival rate of A = 2 customers/minute (that is, a time 
between arrivals of 1/2 minute) and an exponential 
service rate of A = 3 customers per minute (that is, a 
service time of 1/3 minute). Simulate the arrival of 100 
customers. Use data tables to find the distributions for 
the maximum number in the queue, maximum waiting 
time, average waiting time per customer, and total idle 
time. Use 100 trials for each. What happens when the 
arrival rate approaches the service rate? 


CASE: PERFORMANCE LAWN EQUIPMENT 


In one of PLE’s manufacturing facilities, a drill press that 
has three drill bits is used to fabricate metal parts. Drill 
bits break occasionally and need to be replaced. The pres- 
ent policy is to replace a drill bit when it breaks or can 
no longer be used. The operations manager is considering 
a different policy in which all three drill bits are replaced 
when any one bit breaks or needs replacement. The ratio- 
nale is that this would reduce downtime. It costs $200 each 
time the drill press must be shut down. A drill bit costs 
$85, and the variable cost of replacing a drill bit is $15 
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per bit. The company that supplies the drill bits has his- 
torical evidence that the reliability of a single drill bit is 
described by a Poisson probability distribution with the 
mean number of failures per hour equal to A = 0.01. Thus, 
the time between failures is an exponential distribution 
with mean w = 1/A = 1/0.01 = 100 hours. The opera- 
tions manager at PLE would like to compare the cost of 
the two replacement policies. Develop spreadsheet simula- 
tion models to determine the total cost for each policy over 
1,000 hours and make a recommendation. 
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LEARNING OBJECTIVES 


= Understand the three basic types of optimization 
models. 

= Apply the four-step process to develop a mathemati- 
cal model for an optimization problem. 

w Recognize different types of constraints in problem 
statements. 

= State the properties that characterize linear optimiza- 
tion models. 

= Implement linear optimization models on 
spreadsheets. 


CHAPTER 


Pinon Road/Shutterstock 


After studying this chapter, you will be able to: 


w Use the Solver add-in to solve linear optimization 
models in Excel. 

a Interpret the So/ver Answer Report. 

m |llustrate and solve two-variable linear optimization 
problems graphically. 

w Explain how Solver works. 

m List the four possible outcomes when solving a linear 
optimization model and recognize them from Solver 
messages. 

a Formulate and solve linear optimization models for a 
variety of applications in business. 
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Up to now, we have concentrated on the role of descriptive analytics and pre- 
dictive analytics in managerial decisions. In every area of business, managers 
want to make the best possible decisions. For example, marketing analysts want 
to choose the best advertising to attract the most customers; finance manag- 
ers want to set the best prices to maximize profit; operations managers need to 
determine the best inventory and production policies. In your own life, you might 
want to find the best route for vacation travel (thank you, Google maps) or deter- 
mine the best players for a fantasy sports team. 

While many decisions involve only a limited number of alternatives and can 
be addressed using statistical analysis, simple spreadsheet models, or simula- 
tion, others have a very large or even an infinite number of possibilities. We intro- 
duced optimization—the fundamental tool in prescriptive analytics —in Chapter 1. 
Optimization is the process of selecting values of decision variables that mini- 
mize or maximize some quantity of interest and is the most important tool for 
prescriptive analytics. 

Optimization models have been used extensively in operations and supply 
chains, finance, marketing, and other disciplines for more than 50 years to help 
managers allocate resources more efficiently and make lower-cost or more-profitable 
decisions. Optimization is a very broad and complex topic; in this chapter, we focus 
on formulating and solving many practical optimization models in business. 


as Optimization Models 


There are three basic types of optimization models: linear, integer, and nonlinear. A linear 
optimization model (often called a linear program, or LP model) has two basic proper- 
ties. First, the objective function and all constraints are linear functions of the decision 
variables. This means that each function is simply a sum of terms, each of which is some 
constant multiplied by a decision variable, such as 5x + 4y. Linear optimization models 
are easy to solve using highly efficient solution algorithms. The second property of a linear 
optimization model is that all variables are continuous, meaning that they may assume 
any real value (typically, nonnegative, that is, greater than or equal to zero). Of course, 
this assumption may not be realistic for a practical business problem (you cannot produce 
half a refrigerator). However, because this assumption simplifies the solution method and 
analysis, we often apply it in many situations where the solution would not be seriously 
affected. For example, in deciding on the optimal number of cases of diapers to produce 
next month, we could use a linear model, since rounding a value like 5,621.63 would have 
little impact on the results. However, in a production-planning decision involving low- 
volume, high-cost items such as airplanes, an optimal value of 10.42 would make little 
sense, and a difference of one unit (rounded up or down) could have significant economic 
and production planning consequences. 

In an integer linear optimization model (also called an integer program, or IP 
model), some of or all the variables are restricted to being whole numbers. A special type 
of integer problem is one in which variables can be only 0 or 1; these are used to model 


Chapter 13 Linear Optimization 495 


logical yes-or-no decisions. Integer linear optimization models are generally more difficult 
to solve than pure linear optimization models, but have many important applications in 
areas such as scheduling and supply chains. 

Finally, there are many situations in which the relationship among variables in a 
model is not linear. Whenever either the objective function or a constraint is not linear, we 
have a nonlinear optimization model (also called a nonlinear program, or NLP model). 
In a nonlinear optimization model, the objective function and/or constraint functions are 
nonlinear functions of the decision variables; that is, terms cannot be written as a constant 
multiplied by a variable. Some examples of nonlinear terms are 3x7, 4/y, and 6xy. Building 
nonlinear optimization models requires more creativity and analytical expertise than linear 
or integer models; they also require different solution techniques. We will address inte- 
ger and nonlinear models in the next chapter. Nonlinear models may also include integer 
restrictions; these are among the most difficult types of optimization models to solve. In 
this chapter, we will focus exclusively on linear optimization. 

Linear optimization models are the most ubiquitous of optimization models used in 
organizations today. Applications abound in operations, finance, marketing, engineering, 
and many other disciplines. Table 13.1 summarizes some common types of generic linear 
optimization models. This list represents but a very small sample of the many practical 
types of linear optimization models that are used in practice throughout business. We will 
see examples of many of these later in this chapter. 


> Table 13.1 
Generic Examples of Linear Optimization Models 


Decisions 


Type of Model 
Product mix 


Process selection 
Blending 


Portfolio selection 


Transportation 


Multiperiod production 
planning 


Multiperiod financial 
management 


Production/marketing 


Na a 


Quantities of product to 
produce and sell 


Quantities of product to make 
using alternative processes 


Quantity of materials to mix 
to produce one unit of output 
Proportions to invest in differ- 
ent financial instruments 


Amount to ship between 
sources of supply and 
destinations 

Quantities of product to pro- 
duce in each of several time 
periods; amount of inventory 
to hold between periods 
Amounts to invest in short- 
term instruments 

Allocation of advertising 
expenditures; production 
quantities 


Objective 


Typical Constraints 


Maximize contribution 
to profit 


Minimize cost 


Minimize cost 


Maximize future 
return or minimize risk 
exposure 


Minimize total 
transportation cost 


Minimize total produc- 
tion and inventory 
costs 


Maximize cash on hand 


Maximize profit 


Resource limitations (for 
example, production time, 
labor, material); minimum sales 
requirements; maximum sales 
potential 

Demand requirements; resource 
limitations 

Specifications on acceptable 
mixture 

Limit on available funds; sector 
requirements or restrictions; 
proportional relationships on 
investment mix 

Limited availability at sources; 
required demands met at 
destinations 

Limited production rates; 
material balance equations 


Cash balance equations; 
required cash obligations 
Budget limitation; production 
limitations; demand 
requirements 
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al CHECK YOUR UNDERSTANDING 


1. What are the properties of linear, integer, and nonlinear optimization models? 


2. State several examples of linear optimization models that are often used in practice. 


ne Saas 
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ANALYTICS IN PRACTICE: Using Optimization Models for Sales 


Planning at NBC! 


The National Broadcasting Company (NBC), a subsidiary 
of General Electric, is primarily in the business of deliver- 
ing eyeballs (audiences) to advertisers. NBC’s television 
network, cable network, TV stations, and Internet divi- 
sions generate billions of dollars in revenues. Of these, the 
television network business is by far the largest. 

The television broadcast year in the United States 
Starts in the third week of September. The broadcast net- 
works announce their programming schedules for the new 
broadcast year in the middle of May. Shortly after that, the 
sale of inventory (advertising slots) begins. The broadcast 
networks sell about 60% to 80% of their airtime inven- 
tory during a brief period starting in late May and lasting 
about two to three weeks. This sales period is known as 


bizoo_n/Fotolia 


the up-front market. During this time, advertising agencies 
approach the TV networks with requests to purchase time for 
their clients for the entire season. A typical request consists 
of the dollar amount, the demographic (for example, adults 
between 18 and 49 years of age) in which the client is inter- 
ested, the program mix, weekly weighting, unit-length distri- 
bution, and a negotiated cost per 1,000 viewers. NBC must 
develop a detailed sales plan consisting of the schedule of 
commercials to be aired to meet the requirements. In addi- 
tion, the plan should also meet the objectives of NBC’s sales 
management, whose goal is to maximize the revenues for the 
available fixed amount of inventory. 

Traditionally, NBC developed sales plans manually. This 
process was laborious, taking several hours. Moreover, most 


‘Based on Srinivas Bollapragada, Hong Cheng, Mary Phillips, Mare Garbiras, Michael Scholes, Tim 
Gibb, and Mark Humphreville, “NBC’s Optimization Systems Increase Revenues and Productivity,” 
Interfaces, 32, | (January—February 2002): 47-60, 


plans required a great deal of rework because, owing to 
their complexity, they initially met neither management’s 
goals nor the customer’s requirements. NBC developed 
a system using linear optimization that would generate 
sales plans quickly in a manner that made optimal use of 
the available inventory. The sales-planning problem was 
to minimize the amount of premium inventory assigned 


to a plan and the total penalty incurred in meeting goals, 
while meeting constraints on inventory, airtime avail- 
ability, product conflicts, client requirements, budget, 
show mix, weekly weighting, and unit mix. The decision 
variables are the numbers of commercials of each spot 
length requested by the client that are to be placed in the 
shows and weeks included in the sales plan. The objective 
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inventory assigned to the sales plan and terms that measure 
the penalties incurred in not meeting the client requirements 
these systems have provided. 

The model and its implementation have saved mil- 
lions of dollars of good inventory for NBC while meeting all 
the customer requirements; increased revenues; reduced 
the time needed to produce a sales plan from three to 
four hours to about 20 minutes; helped NBC to respond 
quickly to agencies and secure a greater share of the avail- 
able money in the market; helped NBC sales managers to 
resolve deals more quickly than in the past and better read 
the market, resulting in a more accurate prediction of the 
upfront outcome; decreased rework on plans by more than 
80%; and increased NBC’s revenues by at least $50 million 
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function includes a term that represents the total value of a year. 


as Developing Linear Optimization Models 
Any optimization model has the following elements: 


1. Decision variables 
2. An objective to maximize or minimize 
3. Constraints 


Decision variables in an optimization model are the unknown values that the model seeks 
to determine. Depending on the application, decision variables might be the quantities of 
different products to produce, the amount of money spent on R&D projects, the amount 
to ship from a warehouse to a customer, the amount of shelf space to devote to a product, 
and so on. The quantity we seek to minimize or maximize is called the objective func- 
tion; for example, we might wish to maximize profit or revenue, or minimize cost or some 
measure of risk. Constraints are limitations, requirements, or other restrictions that are 
imposed on any solution, either from practical or technological considerations or by man- 
agement policy. The presence of constraints along with a large number of variables usu- 
ally makes identifying an optimal solution considerably more difficult and necessitates the 
use of powerful software tools. The essence of building an optimization model is to first 
identify these model components, and then translate the objective function and constraints 
into mathematical expressions. Managers can generally describe the decisions they have 
to make, the performance measures they use to evaluate the success of their decisions, and 
the limitations and requirements they face or must ensure rather easily in plain language. 
The task of the analyst is to take this information and extract the key elements that form the 
basis for developing a model. 
Developing any optimization model consists of three basic steps: 


1. Identify the decision variables, the objective, and all appropriate constraints. 

2. Write the objective and constraints as mathematical expressions to create a 
mathematical model of the problem. 

3. Implement the mathematical model on a spreadsheet. 
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We will begin with a simple scenario to illustrate the development and spreadsheet 
implementation of a linear optimization model. Sklenka Ski Company (SSC) is a small 
manufacturer of two types of popular all-terrain snow skis, the Jordanelle and the Deercrest 
models. The manufacturing process consists of two principal departments: fabrication and 
finishing. The fabrication department has 12 skilled workers, each of whom works seven 
hours per day. The finishing department has three workers, who also work a seven-hour shift. 
Each pair of Jordanelle skis requires 3.5 labor-hours in the fabricating department and 1 
labor-hour in finishing. The Deercrest model requires 4 labor-hours in fabricating and 1.5 
labor-hours in finishing. The company operates five days per week. SSC makes a net profit 
of $50 on the Jordanelle model and $65 on the Deercrest model. In anticipation of the next 
ski-sale season, SSC must plan its production of these two models. Because of the popularity 
of its products and limited production capacity, its products are in high demand, and SSC can 
sell all it can produce each season. The company anticipates selling at least twice as many 
Deercrest models as Jordanelle models. The company wants to determine how many of each 
model should be produced on a daily basis to maximize net profit. 


Identifying Decision Variables, the Objective, and Constraints 


The first thing to do is to read the problem statement carefully and identify the decision 
variables, objective, and constraints in plain language before attempting to develop a math- 
ematical model or a spreadsheet. 


Sklenka Ski Company: Identifying Model Components 


Step 1. /dentify the decision variables. SSC makes describe limited resources that are available, 
two different models of skis. The decisions are requirements that must be met, or other 
stated clearly: how many of each model ski restrictions. In this example, we see that both the 
should be produced each day? Thus, we may fabrication and finishing departments have limited 
define numbers of workers, who work only seven hours 


each day; this limits the amount of production 
time available in each department. Therefore, we 
have the following constraints: 


Jordanelle = Number of pairs of Jordanelle 
skis produced /day 
Deercrest = Number of pairs of Deercrest 
skis produced /day Fabrication: Total labor-hours used in fabrication 
cannot exceed the amount of labor-hours available. 
Finishing: Total labor-hours used in finishing cannot 
exceed the amount of labor-hours available. 


It is very important to clearly specify the dimensions of the 
variables, for example, “pairs of skis produced/day” rather 
than simply “Jordanelle skis.” 

li addition, the company anticipates selling at least 
twice as many Deercrest models as Jordanelle 
models. Thus, we need a constraint that states 


Step 2. /dentify the objective function. The problem 
States that SSC wishes to maximize net profit, 
and we are given the net profit figures for each 


type of ski. In some problems, the objective is Number of pairs of Deercrest skis must be at least 
not explicitly stated, and we must use logic and twice the number of parts of Jordanelle skis. 
business experience to identify the appropriate 


Finally, we must ensure that negative values of the 

decision variables cannot occur. Nonnegativity 

Step 3. /dentify the constraints. To identify constraints, constraints are assumed in nearly all optimization 
look for clues in the problem statement that models. 


objective. 
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Developing a Mathematical Model 


The challenging part of developing optimization models is translating the descrip- 
tions of the objective and constraints into mathematical expressions. We usually rep- 
resent decision variables by descriptive names (such as Jordanelle and Deercrest), 
abbreviations, or subscripted letters such as X, and X>. For mathematical formulations 
involving many variables, subscripted letters are often more convenient; however, in 
spreadsheet models, we recommend using descriptive names to make the models and 
solutions easier to understand. In Example 13.2, we show the importance of specifying 
the dimension of the decision variables. This is extremely helpful to ensure the accu- 


racy of the model. 


The decision variables are the number of pairs of 
each type of ski to produce each day. Because SSC 
makes a net profit of $50 on the Jordanelle model and 
$65 on the Deercrest model, then, for example, if we 
produce 10 pairs of Jordanelle skis and 20 pairs of 
Deercrest skis during one day, we would make a profit 
of ( $50/pair of Jordanelle skis ) (10 pairs of Jordanelle 


Sklenka Ski Company: Modeling the Objective Function 


Deercrest skis) = $500 + $1,300 = $1,800. Because we 
don’t know how many pairs of skis to produce, we write 
each term of the objective function by multiplying the unit 
profit by the decision variables we have defined: 


Maximize Total Profit = $50 Jordanelle + $65 Deercrest 


Note how the dimensions verify that the expression is 


skis) + ($65/pair of Jordanelle skis ) (20 pairs of correct: ($/pair of skis) (number of pairs of skis) = $. 


Constraints are generally expressed mathematically as algebraic inequalities or equa- 
tions with all variables on the left side and constant terms on the right (this facilitates solv- 
ing the model on a spreadsheet, as we will discuss later). To model the constraints, we use 
a similar approach. First, consider the fabrication and finishing constraints. We expressed 
these constraints as 


Fabrication: Total labor-hours used in fabrication cannot exceed the amount of labor 
hours available. 

Finishing: Total labor-hours used in finishing cannot exceed the amount of labor 
hours available. 


First, note that the phrase “cannot exceed” translates mathematically as “S.” In other con- 
straints, we might find the phrase “at least,’ which would translate as “=” or “must contain 
exactly,’ which would specify an “=” relationship. All constraints in optimization models 
must be one of these three forms. 

Second, note that “cannot exceed” divides each constraint into two parts—the left- 
hand side (“total labor-hours used”) and the right-hand side (“‘amount of labor-hours avail- 
able’’). The left-hand side of each of these expressions is called a constraint function. 
A constraint function is a function of the decision variables in the problem. The right- 
hand sides are numerical values (although occasionally they may be constraint functions as 
well). All that remains is to translate both the constraint functions and the right-hand sides 
into mathematical expressions. 
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The amount of labor available in fabrication is (12 workers) 
x (7 hours/day) = 84 hours/day, whereas in finishing we 
have (3 workers) x (7 hours/day) = 21 hours/day. Because 
each pair of Jordanelle skis requires 3.5 labor-hours and 
each pair of Deercrest skis requires 4 labor-hours in the 
fabricating department, the total labor used in fabrication is 
3.5 Jordanelle + 4 Deercrest. Note that the dimensions 

of these terms are (hours/pair of skis)(number of pairs 

of skis produced per day) = hours. Similarly, for 

the finishing department, the total labor used is 

1 Jordanelle + 1.5 Deercrest. Therefore, the appropriate 
constraints are: 


Fabrication: 3.5 Jordanelle + 4 Deercrest <= 84 
Finishing: 1 Jordanelle + 1.5 Deercrest = 21 


For the market mixture constraint “Number of pairs of 
Deercrest skis must be at least twice the number of pairs of 
Jordanelle skis,” we have 


Deercrest = 2 Jordanelle 


Sklenka Ski Company: Modeling the Constraints 


It is Customary to write all the variables on the left-hand 
side of the constraint. Thus, an alternative expression for 
this constraint is 


Deercrest — 2 Jordanelle = 0 


The difference between the number of Deercrest skis and 
twice the number of Jordanelle skis can be thought of as 
the excess number of Deercrest skis produced over the 
minimum market mixture requirement. Finally, nonnegativity 
constrainis are written as 


V 


Deercrest = 0 
Jordanelle = 0 


The complete mathematical model for the SSC problem is 


Maximize Total Profit = 50 Jordanelle + 65 Deercrest 


3.5 Jordanelle + 4 Deercrest = 84 
| Jordanelle + 1.5 Deercrest < 21 
Deercrest — 2 Jordanelle = 0 
Deercrest = 0 


Jordanelle = 0 


More About Constraints 


The most challenging aspect of model formulation is identifying constraints. Understand- 
ing the different types of constraints can help in proper identification and modeling. Con- 
straints generally fall into one of the following categories: 


@ Simple Bounds. Simple bounds constrain the value of a single variable. You can 
recognize simple bounds in problem statements such as no more than $10,000 
may be invested in stock ABC, or we must produce at least 350 units of product 
Y to meet customer commitments this month, 

@ Limitations. Limitations usually involve the allocation of scarce resources. Prob- 
lem statements such as the amount of material used in production cannot exceed 
the amount available in inventory, minutes used in assembly cannot exceed the 
available labor hours, or the amount shipped from the Austin plant in July cannot 
exceed the plant’s capacity are typical of these types of constraints. 
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m@ Requirements. Requirements involve the specification of minimum levels of per- 
formance. Such statements as enough cash must be available in February to meet 
financial obligations, production must be sufficient to meet promised customer 
orders, or the marketing plan should ensure that at least 400 customers are con- 
tacted each month are some examples. 

@ Proportional Relationships. Proportional relationships are often found in prob- 
lems involving mixtures or blends of materials or strategies. Examples include 
the amount invested in aggressive growth stocks cannot be more than twice the 
amount invested in equity-income funds, or a mixture of fertilizer must contain 


exactly 30% nitrogen. 


m@ Balance Constraints. Balance constraints essentially state that input = output 
and ensure that the flow of material or money is accounted for at locations or 
between time periods. Examples include production in June plus any available 
inventory must equal June’s demand plus inventory held to July, the total amount 
shipped to a distribution center from all plants must equal the amount shipped from 
the distribution center to all customers, or the total amount of money invested or 
saved in March must equal the amount of money available at the end of February. 


Modeling Constraints 


We illustrate each of these types of constraints in the 
following examples. 


1. Simple bound: We must produce at least 350 units 
of product Y to meet customer commitments this 
month. 

2. Limitation: The amount of money spent on research and 
development projects cannot exceed the assigned bud- 
get of $300,000. 

3. Requirement: Contractual requirements specify that a 
total of at least 500 units of product must be shipped 
from factories in Austin and Atlanta. 

4. Proportional relationship: A mixture of fertilizer must 
contain exactly 30% nitrogen. 

5. Balance constraint: Available inventory and production 
in June must satisfy the demand of 150 units or be held 
over to July. 


To model any constraint, first identify the phrase that 
corresponds to either =, =, or = and substitute these 
into the constraint. Thus, for these examples, we would 
write the following: 


1. Amount of product Y = 350 

2. Amount spent on research and development = $300,000 

3. Number of units of product shipped from Austin and 
Atlanta = 500 

4. Amount of nitrogen in mixture/total amount in 

mixture = 0.30 


5. Inventory and production in current month = demand 
and inventory held over to the next month 


Then it simply becomes an exercise to translate the words 
into mathematical expressions using the decision variables 
in the problem. For instance: 


1. Define Product_Y to be the number of units of product 
Y produced. Then the constraint is Product_Y = 350 

2. Define R&DExpenses to be the amount of money spent 
on research and development projects. Then the con- 
straint is R&DExpenses = $300,000 

3. Define X; = amount shipped from Austin and 
X» = amount shipped from Atlanta. Then the constraint 
is X; + Xo = 500 

4. Suppose that two ingredients contain 20% and 33% 
nitrogen, respectively; then the fraction of nitrogen in a 
mixture of x pounds of the first ingredient and y pounds 

— 0.20x + 0.33y 

of the second ingredient is expressed by —+—. 
lf the fraction of nitrogen in the mixture must be 0.30, 
then we would have “= 7S" — 9.3. Note that this 
constraint is actually nonlinear. However, we can con- 
vert it to a linear form using simple algebra. This can be 
rewritten as 0.20x + 0.33y = 0.3(x + y) and simplified 
as —0.1x + 0.03y = 0. 

5. Define /_June = inventory available in June, /_July = inven- 
tory held over to July, and P_June = production in June. 
Then the constraint is /_ June + P_June = 150 + /_July. 
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Constraints in linear optimization models are generally some combination of con- 
straints from these categories. Problem data or verbal clues in a problem statement often 
help you identify the appropriate constraint. In some situations, all constraints may not be 
explicitly stated, but are required for the model to represent the real problem accurately. An 
example of an implicit constraint is nonnegativity of the decision variables. 


Implementing Linear Optimization Models on Spreadsheets 


We will learn how to solve optimization models using an Excel tool called Solver. To 
facilitate the use of Solver, we suggest the following spreadsheet engineering guidelines 
for designing spreadsheet models for optimization problems: 


m@ Put the objective function coefficients, constraint coefficients, and right-hand 
values tn a logical format in the spreadsheet. For example, you might assign the 
decision variables to columns and the constraints to rows, much like the math- 
ematical formulation of the model, and input the model parameters in a matrix. If 
you have many more variables than constraints, it might make sense to use rows 
for the variables and columns for the constraints. 

m@ Define a set of cells (either rows or columns) for the values of the decision vari- 
ables. In some models, it may be necessary to define a matrix to represent the 
decision variables. The names of the decision variables should be listed directly 
above the decision variable cells. Use shading or other formatting to distinguish 
these cells. 

® Define separate cells for the objective function and each constraint function (the 
left-hand side of a constraint). Use descriptive labels directly above these cells. 


A Spreadsheet Model for Sklenka Skis 


Figure 13.1 shows a spreadsheet model for the SSC to make is given in cells B14 and C14. Also in the Model 
example. (Excel file Sklenka Skis already has the optimal section are calculations for the constraint functions, 
solution. Typically, you would start with all decision 


variables equal to zero as shown in Figure 13.1.). We use the Sedordanellectd: Deererest(hoursiusediin fabriealion, 


principles of spreadsheet The engineering that we discussed eeikbis) 
in Chapter 2 to implement the model. The Data portion of 1 Jordanelle + 1.5 Deercrest (hours used in finishing, 
the spreadsheet provides the objective function coefficients, cell D16) 


constraint coefficients, and right-hand sides of the model. 

Such data should be kept separate from the actual model so 
that if any data are changed, the model will automatically be and the objective function, 50 Jordanelle + 65 Deercrest 
updated. In the Model section, the number of each product (cell D22). 


Deercrest — 2 Jordanelle (market mixture, cell D19) 


To help you understand the correspondence between the mathematical model and the 
spreadsheet model more clearly, we will write the model in terms of formulas used in the 
spreadsheet cells, 


Maximize Profit = D22 = B9*B14 + C9*C14 


subject to the constraints 
DIS = B6*B14 + C6*C14 < D6 (fabrication) 
D16.=.B7*B14.+.C7*C14.s-D7 (finishing ) 
D19 = Cl4 — 2*B14 = 0 (market mixture ) 
Bl4 = 0, C14 = 0 (nonnegativity ) 
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a Figure 13.1 


: B i D 
1 |Sklenka Skis 1 Sklenka ae = : 
2 5 
3 Data ve 3 Data 
4 Product 4 Product 
5 Department Jordanelle Deercrest Limitation (hours) 5 |Department Jordanelle Deercrest Limitation (hours) 
6 Fabrication FS) 4 84 6 Fabrication 3.5 4 84 
: Finishing 1 1.5 21 7 Finishing 1 15 21 
8 
9 Profit/unit $50.00 $ 65.00 9 eee Profit/unit 50 65 
10 10 
11 11 | 
12 Model 12 Model 
13 Jordanelle Deercrest 13 Jordanelle Deercrest 
14 Quantity Produced Hours Used 14 Quantity Produced Hours Used 
15 Fabrication 0 0 0 15 Fabrication =B6*$B$14 =C6*$C$14 =B15+C15 
es Finishing 0) 0 0 16 Finishing =B7*$B$14 =C7*$C$14 =B16+C16 
ie 
18 Excess Deercrest 18) Excess Deercrest 
Le Market mixture 0 19 Market mixture =C14-2*B14 
2 ' 20 
21 Total Profit 21 Total Profit 
22 Profit Contribution $ ———— ests =B9*$B$14 =C9*$C$14 


Sklenka Skis Model Spreadsheet Implementation 


Observe how the constraint functions and right-hand-side values are stored in separate 
cells within the spreadsheet. 

In Excel, the pairwise sum of products of terms can easily be computed using the 
SUMPRODUCT function. For example, the objective function 


=B9*B14 + C9*C14 is equivalent to =SUMPRODUCT(B9:C9, B14:C14) 
Similarly, for the labor limitation constraints 

=B6*B14 + C6*C14 is equivalent to =SUMPRODUCT(B6:C6, B14:C14) 

=B7*B14 + C7*C14 is equivalent to =SUMPRODUCT(B7:C7, B14:C14) 


The SUMPRODUCT function often simplifies the model-building process, particularly 
when many variables are involved. 

We should note that optimization models that we develop can be used in all phases of 
analytics—descriptive, predictive, and prescriptive. For example, we can use the model to 
evaluate the profit and utilization of resources in a descriptive setting to answer the ques- 
tion “What are we doing now?” We might use the model in a predictive setting to evaluate 
forecasted cost increases or the effects of inflation in the future. Finally, we can ask “What 
is the best we can do with our current resources?” In this way, the model can be used as a 
prescriptive model. 


Excel Functions to Avoid in Linear Optimization 


Several common functions in Excel can cause difficulties when attempting to solve linear 
programs using Solver because they are discontinuous (or “nonsmooth”) and do not satisfy 
the conditions of a linear model. For instance, in the formula IF(A12 < 45, 0, 1), the cell 
value jumps from 0 when the value of cell A12 is less than 45, to 1 when the value of cell 
A12 is 45 or more. In such situations, the correct solution may not be identified. Common 
Excel functions to avoid are ABS, MIN, MAX, INT, ROUND, IF, and COUNT. Although 
these are useful in general modeling tasks with spreadsheets, you should avoid them in 


linear optimization models. 
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tes CHECK YOUR UNDERSTANDING 


1. Explain the steps in developing a linear optimization model. 


2. List the different categories of constraints that one might find in a linear optimization 
model. 


3. What guidelines should you follow when implementing linear optimization models on 
spreadsheets? 


as Solving Linear Optimization Models 


To solve an optimization problem, we seek values of the decision variables that maximize 
or minimize the objective function and also satisfy all constraints. Any solution that satis- 
fies all constraints of a problem is called a feasible solution. Finding an optimal solution 
among the infinite number of possible feasible solutions to a given problem is not an easy 
task. A simple approach is to try to manipulate the decision variables in the spreadsheet 
model to find the best solution possible; however, for many problems, it might be very dif- 
ficult to find a feasible solution, let alone an optimal solution. You might try to find the best 
solution you can for the Sklenka Ski problem by using the spreadsheet model. With a little 
experimentation and perhaps a bit of luck, you might be able to zero in on the optimal solu- 
tion or something close to it. However, to guarantee finding an optimal solution, some type 
of systematic mathematical solution procedure is necessary. Fortunately, such a procedure 
is provided by the Excel Solver tool, which we discuss next. 

Solver is an add-in packaged with Excel that was developed by Frontline Systems, 
Inc. (www.solver.com), and can be used to solve many different types of optimization 
problems. Solver can be found in the Analysis group under the Data tab in Excel. When 
Solver is invoked, the Solver Parameters dialog appears. You use this dialog to define the 
objective, decision variables, and constraints from your spreadsheet model within Solver. 


Using Solver for the SSC Problem 


Figure 13.2 shows the completed Solver Parameters dialog 
for the SSC example. Define the objective function cell in 
the spreadsheet (D22) in the Set Objective field. Either enter 
the cell reference or click within the field and then in the 
cell in the spreadsheet. Click the appropriate radio button 
for Max or Min. Decision variables (cells B14 and C14) are 
entered in the field called By Changing Variable Cells: click 
within this field and highlight the range corresponding to the 
decision variables in your spreadsheet. 

To enter a constraint, click the Add button. A new 
dialog, Add Constraint, appears (see Figure 13.3). In 
the left field, Celi Reference, enter the cell that contains 
the constraint function (left-hand side of the constraint). 
For example, the constraint function for the fabrication 
constraint is in cell D15. Make sure that you select the 
correct type of constraint (=, =, or =) in the drop-down 
box in the middle of the dialog. The other options are 


discussed in the next chapter. In the right field, called 
Constraint, enter the numerical value of the right-hand side 
of the constraint or the cell reference corresponding to it. 
For the fabrication constraint, this is cell D6. Figure 13.3 
shows the completed dialog for the fabrication constraint. 
To add other constraints, click the Add button. 

You may also define a group of constraints that all have 
the same algebraic form (all <, all =, or all =) and enter them 
together. For example, the department resource limitation 
constraints are expressed within the spreadsheet model as 


D15 <= D6 
D1i6 <= D7 


Because both constraints are < types, we could 
define them as a group by entering the range D15:D16 in 
the Cell Reference field and D6:D7 in the Constraint field to 
simplify the input process. When all constraints are added, 
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Click OK to return to the Solver Parameters dialog box. You 3. Evolutionary—used for solving complex nonlinear and 
may add, change, or delete these as necessary by clicking nonlinear integer problems 
the appropriate buttons. You need not enter nonnegativity 
constraints explicitly. Just check the box in the dialog Make 
Unconstrained Variables Non-Negative. 

For linear optimization problems, it is very important 
to select the correct solving method. The standard Excel 
Solver provides three options for the solving method: 


In the field labeled Select a Solving Method, choose Sim- 
plex LP. Then click the Solve button to solve the problem. 
The Solver Results dialog appears, as shown in Figure 13.4, 
with the message “Solver found a solution.” If a solution 
could not be found, Solver would notify you with a message 
to this effect. This generally means that you have an error in 


1. GRG Nonlinear—used for solving nonlinear optimization your model or you have included conflicting constraints that 
problems no solution can satisfy. In such cases, you need to reexam- 
2. Simplex LP—used for solving linear and linear integer ine your model. 


optimization problems 


Solver generates three reports, as listed in Figure 13.4: Answer, Sensitivity, and Lim- 
its. To add them to your Excel workbook, click on the ones you want and then click OK. 
Do not check the box Outline Reports; this is an Excel feature that produces the reports in 
“outlined format.” After you press OK, Solver will replace the current values of the deci- 
sion variables and the objective in the spreadsheet with the optimal solution. For the SSC 
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When the GRG engine is used, Solver has found at least a local optimal solution. When 
Simplex LP is used, this means Solver has found a global optimal solution. 
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problem, the maximum profit is $945, obtained by producing 5.25 pairs of Jordanelle skis 
and 10.5 pairs of Deercrest skis per day (remember that linear models allow fractional 
values for the decision variables). If you save your spreadsheet after setting up a Solver 
model, the Solver model will be saved also. 


Solver Answer Report 


The Solver Answer Report provides basic information about the solution, including the 
values of the original and optimal objective function (in the Objective Cell section) and 
decision variables (in the Decision Variable Cells section). In the Constraints section, Cell 
Value refers to the value of the constraint function using the optimal values of the deci- 
sion variables. The Status column tells whether each constraint is binding or not binding. 
A binding constraint is one for which the Cell Value is equal to the right-hand side of the 
value of the constraint. Slack refers to the difference between the left- and right-hand sides 
of the constraints for the optimal solution. We discuss the sensitivity and limits reports 
in Chapter 15. 


Interpreting the SSC Answer Report 


The Solver Answer Report for the SSC problem is shown 
in Figure 13.5. The Objective Cell section provides the 
optimal value of the objective function, $945. The Decision 
Variable Cells section lists the optimal values of the 
decision variables: 5.25 pairs of Jordanelle skis and 10.5 
pairs of Deercrest skis. In the Constraints section, the Cel/ 
Values state that we used 60.375 hours in the fabrication 
department and 21 hours in the finishing department by 
producing 5.25 pairs of Jordaneile skis and 10.5 pairs of 
Deercrest skis. You may easily identify the constraints from 
the spreadsheet model in the Formulas column. From the 
Status column, we see that the constraint for fabrication 

is not binding, although the constraints for finishing and 
market mixture are binding. This means that there is 


excess time that is not used in fabrication; this value is 
shown in the Slack column as 23.626 hours. For finishing, 
we uséd all the time available; hence, the slack value is 
zero. Because we produced exactly twice the number 
of Deercrest skis as Jordanelle skis, the market mixture 
constraint is binding. It would not have been binding if we 
had produced more than twice the number of Deercrest 
skis as Jordanelle. 

To understand the value of slack better, examine the 
fabrication constraint: 


3.5 Jordanelle + 4 Deercrest = 84 
We interpret this as 


Number of Fabrication Hours Used < Hours Available 
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Note that if the amount used is strictly less than the avail- Slack = Number of Hours Unused 
ability, we have slack, which represents the amount 


= Hours Available — Number of Fabrication 
unused; thus, 


Hours Used 
Number of Fabrication , Number of Fabrication _ Hours = 84 — (3.5 X 5.25 + 4 X 10.5) = 23.625 
mone ed Hours Unused Available Slack variables are always nonnegative, so for = 
or 


constraints, slack represents the difference between the 
left-hand side of the constraint function and the right-hand 
side of the requirement. The slack on a binding constraint 
will always be zero. 


Graphical Interpretation of Linear Optimization with Two Variables 


We can easily illustrate optimization problems with two decision variables graphically. 
This can help you to better understand the properties of linear optimization models and the 
interpretation of the Solver output. Recall that a feasible solution is a set of values for the 
decision variables that satisfy all of the constraints. Linear programs generally have an infi- 
nite number of feasible solutions. We first characterize the set of feasible solutions, often 
called the feasible region. We use the SSC model to illustrate this graphical approach: 


Maximize Total Profit = 50 Jordanelle + 65 Deercrest 
3.5 Jordanelle + 4 Deercrest = 84 
1 Jordanelle + 1.5 Deercrest = 21 
Deercrest — 2 Jordanelle = 0 
Deercrest = 0 
Jordanelle = 0 


For a problem with only two decision variables, x; and x), we can draw the feasible 
region on a two-dimensional coordinate system. Let us begin by considering the simplest 
constraints in a linear optimization model, namely, that the decision variables must be non- 
negative. These constraints are x, = 0 and x) = O. The constraint x; = 0 corresponds to 
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all points on or to the right of the x-axis; the constraint x. = 0 corresponds to all points 
on or above the x)-axis (see Figure 13.6, where x, = Jordanelle and x. = Deercrest). 
Taken together, these nonnegativity restrictions imply that any feasible solution must be 
restricted to the first (upper-right) quadrant of the coordinate system. This is true for the 
feasible solutions to the SSC problem. 

You are probably very familiar with equations in two dimensions, which define points 
on a line. An inequality constraint divides the coordinate system into two regions, the set 
of points that do satisfy the inequality and the set of points that don’t. In two dimensions, 
an equality constraint is simply a line. To graph a line in two dimensions, we need to find 
two points that lie on the line. As long as the right-hand side term is not zero, the two points 
that are easiest to find are the x,- and x-intercepts (the points where the line crosses the 
X,- and x»-axes). To find the x-intercept, set x, = 0 and solve for x7. Likewise, to find the 
X,-Intercept, set x) = 0 and solve for x. 


Graphing the Constraints in the SSC Problem 


The fabrication constraint is 3.5 Jordanelle 

+ 4 Deercrest = 84. Whenever a constraint is in the 
form of an inequality (that is, = or =< type), we first 
graph the equation of the line by replacing the inequality 
sign with an equal sign. Therefore, we graph the 
equation 3.5 Jordanelle + 4 Deercrest = 84. If we set 
Jordanelle = 0, then solving the equation for Deercrest 
yields Deercrest = 21. Similarly, if we set Deercrest = 0, 
we find that Jordanelle = 24. This gives us two points, 
(0, 21) and (24, 0), on the coordinate system and defines 
the equation of the straight line, as shown in Figure 13.7. 

However, the actual constraint is an inequality; 
therefore, all the points on one side of the line will satisfy the 
constraint, but points on the other side will not. To identify 
the proper direction, simply select any point not on the line— 
the easiest one to choose is the origin, (0, 0)—and determine 
if that point satisfies the constraint. If it does, then all points 
on that side of the line will also satisfy the constraint; if not, 
then all points on the other side of the line must satisfy the 
constraint. Clearly, 3.5(0) + 4(0) = 0 < 84; therefore, 
all points below the constraint line satisfy the inequality. In 
mathematical terms, the set of points on one side of a line is 
called a half-space. Only points lying in this half-space can 
be potential solutions to the optimization model. 
To graph the finishing constraint 1 Jordanelle 

+ 1.5 Deercrest = 21, we follow the same procedure. 


Set Jordanelle = 0 and solve for Deercrest, obtaining 
Deercrest = 14; set Deercrest = 0 and solve for Jordanelle, 
obtaining Jordanelle = 21. Choosing the origin again 
verifies that all points below the line satisfy the inequality 
constraint. This is shown in Figure 13.8. 

The third constraint is the market mix constraint: 
Deercrest — 2 Jordanelle = 0. If we try to set each variable 
in the equation Deercrest — 2 Jordanelle = 0 to zero and 
solve for the other, we end up with (0, 0) each time because 
the equation of the line passes through the origin. When 
this occurs, we need to select a different value for one of 
the variables to identify a second point on the line. For 
example, if we set Jordanelle = 5, then Deercrest = 10. 
Now we have two points, (0, 0) and (5, 10), which we can 
use to graph the equation (see Figure 13.9). However, since 
the line passes through the origin, we cannot determine the 
proper half-space using the origin (0, 0). Instead, choose 
any other point not on the line. For example, if we choose 
the point (2, 10), which is on the left side of the line, we 
see that Deercrest — 2 Jordanelle = 10 — 2(2) = 6 > 0; 
therefore, all points to the left of the line satisfy 
the inequality constraint. Had we chosen a point 
on the right, say, (5, 2), we would have found that 
Deercrest — 2 Jordanelle = 2 — 2(5) = —8 < 0, which 
does not satisfy the inequality. 


After graphing each of the constraints, we identify the feasible region. For a linear 


optimization problem, the feasible region will be some geometric shape that is bounded by 
straight lines. The points at which the constraint lines intersect along the feasible region 
are called corner points. One of the important properties of linear optimization models is 
that if an optimal solution exists, then it will occur at a corner point. This makes it easy to 
identify optimal solutions and is the basis for the computational procedure used by Solver. 
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4 Figure 13.8 
Graph of the Finishing Constraint 


The feasible region is the set of points that Satisfy all 
constraints simultaneously. From Figure 13.9, we see 
that the feasible region must be below the fabrication 
constraint line, below the finishing constraint line, to the 
left of the market mix constraint line, and, of course, 
within the first quadrant defined by the nonnegativity 
constraints. This is shown by the triangular region in 
Figure 13.10. Notice that every point that satisfies the 
finishing constraint also satisfies the fabrication constraint. 
In this case, we say that the fabrication constraint is a 
redundant constraint because it does not impact the 
feasible region at all. 

Because our objective is to maximize profit, we seek 
a corner point that has the largest value of the objective 
function total profit = 50 Jordanelle + 65 Deercrest. 
Note that if we set the objective function to any numerical 
value, we define a straight line. For example, if we set 
50 Jordanelle + 65 Deercrest = 600, then any point on 
this line will have a total profit of $600. Figure 13.11 shows 
the dashed-line graphs of the objective function for profit 
values of $600, $800, and $1,000. Notice that as the profit 
increases, the graph of the objective function moves in an 
upward direction. However, for a profit of $1,000, no points 


| Finishing Constraint 
| LJordanelle+1.5 Deercrest=21 


1G, Ik, “12, 48 
Jordanelle 


Identifying the Feasible Region and Optimal Solution 


on the line also pass through the feasible region. From the 
figure, then, we can conclude that the maximum profit must 
be somewhere between $800 and $1,000. 

We also see that as the profit increases, the last 
point in the feasible region that the profit lines will cross 
is the corner point on the right side of the triangle, 
identified by the circle in Figure 13.11. This must be the 
optimal solution. This point is the intersection of the 
finishing and market mix constraint lines. We can find this 
point mathematically by solving these constraint lines 
simultaneously: 


1 Jordanelle + 1.5 Deercrest = 21 


Deercrest — 2 Jordanelle = 0 


From the second equation, we have Deercrest = 2 Jordanelle; 
Substituting this into the first equation, we obtain 


1 Jordanelle + 1.5(2 Jordanelle) = 21 
4 Jordanelle = 21 
Jordanelle = 5.25 


Then Deercrest = 2(5.25) = 10.5. This is exactly the 
solution that Solver provided. 
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Identifying the Optimal Solution 


Compare the graphical interpretation of the solution to the SSC problem with the 
Solver Answer Report in Figure 13.5. Notice that Solver reported that both the finishing 
constraint and market mix constraint are binding. Graphically, this means that these con- 
straints intersect at the optimal solution. The fabrication constraint, however, is not bind- 
ing and has a positive value of slack because it does not intersect at the optimal solution. 
Slack can be interpreted as a measure of the distance from the optimal corner point to the 
nonbinding constraint. 


CHECK YOUR UNDERSTANDING 


1. What is a feasible solution? 


2. Explain how to use Solver to solve a linear optimization model on a spreadsheet. 


3. What information is provided in the Solver Answer Report? 


4. Explain how to graphically visualize linear optimization models with two variables. 
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How Solver Works 


Solver uses a mathematical algorithm called the simplex method, which was developed in 
1947 by the late Dr. George Dantzig. The simplex method characterizes feasible solutions 
algebraically by solving systems of linear equations. It moves systematically from one 
corner point to another to improve the objective function until an optimal solution is found 
(or until the problem is deemed infeasible or unbounded). Because of the linearity of the 
constraints and objective function, the simplex method is guaranteed to find an optimal 
solution if one exists and usually does so quickly and efficiently. To gain some intuition 
into the logic of Solver, consider the following example. 


Crebo Manufacturing 


Crebo Manufacturing produces four types of structural and clips, respectively, to produce. The problem is to 


support fittings—plugs, rails, rivets, and clips—which are maximize gross margin = 0.3X; + 1.3X5 + 0.75X3 + 1.2X4 
machined on two CNC machining centers. The machining subject to the constraint that limits the machining capacity 
centers have a capacity of 280,000 minutes per year. The and nonnegativity of the variables: 


gross margin per unit and machining requirements are 

provided in the table below. How many of each product 

should be made to maximize gross profit margin? X14, Xo, X3, X4 = O 
To formulate this as a linear optimization model, define 

X;, Xo, X3, and X4 to be the number of plugs, rails, rivets, 


1X; + 2.5 Xo + 1.5 X3 + 2X4 = 280,000 


Product Plugs Rails Rivets Clips 
Gross margin/unit $0.30 $1.30 $0.75 $1.20 
1 2.5 Was) 2 


Minutes/unit 


To solve this problem, your first thought might be to choose the variable with the high- 
est marginal profit. Because X> has the highest marginal profit, you might try producing as 
many rails as possible. Since each rail requires 2.5 minutes, the maximum number that can 
be produced is 280,000/2.5 = 112,000, for a total profit of $1.3(112,000) = $145,600. 
However, notice that each rail uses a lot more machining time than the other products. The 
best solution isn’t necessarily the one with the highest marginal profit, but the one that pro- 
vides the highest total profit. Therefore, more profit might be realized by producing a pro- 
portionately larger quantity of a different product having a smaller marginal profit. This is the 
key insight. What the simplex method essentially does is evaluate the impact of constraints 
in terms of their contribution to the objective function for each variable. For the simple case 
of only one constraint, the optimal (maximum) solution is found by simply choosing the 
variable with the highest ratio of the objective coefficient to the constraint coefficient. 


Solving the Crebo Manufacturing Model 


In the Crebo Manufacturing Model, compute the ratio of consumed. The highest ratio occurs for clips. If we produce 
the gross margin/unit to the minutes per unit of machining the maximum number of clips, 280,000/2 = 140,000, the 
capacity used, as shown in row 6 in Figure 13.12 (Excel total profit is $1.20(140,000) = $168,000. The mathematics 
file Crebo Manufacturing Model). These ratios can be gets complicated with more constraints and requires 


interpreted as the marginal profit per unit of resource multiple iterations to systematically improve the solution. 
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>» Figure 13.12 


Crebo Manufacturing Model 
Analysis 


A B G D E ih 
1 Crebo Manufacturing Model 


3. Product Plugs (X1) Rails (X2) Rivets (X3) Clips (X4) | Machine Capacity 
Gross margin/unit $0.30 $1.30 $0.75 $1.20 
Minutes/unit 1 Ae) 1.5 2 280,000 
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6 Gross margin/minute $0.30 $0.52 $0.50 $0.60 
7 Maximum production 280,000.00 112,000.00 186,666.67 140,000.00 
8 Profit $84,000 $145,600 $140,000 $168,000 


If we apply similar logic to the SSC problem, we would at first want to produce as 
many Deercrest skis as possible because they have the largest profit contribution. So for 
example, if we do, we find that the constraints limit us to the minimum of 84/4 = 21 units 
(from the fabrication constraint) or 21/1.5 = 14 (from the finishing constraint). Note that 
producing 14 Deercrest skis will also satisfy the market mix constraint. The total profit 
is $65(14) = $910. However, note that finishing requires 50% more time for Deercrest 
skis than for Jordanelle skis, so the profit contribution per finishing hour for Deercrest is 
only $65/1.5 = $43.33, so on a relative basis, the Jordanelle skis are more profitable. 
Thus, for example, if we produce 1 Jordanelle ski, we can produce 20/1.5 = 13.33 Deer- 
crest skis, for a total profit of $50(1) + $65(13.33) = $916.67, an increase of $6.67. 
Similarly, if we produce 2 Jordanelle skis, we can produce 12.67 Deercrest with a total 
profit of $923.33. If we continue to produce more Jordanelle skis, the profit will continue 
to increase, but the ratio of Jordanelle to Deercrest also gets larger, and eventually we will 
violate the market mix constraint. This occurs when more than 5.25 Jordanelle skis are 
produced. At this point, we have the maximum profit. 

Of course, for problems involving many constraints, it is difficult to apply such intui- 
tive logic. The simplex method allows many real business problems involving thousands or 
even millions of variables—and often hundreds or thousands of constraints—to be solved 
in reasonable computational time and is the basis for advanced optimization algorithms 
involving integer variables that we describe in the next chapter. 


How Solver Creates Names in Reports 


How you design your spreadsheet model will affect how Solver creates the names used in 
the output reports. Poor spreadsheet design can make it difficult or confusing to interpret the 
Answer and other Solver reports. Thus, it is important to understand how to do this properly. 
Solver assigns names to target cells, changing cells, and constraint function cells by con- 
catenating the text in the first cell containing text to the left of the cell with the first cell con- 
taining text above it. For example, in the SSC model in Figure 13.1, the target cell is D22. The 
first cell containing text to the left of D22 is “Profit Contribution” in A22, and the first cell 
containing text above D22 is “Total Profit” in cell D21. Concatenating these text strings yields 
the target cell name “Profit Contribution Total Profit?’ which is found in the Solver reports. 
The constraint functions are calculated in cells D15 and D16. Note that their report names are 
“Fabrication Hours Used” and “Finishing Hours Used.” Similarly, the changing cells in B14 
and C14 have the names “Quantity Produced Jordanelle” and “Quantity Produced Deercrest.” 
These names make it easy to interpret the information in the Answer and Sensitivity Reports. 
We encourage you to examine each of the target cells, changing variable cells, and constraint 
function cells in your models carefully so that report names are properly established. 


bts CHECK YOUR UNDERSTANDING 


1. Explain the intuitive ideas behind the “simplex method” used by Solver. 


2. How does Solver create range names in its reports? 
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as Solver Outcomes and Solution Messages 


Solving a linear optimization model can result in four possible outcomes: 


1. a unique optimal solution 

alternative (multiple) optimal solutions 
an unbounded solution 

4. infeasibility 


raed 


Unique Optimal Solution 


When a model has a unique optimal solution, it means that there is exactly one solution 
that will result in the maximum (or minimum) objective. The solution to the SSC model 
is unique; there are no solutions other than producing 5.25 pairs of Jordanelle skis and 
10.5 pairs of Deercrest skis that result in the maximum profit of $945. We could see this 
graphically in Figure 13.11 because there is a unique corner point that lies on the objective 
function line at the optimal value of profit. 


Alternative (Multiple) Optimal Solutions 


If a model has alternative optimal solutions, the objective is maximized (or minimized) 
by more than one combination of decision variables, all of which have the same objective 
function value. Solver does not tell you when alternative solutions exist and reports only 
one of the many possible alternative optimal solutions. However, you can use the Sensitiv- 
ity Report information to identify the existence of alternative optimal solutions. When any 
of the Allowable Increase or Allowable Decrease values for changing cells are zero, then 
alternative optimal solutions exist, although Solver does not provide an easy way to find 
them. 


A Model with Alternative Optimal Solutions 


To illustrate a model with alternative optimal solutions, constraint line. Thus, as the profit increases, you can see 


suppose we change the objective function in the SSC that the profit line must stop along the top boundary of the 
model to Max 50 Jordanelle + 75 Deercrest. A solution feasible region defined by the finishing constraint. Both 
obtained using Solver is shown in Figure 13.13, producing corner points that are circled are optimal solutions, as is 

no Jordanelle skis and 14 pairs of Deercrest skis and any point connecting them. Therefore, when alternative 
resulting in a profit of $1,050. However, notice that the optimal solutions exist, there actually are an infinite number 
original optimal solution also has the same objective of them; however, identifying them other than graphically 
function value: profit = $50(5.25) + $75(10.5) = $1,050. requires some advanced analysis. 


This may be seen graphically in Figure 13.14. The 
new objective function lines are parallel to the finishing 


Unbounded Solution 


A solution is unbounded if the value of the objective can be increased or decreased 
without bound (that is, to infinity for a maximization problem or negative infinity for a 
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> Figure 13.13 


A Solution to the SSC Prob- 
lem with Modified Objective 


minimization problem) without violating any of the constraints. This generally indicates 
an incorrect model, usually when some constraint or set of constraints have been left out. 


A 
Sklenka Skis 


Data 


Product 

Department Jordanelle Deercrest Limitation (hours) |’ 

Fabrication 3.5 4 84). 
Finishing 1 15 


Profit/unit $ 50.00 $ 75.00 


- DOnNOnNK WN a= 


12 Model 

113 Jordanelle Deercrest 

| 14 Quantity Produced Hours Used i 
15 Fabrication 0 56 56) 
16 Finishing 0 21 21} 


18 Excess Deercrest | 
| 19 Market mixture 44) 
20 { 


Profit Contribution $ 


| ES i bate F 
Alternative Optimal | | | | | | 
| Solution Tkolh da bed 

Jordanelle =0 | | 
Deercrest = 14 jap 
Profit = $1050 | 


ge Solution 

“ __. Jordanelle = 5.25 
| Deercrest = 10.5 

| Profit = $1050 

a Des rea ME Ea 


Deercrest 


OrRPN WR wD 


a Figure 13.14 
Graph of Alternative Optimal Solutions 
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A Model with an Unbounded Solution 


Suppose that we solve the SSC model without the indication that the solution is unbounded. This can easily be 
fabrication or finishing constraints: seen graphically in Figure 13.16. Without the finishing and 
fabrication constraints, the feasible region extends upward 
in the shaded triangular region with no limit. As the profit 
values increase, there are no boundary lines to stop the 
objective function from getting larger and larger. However, 
it is important to realize that even though the feasible region 
Figure 13.15 shows the Solver Results dialog; the mes- is unbounded, the problem can have a finite optimal solu- 
sage “The objective (Set Cell) values do not converge” is an tion if the profit lines move in a different direction. 


Maximize Total Profit = 50 Jordanelle + 65 Deercrest 
Deercrest — 2 Jordanelle = 0 
Deercrest = 0 
Jordanelle = 0 


infeasibility 


Finally, an infeasible problem is one for which no feasible solution exists—that is, when 
there is no solution that satisfies all constraints simultaneously. When a problem is infea- 
sible, Solver will report “Solver could not find a feasible solution.” Infeasible problems 
can occur in practice—for example, when a demand requirement is higher than available 
capacity or when managers in different departments have conflicting requirements or limi- 
tations. In such cases, the model must be reexamined and modified. Sometimes infeasibil- 
ity, or unboundedness, is simply a result of a misplaced decimal, an incorrect inequality 
sign, or other error in the model or spreadsheet implementation, so accuracy checks should 
be made. 


An Infeasible Model 


Suppose the modeler for the SSC problem mistakenly Figure 13.17 shows the Solver Results dialog for this model. 
reversed the inequality sign for the fabrication constraint: When Solver provides the message “Solver could not find a 
feasible solution,” then we know the problem is infeasible. 
Figure 13.18 shows what happened graphically. The points 
satisfying the erroneous fabrication constraint lie above the 
constraint and do not intersect the points that are feasible 
to the market mix and finishing constraints. 


Maximize Total Profit = 50 Jordanelle + 65 Deercrest 
3.5 Jordanelle + 4 Deercrest = 84 
1 Jordanelle + 1.5 Deercrest = 21 
Deercrest — 2 Jordanelle = 0 
Deercrest = 0 
Jordanelle = 0 


>» Figure 13.15 naa 7 = ae 
Solver Results Dialog for | [Te bce tC) lis do ot one. 
Unbounded Problem : 


(@ Keep Saiver Solution 


@) Restore Original Values 
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| 
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> Figure 13.16 
An Unbounded 
Feasible Region 
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> Figure 13.17 
Infeasible Solution 

» Figure 13.18 
Graphical Illustration 
of Infeasibility 
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ad CHECK YOUR UNDERSTANDING 


1. Describe the four outcomes that may occur after solving a linear optimization model. 


2. What messages does Solver provide when a problem is unbounded or infeasible? 


as Applications of Linear Optimization 


Building optimization models is more of an art than a science because there often are sev- 


eral ways of formulating a particular problem. Learning how to build optimization models 


requires logical thought but can be facilitated by studying examples of different models 


and observing their characteristics. In this section, we illustrate examples of other types of 


linear optimization models and describe unique issues associated with formulation, spread- 


sheet implementation, and interpreting results. 


Blending Models 


Blending problems involve mixing several raw materials that have different characteristics 


to make a product that meets certain specifications. Dietary planning, gasoline and oil refin- 
ing, coal and fertilizer production, and the production of many other types of bulk com- 
modities involve blending. We typically see proportional constraints in blending models. 


BG Seed Company 


The BG Seed Company specializes in food products for 
birds and other household pets. In developing a new 
birdseed mix, company nutritionists have specified that 
the mixture should contain at least 13% protein and 15% 
fat and no more than 14% fiber. The percentages of each 
of these nutrients in eight types of ingredients that can 
be used in the mix are given in Table 13.2, along with the 
wholesale cost per pound. What is the minimum-cost 
mixture that meets the stated nutritional requirements? 
The decisions are the amount of each ingredient to 
include in a given quantity—for example, 1 pound—of mix. 
Define X; = number of pounds of ingredient / to include in 


1 pound of the mix, for/ = 1, ..., 8. Defining the variables 
in this fashion makes the solution easily scalable to any 
quantity. 


The objective is to minimize total cost, obtained by 
multiplying the cost per pound by the number of pounds 
used for each ingredient: 


Minimize 0.22X, + 0.19X2 + 0.10X3 + 0.10X4 + 0.07Xs 
+ 0.05X4 + 0.26X7 + 0.11%, 


To ensure that the mix contains the appropriate 
proportion of ingredients, observe that multiplying the 
number of pounds of each ingredient by the percentage 
of nutrient in that ingredient (a dimensionless quantity) 
specifies the number of pounds of nutrient provided. For 


example, sunflower seeds contain 16.9% protein; so 
0.169X, represents the number of pounds of protein in X, 
pounds of sunflower seeds. Therefore, the total number of 
pounds of protein provided by all ingredients is 


0.169X; + 0.12X) + 0.085X3 + 0.154X, + 0.085X5 
PO42X, Oak, + 0.119%, 


Because the total number of pounds of ingredients that 
are mixed together equals X, + Xo + X3 + X4 + X5 + Xe 
+ X, + Xz, the proportion of protein in the mix is 


0.169X;, + 0.12X + 0.085%; 
+ 0.154X4 + 0.085X5 + 0.12X4 + 0.18X7 + 0.119Xz 


X, + Xp + Xz + Xq + X5 + Xe + X7 + Xe 


This proportion must be at least 0.13 and can be con- 
verted to a linear form as discussed in the fourth part of 
Example 13.4. However, we wish to determine the best 
amount of ingredients to include in 7 pound of mix; there- 
fore, we add the constraint 


My PeXo + Xe BX Xp Aecth X7 + Xp = 1 


Now we can substitute 1 for the denominator in the propor- 
tion of protein, simplifying the constraint: 


0.169X; + 0.12X5 + 0.085X3 + 0.154X4 + 0.085X5 
+ 0.12X_ + 0.18X7 + 0.119Xg = 0.13 
(Continued) 
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This ensures that at least 13% of the mixture will be pro- Mixture: X; + Xp + X3 + X4 + X5 + Xg + X7 + Xe = 


tein. In a similar fashion, the constraints for the fat and fiber 


requirements are 


0.26X; + 0.041X5 + 0.038X3 + 0.063X, + 0.038X5 
+ 0.017X_ + 0.179X7 + 0.04Xg = 0.15 


0.29X; + 0.083X_ + 0.027X3 + 0.024X, + 0.027X; 
+ 0.023X, + 0.288X7 + 0.109Xg = 0.14 


Finally, we have nonnegative constraints: 


Protein: 0.169X; + 0.12X» + 0.085X3 + 0.154X, + 0.085Xs 
+ O12X_ + O18 + Od 1Oxe Oe 


Fat: 0.26X; + 0.041X» + 0.038X3 + 0.063X, + 0.038Xs 
+ 0,017X_ + 0.179% + 0.04%, = 0:15 


Fiber: 0.29X, + 0.083Xp + 0.027X3 + 0.024X, + 0.027Xz 
+ 0,023X5 + 0.288X7 + 0.109X, < 0.14 


Nonnegativity: X; = 0, for/=1,2,...,8 


2G = Pan els! 


The complete model is 


Minimize 0.22X, + 0.19X» + 0.10X3 + 0.10X4 + 0.07X5 
+ 0.05X¢ + 0.26%; + 0.11% 


>» TABLE 13.2 
Birdseed Nutrition Data 


Dealing with Infeasibility 


Figure 13.19 shows an implementation of this model on a spreadsheet (Excel file BG Seed 
Model) and Figure 13.20 shows the Solver model. If we solve the model, however, we find 
that the problem is infeasible. Solver provides a report, called the Feasibility Report, that 
can help in understanding why. This is shown in Figure 13.21. From this report, it appears 
that a conflict exists in trying to meet both the fat and fiber constraints. If you look closely 
at the data, you can see that only sunflower seeds and safflower seeds have high enough 
amounts of fat needed to meet the 15% requirement; however, they also have very high 
amounts of fiber, so including them in the mixture makes it impossible to meet the fiber 
limitation. 

So what should the company owner do? One option is to investigate other potential 
ingredients to use in the mixture that have different nutritional characteristics and see if 
a feasible solution can be found. The second option is to either lower the fat requirement 
or raise the fiber limitation, recognizing that these are not ironclad constraints, but simply 
nutritional goals that can probably be modified in consultation with the company nutrition- 
ists. Figure 13.22 shows Solver solutions to two what-if scenarios, where the fat require- 
ment is lowered to 14.5%, and the fiber limitation is raised to 14.5%, with all other data 
remaining the same in each case. Feasible solutions were found for both cases, and there is 
little difference in the results. 


Ingredient Protein % Fat % Fiber % Cost/Ib 
Sunflower seeds 16.9 26.0 29.0 $0.22 
White millet 12.0 4.1 8.3 $0.19 
Kibble corn 8.5 3.8 Path $0.10 
Oats 15.4 6.3 2.4 $0.10 
Cracked corn 8.5 3.8 27. $0.07 
Wheat 12.0 1h 203 $0.05 
Safflower 18.0 17.9 28.8 $0.26 


Canary grass seed 11.9 4.0 10.9 $0.11 
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>» Figure 13.19 


A B D E F 

Spreadsheet 1 BG Seed Company 

Model for BG Seed F sa 

Company Problem 4 | Ingredient Protein %Fat%  Fiber% Costilb 
5 4 Sunflower seeds 16.90% 26% 28% $ 0.22 
6 2 White millet 12% 410% 830% $ 0.19 | 
YT 3 Kibble corn 8.50% 3.80% 2.70% $ 0.10 | 
8 4 Oats 15.40% 630% 240% $ 0.10. 
g 5 Cracked corn 8.50% 3.80% 2.70% $ O.07 
10 6 Wheat 12% 1.70% 2.30% $ 0.05 | 
11 | 7 Safflower 18% 17.90% 28.80% $ 0.26 | 
12 8 Canary grass seed__ 11.90% 4% __10.90% $ 


13 Requirement 13% 15% 


17 Ingredient Pounds 
18 | 4 Sunflower seeds 


1g 2 White millet Costilb. |S = | 
20 | 3 Kibble corn Protein 0.00% 
21) 4 Oats Fat 0.00% | 
Pa § Cracked corn 


Fiber 0.00% | 
23 6 Wheat ; 
24 | 7 Safflower 
4 25 8 Canary grass seed 
Total 


ejooococeod 


Ingredient Protein % Fat % Fiber % 
Sunflowerseeds 0.169 0.26 0.29 
White millet 0.12 0.041 0.083 
Kibble corn 0.085 . 0.038 0.027 
Oats 0.154 0.063 0.024 
Cracked com 0.085 0.038 0.027 
Wheat 0.42 0.017 0.023 
Safflower 0.18 0.179 0.288 


a OMNI ON RW N= 


|e nN earona 


|=SUMPRODUCT(F5:F 1 


Kibble corn 5 
Oats =SUMPRODUCT(D5:D12,C18:C25) | 
Cracked corn =SUMPRODUCT(E5:E12,C18:C25) | 
Wheat : 
Safflower 
Canary grass seed |0 

Total =SUM(C18:C25) 


PNANRON = 


Portfolio Investment Models 


Many types of financial investment problems are modeled and solved using linear 
optimization. Such portfolio investment models have the basic characteristics of blending 


models. 
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» Figure 13.20 


Solver Model for BG Seed 
Company Problem 


> Figure 13.21 


Feasibility Report for BG 
Seed Model 


> Figure 13.22 


Model Scenarios for BG 
Seed Company Problem 


} 


Set Objective: 
To: Max 


By Changing Variable Cells: 
$CS$18:$C$25 


$C$26 =1 
$FS20:$F$21 >= $C$13:$D$13 
$F$22 <= $ES14 


Load/Save 


iv] Make Unconstrained Variables Non-Negative 
Select a Solving ' Simplex LP [x] Options 
Method; - " z = 


Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


se. | 
SCS REE Cs eS 


|Constraints that Make the Problem Infeasible 
Cell Name Cell Value Formula Status Slack | 


| 

| $C$26 Total Pounds 1 $C$26=1 Binding 0) 
| $F$21 Fat Total 15.00% $F$21>=$D$13 Binding 0) 
| SF$22 Fiber Total 14.00% $F$22<=$E$14 Binding 0° 


Scenario 14.5% Fat 14.5% Fiber _ 


Ingredient Pounds Pounds 
Sunflower seeds| 
White millet 

Kibble corn 

Oats 

Cracked corn 


Wheat 
Safflower 
Canary grass seed 


Innis Investments 


Innis Investments is a small, family-owned business that 
manages personal financial portfolios. The company 
manages six mutual funds and has a client who has 
acquired $500,000 from an inheritance. Characteristics of 
the funds are given in Table 13.3. 

Innis Investments uses a proprietary algorithm to 
establish a measure of risk for its funds based on the 
historical volatility of the investments. The higher the 
volatility, the greater the risk. The company recommends 
that no more than $200,000 be invested in any individual 
fund, that at least $50,000 be invested in each of the 
multinational and balanced funds, and that the total amount 
invested in income equity and balanced funds be at least 
40% of the total investment, or $200,000. The client would 
like to have an average return of at least 5% but would like 
to minimize risk. What portfolio would achieve this? 

Let X; through X¢, represent the dollar amount invested 
in funds 1 through 6, respectively. The total risk would be 
measured by the weighted risk of the portfolio, where the 
weights are the proportion of the total investment in any 
fund (X;/500,000). Thus, the objective function is 


Minimize Total Risk = 
10.57X; + 13.22X%> + 14.02X3 + 2.39X, + 9.30X5 + 7.61X¢ 
500,000 
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The first constraint ensures that $500,000 is invested: 
X4 “te Xo + X3 + X4 at X5 ais X6 — 500,000 


The next constraint ensures that the weighted return is at 
least 5%: 


8.13X+9.02X)+7.56X3+3.62X4+7.79Xs+4.40X¢ 
500,000 


= 5.00 


The next constraint ensures that at least 40% be invested in 
the income equity and balanced funds: 


Xs + Xs = 0.4(500,000) 


The following constraints specify that at least $50,000 be 
invested in each of the multinational and balanced funds: 


X> = 50,000 
Xs = 50,000 


Finally, we restrict each investment to a maximum of 
$200,000 and include nonnegativity: 


X= 200 DOOM Tory =A S276 


Aina) ae ly eos. O 


Figure 13.23 shows a spreadsheet implementation of this model (Excel file /nnis 


Investments) with the optimal solution. The Solver model is given in Figure 13.24. All 
constraints are met with a minimum risk measure of 6.3073. 


Scaling Issues in Using Solver 


A poorly scaled model is one that computes values of the objective, constraints, or inter- 
mediate results that differ by several orders of magnitude. Because of the finite precision 
of computer arithmetic, when these values of very different magnitudes (or others derived 
from them) are added, subtracted, or compared—in the user’s model or in the Solver’s 
own calculations—the result will be accurate to only a few significant digits. As a result, 
Solver may detect or suffer from “numerical instability.” The effects of poor scaling in 
an optimization model can be among the most difficult problems to identify and resolve. 


> Table 13.3 Fund Expected Annual Return Risk Measure 
HE ES 1. Innis Low-Priced Stock Fund 8.13% 10.57 

2. Innis Multinational Fund 9.02% 13.22 

3. Innis Mid-Cap Stock Fund 7.56% 14.02 

4. Innis Mortgage Fund 3.62% 2.39 

5. Innis Income Equity Fund 7.79% 9.30 


6. Innis Balanced Fund ; 4.40% 7.61 
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> Figure 13.23 


A Bo 


Spreadsheet Model for |Innis 1 Innis Investments 

Investments F Data 
4 
5 Fund * 
6 1 Low Priced Stock 8.13% 
7 2 Multinational 9.02% 
8 3 Mid Cap 7.56% 
9 4 Mortgage 3.62% 
10 5 Income Equity 7.79% 
11 6 Balanced 4.40% 
12 
13 Investment = $ 500,000 
14 Target return 2 5% 
15 Inc. Eq. + Balanced 2 $200,000 
16 
1? Model 
18 | 
19 Fund Amount Invested 
20 1 Low Priced Stock $ - 
21 | 2 Multinational $ 50,000.00 
22 3 Mid Cap $ * 
23 4 Mortgage $ 200,000.00 
24 5 Income Equity $ 66,371.68 
25 6 Balanced $ 183,628.32 
26 Total $ 500,000.00 
27 
28 
29 | 
30 Risk 
31 Weighted Return 
32 Inc Eq + Balanced 


Expected 
Return 


Fund 


1 Low Priced Stock 0.0813 

2 Multinational 0.0902 

3 Mid Cap 0.0756 

4 Mortgage 0.0362 

}10 5 Income Equity 0.0779 
116 Balanced 0.044 


Investment = 500000 
4114 | Target return 2 0.05 
15 Inc, Eq. + Balanced > =0,4°C13 


Risk Measure Maxim 


200,000 
200,000 
200,000 
200,000 
200,000 
200,000 


10.57 


20 4 Low Priced Stock a 

W212 Multinational 

12213 Mid Cap 

123 14 Mortgage 200000 

245 Income Equity 6637 1.6814159293 
25 6 Balanced 183628.318584071 
26 Total =SUM(C20:C25) 


30 Risk 
31 Weighted Return 
32 Inc Eq + Balanced 


(C6:C1 


19 Fund ’ unt Invested : 


1 


C20: 


A | 


,C20:C25/C13 | 
,€20:C25/C13 


13.22 
14.02 
2.39 
9.3 
761 
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> Figure 13.24 


Solver Model for Innis 
Investments 


Solver Parameters ig at eee ih iB 


Set Objective: $cs3q 


Value Of 


| 
| 


¥) Make Urconstrained Variables Nor-Negaine 
Select a Solving Simplex LP 
Methost 

Solving Method 


Select the GRG Nonlineer engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Saiver prablems that are non-smooth. 


It can cause Solver engines to return messages such as “Solver could not find a feasible 
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solution,” “Solver could not improve the current solution,” or even “The linearity condi- 
tions required by this Solver engine are not satisfied,” or it may return results that are sub- 
optimal or otherwise very different from your expectations. 

In the Solver options, you can check the box Use Automatic Scaling. When this option 
is selected, Solver rescales the values of the objective and constraint functions internally 
to minimize the effects of poor scaling. But this can only help with the Solver’s own 
calculations—it may not always work, as it cannot help with poorly scaled results that 
arise in the middle of your Excel formulas. The best way to avoid scaling problems is to 
carefully choose the “units” implicitly used in your model so that all computed results are 
within a few orders of magnitude of each other. For example, if you express dollar amounts 
in units of (say) millions, the actual numbers computed on your worksheet may range from 
perhaps | to 1,000. 


Little Investment Advisors 


Little Investment Advisors is working with a client on suggests six different funds, each with different expected 
determining an optimal portfolio of bond funds. The firm returns and risk measures (based on historical data): 

Bond Portfolio Expected Return Risk Measure 

1. Ohio National Bond Portfolio 6.11% 4.62 

2. PIMCO Global Bond Unhedged Portfolio 7.61% 722 

3. Federated High Income Bond Portfolio 5.29% 9.75 

4. Morgan Stanley UIF Core Plus Fixed Income Portfolio 2.79% 3.95 

5. PIMCO Real Return Portfolio 7.37% 6.04 

6. PIMCO Total Return Portfolio 5.65% oy Id 


(Continued) 
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The client wants to invest $350,000. Find the optimal Figure 13.25 shows the solution without scaling the 
investment strategy to achieve the largest weighted variables. (Note that in the So/ver Options, Automatic 
percentage return while keeping the weighted risk measure Scaling is not checked.) So/ver displayed no messages, but 
no greater than 5.00. the answer is incorrect! This occurs because the objective 

The model is simple. Let X; through Xg be the amount function (in percent) is several orders of magnitude smaller 
invested in each of the six funds. than the decision variables and investment constraint (in 
Maximize hundreds of thousands of dollars). Figure 13.26 shows 


the result after Automatic Scaling is checked in the So/ver 
Options. This is the correct answer. As noted, a better 
approach would be to scale the investment amount in the 
X; + Xo + Xz + X4 + Xs5 + X~e = 350,000 model as thousands of dollars (that is, replace cell C11 
with $350). Even without automatic scaling, this will yield 
the optimal solution. So check your models carefully for 
possible scaling issues! 


(6.11X, + 7.61Xp + 5:29Xe + 2.79X4 + 7.37X5 + 5.65%) / 
350,000 


(4.62X, + 7.22Xp + 9.75X_ + 3.95X4 + 6.04X5 + 5.17%) / 
350,000 = 5.00 
Kan era cayy Xe =0 


Transportation Models 


Many practical models in supply chain optimization stem from a very simple model called 
the transportation problem. This involves determining how much to ship from a set of 
sources of supply (factories, warehouses, etc.) to a set of demand locations (warehouses, 
customers, etc.) at minimum cost. 


He A EEN TTA AT ERRORS IT SII IEE IUCN SEN ARO EROS SELIM EE SSI 


A a SU iein wate [ean Dame za Bers A Sok Nd Me Re LI VES 
_1_Little Investment Advisors . 
} Opti 

3 BondFund CCE pected Return Risk Measure, POM a 

‘4 1 Ohio National Bond 6.11% 4.62 All Methods | Gro Nonlinear | Evolutionary 
16 2 PIMCO Global Bond Unhedged 7.61% 7.22, 4 

6 3 Federated High Income Bond 5.29% 9.75| @ Constraint Precision: 

4 4 Morgan Stanley UIF Core Plus Fixed Income 2.79% 3.95| ¥ 

"8 5 PIMCO Real Return 7.37% 6.04 | (] Use Automatic Scaling 

\9 6 PIMCO Total Return 5.65% 5.17; & 

+40 a | (J Show Iteration Results 

‘4 Investment $350,000 by Solving with Integer Constraints 

112 Target risk <= 5.00 : 

143 i O Ignore Integer Constraints 

“14 Model | Integer Optimality (%): 

£E ; 

116 Bond Fund ; Amount Invested Solving Limits 

17 1 Ohio National Bond $350,000.00 | 

18 2 PIMCO Globai Bond Unhedged $0.00 1 Max Time (Seconds): 

149 3 Federated High income Bond $0.00 4 Ane 

}20 4 Morgan Stanley UIF Core Plus Fixed Income $0.00 : sei 

24 5 PIMCO Real Return $0.00 { 

22 6 PIMCO Total Return $0.00 Evolutionary and Integer Constraints: 
}23 Total $350,000.00 | Max Subproblems: 

124 ; 

125 Risk 462 Max Feasible Solutions: 

26 Percent Retum 6.11% 

27 

(28 

/29 


4 Figure 13.25 
Solution Without Scaling 


Options 


ES re OR ORT STS 
| 1 Little Investment Advisors 
# 25) 
| 3__Bond Fund ee ee. ______—«Expected Return Risk Measure 
4 1 Ohio National Bond 6.11% "4.62 
{ S 2 PIMCO Global Bond Unhedged 7.61% 7.22 
76 3 Federated High Income Bond 5.29% 9.75 
7 4 Morgan Stanley UIF Core Plus Fixed Income 2.79% 3.95 
;8 5 PIMCO Real Return 7.37% 6.04 
; 9 6 PIMCO Total Retum 5.65% 5.17 
} 10 
11 Investment $350,000 
} 12 Target risk <= 5.00 
143 
| 14 Model 
1/15 
16 Bond Fund = - ___Amount Invested 
;17 1 Ohio National Bond $256,338.03 
118 2 PIMCO Global Bond Unhedged $0.00 
119 3 Federated High Income Bond $0.00 
| 20 4 Morgan Stanley UIF Core Plus Fixed Income $0.00 
¢21 5 PIMCO Real Retum $93,661.97 
} 22 6 PIMCO Total Retum $0.00 

23 Total $350,000.00 

24 
;25 Risk 5.00 
| 26 Percent Retum 6.45% 
| 27 
| 28 
29 
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a Figure 13.26 
Solution After Scaling the Model 


EXAMPLE 13.18 


General Appliance Corporation (GAC) produces 
refrigerators at two plants: Marietta, Georgia, and 
Minneapolis, Minnesota. They ship them to major 
distribution centers in Cleveland, Baltimore, Chicago, 
and Phoenix. The accounting, production, and marketing 
departments have provided the information in Table 13.4, 
which shows the unit cost of shipping between any plant 
and distribution center, plant capacities over the next 
planning period, and distribution center demands. GAC’s 
supply chain manager faces the problem of determining 
how much to ship between each plant and distribution 
center to minimize the total transportation cost, not exceed 
available capacity, and meet customer demand. 

To develop a linear optimization model, we first define 
the decision variables as the amount to ship between 
each plant and distribution center. In this model, we use 
double-subscripted variables to simplify the formulation. 
Define X; = amount shipped from plant / to distribution 
center /, where i = 1 represents Marietta, / = 2 represents 
Minneapolis, / = 1 represents Cleveland, and so on. Using 


All Methods | GRG Nonlinear | Evolutionary | 
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Constraint Precision 0.000001 


¥] Use Automatic Scaling | 
(Show Iteration Results | E 
Solving with Integer Constraints | 
(ignore Integer Constraints 
Integer Optimality (%): 1 
Solving Limits 
Max Time (Seconds): 


Iterations: F - | 


Evolutionary and Integer Constraints: 


Max Subproblems: 


Max Feasible Solutions: 


General Appliance Corporation 


the unit-cost data in Table 13.4, the total cost of shipping 
is equal to the unit cost multiplied by the amount shipped, 
summed over all combinations of plants and distribution 
centers. Therefore, the objective function is to minimize 
total cost: 


Minimize 12.60X;1 + 14.385X4o + 11.52X43 + 17.58X44 
+ 9.75Xo4 + 16.26Xo0 + 8.11X03 + 17.92Xo4 


Because capacity is limited, the amount shipped 
from each plant cannot exceed its capacity. The total 
amount shipped from Marietta, for example, is X44 + X40 
+ X43 + X44. Therefore, we have the constraint 


X44 sis X40 te X43 + X44 ae 1,200 


Similarly, the capacity limitation at Minneapolis leads to the 
constraint 


Xo4 + Xoo + X03 + Xo4 = 800 
Next, we must ensure that the demand at each distribution 


center is met. This means that the total amount shipped 
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to any distribution center from both plants must equal the Minimize 12.60X;, + 14.35X;o + 11.52X43 + 17.58X44 
demand. For instance, at Cleveland, we must have + 9.75X04 + 16.26Xo0 + 8.11X03 + 17.92Xo4 
X44 + Xox = 150 X44 + Xo + X43 + X44 = 1,200 
, + = 
For the remaining three distribution centers, the constraints Xo + Xoo + Xoa + Xoq = 800 
are X44 + Xo1 = 150 
X10 + Xoo = 350 Xi2 + Xoo = 350 


X13 ote Xo3 = 500 
X14 Ti Xo4 sw 1,000 
Xj = 0, for alli and 


X13 + Xo3 = 500 
X44 + Xo4 = 1,000 
Last, we need nonnegativity, X; = 0, for all; andj. The 


complete model is 


>» Table 13.4 
GAC Cost, Capacity, and 


Distribution Center 


Plant Cleveland Baltimore Chicago Phoenix Capacity 
Demand Data 

Marietta $12.60 $14.35 $11.52 $17.58 1,200 

Minneapolis $9.75 $16.26 $8.11 $17.92 800 

Demand 150 350 500 1,000 


Figure 13.27 shows a spreadsheet implementation for the GAC transportation problem 
with the optimal solution (Excel file General Appliance Corporation), and Figure 13.28 
shows the Solver model. The Excel model is very simple. In the model section, the deci- 
sion variables are stored in the plant distribution center matrix. The objective function for 
total cost in cell B18 can be written in Excel as 


=B6*B13 + C6*Cl3 + D6 DIS EE EI3 "BT" B14 
+ C7*C14 + D7*D14 +e Ey *Bi4 


However, the SUMPRODUCT function is particularly useful for such large expressions; 
so it is more convenient to express the total cost as 


=SUMPRODUCT(B6:E7, B13:E14) 


» Figure 13.27 


A B 


General Appliance Corpo- 1 General Appliance Corporation 

ration Model Spreadsheet 2 

Implementation and Solution 4 Distribution Center 
5 Plant Cleveland Baltimore Chicago Phoenix Capacity { 
6 Marietta $ 1260 $ 14.35 $ 11.52 $ 17.58 1200); 
7 Minneapolis $ 975 $ 1626 $ 811 $ 17.92 800), 
8 Demand 150, 350 500 1000 | 
9 
10 Model 


Distribution Center : 
Cleveland Baltimore Chicago Phoenix Total shipped : 
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> Figure 13.28 


General Appliance Corpora- 
tion Solver Model 


sesial 


Mex 9) Mig Vahve OF 


¥)} Make Unconstrained Variables Non- Negative 

Selecta Solving Simplex LP | 

Method . : Keep a oe) 
Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Samplex engine 
for linear Solver Problems, and select the Evokutionary engine for Solver problems that are non-smooth. 


The SUMPRODUCT function can be used for any two arrays as long as the dimensions are 
the same. Here, the function multiplies pairwise the cost coefficients in the range B6:E7 by 
the amounts shipped in the range B13:E14 and then adds the terms. In the model, we also 
use the SUM function in cells F13 and F14 to sum the amount shipped from each plant, 
and also in cells B15 to E15 to sum the total amount shipped to each distribution center. 


Multiperiod Production Planning Models 


Many linear optimization problems involve making decisions over a future time horizon. 
One example is planning production. The basic decision is how much to produce in each 
time period to meet anticipated demand over each period. Although it might seem obvi- 
ous to simply produce to the anticipated level of sales, it may be advantageous to produce 
more than needed in earlier time periods when production costs may be lower and store the 
excess production as inventory for use in later time periods, thereby letting lower produc- 
tion costs offset the costs of holding the inventory. So the best decision is often not obvious. 


K&L Designs 
K&L Designs is a home-based company that makes hand- per hour. In the spring, labor is more difficult to keep, and 
painted jewelry boxes for teenage girls. Forecasts of sales the owner must pay $6.25 per hour to retain qualified help. 
for the next year are 150 in the autumn, 400 in the winter, Each jewelry box takes two hours to complete. How should 
and 50 in the spring. Plain jewelry boxes are purchased production be planned over the three quarters to minimize 
from a supplier for $20. The cost of capital is estimated to the combined production and inventory-holding costs? 
be 24% per year (or 6% per quarter); thus, the holding cost The principal decision variables are the number of 
per item is 0.06($20) = $1.20 per quarter. The company jewelry boxes to produce during each of the three quarters. 
hires art students part-time to craft designs during the However, since we have the option of carrying inventory to 
autumn, and they earn $5.50 per hour. Because of the high other time periods, we must also define decision variables 
demand for part-time help during the winter holiday season, for the number of units to hold in inventory at the end of 
labor rates are higher in the winter, and workers earn $7.00 each quarter. The decision variables are 
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Px = amount to produce in autumn that essentially say what is available in any time period 


Ry = amount to produce in winter must be accounted for somewhere. More formally, 


Ps = amount to produce in spring Production + Inventory from the Previous Quarter 


I, = inventory held at the end of autumn = Demand + Inventory Held to the Next Quarter 


hy = inventory held at the end of winter This can be represented visually using the diagram in 
Figure 13.29. For each quarter, the sum of the variables 


ls; = inventory held at the end of spring 
coming in must equal the sum of the variables going out. 


The production cost per unit is computed by Drawing such a figure is very useful for any type of multiple 
multiplying the labor rate by the number of hours required time period planning model. This results in the constraint 
to produce one. Thus, the unit cost in the autumn is set 
($5.50)(2) = $11.00; in the winter, ($7.00)(2) = $14.00; and Px +0 = 150 + Ip 


in the spring, ($6.25)(2) = $12.50. The objective function 
is to minimize the total cost of production and inventory. 
(Because the cost of the boxes themselves is constant, 


it is not relevant to the problem we are addressing.) The Moving all variables to the left side results in the model 
objective function is, therefore, 


Ry + In = 400 + hw 
Ps + lw = 50 + Is 


Minimize 11Pq4+14Ry+12.50Ps+1.20/,+1.20/w+1.20/s 
Minimize 11P,+14Ry+12.50Pe+1.20/,t+1.20hy+1.20Is 


subject to 

The only explicit constraint is that demand must be Py = Ig =450 

satisfied. Note that both the production in a quarter as well 
: : ] Ry a8 In = hw = 400 

as the inventory held from the previous time quarter can be 
used to satisfy demand. In addition, any amount in excess Ps + lw — Is = SO 
of the demand is held to the next quarter. Therefore, the ap =O, Oral 
constraints take the form of inventory balance equations = 0, forallj 


Figure 13.30 shows a spreadsheet implementation for the K&L Designs model (Excel 
file K&L Designs); Figure 13.31 shows the associated Solver model. For the optimal solu- 
tion, we produce the demand for the autumn and winter quarters in the autumn and store 
the excess inventory until the winter. This takes advantage of the lower production cost in 
the autumn. However, it is not economical to pay the inventory holding cost to carry the 
spring demand for two quarters. 


> Figure 13.29 


Material Balance Constraint 
Structure 
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> Figure 13.30 f 


: a: ’ B c D 
Spreadsheet Model and i K&L Designs i 
Optimal Solution for K&L : 
: 3 Data 
Designs 4 
5 Autumn Winter Spring 
6 Unit Production Cost $ 11.00 $14.00 $12.50 
7 Unit Inventory Holding Cost $ 1:205--$) 4:20:$1-20 
8 Demand 150 400 50} 
9 
10 ‘Model 
11 Autumn Winter Spring 
12 Production 550 0 50}, 
13 Inventory 400 fe) 0 
14 
15 Net production 150 400 50) 
16 
17 Cost 
18 os Total $7,185] 
RS Oe Pee a) oO eT 
1 K&L Designs j eis 
P 
3 Data 
4 
5 Autumn Winter Spring 
6 Unit Production Cost 11 14 12.5 
7 | Unit Inventory Holding Cost 1.2 ies 1.2 
8 Demand 150 400 50 
9 
10 Model 
11 Autumn Winter Spring 
12 Production|550 0 50 
13 Inventory|400 0 0 
14 
15 Net production =B12-B13 =C12-C13+B13 =D12-D13+C13 
16 
17 Cost 
Total|=SUMPRODUCT(B6:D7,B12:D13) | 


Alternative Models 


As we have seen, developing models is more of an art than a science; consequently, there 
is often more than one way to model a particular problem. Sometimes, alternative models 
are easier to understand or provide more useful information to the user. Using the ideas 
presented in the K&L Designs example, we may construct an alternative model involving 
only the production variables. 


An Alternative Optimization Model for K&L Designs 


In the K&L Designs problem, we simply have to ensure that inventory has a cost associated with it). Thus, we use the 
demand is satisfied. We can do this by guaranteeing that following objective function: 

the cumulative production in each quarter is at least as 
great as the cumulative demand. This is expressed by the 
following constraints: 


Minimize 11P, + 14Ry + 12.50Ps + 1.20(Px — 150) 
+ 1.20(Px + Ry — 550) + 1.20(P, + Ry + Ps — 600) 


Py = 150 Of course, this function can be simplified algebraically by 
Px + Ry = 550 combining like terms. Although these two models look very 
different, they are mathematically equivalent and will pro- 
satelaiveit lie BOO duce the same solution. 


Py, Ry, Ps = 0 Figure 13.32 shows a spreadsheet implementation of this 
The differences between the left- and right-hand sides of alternate model (available in the worksheet Alternate Model 
these constraints are the ending inventories for each period in the K&L Designs workbook), and Figure 13.33 shows the 


(and we need to keep track of these amounts because Solver model. Both have the same optimal solution. 
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> Figure 13.31 


Solver Model for K&L 
Designs 


By Changing Variable Celts: 
$B$I2SD$13 


Subject to the Constraints: 


[SBSISSDS15 = $BSRSDSE 


[| Make Unconstrained Variables Non-Negative 


Select 3 Solving Simplex LP 
Method: 


Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


> Figure 13.32 = =~ 


Alternative Spreadsheet | 1 K&L Designs Alternate Model — 
Model for K&L Designs 


Autumn Winter Spring | 

Unit Production Cost $ 11.00 $14.00 $ 12.50] 

Unit Inventory Holding Cost $ 4.20 $ 4.20 $.° 1.204) 
Demand 150 400 50) 

Cumulative Demand 150 600}; 


Cumulative Production 550 
Inventory 


Autumn 
Unit Production Cost 11 
Unit Inventory Holding Cost 1.2 
Demand 150 
Cumulative Demand =B8 


Cumulative Production =B13 


=B13+C13 =B13+C13+D13 | 
Inventory =B14-B9 | 


=C14-C9 =D14-D9 


> Figure 13.33 


Solver Model for Alternative 
K&L Designs Model! 


Solver Parameters enn i 
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t 
Set Objective: ses.iq 
To Mex Mi Velue Of 


By Changing Variable Celis: 
$8$13S0523 


Subject to the Constraints: 
SBLIASD$14 >= $BSESDS9 


Select a Solving 
ihethok 


Solving Method 


iv) Make Uncanstrained Variables Non- Negative 


Simplex LP 


Select the GRG Nonlinzer engine for Solver Problems that ere smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine far Sever problems that are non-smooth. 


ee ee ee 


ee ES RNG SN AE OSE TC FESR | 


Multiperiod Financial Planning Models 


Financial planning often occurs over an extended time horizon. Financial planning models 
have similar characteristics to multiperiod production planning and can be formulated as 


multiperiod optimization models. 


D. A. Branch & Sons 


The financial manager at D. A. Branch & Sons must ensure 
that funds are available to pay company expenditures in the 
future but would also like to maximize investment income. 
Three short-term investment options are available over 
the next six months: A, a one-month CD that pays 0.25% 
at maturity each month, and is available each month; B, a 
three-month CD that pays 1.00% (at maturity), available at 
the beginning of the first four months; and C, a six-month 
CD that pays 2.3% (at maturity), available in the first month. 
The net expenditures for the next six months are forecast 
as $50,000, ($12,000), $23,000, ($20,000), $41,000, and 
($13,000). Amounts in parentheses indicate a net inflow 
of cash. The company must maintain a cash balance of 
at least $10,000 at the end of each month. The company 
currently has $200,000 in cash. 

At the beginning of each month, the manager must 
decide how much to invest in each alternative that may be 
available. Define the following: 


A; = amount ($) to invest in a one-month CD at the start 
of month i 


B; = amount ($) to invest in a three-month CD at the start 
of month / 


C; = amount ($) to invest in a six-month CD at the start 
of month / 


Because the time horizons on these alternatives vary, it is 
helpful to draw a picture to represent the investments and 
returns for each year, as shown in Figure 13.34. Each circle 
represents the beginning of a month. Arrows represent the 
investments and cash flows. For example, a three-month 
CD invested in at the start of month 1 (B;) matures at the 
beginning of month 4. It is reasonable to assume that all 
funds available would be invested. 

From Figure 13.34, we see that investments Ag, By, 
and C, will mature at the end of month 6—that is, at the 
beginning of month 7. To maximize the amount of cash 
on hand at the end of the planning period, we have the 
objective function 


Maximize 1.0025Ag + 1.01B, + 1.023C, 
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The only constraints necessary are minimum cash balance 1.0025A, + 12,000 — (Ao + Bo) = 10,000 (month 2) 
equations. For each month, the net cash available, which is 
equal to the cash in less cash out, must be at least $10,000. 
These follow directly from Figure 13.34. The complete 1.0025A3 + 1.01B; + 20,000 — (Aq + By) = 10,000 (month 4) 


1.0025A> — (Ag + Bg + 23,000) = 10,000 (month 3) 


model is 1.0025A4 + 1.01Bp — (As + 41,000) = 10,000 (month 5) 


Magen Otesae 01 Bate 1.0025As + 1.01B3 + 13,000 — Ag = 10,000 (month 6) 


subject to Aj, B;, C; = 0, for alli 
200,000 — (A; + By + Cy + 50,000) = 10,000 (month 1) 


Figure 13.35 shows a spreadsheet model for this problem (Excel file D. A. Branch 
& Sons); the Solver model is shown in Figure 13.36. The spreadsheet model may look 
somewhat complicated; however, it has similar characteristics of a typical financial spread- 
sheet. The key to constructing the Solver model is the summary section. Here we calculate 
the monthly balance based on the amount of cash available (previous balance plus any 
investment returns), the net expenditures (remember that a negative expenditure is a cash 
inflow), and the amount invested as reflected by the decision variables. These balances are 
a practical interpretation of the constraint functions for each month in the model. In the 
Solver model, these balances simply need to be greater than or equal to the $10,000 cash- 
balance requirement for each month. 


> Figure 13.34 


Cash Balance Constraint 
Structure 


$50,000 $12,000 $23,000 $20,000 $41,000 $13,000 
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> Figure 13.35 


Spreadsheet Model for D. A. 
Branch & Sons 


A 
1 DA. Branch & Sons 


4 

5 Month 1 vd 3 4 5 6 
6 Net expenditures $ 50,000 $(12,000) $23,000 $(20,000) $41,000 $(13,000) 
7 Cash balance requirement $ 10,000 $ 10,000 $10,000 $10,000 $10,000 $ 10,000 
8 

9 Current balance $200,000 


413 investment 


6 Rate of Return 
$ 31,606 $ 22,943 

$ - $20,743 Le A 1.00% | 
$108,394 Bees a . 

| 17 Total $140,000 $ 43,685 


19 Returns 4 2 3 4 5 6 7 
20 A $ 31,685 | $23,000' $ - '$20050/$ - ‘$ 43,033 | 
21 B $ -. |$20950)$ - (i$ { 


110,887 | 


$31,685 $23,000 $ - $41,000 $ 


25 Summary 

26 Amount available $200,000 $ 41,685 $33,000 $10,000 $51,000 $ 10,000 
27 Net expenditures $ 50,000 $(12,000) $23,000 $(20,000) $41,000 $(13,000) 
___Amount invested $140,000_$ 43,685 _$ $ 20,000 $ - ___$ 13,000 


Balance x 10,000 $ 10,000 $10,000 $ 10,000 $10,000 $ 10,000 


D.A. Branch & Sons 


Data 


Month 1 2 3 4 5 6 
Net expenditures 50000 -12000 23000 -20000 41000 -13000 
Cash balance requirement 10000 10000 10000 10000 10000 10000 


Current balance 200000 


Investment 1 2 3 4 5 6 Rate of Return 


Total =SUM(B14:B16)  =SUM(C14:C16) | =SUM(D14:D16) =SUM(E14:E16) =SUM(F14:F16) =SUM(G14:G16) 


Returns 1 2 3 4 5 6 At | 

A =(14+$H$14)"B14 = =(1+$H$S14)"C14 =(1+$H$14)*D14 =(1+$H$14)"E14 =(14+$HGS14)*F 14 =(1+$HS14)°G14 | 
=(14+$H$15)*B15 =(1+$H$15)"C15 =(1+$HS15)*D15 =(14+$H$15)*E15 | 
=(1+H16)*B16 


Total ~~ =SUM(C20:C22)  =SUM(D20:022) =SUM(E20:E22) =SUM(F20:F22) =SUM(G20:G22) 


Summary 


Amount available =89 =B29+C23 =C29+D23 =D29+E23 =E29+F23 =F29+G23 
Net expenditures 50000 -12000 23000 -20000 41000 -13000 
__ Amount invested =817 =C17 __=Di7 _=E17 =F17 _i=G17 


Balance =826-B27-828  =C26-C27-C28 _=D26-D27-D26 =E26-E27-£28 =F26-F27-F28 =G26-G27-G28 
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> Figure 13.36 


Ss Tae 
Solver Parameters 
pe ib 


Solver Model for es 
D. A. Branch & Sons 


Set Objective: 


Tex @ Max 


$323 


Value Of; 


By Changing Variable Celts: 


$8S1436$14 SBS15S£$15,$8$16 


Subject to the Constraints: 
$BS2E.SGS29 >= $BS7'SGS7 


v| Make Unconsirsined Variables Non-Negative 


Select a Solving 
Method: 


Solving Method 


Simplex LP 


Select the GRG Nonlinear engine for Solver Problems that ere smooth nantinear. Select the LP Simplex engine. 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth 


One of the first applications of linear optimization in 
banking was developed by Central Carolina Bank and 
Trust Company (CCB). The bank’s management became 
increasingly concerned with coordinating the activities of 
the bank to maximize interest rate differentials between 
sources and uses of funds. To address these concerns, 
the bank established a financial planning committee 
comprising all senior bank officers. The committee was 
charged with the responsibility of integrating the follow- 
ing functions: (1) interest rate forecasting, (2) forecast- 
ing demand for bank services, (3) liquidity management 
policy, and (4) funds allocation. At the same time, CCB’s 
executive committee authorized the development of a bal- 
ance sheet optimization model using linear programming. 

The initial stage in the model’s development involved 
a series of meetings with the financial planning committee 
to determine how complex the model needed to be. After 
a thorough discussion of the available options, the group 
settled on a one-year, single-period model, containing 66 
asset and 32 liability and equity categories. Even though 
a single-period planning model ignores many impor- 
tant time-related linkages, it was felt that a single-period 
framework would result in a model structure whose output 
could be readily internalized by management. An integral 


Based on Sheldon D. Balbirer and David Shaw, 


Se ee ee 


ANALYTICS IN PRACTICE: Linear Optimization in Bank Financial Planning? 


part of these discussions involved an attempt to assure 
senior managers that the resulting model would capture their 
perceptions of the banking environment. 

Next, the model was formulated and its data require- 
ments were clearly identified. The major data inputs needed 
to implement the model were 


m expected yields on all securities and loan categories, 

= expected interest rates on deposits and money market 
liabilities, 

= administrative and/or processing costs on major loan and 
deposit categories, 

m expected loan losses, by loan type, as a percentage of 
outstanding loans, 

= maturity structure of all asset and liability categories, 

= forecasts of demand for bank services. 


The bank’s financial records served as a useful database 
for the required inputs. In those instances where meaningful 
data did not exist, studies were initiated to fill the gaps. 

The decision variables in the model represented different 
asset categories, such as cash, treasury securities, consumer 
loans, and commercial loans, among others; other variables 
represented liabilities and equities such as savings accounts, 
money market certificates, and certificates of deposit. The 


“An Application of Linear Programming to Bank 


Financial Planning,” /nterfaces, 11,5 (October 1981). 


2jenn/Shutterstock 
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objective function was to maximize profits, equaling the dif- 
ference between net yields and costs. Constraints reflected 
various operational, legal, and policy considerations, includ- 
ing bounds on various asset or liability categories that repre- 
sent forecasts of demand for bank services; minimum values 
of turnover for assets and liabilities; policy constraints that 
influence the allocation of funds among earning assets or the 
mix of funds used to finance assets; legal and regulatory con- 
straints; and constraints that prevent the allocation of short- 
term sources of funds to long-term uses, which gave the 
model a multiperiod dimension by considering the fund flow 
characteristics of the target balance sheet beyond the imme- 
diate planning horizon. Using the model, CCB successfully 
structured its assets and liabilities to better determine the 
bank’s future position under different sets of assumptions. 


Lm. KEY TERMS 


Alternative optimal solution Limitation 


Balance constraint 
Binding constraint 
Constraint function 
Constraints 

Corner point 
Decision variables 
Feasibility Report 
Feasible region 
Feasible solution 
Infeasible problem 


Linear optimization model (linear 
program, LP model) 

Nonlinear optimization model 
(nonlinear program, NLP model) 

Objective function 

Optimization 

Proportional relationship 

Requirement 

Simple bound 

Transportation problem 


Integer linear optimization model Unbounded solution 
(integer program, IP model) Unique optimal solution 


Mts CHAPTER 13 TECHNOLOGY HELP 


Excel Techniques 
Solver (Example 13.6): 


From the Analysis group under the Data tab in Excel, 
select Solver. Use the Solver Parameters dialog to define 
the objective, decision variables, and constraints. Define 
the objective function cell in the spreadsheet in the Set 
Objective field. Click the appropriate radio button for Max 
or Min. Enter the decision variable cells in the By Chang- 
ing Variable Cells field. To enter a constraint, click the 


Add button. In the Add Constraint dialog, enter the cell 
that contains the constraint function (left-hand side of the 
constraint) in the Cell Reference field. In the Constraint 
field, enter the numerical value of the right-hand side of 
the constraint or the cell reference corresponding to it. 
Check the box in the dialog Make Unconstrained Vari- 
ables Non-Negative. In the field labeled Select a Solving 
Method, choose Simplex LP for a linear optimization 
model. Then click the Solve button. In the Solver Results 
dialog, click on Answer Report and then click OK. 
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Analytic Solver 


Analytic Solver provides a more powerful optimiza- 
tion tool than the standard Solver that comes with Excel. 
See the online supplement Using Linear Optimization in 


Analytic Solver. We suggest that you first read the online 
supplement Getting Started with Analytic Solver Basic. 
This provides information for both instructors and students 
on how to register for and access Analytic Solver Basic. 


gg PROBLEMS AND EXERCISES 


Note: Data for many problems can be found in the Excel file 
Chapter 13 Problem Data to facilitate model development 
and Excel implementation. Tab names correspond to the 
problem numbers. These are designated with an asterisk (*). 


Optimization Models 


1. Suggest additional generic examples of linear opti- 
mization models in the format of Table 13.1 based 
on your work experience, personal interests (hobbies, 
etc.), or information found in business articles. 


Developing Linear Optimization Models 


2. Classify the following descriptions of constraints as 
bounds, limitations, requirements, proportional rela- 
tionships, or balance constraints: 

a. A production line is sufficiently meeting its cus- 
tomers’ orders. 

b. The total amount of money available to invest 
this month must equal the investment yields at the 
end of previous month. 


c. A hospital needs at least 30 medical staff for a 
disaster relief operation. 


d. The total shipment amount should not exceed the 
capacity of three containers. 


e. The amount of petrol we can put in a car’s fuel tank 
should not exceed its fuel tank capacity, as well as 
the amount of money we can afford to pay for it. 


f. A flower bouquet should have at least 10 tulips 
and at most 21 roses. 


g. The marketing planner has ensured that the first 
100 customers should receive a gift card along 
with their purchase. 


3. Review the portfolio allocation model in this chapter. 
Identify the decision variables, objective function, and 
constraints in simple verbal statements, and math- 
ematically formulate the linear optimization model. 


4. Valencia Products makes automobile radar detec- 
tors and assembles two models: LaserStop and 


SpeedBuster. The firm can sell all it produces. Both 
models use the same electronic components. Two of 
these can be obtained only from a single supplier. For 
the next month, the supply of these is limited to 4,000 
of component A and 3,500 of component B. The 
number of each component required for each product 
and the profit per unit are given in the table. 


Components Required/Unit 


A B Profit/Unit 
LaserStop 18 6 $124 
SpeedBuster 12 8 $136 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 


b. Mathematically formulate a linear optimization 
model. 


5. A brand manager for ColPal Products must deter- 
mine how much time to allocate between radio and 
television advertising during the next month. Market 
research has provided estimates of the audience expo- 
sure for each minute of advertising in each medium, 
which it would like to maximize. Costs per minute 
of advertising are also known, and the manager has a 
limited budget of $25,000. The manager has decided 
that because television ads have been found to be 
much more effective than radio ads, at least 75% of 
the time should be allocated to television. 


Suppose that we have the following data: 


Type of Ad Exposure/Minute Cost/Minute 
Radio 350 $400 
TV 800 $2,000 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal expressions. 

b. Mathematically formulate a linear optimization 
model. 


6. Burger Office Equipment produces two types of 
desks, standard and deluxe. Deluxe desks have oak 


tops and more-expensive hardware and require addi- 
tional time for finishing and polishing. Standard 
desks require 70 board feet of pine and 10 hours of 
labor, whereas deluxe desks require 50 board feet of 
pine, 20 square feet of oak, and 18 hours of labor. 
For the next week, the company has 5,000 board feet 
of pine, 750 square feet of oak, and 400 hours of 
labor available. Standard desks net a profit of $250, 
and deluxe desks net a profit of $350. All desks can 
be sold to national chains such as Staples or Office 
Depot. 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 


b. Mathematically formulate a linear optimization 
model. 


. A paper mill produces three grades of paper: X, Y, 
and Z. The mill has a budget of €100,000 to invest in 
the production of these three different types of paper. 
The cost per ton and expected profit over the next two 
years is given in the table. 


Paper Grade xX Y Z 
Cost/ton €10 €12 €7 
Profit/ton €30 €40 €20 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 


b. Mathematically formulate a linear optimization 
model. 


. Bangs Leisure Chairs produces three types of hand- 
crafted outdoor chairs that are popular for beach, 
pool, and patios: sling chairs, Adirondack chairs, 
and hammocks. The unit profit for these products 
is $40, $100, and $90, respectively. Each type of 
chair requires cutting, assembling, and finishing. 
The owner is retired and is willing to work six hours/ 
day for five days/week, so has 120 hours available 
each month. He does not want to spend more than 
50 hours each month on any one activity (that is, 
cutting, assembling, and finishing). The retailer he 
works with is certain that all products he makes can 
easily be sold. Sling chairs are made up of ten wood 
pieces for the frame and one piece of cloth. The 
actual cutting of the wood takes 30 minutes. Assem- 
bling includes sewing of the fabric and the attach- 
ment of rivets, screws, fabric, and dowel rods, and 
takes 45 minutes. The finishing stage involves sand- 
ing, staining, and varnishing of the various parts and 
takes one hour. Adirondack chairs take two hours 
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for both the cutting and assembling phases, and fin- 
ishing takes one hour. For hammocks, cutting takes 
0.4 hour; assembly takes three hours; and finishing 
also takes one hour. How many of each type of chair 
should he produce each month to maximize profit? 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 


b. Mathematically formulate a linear optimization 
model. 


- FlowerAurora, a florist and gifts shop, prepares three 


types of flower bouquets to sell on the convocation 
day at a local university. The bouquets are made from 
four types of flowers: Gypsophila, gerberas, roses, 
and tulips. The number of stalks of each type of 
flower required, along with the profit model for each 
bouquet, is listed in the table below: 


Types of Flower Stalks 
Flower T1 T2 T3 Available 
Rose 3 2 5 540 
Gerbera 2 4 0 320 
Gypsophila 2 1 2 106 
Tulip 4 3 4 273 
Profit per $20 $58 $39 


flower bouquet 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 


b. Mathematically formulate a linear optimization 
model. [Note: Answers may be in integers or 
decimals. | 


10. Malloy Milling grinds calcined alumina to a standard 


granular size. The mill produces two different size 
products from the same raw material. Regular grind 
can be produced at a rate of 10,000 pounds per hour 
and has a demand of 400 tons per week with a price 
per ton of $900. Super grind can be produced at a rate 
of 6,000 pounds per hour and has demand of 200 tons 
per week with a price of $1,900 per ton. A minimum 
of 700 tons has to be ground every week to make 
room in the raw material storage bins for previously 
purchased incoming raw material by rail. The mill 
operates 24/7 for a total of 168 hours/week. 


a. Identify the decision variables, objective func- 
tion, and constraints in simple verbal statements. 

b. Mathematically formulate a linear optimization 
model. 


540 
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Solving Linear Optimization Models 


as 


et 


13. 


14. 


SAB; 


Implement the linear optimization model that you devel- 
oped for Valencia Products in Problem 4 on a spreadsheet 
and use Solver to find an optimal solution. Interpret the 
Solver Answer Report, identify the binding constraints, 
and verify the values of the slack variabies by substitut- 
ing the optimal solution into the model constraints. 


Implement the linear optimization model that you devel- 
oped for ColPal Products in Problem 5 on a spreadsheet 
and use Solver to find an optimal solution. Interpret the 
Solver Answer Report, identify the binding constraints, 
and verify the values of the slack variables by substitut- 
ing the optimal solution into the model constraints. 


Implement the linear optimization model that you 
developed for Burger Office Equipment in Problem 
6 on a spreadsheet and use Solver to find an optimal 
solution. Interpret the Solver Answer Report, identify 
the binding constraints, and verify the values of the 
slack variables by substituting the optimal solution 
into the model constraints. 


Dion’s Décor shop has three bestseller products. 
Dion has a budget of $2,500 to purchase these prod- 
ucts from an outstation wholesale warehouse. The 
cost and the profits made from the sale of each of 
these products are given in the table. 


Product A B Cc 
$56 $35 $98 
$28 $19 $42 


Purchase price 
Profit 


Use Solver to find an optimal solution. Interpret the 
Solver Answer Report, identify the binding constraints, 
and verify the values of the slack variables by substi- 
tuting the optimal solution in the model constraints. 


Implement the linear optimization model that you 
developed for Bangs Leisure Chairs in Problem 8 on a 
spreadsheet and use Solver to find an optimal solution. 


a. Interpret the Solver Answer Report, identify the 
binding constraints, and verify the values of the 
slack variables by substituting the optimal solu- 
tion into the model constraints. 


b. Suppose that Mr. Bangs wants to limit the number 
of Adirondack chairs to at most 20. Modify and 
re-solve your model to determine the new solution. 


c. Suppose that Mr. Bangs does not want to spend 
more than 40 hours each month on any one activ- 
ity. Modify and re-solve your original model to 
determine the new solution. 


“16: 


“17. 


Implement the linear optimization model that you 
developed for the Flower Aurora shop in Problem 9 
on a spreadsheet and use Solver to find an optimal 
solution. Interpret the Solver Answer Report and 
identify the binding constraints. [Note: Answers may 
be in integers or decimals. ] 


A farmer plans to plant both corn and carrot on a 
100-hectare land. To meet his requirements, he must 
plant at least 20 hectares with corn and 35 hectares with 
carrot. In order to maximize his profit, he wants to plant 
more corn than carrot; however, with the limitation of 
plantation workers, he can only plant corn three times 
the quantity of carrot. From previous year’s sales record, 
the profit he would earn on the sale of corn and car- 
rot this year is $900/ha and $450/ha, respectively. Use 
Solver to find an optimal solution. Interpret the Solver 
Answer Report and identify the binding constraints. 


How Solver Works 


18. 


19. 


20. 


21. 


For the Valencia Products model in Problem 4, graph 
the constraints and identify the feasible region. Then 
identify each of the corner points and show how 
increasing the objective function value identifies the 
optimal solution. 


For the ColPal model in Problem 5, graph the con- 
straints and identify the feasible region. Then identify 
each of the corner points and show how increasing the 
objective function value identifies the optimal solution. 


For the Burger Office Equipment model in Prob- 
lem 6, graph the constraints and identify the feasible 
region. Then identify each of the corner points and 
show how increasing the objective function value 
identifies the optimal solution. 


Solver Outcomes and Solution Messages 


For Valencia Products in Problem 4, modify the data 
in the model to create a problem with each of the 
following. 


a. alternative optimal solutions 
b. an unbounded solution 


c. infeasibility 


- For ColPal Products in Problem 5, modify the data in the 


model to create a problem with each of the following. 
a. alternative optimal solutions 
b. an unbounded solution 


c. infeasibility 


23. For the investment situation in Problem 14, apply the 
same logic as we did for the Crebo Manufacturing 
model in the text to find the optimal solution. Com- 
pare your answer with the Solver solution. 


Applications of Linear Optimization 


24. Rosenberg Land Development (RLD) is a developer 
of condominium properties in the Southwest United 
States. RLD has recently acquired a 40.625-acre site 
outside Phoenix, Arizona. Zoning restrictions allow 
at most eight units per acre. Three types of condo- 
miniums are planned: one-, two-, and three-bedroom 
units. The average construction costs for each type of 
unit are $450,000, $600,000, and $750,000, respec- 
tively. These units will generate a net profit of 10%. 
The company has equity and loans totaling $180 mil- 
lion dollars for this project. From prior development 
projects, senior managers have determined that there 
must be a minimum of 15% one-bedroom units, 25% 
two-bedroom units, and 25% three-bedroom units. 


a. Develop a mathematical model to determine how 
many of each type of unit the developer should build. 


b. Implement your model on a spreadsheet and find 
an optimal solution. 


25. Most cake recipes have the basic ingredients of eggs, 
oil, flour, and milk. Susan just baked a cake, using 
85% of the eggs, 73% of the oil, 78% of the flour, 
and 92% of the milk that she bought, by following 
the instructions from a recipe book that stated these 
restrictions: 


m The proportion of milk can be no more than 20%. 

m The proportion of eggs must be at least twice as 
much as the flour. 

mw The proportion of oil must be at least 0.25 times 
as much as the flour. 

m The proportion of each ingredient must be at 
least 10%. 

m The proportion of flour must be at least 15%. 

m The proportions must sum to 1.0 and be 
nonnegative. 

a. Develop a mathematical model that will yield a 
valid set of proportions to maximize the usage of 
the ingredients bought by Susan. 


b. Implement your model on a spreadsheet and find 
an optimal solution using Solver. 


*26. Ascent Constructions builds four different types of 
residential spaces: flats, condominiums, single-story 
houses, and double-story houses. Each type requires 
basic development in five different units: 
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Single- Double- Days 
Flat Condo story _ story Available 
Plumbing 3 5 8 15 60 
Electrical 8 10 ube: 24 90 
Partition 34 40 60 120 520 
Painting 14 20 25 39 190 
Installation 5 14 29 42 70 


Cost (in$000) 160 380 550 760 


a. How many of each type of residential space 
should be developed to minimize cost? 


b. If marketing requires that at least 20 units of each 
be developed, what is the optimal development 
plan and cost? Before you solve this, how would 
you expect the cost to compare with your answer 
to part a? 

c. What happens if marketing requires that at least 
30 units of each type be developed? 


27. Sweet Tea markets three blends of tea: English break- 
fast, jasmine, and genmaicha. The firm uses tea 
leaves from its sources in India, China, and Japan. 


Tea Leaves (Percent) 


Quality Indian Chinese Japanese 
English Breakfast 40 20 40 
Jasmine 30 50 20 
Genmaicha 40 40 20 


Net profit per pound for each blend is: $0.60 for Eng- 
lish breakfast, $0.30 for jasmine tea, and $0.40 for 
genmaicha. The firm’s regular weekly supplies are 
18,000 pounds of Indian tea leaves, 21,000 pounds of 
Chinese tea leaves, and 16,000 pounds of Japanese tea 
leaves. Develop and solve a linear optimization model 
to determine the optimal mix to maximize profit. 


28. Young Energy operates a power plant that includes 
a coal-fired boiler to produce steam to drive a gen- 
erator. The company can purchase different types of 
coals and blend them to meet the requirements for 
burning in the boiler. The following table shows the 
characteristics of the different types of coals: 


Type BTU/Ib %Ash %Moisture Cost ($/Ib) 
A 11,500 13% 10% $2.49 
B 11,800 10% 8% $3.04 
Cc 12,200 12% 8% $2.99 
D 12,100 12% 8% $2.61 
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The BTU/pound must be at least 11,900. In addition, 
the ash content can be at most 12.2% and the mois- 
ture content at most 9.4%. Develop and solve a lin- 
ear optimization model to find the best coal blend for 
Young Energy. 


Holcomb Candles, Inc., manufactures decorative 
candles and has contracted with a national retailer 
to supply a set of special holiday candles to its 8,500 
stores. These include large jars, small jars, large pil- 
lars, small pillars, and a package of four votive can- 
dles. In negotiating the contract for the display, the 
manufacturer and retailer agreed that 8 feet would 
be designated for the display in each store, but that 
at least 2 feet would be dedicated to large jars and 
large pillars together, and at least 1 foot to the votive 
candle packages. At least as many jars as pillars 
must be provided. The manufacturer has obtained 
200,000 pounds of wax, 250,000 feet of wick, and 
100,000 ounces of holiday fragrance. The amount of 
materials and display size required for each prod- 
uct are shown in the table below. How many of each 
product should be made to maximize the profit? 


Large Small Large Small Votive 
Jar Jar Pillar Pillar Pack 

Wax 0.5 0.25 0.5 0.25 0.3125 
Fragrance 0.24 0.12 0.24 0.12 0.15 
Wick 0.43 0.22 0.58 0.33 0.8 
Display 0.48 0.24 0.23 0.23 0.26 
feet 
Profit/unit $0.25 $0.20 $0.24 $0.21 $0.16 
30. The Social Health Group is a nonprofit organiza- 


tion that conducts health talks for the local public. 
The organization conducts these talks at two different 
venues: Iron Age Hall and Virtual Town Amphithe- 
atre. For the upcoming year, seven talks will be held. 


Risk (% of € 


Department Investment/sf invested) 
Electronics €100 24 
Furniture €50 12 
Men’s Clothing €30 5 
Women’s Apparel €600 10 
Jewelry €900 14 
Books €50 2 
Appliances €400 3 


31. 


The question that the organization faces is how many 
times in total should each of these seven talks be 
scheduled. A financial analysis has estimated reve- 
nues for each time a talk is held, and the organization 
has set the minimum number of times each talk is to 
be conducted based on a survey on the current health 
issues and needs of the local community. These data 
are shown in the table below. 


Minimum Num- 
ber of Times 


Talk Revenue Cost Held 
1 $1,198 $98 35 
2 $1,627 $169 18 
3 $986 $79 27 
4 $2,005 $195 31 
) $1,592 $180 29 
6 $2,207 $455 89 
a $792 $382 25 


The Iron Age Hall is available for 172 talks during the 
year, whereas the Virtual Town Amphitheatre is avail- 
able for 108 talks. Due to the available space of the 
venues, Talk No. 2 and No. 5 must be held at the Iron 
Age Hall and the other talks can be held at either venue. 
The organization wants to achieve revenues of at least 
$130,000 while minimizing its production costs. 


a. Develop and solve a linear optimization model to 
determine the best way to schedule the talks. 


b. Is it possible to achieve revenues of $500,000? 


Boris’ department store chain is planning to open 
a new store. It needs to decide how to allocate the 
100,000 square feet of available floor space among 
seven departments. Data on expected performance of 
each department per month, in terms of square feet 
(sf), are shown below. 


Expected 
Minimum sf Maximum sf Profit/sf 
6,000 30,000 12 

12,000 30,000 €7 
2,000 5,000 €2 
2,000 40,000 €31 
1,000 11,000 €21 
1,000 7,000 €2 
12,000 40,000 €14 


*32. 


*33. 


The company has gathered €20 million to invest in 
floor stock. The risk column is a measure of risk 
associated with investment in floor stock based on 
past data from other stores and accounts for out- 
dated inventory, pilferage, breakage, and so on. For 
instance, electronics loses 24% of its total invest- 
ment, furniture loses 12% of its total investment, and 
so on. The amount of risk should be no more than 
10% of the total investment. 


a. Develop a linear optimization model to maximize 
profit. 

b. If the chain obtains another $1 million of invest- 
ment capital for stock, what would the new solu- 
tion be? 


A recent MBA graduate, Dara, has gained control 
over custodial accounts that her parents had estab- 
lished for her. Currently, her money is invested in 
four funds, but she has identified several other funds 
as options for investment as shown in the table, Data 


for Problem 32. She has $100,000 to invest with the 


following restrictions: 


B Keep at least $5,000 in savings. 

@ Invest at least 14% in the money market fund. 

m@ Invest at least 16% in international funds. 

@ Keep 35% of funds in current holdings. 

@ Do not allocate more than 20% of funds to any 
one investment except for the money market and 
savings account. 

@ Allocate at least 30% into new investments. 


Develop a linear optimization model to maximize the 
net return. 


DwiFurni, a furniture store, is conducting a sale at 
a local market. The store outsources its furniture 
production and has a budget of $30,000 for procure- 
ments costs. The table Data for Problem 33 shows 
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Data for Problem 32 
Average 
Return Expenses 
1. Large cap blend 17.2% 0.93% (current 
holding) 
2. Small cap growth 20.4% 0.56% (current 
holding) 
3. Green fund 26.3% 0.70% (current 
holding) 
4. Growth and 15.6% 0.92% (current 
income holding) 
5. Multicap growth 19.8% 0.92% 
6. Midcap index 22.1% 0.22% 
7. Multicap core 27.9% 0.98% 
8. Small cap 35.0% 0.54% 
international 
9. Emerging 36.1% 1.17% 
international 
10. Money market fund 4.75% 0 
11. Savings account 1.0% 0 


the top four furniture items selling at the store with 
the amount of raw materials used in one round of 
production and the costs incurred on each item. 


DwiFurni has ordered 5 TV cabinets, 8 dining table 
sets, 13 beds, and 25 cupboards for the upcom- 
ing sales season. The TV cabinets can be sold for a 
profit of $1,550, dining table sets for $1,395, beds for 
$1,450, and cupboards for $1,680. The store antici- 
pates that at least 250 units of its top selling range 
of furniture will be sold, in which at least 10 units 
of cupboards and 5 units of other furniture would be 
included. In addition, no more than 20 units of TV 
cabinets would be ordered by the store. How can the 
store best use its budget and make the largest amount 
of money? 


Data for Problem 33 

Raw Material Dining Price/ 
(in meters) TV Cabinet Table Set Bed Cupboard Meter 
Hardwood 10.47 18.5 93.5 100.45 $2.39 
Softwood 15.36 0 0 31.89 $0.86 
Man-made Wood 0 22.78 11.94 Vig $1.50 
Stainless Steel 0 55.45 0) 0 $8.00 
Plastic 0.53 0 0 10.34 $0.97 
Fabric 0 0 34.65 0 $1.53 
Glass 23.82 36.59 0 59.53 $9.67 
Steel 52.31 12.54 86.32 203.42 $3.36 
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*34. Example 13.17 described the Little Investment 
Advisors problem and illustrated scaling issues. In 
answering the following questions, be sure to scale 
the model appropriately. 

a. How would the results in Figure 13.26 change if 
there is a limit of $100,000 in each fund? 


b. What if, in addition to the limitation in part a, the 
client wants to invest at least $50,000 in the Fed- 
erated High Income Bond fund? 


c. What would be the optimal investment strategy 
if the client wants to minimize risk and achieve 
a return of at least 6% (with no additional limita- 
tions or requirements)? 

d. How would your results to part c change if there 
is a limit of $100,000 in each fund? 


e. What if, in addition to the limitation in part d, 
the client wants to invest at least $50,000 in the 
Federated High Income Bond fund? 


*35. StraitCarrier and SunShipping are two logistics com- 
panies based in Malaysia. Both companies offer ship- 
ment services to four different neighboring countries, 
and the cost of shipping one container from Malaysia 
to the respective countries is given in the following 
table (in Malaysian ringgit). 


Cost/ 

Country Singapore Thailand Philippines Vietnam 
StraitCarrier RM50 RM109 RM180 RM110 
SunShipping RM55 RM95 RM150 RM130 


StraitCarrier has a capacity of 3,000 containers per 
month, and SunShipping can ship 2,800 containers 
per month. The number of shipment requirements of 
each of the countries for next month are as follows: 


Singapore: 350 containers 
Thailand: 150 containers 
Philippines: 210 containers 
Vietnam: 80 containers 


Find the minimum-cost shipping plan. 


*36. Liquid Gold, Inc., transports radioactive waste 
from nuclear power plants to disposal sites around 
the country. Each plant has an amount of material 
that must be moved each period. Each site has a 
limited capacity per period. The cost of transport- 
ing between sites is given in the accompanying 
table (some combinations of plants and storage 
sites are not to be used, and no figure is given). 
Develop and solve a transportation model for this 
problem. 


Cost to Site 
Plant Material S1 $2 $3 
P1 20,876 $105 
P2 50,870 $86 $58 $41 — 
P3 38,652 $93 $46 $65 $38 
P4 28,951 $116 $27 
P5 87,423 $88 $56 $82 $89 
P6 76,190 $111 $36 $72 — 
58,237 


S4 | Site Capacity 
$1. 285,922 
S2 308,578 
$3. 111,955 
S4 208,555 


*37. Shafer Supplies has four distribution centers, located 
in Atlanta, Lexington, Milwaukee, and Salt Lake 
City, and ships to 12 retail stores, located in Seattle, 
San Francisco, Las Vegas, Tucson, Denver, Charlotte, 
Minneapolis, Fayetteville, Birmingham, Orlando, 
Cleveland, and Philadelphia. The company wants to 
minimize the transportation costs of shipping one of 
its higher-volume products, boxes of standard copy 
paper. The per-unit shipping cost from each distribu- 
tion center to each retail location and the amounts 
currently in inventory and ordered at each retail loca- 
tion are shown in the table below. 

Develop and solve an optimization model to 
minimize the total transportation cost and answer the 
following questions. 


a. What is the minimum cost of shipping? 


b. Which distribution centers will operate at capac- 
ity in this solution? 


hv SSSSSSSSSSSSSSSSSSSSSSSsssssee 


Shafer 

Supplies Seattle San Francisco Las Vegas 
Atlanta $2.15 $2.10 $1.75 
Lexington $1.95 $2.00 $1.70 
Milwaukee $1.70 $1.85 $1.50 
Salt Lake City $0.60 $0.55 $0.35 
Demand 5,000 16,000 4,200 


Tuscon Denver Charlotte Minneapolis 
$1.50 $1.20 $0.65 $0.90 
$1.53 $1.10 $0.55 $0.60 
$1.41 $0.95 $0.40 $0.40 
$0.60 $0.40 $0.95 $1.00 
3,700 4,500 7,500 3,000 


(Continued) 
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Shafer 
Supplies Fayetteville Birmingham Orlando Cleveland Philadelphia Supply 
Atlanta $0.80 $0.35 $0.15 $0.60 $0.50 40,000 
Lexington $1.05 $0.60 $0.50 $0.25 $0.30 35,000 
Milwaukee $0.95 $0.70 $0.70 $0.35 $0.40 15,000 
Salt Lake City $1.10 $1.35 $1.60 $1.60 $1.70 16,000 
Demand 9,000 3,300 12,000 9,500 16,000 
*38. Roberto’s Honey Farm in Chile makes five types of Harvesting and production costs (in Chilean pesos) 
honey: cream, filtered, pasteurized, mélange (a mix- for each product per kilogram are as follows: 
ture of several types), and strained, which are sold Cream: 322 


in 1-kilogram and 0.5-kilogram glass containers, Bei 
1-kilogram and 0.75-kilogram plastic containers, and Sper . 

in bulk. Key data are shown in the following tables. Pasteurized: 320 
Mélange: 300 
Strained: 287 


Selling Prices (Chilean pesos) 
0.75-kg 1-kg 0.5-kg 1-kg  Bulk/ 


Plastic Plastic Glass Glass kg Develop a linear optimization model to maximize 
“Crean F44 8800 760 990" 616 profit if a total of 10,000 kilograms of honey are 
available. 
Filtered 635 744 678 840 521 
Pasteurized 696 821 711 930 575 39. Box Tile Company makes ceramic and porcelain tile 


for residential and commercial use. They produce 


Melange ee at, S88 ___ BBO _—_ 551 three different grades of tile (for walls, residential 
Strained 683804697910 563 flooring, and commercial flooring), each of which 
requires different amounts of materials and produc- 
Minimum Demand tion time and generates different contributions to 
0.75-kg 1-kg 0.5-kg 1-kg profit. The following information shows the percent- 
Plastic Plastic Glass Glass age of materials needed for each grade and the profit 
Cream 300 250 350 200 per square foot. 
Filtered 250 = 300 180 Grade! Grade ll — Grade Ill 
Pasteurized 230 230 “ah ieee Profit/sq. foot $3.00 $4.50 $6.00 
Mélange 350 300 250 350 Clay 50% 30% 25% 
Strained 360 350 250 380 Siliaa 5% 15% 10% 
aaa D d Sand 20% 15% 15% 
man 
i osnae Feldspar 25% 40% 50% 
0.75-kg = 1-kg 0.5-kg 1-kg SS 
Plastic Plastic Glass Glass Each week, Box Tile receives raw material ship- 
Cream 550 350 470 310 ments, and the operations manager must schedule 
Filtered 400 380 440 300 the plant to efficiently use the materials to maxi- 
: 390 490 400 mize profitability. Currently, inventory consists of 
Rasteunzed ii 6,500 pounds of clay, 3,000 pounds of silica, 5,500 
Mélange 530 410 390 430 pounds of sand, and 8,000 pounds of feldspar. 
Strained 480 420 380 500 Because demand varies for the different grades, 
— SS marketing estimates that the company should pro- 
___Package Costs (Chilean pesos) duce at most 8,000 square feet of grade III tiles and 
0.75-kg 1-kg 0.5-kg  1-kg that it requires at least 2,000 square feet of grade I 
Plastic Plastic Glass Glass tiles. Each square foot of tile weighs approximately 


91 112 276 351 2 pounds. Develop and solve a linear optimization 
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model to determine how many of each grade of tile 
the company should make next week to maximize 
profit contribution. 


The Hansel Corporation, located in Bangalore, India, 
makes plastics materials that are mixed with vari- 
ous additives and reinforcing materials before being 
melted, extruded, and cut into small pellets for sale 
to other manufacturers. Four grades of plastic are 
made, each of which might include up to four differ- 
ent additives. The following table shows the number 
of pounds of additive per pound of each grade of final 
product, the weekly availability of the additives, and 
cost and profitability information. 


Grade Grade Grade Grade 
1 2 3 4 Availability 
AdditiveA 0.40 0.37 0.34 0.90 100,000 
AdditiveB 0.30 0.33 0.33 90,000 
AdditiveC 0.20 0.25 0.33 40,000 
AdditiveD 0.10 0.05 0.10 10,000 
Profit/Ib $2.00 $1.70 $1.50 $2.80 
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Because of marketing considerations, the total 
amount of grades | and 2 should not exceed 75% 
of the total of all grades produced, and at least 40% 
of the total product mix should be grade 4. How 
much of each grade should be produced to miaxi- 
mize profit? Develop and solve a linear optimiza- 
tion model. 


Mirza Manufacturing makes four electronic products, 
each of which comprises three main materials: mag- 
net, wire, and casing. The products are shipped to 
three distribution centers in North America, Europe, 
and Asia. Marketing has specified that no location 
should receive more than the maximum demand and 
that each location should receive at least the mini- 
mum demand. The material costs per unit are mag- 
net—$0.59, wire—$0.29, and casing—$0.31. The 
following table shows the number of units of each 
material required in each unit of end product and the 
production cost per unit. 


Production 
Product Cost/Unit Magnet Wire Casing 
A $0.25 4 2 2 
B $0.35 3 1 3 
Cc $0.15 2 2 1 
D $0.10 8 3 2 
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Additional information is provided next. 


Min Demand 


Product NA EU Asia 
A 850 900 100 
B 700 200 500 
Cc 1,100 800 600 
D 1,500 3,500 2,000 
Max Demand 
Product NA EU Asia 
A 2,550 2,700 300 
B 2,100 600 1,500 
C 3,300 2,400 1,800 
D 4,500 10,500 6,000 7 
Packaging and Shipping Cost/Unit 
Product NA EU Asia 
A $0.20 $0.25 $0.35 
B $0.18 $0.22 $0.30 
Cc $0.18 $0.22 $0.30 
D $0.17 $0.20 $0.25 
Unit Sales Revenue 
Product NA EU Asia 
A $4.00 $4.50 $4.55 
B $3.70 $3.90 $3.95 
Cc $2.70 $2.90 $2.40 
D $6.80 $6.50 $6.90 


Available Raw Material 


Magnet 120,000 
Wire 50,000 
Casing 40,000 


Develop and solve an appropriate linear optimization 
model to maximize net profit. 


FujiFarm produces four types of vegetables with vari- 
able costs of $2.80, $3.54, $1.07, and $2.23 per acre. 
Due to an increment in the cost of fertilizers, the vari- 
able cost of each of the vegetables will increase by 3% 
at the beginning of next month. Demand forecasts for 
each vegetable are shown in the following table. There 
is a 50-acre land assigned for each vegetable that is 
ready to be harvested, and the farm wants to main- 
tain a harvest amount equivalent to 50-acres of land of 


each product to be harvested at the end of each month. 
All four vegetables share a common farming and har- 
vest process in which the farm workers work for six 
hours each per day, seven days per week. Farming 
process time requirements are 1.5 hours/acre of Veg- 
etable 1, 0.97 hours/acre of Vegetable 2, 1.45 hours/ 
acre of Vegetable 3, and 1.72 hours/acre of Vegetable 
4. The per-acre cost of maintaining the amount of har- 
vest each month is estimated to be 5.5% of the cost of 
the vegetable. Develop an optimization model to meet 
demand and minimize the total cost. Assume 30 days 
per month. Implement your model on a spreadsheet 
and find an optimal solution with Solver. 


Vegetable Demand 


Vegetable Month 1 Month 2 
1 10 49 
2 5 TZ 
3 28 38 
4 39 45 


43. Reddy & Rao (R&R) is a small company in India that 
makes handmade, artistic chairs for commercial busi- 
nesses. The company makes four models. The time 
required to make each of the models and cost per 
chair is given below. 


Model Model Model Model 
A B Cc D 
Cost per Unit $900.00 $650.00 $500.00 $750.00 
Hours Required 40 22 12 34 
per Unit 


R&R employs four people. Each of them works 
eight-hour shifts, five days a week (assume four 
weeks/month). The demand for the next three months 
is estimated to be as follows: 


Demand 

(Units) Model A ModelB ModelC Model D 
Month 14 if 4 4 9 
Month 2 7 4 5 4 
Month 3 6 8 8 6 


R&R keeps at most two of each model in inventory 
each month but wants to have at least one of model 
D in inventory at all times. The current inventory of 
each model is two. The cost to hold these finished 
chairs is 10% of the production cost. Develop and 
solve an optimization model to determine the optimal 
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number of chairs to produce each month and the 
monthly inventories to minimize total cost and meet 
the expected demand. 


Joan Weasley receives a reward bonus semi-annually 
from her company: $3,000 on 1“ June and $3,500 on 1° 
December. She must pay $1,500 as an insurance install- 
ment for each of the January, April, July, and October 
quarters of the year. Payments are due on the first day 
of these months. To earn as much interest as possible, 
Joan wishes to invest the money. Three types of invest- 
ment bonds are available at her discretion: a 3-month 
bond, earning 2.49% at maturity; a 6-month bond, earn- 
ing 3.78% at maturity; and a 12-month bond, earning 
6.52% at maturity. Develop a linear optimization model 
to determine how she can best invest the money and 
meet her financial obligations. 


Jason Wright is a part-time business student who 
would like to optimize his financial decisions. Cur- 
rently, he has $16,000 in his savings account. Based 
on an analysis of his take-home pay, expected 
bonuses, and anticipated tax refund, he has estimated 
his income for each month over the next year. In addi- 
tion, he has estimated his monthly expenses, which 
vary because of scheduled payments for insurance, 
utilities, tuition and books, and so on. The following 
table summarizes his estimates: 


Month Income Expenses 
1. January $3,400 $3,360 
2. February $3,400 $2,900 
3. March $3,400 $6,600 
4. April $9,500 $2,750 
5. May $3,400 $2,800 
6. June $5,000 $6,800 
7. July $4,600 $3,200 
8. August $3,400 $3,600 
9. September $3,400 $6,550 

10. October $3,400 $2,800 

11. November $3,400 $2,900 

12. December $5,000 $6,650 


Jason has identified several short-term investment 
opportunities: 

@ athree-month CD yielding 0.60% at maturity 

a six-month CD yielding 1.42% at maturity 

an 11-month CD yielding 3.08% at maturity 

a savings account yielding 0.0375% per month 
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To ensure enough cash for emergencies, he would 
like to maintain at least $2,000 in the savings account. 
Jason’s objective is to maximize his cash balance at 
the end of the year. Develop a linear optimization 
model to find the best investment strategy. 


Pavlick Products supplies a key component for auto- 
mobile interiors to U.S. assembly plants. The compo- 
nents can be manufactured in China or Mexico. Unit 
cost in China is $333 and in Mexico, $350. However, 
shipping costs per 500 units are $10,000 from China 
and only $2,000 from Mexico; they are expected to 
increase 4% each month from China and 1% each 
month from Mexico. Each unit is sold to the automo- 
tive customer for $400. Contracts with the Chinese 
vendor require that a minimum of 2,500 units be pro- 
duced each month. Demand for the next 12 months is 
estimated to be as follows: 


Demand 
January 14,000 
February 16,000 
March 14,000 
April 14,000 
May 16,000 
June 10,500 
July 14,000 
August 20,000 
September 20,000 
October 16,000 
November 14,000 
December 10,500 


The Mexican plant is new and is gearing up produc- 
tion; its capacity will increase over the next year as 
follows: 


Mexican Plant 


Capacity 
January 0 
February 2,500 
March 5,000 
April 7,500 
May 10,000 
June 12,500 
July 15,000 
August 15,000 
September 15,000 
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Mexican Plant 


Capacity 
October 15,000 
November 15,000 
December 15,000 


How should the company source production to maxi- 
mize total profit? 


Michelle is a business student who plans to attend 
medical school. The average state university medical 
school costs around $35,000 per year, and that cost 
is escalating rapidly. Michelle created a spreadsheet 
model to calculate the total expenses for each year of 
medical school, including both education and living 
expenses. Her estimates are year 1: $57,067, year 2: 
$56,572, year 3: $67,846, and year 4: $55,662. She 
is considering three loan options: the Stafford loan, a 
6.8% loan with a cap of $47,167 that does not accrue 
interest during medical school; the Graduate Plus 
loan, a 7.9% loan with no cap that does accrue inter- 
est during medical school; and a private bank loan, a 
5.9% loan with a cap of $30,000, also with accruing 
interest during medical school. Assume that each loan 
will be paid over 25 years after graduation. Michelle 
currently has $39,500 saved from investments, family 
gifts, and work, and will receive an additional $4,500 
in gifts from her grandparents in years 2 through 4. 
Develop and solve an optimization model to deter- 
mine how much money to fund from each type of 
loan to minimize the amount of interest that will have 
to be paid on the loans. (Hint: Use the Excel func- 
tion CUMIPMT to find the total interest that will be 
paid over the life of a loan. For example, if a 30-year 
loan for $100,000 has an interest rate of 9%, then the 
formula = —CUMIPMT(9%, 30, 100,000, 1, 30, 0) 

will yield $192,009 cumulative interest paid between 
years | and 30. (Note that this function yields a nega- 
tive value, so include the minus sign.) 


. Suppose that David Samuel wants to invest in three 


company shares: APPL, FB, and IBM. He decides 
to do some market research before he invests his 
money in these shares. The following table provides 
information about the share units per transaction for 
each company share. David would like to consider 
the trading volume of investment to be at least 1,500 
share units per transaction. Trading volume, or vol- 
ume, is the number of shares or contracts that indi- 
cates the overall activity of a security or market for a 
given period. 


ee eee ee 


Per transaction 


Average Min. Max. 

Investment Share Share Share 

Cost Units Units Units 
APPL $184.66 100 10 500 
FB $195.17 108 20 850 
IBM $176.12 120 10 380 
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How many share units of each company share should 
David be investing in to minimize the investment 
cost of achieving his minimum trading volume per 
transaction? 


Starbucks coffee company uses three types of cup 
sizes for selling its bestseller drink Mocha Frappuc- 
cino: Tall, (8 ounces), Grande (12 ounces), Venti 
(16 ounces), which have unit profits of $0.60, $0.65, 
and $0.75, respectively. The projected monthly sales 
at one of its major outlets are as follows: 


Tall Grande Venti 
Minimum 5,876 3,396 9,548 
Maximum 18,529 9,787 21,462 


Each cup of Mocha Frappuccino consists of three 
main ingredients: espresso, milk, and coffee frap- 
puccino syrup. The available cost to produce each 
cup of this drink per outlet is as follows: 


Available 
Tall Grande Venti Cost 
Espresso $0.26 $0.30 $0.45 $15,000 
Milk $0.15 $0.20 $0.32 $9,000 
Coffee Frappuccino $0.08 $0.13 $0.26 $8,000 


Syrup 
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How many of each cup size of the Mocha Frappuccino 
drink should Starbucks produce to maximize profit? 


Fruity Juices, Inc., produces five different flavors of 
fruit juice: apple, cherry, pomegranate, orange, and 
pineapple. Each batch of product requires processing 
in three departments (blending, straining, and bot- 
tling). The relevant data (per 1,000-gallon batch) are 
shown in the table Data for Problem 50. Formulate 
and solve a linear program to find the amount of each 
product to produce. 


WoodFurni is a furniture manufacturer company that 
produces three main types of furniture: chairs, tables, 
and wardrobes. All three products require design and 
execution, and grinding and polishing before they can 
be shipped to customers. The following data provide 
the number of daily hours that each type of furniture 
require for both these processes, the profit, and the 
sales estimates. 


Chairs Tables Wardrobes 


Design and execution 0.23 0.54 1.48 
time (in hours) 

Grinding and polishing 1.85 2.12 2.53 
time (in hours) 

Profit/unit $156 $183 $211 
Minimum sales 53 27 19 
Maximum sales 154 94 66 


A total of 378 hours of design and execution time and 
262 hours of grinding and polishing time are available 
next month. Develop and solve a linear optimization 
model to determine how many units of each furniture 
the company should make next month to maximize 
profit contribution. 


Data for Problem 50 
Time Required in Minutes/Batch 
Apple Cherry Pomegranate Orange Pineapple Minutes Avail. 
Blend 23 22 18 19 19 5,000 
Strain 22 40 20 31 28 3,000 
Bottle 10 10 10 10 10 5,000 
Profit and Sales Potential 
Apple Cherry Pomegranate Orange Pineapple 

Profit ($/1,000 gal) $800 $320 $1,120 $1,440 $800 
Max Sales (000) 20 30 50 50 20 
Min Sales (000) 10 15 20 40 10 
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*52. MK Manufacturing produces compressor and tur- 
bine blades for jet engines. The blades are manufac- 
tured from an alloy that is a mix of aluminum and 
titanium. Sheaths are part of the assembly that keep 
the compressor blades lightweight and are made from 
steel. In addition to fabrication, the parts must be put 
through an acid bath to show any deformities during 
quality inspection. Compressor blades use 8 |b of alu- 
minum, 2 lb of titanium, and 15 lb of acid and have 
a profit contribution of $3,000. Sheaths require 3 Ib 
of steel and 5 lb of acid and yield $1,500 in profit. 
Finally, the turbine blades require 6 lb of aluminum, 
1.5 lb of titanium, and 10 Ib of acid and yield a profit 


of $2,000. Warehouse storage is limited, and it can 
handle a maximum of 14,000 Ib of aluminum, 7,000 
lb of titanium, 6,000 Ib of steel, and 25,000 Ib of acid. 
In the next planning period, orders call for 1,500 
compressor blades, 1,500 sheaths, and 2,000 turbine 
blades; thus, at least this many of each must be pro- 
duced. Note that compressor blades and sheaths are 
used together, and the company must produce an 
equal number of these parts. Formulate and solve a 
linear optimization model. You will discover that the 
solution is infeasible. Determine what must be done 
in order to obtain a feasible solution. 


ets CASE: PERFORMANCE LAWN EQUIPMENT 


Elizabeth Burke wants to develop a model to more effec- 
tively plan production for the next year. Currently, PLE 
has a planned capacity of producing 9,100 mowers each 
month, which is approximately the average monthly 
demand over the previous year. However, looking at the 
unit sales figures for the previous year, she observed that 
the demand for mowers has a seasonal fluctuation, so with 
this “level” production strategy, there is overproduction in 
some months, resulting in excess inventory buildup, and 
underproduction in others, which may result in lost sales 
during peak demand periods. 

Ms. Burke explained that she could change the pro- 
duction rate by using planned overtime or undertime (pro- 
ducing more or less than the average monthly demand), 
but this incurs additional costs, although it may offset the 
cost of lost sales or of maintaining excess inventory. Con- 
sequently, she believes that the company can save a signif- 
icant amount of money by optimizing the production plan. 

Ms. Burke saw a presentation at a conference about a 
similar model that another company used but didn’t fully 
understand the approach. The PowerPoint notes didn’t 
have all the details, but they did explain the variables and 
the types of constraints used in the model. She thought 
they would be helpful to you in implementing an optimiza- 
tion model. Here are the highlights from the presentation: 

Variables: 


X, = planned production in period t 

I, = inventory held at the end of period ¢ 

L, = number of lost sales incurred in period t 
O, = amount of overtime scheduled in period f 

U, = amount of undertime scheduled in period ¢ 
R, = increase in production rate from period t — 1 
to period ¢ 


D, = decrease in production rate from period t — 1 
to period ¢ 


Material balance constraint: 
X, + L_,; — I, + L, = demand in month t 


Overtime/undertime constraint: 

O, — U, = X; — normal production capacity 

Production rate-change constraint: 

AG Repent Sas ge 

Ms. Burke also provided the following data 
and estimates for the next year: unit production 
cost = $70.00; inventory-holding cost = $1.40 per unit 
per month; lost sales cost = $200 per unit; overtime 
cost = $6.50 per unit; undertime cost = $3.00 per unit; 
and production-rate-change cost = $5.00 per unit, which 
applies to any increase or decrease in the production rate 
from the previous month. Initially, 900 units are expected 
to be in inventory at the beginning of January, and the pro- 
duction rate for the past December was 9,100 units. She 
believes that monthly demand will not change substan- 
tially from last year, so the mower unit sales figures for the 
last year in the Performance Lawn Equipment Database 
should be used for the monthly demand forecasts. 

Your task is to design a spreadsheet that provides 
detailed information on monthly production, inventory, 
lost sales, and the different cost categories and solve a 
linear optimization model for minimizing the total cost 
of meeting demand over the next year. Compare your 
solution with the level production strategy of producing 
9,100 units each month. Interpret the Sensitivity Report 
and conduct an appropriate study of how the solution will 
be affected by changing the assumption of the lost sales 
costs. Summarize all your results in a report to Ms. Burke. 
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After studying this chapter, you will be able to: 


: aw Recognize when to use integer variables in w Develop and solve nonlinear optimization models for 

| optimization models. different applications. 

i os Incorporate integer variables into So/ver models. a Interpret Solver reports for nonlinear optimization. 

= Develop integer optimization models for practical m Use empirical data and line-fitting techniques in 

applications such as workforce scheduling and nonlinear optimization. 

location. a Recognize a quadratic optimization model. 

__@ Find alternative optimal solutions to integer a Identify non-smooth optimization models and when to 
optimization models. use Evolutionary Solver. 

__m Formulate and solve optimization models with binary mw Formulate and solve sequencing and scheduling 

variables and logical constraints. models using Solver’s alldifferent constraint. 


= Recognize when to use nonlinear optimization models. 


pines 
sj 

§ 

& 


Oa ecasenprseracrseechatntene shane netsh sbbe AITCS RCI AR IRANI TIO ON EREAT IY ONDE SNL TESTE ORAL NMED LEAL I NM AS STALE TUL M RID 


552 


Chapter 14 


Integer and Nonlinear Optimization 


In the previous chapter, we saw that the variables in linear optimization models 
can assume any real value. For many practical applications, we need not be con- 
cerned with this assumption. For example, in deciding on the optimal number 
of cases of diapers to produce next month, we could use a linear model, since 
rounding a value like 5,621.63 would have little impact on the results. However, 
in a production-planning decision involving low-volume, high-cost items such as 
airplanes, an optimal value of 10.42 would make little sense, and a difference of 
one unit (rounded up or down) could have significant economic and production 
planning consequences. In this situation, we would need to ensure that the solu- 
tion is integer-valued. Similarly, linear functions may not be appropriate for mod- 
eling some objective functions or constraints, so we would need to use nonlinear 
functions to better reflect the problem. Building nonlinear optimization models 
requires more creativity and analytical expertise than linear or integer models. 

In this chapter, we discuss how to build and solve integer and nonlinear opti- 
mization models and illustrate applications in a variety of practical problems. 
These types of models provide a lot of flexibility to handle many more realistic 
and difficult situations than do simple linear optimization models. For example, 
airlines use integer optimization to schedule crews and airline flight segments, 
and investment firms use nonlinear optimization to create client portfolios. 
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a Integer Linear Optimization Models 


Integer linear optimization models are simply linear models with added constraints on 
variables to ensure that they are integer-valued (that is, whole numbers). Decision vari- 
ables that we force to be integers are called general integer variables. We may model any 
variable in an ordinary linear program to be a general integer variable simply by specifying 
it as an integer. For example, if in the Sklenka Ski Company (SSC) model (see Chapter 13) 
we wish to restrict the number of pairs of skis produced to be whole numbers, we would 
add the following constraints: 


Jordanelle = integer 
Deercrest = integer 


Many optimization models require binary variables, which are variables that are restricted 
to being either 0 or 1. Mathematically, a binary variable x is simply a general integer vari- 
able that is restricted to being between 0 and 1: 


0 = x = 1 and integer (14.1) 


However, we usually just write this as x = 0 or 1. Binary variables enable us to model 
logical decisions in optimization problems. For example, binary variables can be used 
to model decisions such as whether or not to place a facility at a certain location, whether 
or not to run a production line, or whether or not to invest in a certain stock. For example, 
we could set x = | if we place a facility at the location, and x = 0 if we don’t. Similarly, 
if we run the production line, we would set x = 1; if not, we would set x = 0. 
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Finally, any practical applications of optimization involve a combination of continu- 
ous variables, general integer variables, and/or binary variables. This provides the flexibil- 
ity to model many different types of complex decision problems. However, in this book we 
will keep things simple and not address these types of models. 


Models with General Integer Variables 


If we solve the linear optimization model without the integer restrictions (called the linear 
program [LP] relaxation) and the optimal solution happens to have all integer values, 
then it clearly would have solved the integer model. This is generally not the case, how- 
ever. The algorithm used to solve integer optimization models begins by solving the LP 
relaxation and proceeds to enforce the integer restrictions using a systematic search pro- 
cess that involves solving a series of modified linear optimization problems. You need not 
worry about understanding how this is accomplished, because Solver takes care of the 
algorithmic details. 

When using Solver, it is important to set a parameter called Integer Tolerance. This 
value specifies when the Solver algorithm will terminate. By default, Integer Tolerance is 
set to 0.05 within Solver. This means that Solver will stop if it finds an integer solution that 
is within 5% of the optimal solution. With this value, you may end up with a solution that 
is not the optimum, but is 95% of the way there. It does this for computational efficiency 
because many practical problems take a very long time to solve, even with today’s technol- 
ogy (hours or even days!). If an answer is needed quickly, a manager might be satisfied 
with a near-optimal solution that is guaranteed to be within a fixed percentage of the best. 
To find the guaranteed optimal integer solution, Integer Tolerance must be set to 0. To do 
this, click the Options button in the Solver Parameters dialog and ensure that the value of 
Integer Optimality (%) is 0. 


Sklenka Skis Revisited 


feasible values (dark blue dots) that satisfy all constraints as 
well as the integer restrictions. 

To enforce integer restrictions on variables using 
Solver, click the Add button to add a constraint. In the 
Add Constraint dialog, enter the variable range in the Cel/ 
Reference field and choose int from the drop-down box, 
as shown in Figure 14.2. We also need to ensure that we 
set the Integer Tolerance parameter to zero as discussed 
earlier. Figure 14.3 shows the resulting solution. Notice 
that the maximum value of the objective function for the 
model with integer restrictions is smaller than the linear 
optimization solution. This is expected because we have 
added an additional constraint (the integer restrictions). 


In Chapter 13, we developed a simple linear optimization 
model for finding the optimal product mix for a ski 
manufacturer. The model was 


Maximize Total Profit = 50 Jordanelle + 65 Deercrest 
3.5 Jordanelle + 4 Deercrest = 84 

1 Jordanelle + 1.5 Deercrest = 21 

Deercrest — 2 Jordanelle = 0 

Deercrest = 0 


Jordanelle = 0 


We saw that the optimal solution was to produce 5.25 pairs 
of Jordanelle skis and 10.5 pairs of Deercrest skis. Because 
the solution involves fractions, it would be beneficial to 

find the optimal solution for which the decision variables 
are integers. To do this, we simply add the constraints that 
Deercrest and Jordanelle must be integers to the model. 
Figure 14.1 shows the graphical illustration of the set of 


Whenever you add a constraint to a model, the value of the 
objective function can never improve and usually worsens. 
Figure 14.4 illustrates this graphically. As the profit line 
increases, the last feasible integer point through which 

it passes is (8, 12). Notice also that the optimal integer 
solution is not the same as the solution you would obtain 
from rounding the optimal solution to the LP relaxation. 
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a Figure 14.1 


Graphical Illustration of Feasible Integer Solutions for the Sklenka Ski Problem 


> Figure 14.2 


Defining General Integer 
Variables in Solver 


> Figure 14.3 


Optimal Integer Solution to 
the Sklenka Ski Problem 


4 | Cell Reference: 
$B$14:$C$14 


Data 

Product 
‘Department Jordanelle Deercrest Limitation (hours) 

| Fabrication 3.5 4 84), 
Finishing 1 1.5 21) 


Profit/unit $ 50.00 $ 65.00 


OMWNOnNhRWNH = i 


| 12 Model 
1 13 | Jordanelle Deercrest 

| 14 Quantity Produced [_—3_~—SSS=«*2|Hourrs Used 

| 15 Fabrication 10.5 48 58.5 
| 16 Finishing 3 18 21 
117 | 

| 18 | Excess Deercrest 

| 19 Market mixture 6 | 
| 20 | 

21 | Total Profit 
| 22 Profit Contribution $ 150.00 $ 780.00 
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Optimal integer 
solution 
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a Figure 14.4 


Graphical Illustration of Optimal Integer Solution 


If Sklenka Ski Company were a real company, they would be producing thousands of 
pairs of skis for the world market. As we noted, it probably would not make much differ- 
ence if they simply rounded the optimal solution to the linear optimization model. In other 
types of models, however, it is critical to enforce solution to the integer restrictions. For 
example, the paper industry needs to find the best mix of cutting patterns to meet demand 
for various sizes of paper rolls. In a similar fashion, sheet steel producers cut strips of dif- 
ferent sizes from rolled coils of thin steel. For these types of problems, fractional values 
for the decision variables make no sense at all. Finding the best solution for such prob- 
lems requires integer optimization. Here is one example. 


A Cutting-Stock Problem 


Suppose that a company makes standard 110-inch-wide Size of End Item 

rolls of thin sheet metal and slits them into smaller rolls SG Rea 

to meet customer orders for widths of 12, 15, and 30 Pattern 12in. —15in. —80in. Scrap 
inches. The demands for these widths vary from week 0 7 0 5 in. 
to week. 2 0 1 3 5 in. 
From a 110-inch roll, there are many different ways ce | 0 3 8 in. 
to slit 12-, 15-, and 30-inch pieces. A cutting pattern is a 4 9 0 0 9 in. 
configuration of the number of smaller rolls of each type P : : : Hees 
that are cut from the raw stock. Of course, we would want : 
6 7 1 0 11 in. 


to use as much of the roll as possible to avoid costly scrap. 
For example, we could cut seven 15-inch rolls, leaving 

a 5-inch piece of scrap, or cut three 30-inch rolls and 

one 12-inch roll, leaving 8 inches of scrap. Finding good 
cutting patterns for a large set of end products is, in itself, 
a challenging problem. Suppose that the company has 
proposed the following cutting patterns: 


Demands for the coming week are 500 12-inch rolls, 715 
15-inch rolls, and 630 30-inch rolls. The problem is to 
develop a model that will determine how many 110-inch 
rolls to cut into each of the six patterns to meet demand 
and minimize scrap. 


(continued) 
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Define X; to be the number of 110-inch rolls to cut of end-item rolls produced by each cutting pattern by the 
using cutting pattern /, for / = 1,..., 6. Note that x; number of 110-inch rolls cut using that pattern. Therefore, 
needs to be a whole number because each roll that is cut the constraints are 


generates a different number of end items. Thus, x; will 
be modeled using general integer variables. Because the 


OX, + OXp + 1X3 + 9X4 + 2X5 + 7Xg = 500 (12-inch rolls) 


objective is to minimize scrap, the objective function is 7X1 + 1X + OX3 + OX4+ 1X5 4+1Xp=715 (15-inch rolls) 
Min SXy + SXp + 8X3 + 2X4 + 11X5 + 11% OX; + 3Xp + 3X3 + OX4 + 2X5 + OX_ = 630 (30-inch rolls) 

The only constraints are that end-item demand must be Finally, we include nonnegativity and integer 

met; that is, we must produce at least 500 12-inch rolls, restrictions: 


715 15-inch rolls, and 630 30-inch rolls. The number of 
end-item rolls produced is found by multiplying the number 


X; = 0 and integer 


» Figure 14.5 


Spreadsheet Model and 
Optimal Solution for the 
Cutting-Stock Model 


Figure 14.5 shows the cutting-stock model implementation on a spreadsheet (Excel 
file Cutting-Stock Model) with the optimal solution. The constraint functions for the num- 
ber produced in cells B23:D23 and the objective function in cell B26 are SUMPRODUCT 
functions of the decision variables in B15:B20 and the data in rows 5 through 10. The 
Solver model is shown in Figure 14.6. 


Workforce-Scheduling Models 


Workforce scheduling is a practical yet highly complex problem that many businesses 
face. Many fast-food operations hire students who can work in only small chunks of time 
during the week, resulting in a huge number of possible schedules. In such operations, 
customer demand varies by day of week and time of day, further complicating the problem 
of assigning workers to time slots. Similar problems exist in scheduling nurses in hospitals, 
flight crews in airlines, and many other service operations. 


A 
Cutting Stock Model — 


Data 
Pattern 12-in rolls 15-in rolls 30-in rolls Scrap |) 


12-in rolls 15-in rolls 30-in rolls 
Number produced 504 721 630 


Total 


scrap|_ 8] 
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> Figure 14.6 


Solver Parameters 


Solver Model for Cutting- =o 
Stock Problem 


By Changing Variable Celis: 


SBSISS8$20 


Subject to the Constraints: 


(| Make Unconstrained Variables. Non Negative 


Select a Saving Simplex LP 
Methoct 


Solving Method 


Select the GRG Nonfinear engine for Solver Problems that are smooth nanlinear. Select the LP Simplex engine 
for finear Solver Problems, and select the Evolutionary engine for Soiver problems that are non-smooth. 


Brewer Services 


Brewer Services contracts with outsourcing partners to for each of the time slots in the table. Define X; to be the 


handle various customer-service functions. The customer- number of part-time employees who will work a four-hour 
service department is open Monday through Friday from 8 shift beginning at hour /, where i = 1 corresponds to an 
a.m. to 5 p.m. Calls vary over the course of a typical day. 8:00 a.m. start, / = 2 corresponds to a 9:00 a.m. start, and 
Based on a study of call volumes provided by one of the so on, with / = 6 corresponding to a 1:00 p.m. start as the 
firm’s partners, the minimum number of staff needed each last part-time shift. The objective is to minimize the total 
hour of the day are as follows: number of part-time employees: 

Hour Minimum Staff Required VR SAS eg viens Wa Nea 


For each hour, we need to ensure that the total number 


8-9 5 
12 of part-time employees who work that hour is at least as 
a10 large as the minimum requirements. For example, only 
10-11 15 workers starting at 8:00 a.m. will cover the 8:00-9:00 time 
11-Noon 2 slot; thus, 
Noon-1 11 Xe 
1-2 18 Workers starting at either 8:00 a.m. or 9:00 a.m. will cover 
2-3 7 the second time slot; therefore, 
3-4 19 X +X. =7 
4-5 14 
The remaining constraints are 
Mr. Brewer wants to hire some permanent employees Mae Ker 10 
and staff the remaining requirements using part-time Come ey 


employees who work four-hour shifts (four consecutive hours 
starting as early as 8 a.m. or as late as 1 p.m.). Suppose 


V 


Meee ee Oo 


that Mr. Brewer has five permanent employees. What is the Xe + Xq + Xp + Xe = 13 

minimum number of part-time employees he will need for each Mit XESS 12 

four-hour shift to ensure meeting the staffing requirements? wena 
Assuming that the five permanent employees work en 


the full day, the part-time coverage requirements can be 
calculated by subtracting 5 from the minimum staff required All the variables must also be integers. 
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Figures 14.7 and 14.8 show the spreadsheet with the optimal solution (Excel file 
Brewer Services) and Solver models for this example. The optimal solution is to hire 24 
part-time workers. 


> Figure 14.7 


Spreadsheet Model with i saree! Services ; =| 
j a i 
Optimal Solution for Brewer | 3 (Data earl 
Services i 4 : Permanent Employees 
HS 5 i 
} 6 Part Time Coverage | 
i 7 | Hour Minimum StaffRequired Minimum Requirements i 
i6 | 8-9 5 0 i 
ho! 9-40 12 7 4 
410 10-14 15 10 } 
: "1 | 41-noon 12 7 
} 12] noon-1 11 6 
#131 1-2 18 13 
Hsa| 2-3 17 12 
i 15} 3-4 19 14 
SERIE Enact, Foi: iota es SU eas 
3 17) ! 
i 18 Model | 
3! Total part-time 
i 20 | Shift Number of PT employees Hour employees Excess) 
24 | 1 7 8.9 7 Tae 
f 22; 2 0 9-10 7 0 
if 234 3 3 10-41. 10 0 
i} 24 | 4 ft) 11-noon 10 3 
| 25 | 5 5 noon-1 8 iY 
| 28 | 6 9 4-2 17 mF. 
i 27 Total 23 14 2 
28 3-4 14 0 
0 


ta Ae Gd: So tial anaes il ine he A Lepr ee abu eg RRO zi 


ES Ere eee 
1 |Brewer Services 


3 Data 

| 4) Permanent Employees 

HS 5 

i 6 | Part Time Coverage i 
| Z| Hour Minimum StaffRequired Minimum Requirements li 
3 | 8-95 =B8-$B$5 

Io 9-10 12 =B9-$B$5 

4 10: 10-41 15 =B10-$B$5 


411} 11-noon 12 =B11-$B$5 


iz noon-1 11 =B12-$B$5 - 
is! 4-2 18 =B13-$BS5 
B44 | 2-3 17 =B14-$B$5 
j 15 | 3-4 19 =B15-$B$5 
16 | 4-5 14 =B16-$B$5 5 
17 
48 Model ; 
19) | ‘ _ Total part-time | it 
{20 Shift Number of PT employees Hour employees Excess | 
21/1 Fi f 8-9 =B21 |=D21-C8 || 
ez |2 9-40 =SUM(B21:822) =D22.C9_} 
23/3 10-11 =SUM(B21:B23) =D23-C10 | 
hea |4 114-noon =SUM(B21:B24) =D24-C11 d 
25 |5 noon-1 =SUM(B22:B25) =D25-C12 
1265/6 4-2 =SUM(B23:826) =D26-C13 | 
4271 Total - 2-3 =SUM(B24:B26) =D27-C14 i 
28! ‘ 3-4 =SUM(B25:B26) =D28-C15 | 
j29| 


4-5 =B26 =D29-C16 |} 


2 a STE IRE TERE RCS 


> Figure 14.8 


Solver Model for Brewer 
Services 


EXAMPLE 14.4 


model with the constraint 


Chapter 14 


Solver Parameters 
ee 


Integer and Nonlinear Optimization 


Set Objective: $8$27| 


To: Max @) Min Value Of: 


By Changing Variable Cells; 
$B$21:$8$26 


Subject to the Constraints: 
|$B$21:$8$25 = integer 
$D$21:$D$29 >= $C$8:$C$16 


v Make Unconstrained Variables Non-Negative 


Select a Solving Simplex LP 
Method: , 


Solving Method 


| 
I hecoa 


Options 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth, 


Reset All 


Load/Save 


| 
J 


] 


An easy way to find an alternative optimal solution that 
reduces the number of excess employees at 8:00 a.m. is to 
define a constraint setting the objective function equal to 
its optimal value and then changing the objective function 
in the model to minimize the number of excess employees 
during the first hour. Figure 14.9 shows the modified So/ver 


Xi + Xo + Xz + Xq + X5 + Xe = 24 


and the new objective function to minimize the excess 
number of employees at 8:00 a.m., the value in cell E21. 
The solution is shown in Figure 14.10. In a “whack-a-mole” 


Alternative Optimal Solutions 


Finding Alternative Optimal Solutions for Brewer Services Model 


559 


In looking at the solution, a manager might not be satisfied with the distribution of work- 
ers, particularly the fact that there are seven excess employees during the first hour. In most 
scheduling problems, many alternative optimal solutions usually exist. A little creativity in 
using the optimization model can help identify these. 


fashion, we now have nine excess employees during the noon 
hour, a solution which isn’t any better than the original one. 

A better approach would be to define additional 
constraints to restrict the excess number of employees 
in the range E21:E29 to be less than or equal to some 
maximum number k and then attempt to minimize the 


original objective function. This So/ver model is shown in 
Figure 14.11. If we do this, we find that the smallest value 
of k that results in a feasible solution is k = 3. The result is 


employees. 


shown in Figure 14.12. We have achieved a better balance 
while still maintaining the minimum number of part-time 
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> Figure 14.9 


Modified Solver Model to 
Identify an Alternate Optimal 
Solution 


> Figure 14.10 


Alternative Optimal Solution 
to Brewer Services Problem 


» Figure 14.11 


Solver Model with 
Constraints on Excess 
Employees 


O Max 


Ss Quumea vaae ee 


(SBS21SES2E 


Subject to the Constraints: 


SBS21-SBS826 = integer 
SBS27 = 24 
SDS21:5DS29 >= SCSB:SCSIE 


M1 Make Unconstrained Variables Hon-Negative 


| PLES eee) ome maemo) 1 6.2 Ty oe nt 
Select sSolving = Simplex LP i i i 
Method: So ey a ea a J Aes iSaees estes 


Soting Method 
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP 
Solver 


Simplex engine for linear Solver Problems, and select the Evolutionary engine for 
problems that sre non-smooth. 


LDONBOHWDCED 
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> Figure 14.12 


A £ € ; ‘ 5 | E 


Improved Alternative 18| Model 

Optimal Solution to Brewer = ae eeeeeee 
2 ° Hour employees Excess || 
Services Problem | 23 8-8 3 3 4 

5 9-10 8 { 

23 10-14 10 0 

24 41-noon 10 3 

25 noon-f 9 3 

26 4-2 16 3 

ig 23 14 2 

cs 3-4 14 0 

3 


CHECK YOUR UNDERSTANDING 


1. Explain the difference between general integer variables and binary variables. 
2. What changes must you make in Solver to solve integer optimization models? 


3. Explain how to find alternate optimal solutions in workforce-scheduling models. 


Models with Binary Variables 


Binary variables provide an incredible amount of flexibility in optimization modeling. 
One common example we present next is project selection, in which a subset of potential 
projects must be selected with limited resource constraints. Capital-budgeting problems in 
finance have a similar structure. 


Hahn Engineering 
these binary variables by the expected returns, the 
objective function is 

Maximize $180,000x, + $220,000x> + $150,000x, 

+ $140,000x, + $200,000x. 

Because cash and personnel are limited, we have the fol- 
lowing constraints: 

$55,000x, + $83,000x» + $24,000x3 + $49,000x, 

+ $61,000x5 = $150,000 (cash limitation) 
5x4 + 3X0 + 2x3 + 5xX4+3xX5=12 (personnel limitation) 


Hahn Engineering’s research and development group has 
identified five potential new engineering and development 
projects; however, the firm is constrained by its available 
budget and human resources. Each project is expected to 
generate a return (given by the net present value [NPV]) but 
requires a fixed amount of cash and personnel. Because 
the resources are limited, all projects cannot be selected. 
Projects cannot be partially completed; thus, either the 
project must be undertaken completely or not at all. The 
data are given in Table 14.1. If a project is selected, it 
generates the full value of the expected return and requires 


the full amount of cash and personnel shown in Table 14.1. 
For example, if we select projects 1 and 3, the total return 
is $180,000 + $150,000 = $330,000, and these projects 
require cash totaling $55,000 + $24,000 = $79,000 

and 5 + 2 = 7 personnel. 

To model this situation, we define the decision 
variables to be binary, corresponding to either not selecting 
or selecting each project, respectively. Define x; = 1 if 
project / is selected and 0 if it is not selected. By multiplying 


Note that if projects 1 and 3 are selected, then x; = 1 and 
X3 = 1, and the objective and constraint functions equal 


Return = $180,000(1) + $220,000(0) + $150,000(1) 
+ $140,000(0) + $200,000(0) = $330,000 
Cash Required = $55,000(1) + $83,000(0) + $24,000(1) 
+ $49,000(0) + $61,000(0) = $79,000 
Personnel Required = 5(1) + 3(0) + 2(1) + 5(0) + 3(0) =7 
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v Table 14.1 
Project Selection Data 


Expected return (NPV) 
Cash requirements 
Personnel requirements 


> Table 14.2 


Modeling Logical Conditions 


Using Binary Variables 


Available 
Project 1 Project 2 Project 3 Project 4 Project 5 Resources 
$180,000 $220,000 $150,000 $140,000 $200,000 
$55,000 $83,000 $24,000 $49,000 $61,000 $150,000 
5 3 2 5 3 We 


This model is easy to implement on a spreadsheet, as shown in Figure 14.13 (Excel 
file Hahn Engineering Project Selection). The decision variables are defined in cells 
B11:F11. By multiplying these values by the data for each project in rows 5—7, we can 
easily compute the total return, cash used, and personnel used for the projects that are 
selected in rows 12—14. The objective function is computed in cell G12 as the sum of 
the returns for the selected projects. Similarly, the amounts of cash and personnel used 
are also summed for the projects selected, representing the constraint functions in cells 
G13 and G14. The optimal solution is to select projects 1, 3, and 5 for a total return of 
$530,000. 

The Solver model is shown in Figure 14.14. To invoke the binary constraints on the 
variables, use the same process as defining integer variables, but choose bin from the drop- 
down box in the Add Constraint dialog. The resulting constraint is $B11:$F11 = binary, 
as shown in the Solver model. 


Using Binary Variables to Model Logical Constraints 


Binary variables allow us to model a wide variety of logical constraints. For example, sup- 
pose that if project | is selected, then project 4 must also be selected. Your first thought 
might be to incorporate an IF function in the Excel model. However, recall that we noted in 
Chapter 13 that such functions destroy the linearity property of the Excel model; therefore, 
we need to express such constraints differently. If project 1 is selected, then x} = 1, and 
we want to force x4 to be | also. This can be done using the following constraint: 


X4 = Xy 
Mathematically, if x, = 1, then this constraint implies that x, = 1 and, consequently, x, 
must equal |. If x, = 0, then x, = O and x4 can be either 0 or 1. Table 14.2 summarizes 


how to model a variety of logical conditions using binary variables. 


Logical Condition 

If A, then B 

If not A, then B 

If A, then not B 

At most one of A and B 
If A, then B and C 

If A and B, then C 


Constraint Model Form 
B2=AorB-A=20 
B2=1-AorA+B=1 
B=1-AorA+B=1 
A+B<=1 
(B=AandC=A)orB+C =2A 
C2A+B-10rA+B—-Cs1 
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> Figure 14.13 


A 


Spreadsheet Model for 1 Hahn Engineering 

Project Selection Problem 
3 Data 
= Project1 Project2 Project3 Project4 Project5 Available 
5 Expected Return (NPV) $180,000 $220,000 $150,000 $140,000 $200,000 Resources 
6 Cash requirements $ 55,000 $ 83,000 $ 24,000 $ 49,000 $ 61.000 $ 150,000 
ri Personnel requirements 5 3 2 5 3 12) 
: 
9 Model 
10 
11) Project selection decisionsjeou2e te 0 eae Po atest] Total 
12 Return $180,000 - $150,000 $ - $200,000 [i§iS30;000 
13 Cash Used $ 55,000 $ . $ 24,000 $ - $ 61,000 $ 140,000 
14 Personnel Used ) 0 2 0 3 10 


> Figure 14.14 
Solver Model for Hahn 
Engineering Project 
Selection Problem 


Solver Parameters 


Set Objective: $6$13] ; [Be] 
To: @) Max *) Mig Value Of: 0 


By Changing Variable Cells: 


Solving Method 


SE | Elis 
$8511;56511 (Bs 
, 
! Subject to the Constraints: 
| [$BS11:SF$11 = binary So aa na 23) Fs ET, 
| $G$13:$G$14 <= $6$6:$G6$7 j Guarana. | 
| | Change | 
| Delete 
| Emre | 
| | Reset All ; 
= = i = ee) Sees ae J [ Load/Save | 
|] Make Unconstrained Variables Non-Negative Ffiaee 
ee Solving Simplex LP Ix] (eae Options 
q 4 Ln 
h j 
| | 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


iscsi licsusetmmd) lewiernscsd 


Ba LE ee RE STEEN 


EXAMPLE 14.6 Adding Logical Constraints into the Project Selection Model 


Suppose that we want to ensure that if project 1 is B18 in Figure 14.15). Then add these constraints to the 
selected, then project 4 is selected, and that at most Solver model, as shown in Figure 14.16 (Excel file Hahn 
one of projects 1 and 3 can be selected in the Hahn Engineering Project Selection with Logical Conditions). 
Engineering model. To incorporate the constraint x4 = xy, In the optimal solution, we do not select project 1, 

write it aS x4 — x1 = O by defining a cell for the constraint although project 4 is selected anyway. With the additional 
function x4, — x; (cell B17 in Figure 14.15). Similarly, for constraints, the expected return is smaller than the 


the constraint x; + x3 = 1, define a cell for x; + xz (cell original solution. 


Applications in Supply Chain Optimization 


Supply chain optimization is one of the broadest applications of integer optimization and is 
used extensively today as companies seek to reduce logistics costs and improve customer 
service in tough economic environments. 


564 Chapter 14 Integer and Nonlinear Optimization 


> Figure 14.15 


Modified Project Selec- 
tion Model with Logical 
Conditions 


» Figure 14.16 


Modified Solver Modei with 


Logical Conditions 


A B (e 

1 Hahn Engineering Model with Logical Constraints 
2 
i Project1 Project2 Project3 Project4 Project5 Available | 
5 Expected Return (NPV) $180,000 $220,000 $150,000 $140,000 $200,000 Resources | 
6 Cash requirements $ 55,000 $ 83,000 $ 24,000 $ 49,000 $ 61,000 $ 150,000 | 
7 Personnel requirements 5 3 2 5 3 12 
& 
9 Model 
10 ead ae Sen 
41} Project selection decisions} = Rae OY Vn J 
12 Retun $ - $ ~- $150,000 $140,000 $200,000 |/$ 490,000 ]) 
{3 Cash Used $ - $ - $ 24,000 $ 49,000 $ 61,000 $ 134,000 | 
14 Personnel Used 0... 0 2 5 3 10 | 
15 ciate | ; 
16 Logical conditions Pa. ict 
17 If project 1 then project 4 1 > 0 

| 18, At most one of projects 1 and 3 1 fae Sia 1 
ue | =B114D11 


To O) Max 


By Changing Variable Cells: 
$BSILSFS11 


Subject to the Constraints: 
{'$8$23:SF§11 = binary 

| $8$17 >= $DS17 

$8516 <= $DS18 
SGSI3SGS14 <= $G$6$657 


{¥) Make Unconsiszined Variables Non- Negative 


Select 3 Solving Simplex LP 
Method 
Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems. and select the Evolutionary engine for Solver problems that are non-smooth. 


Suppose that a company has numerous potential locations for distribution centers that 
will ship products to many customers and wants to redesign its supply chain by selecting a 
fixed number of distribution centers. In an effort to provide exceptional customer service, 
some companies have a single-sourcing policy—that is, every customer can be supplied 
from only one distribution center. The problem is to determine how to assign customers to 
the distribution centers so as to minimize the total cost of shipping to the customers. 

Define X;; = 1 if customer j is assigned to distribution center i and 0 if it is not; ¥; = 1 
if distribution center i is chosen from among a set of potential locations and 0 if it is not 
chosen; and Cj; = the total cost of satisfying the demand of customer j from distribution 
center i. We wish to minimize the total cost, ensure that every customer is assigned to one 
and only one distribution center, and select k distribution centers from the set of potential 
locations. This can be accomplished by the following model: 
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Min Si Dd CyXij 
| : 


dX; = |, j0pevery 7 


i 


SH = 
l 


k 


Xj = Yj, for every i and j 


Xj and Y; are binary 


The first constraint ensures that each customer is assigned to exactly one distribution 
center. The next constraint limits the number of distribution centers selected. The final 
constraint ensures that customer j cannot be assigned to distribution center i unless that 
distribution center is selected in the supply chain. This is similar to the logical constraints 
we described in Table 14.2. If ¥, = 1, then any customer may be assigned to distribution 
center 1; if ¥; = 0, then X;; is forced to be 0 for all customers j because distribution center 


i is not selected. 


Paul & Giovanni Foods 


Paul & Giovanni (PG) Foods distributes supplies to 
restaurants in five major cities: Houston, Las Vegas, 

New Orleans, Chicago, and San Francisco. In a study to 
reconfigure their supply chain, they have identified four 
possible locations for distribution centers: Los Angeles, 
Denver, Pensacola, and Cincinnati. The costs of supplying 
each customer city from each possible distribution 

center are shown in the table below. PG Foods wishes to 
determine the best supply chain configuration to minimize 
cost. 

Define Xj; = 1 if customer city / is assigned to 
distribution center / and 0 if not, and Y¥, = 1 if distribution 
center / is chosen from among a set of potential locations. 
The integer optimization model is 


Minimize $40,000X;; + $11,000X;5 + $75,000X;3 
+ $70,000X;4 + $60,000X;5 + $72,000Xm1 + $77,000Xe» 
+ $120,000X03 + $30,000X04 + $75,000X25 + $24,000Xz, 
+ $44,000X39 + $45,000X33 + $80,000X34 + $90,000X35 
+ $32,000X4, + $55,000X42 + $90,000X43 + $20,000X44 
+ $105,000X45 


Sourcing 

Costs Houston Las Vegas 
Los Angeles $40,000 $11,000 
Denver $72,000 $77,000 
Pensacola $24,000 $44,000 
Cincinnati $32,000 $55,000 


| 


X11 + Xoq + Xaq + X4q = 


| 
— 


X12 + Xoo + Xgo + Xgo = 
X13 se X03 ais X33 Ae X43 = 
X14 + Xoq + Xeq + Xqq = 1 


Xs + Xo5 + Xg5 + X45 = 1 


II 
> 


YF ob YB PNG 
Xi; = Yj, for every i andj (e.g., X11 = Y;, Xo1 = Yj, and so on) 


Xj and Y¥; are binary 


Figure 14.17 shows a spreadsheet model and the 
optimal solution for k = 2 (Excel file Pau! & Giovanni 
Foods); Figure 14.18 shows the So/ver model. We see 
that the distribution centers in Los Angeles and Cincinnati 
should be chosen, with Los Angeles serving Las Vegas, 
New Orleans, and San Francisco, and Cincinnati serving 
Houston and Chicago. 

This model can easily be used to evaluate alternatives 
for different values of k. The supply chain manager can use 
this information to determine the trade-offs associated with 
opening different numbers of distribution centers. 


San 
New Orleans Chicago Francisco 
$75,000 $70,000 $60,000 
$120,000 $30,000 $75,000 
$45,000 $80,000 $90,000 
$90,000 $20,000 $105,000 
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> Figure 14.17 


A 


Spreadsheet Model and | 1 Paul & Giovanni Foods 
Optimal Solution for Paul & | ee 
Giovanni Foods for k = 2 ry 


5 Sourcing Costs Houston Las Vegas New Orleans Chicago San Francisco 
Los Angeles $40,000 $11,000 $75,000 $70,000 
Denver $72,000 $77,000 $120,000 $30,000 
Pensacola $24,000 $44,000 $45,000 $80,000 
Cincinnati $32,000 $55,000 $90,000 $20,000 


Number of DCs 


13 Model 
14} 
| 15 Customer Assignments Hou 
| 16 | Los Angeles| 
117 
18 | 
| 19 | 
| 20 
21 
22 DCs Chosen 
23 
24 
25 
| 26 | 
| 27 
| 28 | 
29 
| 30 Cost 


> Figure 14.18 
Solver Model for Paul & 


Giovanni Foods Set Objective (ses 
(Note: All constraints are Hot | Om ® Min © Value of 
not visible in the constraint 


By Changing Variable Cells: 


window.) 
< $B$16:$F$19,$8$23:$8$26 


Subject to the Constraints: 


[$asi6 <= $8523 

| $8$16:SF$19 = binary 
|$8$17 <= $B$24 
|$8$18 <= $8525 
|$B$19 <= $B$26 

| $8$20:SF$20 = 1 

| $8$23:$B526 = binary 
|$8527 = $8S11 
|$C$16 <= $8523 
|$CS17 <= $8$24 
|$C$18 <= $8525 


[7] Make Unconstrained Variables Non-Negative 


Select a Solving | Simplex LP 
Method: ———- 


Solving Method 


Select the GRG Nonlineai engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


CHECK YOUR UNDERSTANDING 


1. Why are binary variables needed for project selection models? 


2. Explain, using examples, how to use binary variables to model various logical 
constraints. 


3. Explain how the constraint Xj; = Y;, is used in the supply chain optimization model. 
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ANALYTICS IN PRACTICE: Supply Chain Optimization at Procter & Gamble 


In 1993, Procter & Gamble (P&G) began an effort entitled North American supply chain consisted of hundreds of sup- 
Strengthening Global Effectiveness (SGE) to streamline pliers, more than 50 product categories, more than 60 plants, 
work processes, drive out non-value-added costs, and 15 distribution centers, and more than 1,000 customers. The 
eliminate duplication." need to consolidate plants was driven by the move to global 
A principal component of SGE was the North brands and common packaging and the need to reduce man- 
American Product Supply Study, designed to reexamine ufacturing expense, improve speed to market, avoid major 
and reengineer P&G’s product-sourcing and distribu- capital investments, and deliver better consumer value. 
tion system for its North American operations, with an P&G had a policy of single sourcing; therefore, one of 
emphasis on plant consolidation. Prior to the study, the the key submodels in the overall optimization effort was the 
customer assignment optimization model described in this 
section to identify optimal distribution center locations in the 
supply chain and to assign customers to the distribution cen- 
ters. Customers were aggregated into 150 zones. The param- 
eter k was varied by the analysis team to examine the effects 
of choosing different numbers of locations. This model was 
used in conjunction with a simple transportation model for 
each of 30 product categories. Product-strategy teams used 
these models to specify plant locations and capacity options 
and optimize the flow of product from plants to distribution 
centers and customers. In reconfiguring the supply chain, 
P&G realized annual cost savings of more than $250 million. 


g 


Purchasin 


A ar eh ol is delive “7 
ransportation Production 


as Nonlinear Optimization Models 


A nonlinear optimization model is one in which the objective function and/or at least 
one constraint is nonlinear. Nonlinear models are generally more difficult to develop than 
linear models simply because the objective function and constraint functions may not have 
the familiar linear structure. Thus, building nonlinear optimization models relies on fun- 
damental modeling principles that we introduced in Chapter 11. For example, we may 
use business logic to identify the appropriate functional relationships among the decision 
variables or empirical data and line-fitting techniques to characterize the nonlinearities. In 
addition, nonlinear optimization models are considerably more difficult to solve than either 
linear or integer models. However, Solver provides solution procedures that can solve non- 
linear optimization problems quite effectively. 


A Nonlinear Pricing Decision Model 


In Example 1.6 in Chapter 1, we introduced a simple nonlinear prescriptive model. In this 
example, a market research study collected data that estimated the expected annual sales 


'Based on Jeffrey D. Camm, Thomas E. Chorman, Franz A. Dill, James R. Evans, Dennis J. Sweeney, and 
Glenn W. Wegryn, “Blending OR/MS, Judgment, and GIS: Restructuring P&G’s Supply Chain,” /nter- 
faces, 27, | (January—February, 1997): 128-142. 
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for different levels of pricing. Analysts determined that sales can be expressed by the fol- 
lowing model: 


Sales = —2.9485 X Price + 3,240.92 
Using the fact that revenue equals price times sales, we express total revenue as 
Total Revenue = Price X Sales 
= Price X (—2.9485 X Price + 3,240.92) 
= —2.9485 X Price? + 3,240.92 X Price 


Note that the total revenue function contains both a linear and a squared term for price, 
making the model nonlinear. 


EXAMPLE 14.8 Solving the Pricing Decision Model 


A spreadsheet model for this problem is shown in Figure you should select “GRG Nonlinear” as the solving method. 
14.19. To find the maximum revenue using Solver, we The Solver model is shown in Figure 14.20. The optimal 
identify the objective function cell as B13 and the decision solution is to set the price at about $549 and achieve a total 


variable cell as B5. The model has no constraints. In Solver, revenue of $890,574. 


> Figure 14.19 


Optimal Solver Solution for 
Pricing Decision Model 


» Figure 14.20 


Solver Model for Pricing 
Decision 


By Changing Variable Celis: 
SESS 


Subject to the Constraints: 


IV) Make Unconstrained Variables Non-Negative 


Sgiect a Solving GRG Nonlinear 
Methoct 


Solving Method 


Setect the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth 
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The next example shows a more complex pricing decision model involving multiple 


decision variables, 


EXAMPLE 14.9 A Hotel Pricing Model 


The Marquis Hotel is considering a major remodeling effort 
and needs to determine the best rates and room sizes to 


maximize revenues. Currently, the hotel has 450 rooms with 


the following history: 


Daily Avg. 
Room Type Rate No.Sold Revenue 
Standard $85 250 $21,250 
Gold $98 100 $9,800 
Platinum $139 50 $6,950 
Total Revenue $38,000 


Each market segment has its own price/demand elasticity. 
Estimates are as follows: 


Room Type Price Elasticity of Demand 
Standard =p PS) 
Gold —2.0 
Platinum =e 


This means, for example, that a 1% decrease in 
the price of a standard room will increase the number of 
rooms sold by 1.5%. Similarly, a 1% increase in the price 
will decrease the number of rooms sold by 1.5%. For any 
pricing structure (in $), the projected number of rooms 
of a given type sold (we allow continuous values for this 
example) can be found using the formula 


Historical Average Number of Rooms Sold + 


[(Elasticity) x (New Price — Current Price) 
x (Historical Average Number of Rooms Sold)] 
Current Price 
The hotel owners want to keep the price of a stan- 
dard room between $70 and $90, a gold room between 
$90 and $110, and a platinum room between $120 and 
$149. Define S = price of a standard room, G = price 
of a gold room, and P = price of a platinum room. Then, 
for standard rooms, the projected number of rooms sold 
is 250 — [1.5(S — 85)(250)]/85 = 625 — 4.41176S. The 
objective is to set the room prices to maximize total rev- 
enue. Total revenue will equal the price multiplied by the 
projected number of rooms sold, summed over all three 
types of rooms. Therefore, total revenue will be 


Total Revenue 


= S(625 — 4.41176S) + G(300 — 2.04082G) + P(100 — 0.35971P) 
= 625S + 300G + 100P — 4.41176S? — 2,04082G2 — 0.35971P2 


To keep prices within the stated ranges, we need 
constraints: 


70 =S =90 
90=G<=110 
120 =P << 149 


Finally, although the rooms may be renovated, there are 
no plans to expand beyond the current 450-room capac- 
ity. Thus, the projected number of total rooms sold cannot 
exceed 450: 


(625 — 4.41176S) + (300 — 2.04082G) 
+ (100 — 0.35971P) = 450 


or 
1,025 — 4.41176S — 2.04082G — 0.35971P =< 450 
The complete model is 


Maximize 625S + 300G + 100P — 4.41176S? 
—2.04082G? — 0.35971P? 
70=<=S<90 
90<G<110 
120 <P < 149 
1,025 — 4.41176S — 2.04082G — 0.35971P < 450 


Figure 14.21 shows a spreadsheet model (Excel 
file Hote! Pricing Model) for this example with the 
optimal solution. The decision variables, the new prices 
to charge, are given in cells B15:B17. The projected 
numbers of rooms sold are computed in cells E15:E17 
using the preceding formula. By multiplying the number 
of rooms sold by the new price for each room type, the 
projected revenue is calculated, as given in cells F15:F17. 
The total revenue in cell F18 represents the objective 
function. 

Note that it is easier to formulate this model as a 
financial spreadsheet than to enter the analytical formulas 
as they were developed. The So/ver model is shown in 
Figure 14.22. The optimal prices predict a demand for all 
450 rooms with total revenue of $39,380.65. 
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> Figure 14.21 


A / 5 el ha og SE 8S = 


Spreadsheet for Hotel Pric- ; Hotel Pricing Model 

ing Model 3 Data 
4 
5 Current Average 
6 Room type Rate Daily Sold Elasticity Capacity 
7 Standard $ 85.00 250 -1.5 450 
8 Gold $ 98.00 100 ) 


| 9 Platinum $ 139.00 50 -1 
10 
11 Model 
42 Projected 
13 Rooms Projected 
14 Room type New Price Price Range Sold Revenue — 
15 Standard] 7|$ 70.00 $ 90.00 286 $21,974.39 | 
16 Gold 1} $ 90.00 $110.00 116 $10,469.39 | 


4|}$ 120.00 $ 149.00 48 $ 6,936.87 


Totals _450.0000004 [Emi 


Current Average Total Room 
Rate Daily Sold Elasticity Capacity 
Standard 85 250 -1.5 450 
Gold 98 100 -2 
Platinum 139 50 -1 


Projected 
Rooms Projected 
14 Room type New Price Price Range Sold Revenue 
15 Standard|7 90 =C7+D7*(B15-B7)*(C7/B7) =B15*E15 
16 e534 TAG ai 110 =C8+D8*(B16-B8)*(C8/B8) =B16"E16 
17 i 14 5 =C9+D9*(B17-B9)*(C9/B9) =B17*E17 
18 Totals =SUM(E15:E17) 


> Figure 14.22 


Hotel Pricing Example Solver 
Model : Set Objective: 


To: (@) Max 


By Changing Variable Cells: 
$8$15:$8$17 


Subject to the Constraints: 


|$8$15:$8$17 >= $C$15:5¢517 
| $8$15:$6$17 <= $D$15:S0317 
SES18 <= $ES7 


aa Make Unconstrained Variables Non-Negative 


Select a Solving |GRG Nonlinear 
Method; ¥ 
Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 
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Quadratic Optimization 


A special class of nonlinear optimization models is known as a quadratic optimization model, 
sometimes called a quadratic programming model. A quadratic optimization model is one 
that has a quadratic objective and all linear constraints. Recall from algebra that a quadratic 
function is f(x) = ax? + bx + c. In other words, a quadratic function has only constant, 
linear, and squared terms. Quadratic optimization models can be solved using the Standard 
LP/Quadratic solving method within Solver. 

The Markowitz portfolio model is a classic quadratic optimization model in finance 
that seeks to minimize the risk of a portfolio of stocks subject to a constraint on the portfo- 
lio’s expected return.” The decision variables are the percent of each stock to allocate to the 
portfolio. (You might be familiar with the term asset allocation model that many financial 
investment companies suggest to their clients—for example, “maintain 60% equities, 30% 
bonds, and 10% cash.) Recall from Chapter 4 that we can measure risk by the standard 
deviation, or, equivalently, the variance. In the Markowitz model, the objective function is 
to minimize the risk of the portfolio as measured by its variance. Because stock prices are 
correlated with one another, the variance of the portfolio must reflect not only variances of 
the stocks in the portfolio but also the covariance between stocks. 


Define x; to be the fraction of the portfolio to invest in stock j. The variance of a port- 
folio consisting of k stocks is the weighted sum of the b siuirs and covariances: 


Variance of Portfolio = S str? Ger > Ds XiXj 


where 


rn & 
| 


iol 


EXAMPLE 14.10 


Suppose an investor is considering three stocks in which to 
invest. The expected return for stock 1 is 10%, for stock 2, 
12%, and for stock 3, 7%, and she would like an expected 
return of at least 10%. Clearly one option is to invest everything 
in stock 1; however, this may not be a good idea because 

the risk might be too high. Research has found the variance- 
covariance matrix of the individual stocks to be the following: 


Stock 1 Stock 2 Stock 3 
Stock 1 0.025 0.015 —0.002 
Stock 2 0.030 0.005 
Stock 3 0.004 


Using these data and formula (14.2), the objective function is 
Minimize Variance = 0.025x + 0.030x3 + 0.004x4 
+ 2(0.015)x4Xo + 2(—0.002)x1x. 
+ 2(0.005)xoxs 
The constraints must first ensure that we invest 
100% of our budget. Because the variables are defined as 
fractions, we must have 
Xy + Xp + X3 = 1 


(14.2) 


i=] i=1lj>i 


= the sample variance in the return of stock i 
the sample covariance between stocks i and j 


An Example of the Markowitz Model 


Second, the portfolio must have an expected return of at 
least 10%. The return on a portfolio is simply the weighted 
sum of the returns of the stocks in the portfolio. This results 
in the constraint 


10xy + 12X5 + 7x3 = 10 
Finally, we will assume that we cannot invest negative 
amounts: 
X1, Xo, X3 = O 
The complete model is 


Minimize Variance = 0.025x4 + 0.030x5 + 0.004x§ 
+ 0.03x1X> — 0.004x, x3 
+ 0.01 0x5 x3 
Xj + Xo + Xe = 1 
Woke, SP WRG ae Toe = 10. 
X4, Xo, Xz = 0 


2H.M. Markowitz, Portfolio Selection, Efficient Diversification of Investments (New York: John Wiley & 
Sons, 1959). 
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» Figure 14.23 


Markowitz Portfolio Model 
Spreadsheet Implementation 


A 


1 Markowitz Portfolio Model 


Integer and Nonlinear Optimization 


Figure 14.23 shows a spreadsheet model for this example (Excel file Markowitz 
Model); Figure 14.24 shows the Solver model. The minimum variance of the optimal port- 
folio is 0.012. 


Practical Issues Using Solver for Nonlinear Optimization 


Many nonlinear problems are notoriously difficult to solve. Solver cannot guarantee that 
it will find the absolute best solution (called a global optimal solution) for all problems. 
A local optimum solution is one for which all points close by are no better than the solu- 
tion (an analogy is being at the top of a mountain when the highest peak is on another 
mountain). The solution found often depends a great deal on the starting solution in your 
spreadsheet. For complex problems, it is wise to run Solver from different starting points. 
You should also look carefully at the So/ver results dialog box when the model has com- 
pleted running. If it indicates “Solver has found a solution. All constraints and optimality 
conditions are satisfied,” then at least a local optimal solution has been found. If you get 
the message “Solver has converged to the current solution. All constraints are satisfied,” 
then you should run Solver again from the current solution to try to find a better solution. 


A B GD le E, ‘eee ematoey 
1 Markowitz Portfolio Model 


N 


Expected 
Return 


4 Variance-Covariance Matrix 
5 

6 Stock 1 10% 

7 

8 


Stock 4 Stock 2 Stock 3} 
Stock 1 0,025 0.015 -0.002) 
Stock 2 0.03 0.005 
Stock 3 0.004] 


Stock 2 12% 
Stock 3 7% 


9 Target Return 10% 


11 Model 

12 Variance Calculations 

Squared Terms Cross-Products 
0.001579256 0.003387 
0.006053362 -0.000301067 
0.000358718 0.001345191 


20 Return 
21 Portfolio 


Variance 
10.0% 


0.012) 


Total =SUM(B14:B16) 


Return 


Variance 


Portfolio =SUMPRODUCT(B14:816,86:68) (ESUM(E14E16)H SUM(FIAIF10)]) 


Expected Variance-Covariance Matrix ! 

Return Stock 1 Stock 2 Stock 3). 
Stock 1 0.1 Stock 1 0.025 0.015 -0.002 |) 
Stock 2 0.12 Stock 2 0.03 0.005 
Stock 3 0.07 Stock 3 0.004 

Target Return 0.1 
Model 
Variance Calculations 

Allocation Squared Terms Cross-Products 
Stock 1/0 =B14*2*E6 =F6*B14*B15"2 
Stock 2/0 =B1542*F7 =G6"B14"*B16"2 
Stock 3/0 ‘=B1642"GS =G7*B1S"*B16*2 


>» Figure 14.24 


Solver Model! for Markowitz 
Portfolio Model 


Solver Parameters 


Set Objective: 


SBSISSESIE 


SBSIT = 1 
| SBS27 >= SBS® 


Te @) Nox 


By Changing Variable Cells: 


Subject to the Constraints: 
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scsz1 Be 


@ Min 


(e) Malue Of: 


Delete 
Reset Ail 


2 } Load/Save 


Select s Sotaing 
Pdethod: 


Help 


GRE Nontinesr j ; Iw ; 


Solving Method 


Select the GRG Nonlinear engine for Sotver Problems that are smooth nontinesr. Select the LP 
Simplex engine for linear Solver Problems, and select the Evolutionary engine for Solver 
Problems that are nori-smooth. 


Make Unconstrained Veriables Non-Negative 


 Ogtions 


Oe ee ee 


ANALYTICS IN PRACTICE: Applying Nonlinear Optimization at Prudential Securities® 


Prudential Securities Inc. (PSI) created a mortgage- 
backed securities (MBS) department to develop mod- 
els for managing complex investments. The department 
developed a variety of analytical models, including lin- 
ear, integer, and nonlinear optimization models, to help 
value, trade, and hedge MBS in inventory and construct 
portfolios. In one example, nonlinear optimization mod- 
els are used to construct optimal portfolios for clients, 
matching the clients’ investment performance profile with 
constraints under a variety of interest rate scenarios. The 
model inputs required from the client include the portfo- 
lio performance target, the securities to consider, diver- 
sification restrictions, and view of future interest rates. 


Analysts use a scenario analysis to generate an optimal 
portfolio composed of securities with widely differing char- 
acteristics that matches the investor’s performance pro- 
file under a variety of interest rate scenarios and employs 
a weighting scheme on the scenarios to reflect the portfo- 
lio manager’s actual view of the direction of future interest 
rates. The portfolio manager defines the desired portfolio 
performance for each scenario. An optimization technique 
bundles the different scenarios and leads to optimal struc- 
tured portfolios that meet specified performance targets 
while taking into account possible interest rate movement. 
These models have been used hundreds of times per day by 
PSI personnel. 


CHECK YOUR UNDERSTANDING 


1. Why are nonlinear optimization models generally harder to model than linear optimi- 


zation models? 


2. What are the characteristics of a quadratic optimization model? 


State some practical issues that must be considered when solving nonlinear optimiza- 


tion models. 


Based on Yosi Ben-Dov, Lakhbir Hayre, and Vincent Pica, “Mortgage Valuation Models at Prudential 


Securities,” Interfaces, 22, 1 (January-February 1992): 55-71. 
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1 


ws Non-Smooth Optimization 


As we noted in Chapter 13, such Excel functions as IF, ABS, MIN, and MAX lead to 
non-smooth optimization models. Non-smooth models violate the linearity condi- 
tions required for the linear optimization solution method used by Solver. Nevertheless, 
using these Excel functions can simplify the modeling task, especially for nonanalytics 


professionals. 


Evolutionary Solver 


Problems that are non-smooth or involve both nonlinear functions and integer variables 
are usually difficult to solve using conventional techniques. To overcome these limita- 
tions, new approaches called metaheuristics have been developed by researchers. These 
approaches have some exotic names, including genetic algorithms, neural networks, and 
tabu search. Such approaches use heuristics—intelligent rules for systematically searching 
among solutions—that remember the best solutions they find and then modify or combine 
them in attempting to find better solutions. Solver’s Evolutionary algorithm uses such an 
approach, 

Many business problems involve fixed costs; they are either incurred in full or not at 
all. We may use binary variables to model such situations; however, this approach can be 
difficult to understand, as it requires advanced optimization logic to incorporate the fixed 
costs correctly in the model constraints. However, from a spreadsheet modeling perspec- 
tive, it is quite easy to use IF functions to model fixed costs. This is acceptable when using 
the evolutionary algorithm. 


Incorporating Fixed Costs into the K&L Designs Model 


Consider the multiperiod production-inventory-planning Minimize 11P, + 14Py + 12.50Ps + 1.20J, + 1.20hy + 1.2015 
model for K&L Designs that we developed in Example 13.19. lei (P ave On 65510) 
Suppose that the company must rent some equipment, + IF(Pw > 0, 65, 0) + IF(Ps > 0, 65, 0) 


which costs $65 for three months. The equipment can be 
rented or returned each quarter, so if nothing is produced in 
a quarter, it makes no sense to incur the rental cost. Thus, if 
the production in any quarter is positive, we want to include 
the rental cost in the objective function; otherwise, we 
don’t. We can do this by adding IF functions to the original We illustrate Evolutionary Solver first using this model 
objective function: for K&L Designs and then with some other applications. 


The material balance constraints remain the same: 
Py dy = 150 
Py + In — Iw = 400 
Py a lw ee Is — 50. 


Using Evolutionary Solver for the K&L Design Fixed-Cost Problem 


Figure 14.25 shows a simpler, modified spreadsheet for bounds to restrict the search space to a manageable 
the K&L Designs fixed-cost problem (Excel file K&L Designs region. Thus, we set upper bounds of 600 (the total 
Evolutionary Solver Model). The objective function in cell demand) and lower bounds of 0 for each of them. 

B20 is =SUMPRODUCT(B6:D7, B14:D15) + IF(B14>0, Evolutionary Solver finds essentially the same optimal 
B9, 0) + IF(C14>0, C9, 0) + IF(D14>0, D9, 0). Figure 14.26 solution as the integer optimization problem we solved 
shows the Solver model. The Evolutionary Solver algorithm in Chapter 13, except for a minor rounding issue in 


requires that all variables have simple upper and lower cell C14. 


> Figure 14.25 


Modified Spreadsheet for 
K&L Designs 


> Figure 14.26 


Evolutionary Solver Model 
for K&L Designs 
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! A 218 G D 
1 'K&L Designs Evolutionary Solver Model _ 
2 
3 Data 
4 
5 Cost Quarter1 Quarter2 Quarter 3 | 
6 Production $ 11.00 $ 14.00 $ 12.50 
i Inventory $ T2O D> 20s St 20 
8 Demand 150 400 50 
9 Fixed cost $ 65.00 $ 65.00 $ 65.00 
10 
11 Model 
12 i 
3 Quarter1 Quarter2 Quarter 3 
14 | Production] — : 
15 | Inventory 
16 
17 Net production 150 400 50 
18 | 


Set Objective: $8$20| ~ ee 
To; Max @) Min ) Value Of; ) 


By Changing Variable Cells; 
$8$14:$0$15 i: ; | Eis] 


Subject to the Constraints: 


|$8$14:SD$15 <= 600 x 
| $B$14:$D$15 >= 0 | aie 
| $8S17:SD$17 = $BS8:$0S8 etree Feo neerrsaae etme Kia (| 
| Change i 
| ee Delete | 
eee ee eI NS eae sas 
| Reset All | 
ee eee eee ee oad/S 1 i 
= BRyLOMP Msc I 
|¥| Make Unconstrained Variables Non-Negative if 
Select a Solving | Evolutionary [+ | a Options aaa 
Method: s = eee 


Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


Because Evolutionary Solver is a search procedure, it may get “stuck” on an inferior 
or even an infeasible solution. We suggest that you run the method several times from the 
previous solution, until you receive a message that the current solution cannot be improved. 

The results obtained by Evolutionary Solver can depend heavily on the starting values 
of the decision variables and the amount of time devoted to the search. For simple prob- 
lems, it usually doesn’t make much difference; however, for complex models, different 
starting values can produce different results. In addition, increasing the maximum search 
time may improve the solution. Thus, for complex problems, it is wise to run the procedure 
from different starting points, and we suggest you try this on this example and end-of- 
chapter problems. The maximum search time and other parameters can be changed from 
the Options button in the dialog; however, this is usually only necessary for advanced users. 

Some applications use absolute value functions in the objective function or constraints. 
Absolute value functions are similar to IF functions and result in non-smooth functions, neces- 
sitating the use of Evolutionary Solver. The following example draws upon the central facilities 
location problem introduced in Example 11.16 using the rectilinear distance formula (11.8). 
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Edwards Manufacturing is studying where to locate a tool 
bin on the factory floor. The locations of five production 
cells are expressed as x- and y-coordinates on a 
rectangular grid of the factory layout. The daily demand for 
tools (measured as the number of trips to the tool bin) at 
each production cell is also known. The relevant data are 
as follows: 


Because of the nature of the equipment layout in the factory 
and for safety reasons, workers must travel along marked 
horizontal and vertical aisles to access the tool bin. Thus, 
the distance from a cell to the tool bin cannot be measured 
as a Straight line; rather, it must be measured as rectilinear 
distance —that is, the distances parallel to the axes of the 
coordinate system. We may use the rectilinear distance 


» Figure 14.27 


Edwards Manufacturing 
Spreadsheet 


A 


2 


Cell x-Coordinate y-Coordinate Demand 
Fabrication 1 4 12 
Paint 1 2 24 
Subassembly 1 PEs 2 13 
Subassembly 2 3 5 7 
Assembly 4 4 wie 


1 Edwards Manufacturing 


A Rectilinear Location Model 


measure in formula (11.8) to compute the distance between 
locations. The optimal location should minimize the total 
weighted distance between the tool bin and all production 
cells, where the weights are the daily number of trips to the 
tool bin. 

To formulate an optimization model for the best 
location, define (X, Y) as the location coordinates of the tool 
bin. The weighted distance between the tool bin and each 
cell is expressed by the objective function 


Minimize 12 (|X— 1| +|Y— 4]) + 24(|X—1|+|Y — 2]) 
+13(|X — 2.5/+|/Y — 2|) + 7(|X — 3|+|Y — 5) 
+ 17(|X — 4] +|Y — 4]) 


The absolute value functions used in this objective function 
create a non-smooth model. Thus, Evolutionary Solver is an 
appropriate solution technique. 

Figure 14.27 shows a spreadsheet model with 
the optimal Evolutionary Solver solution for the 
Edwards Manufacturing example (Excel file Edwards 
Manufacturing). The upper bounds are chosen as the 
maximum coordinate values and the lower bounds are zero. 
The Solver model is shown in Figure 14.28. 


8 


18 | Fabrication 36.76625608 
19 | Paint 46 4661363 
20 Subassembly 1 5.669889242 
21 Subassembly 2 21.44737691 

Assembly 52.08648679 


Total 


Cell x-coordinate _y-coordinate Demand 


Cell Weighted Distance 
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> Figure 14.28 


Evolutionary Solver Model 
for Edwards Manufacturing 


Solver Parameters oo bs 


Set Objective: $8523) 


| To hex i Valve OF 
| 
| 
| 
j 


~_| Mage Unconstrained Variables Non-Negative 
Select 2 Solving Evolutionary 
Methock 

Solving Method 


Select the GRG Nonlinear engine for Sclver Problems thet are smooth nemlinees. Select the LP Simplex engine 
for linear Solver Problems, end select the Evolutionary engine for Solver problems thet are non-smooth. 


Evolutionary Solver for Sequencing and Scheduling Models 


A unique application of Excel modeling and Evolutionary Solver is for job-sequencing 
problems, which we introduced in Chapter 11. We will use the model developed in Exam- 
ple 11.17 to illustrate this. Job-sequencing problems involve finding an optimal sequence, 
or order, by which to process a set of jobs. 


SNe eee §=6Finding Optimal Job Sequences 


In Example 11.17, we developed a spreadsheet model define decision variables as a permutation; this is called an 
for the following scenario. Suppose that a custom alldifferent constraint. To do this, open the Add Constraint 
manufacturing company has ten jobs waiting to be dialog, choose the range of the decision variables, and then 
processed. Each job / has an estimated processing time (P) choose dif from the drop-down box, as shown in Figure 
and a due date (D,) that was requested by the customer, as 14.29. The final model, shown in Figure 14.30, is quite 


shown in the table below. simple: Minimize the chosen objective cell—in this case, 
Any sequence of integers in the decision variable range total tardiness—and ensure that the decision variables are 


is called a permutation. Our goal is to find a permutation a valid permutation of the job numbers. Figure 14.31 shows 
that optimizes the chosen criteria. So/ver has an option to the Solver solution. 
Job 1 2 3 4 s 6 7 8 9 10 
Time 8 i 6 4 10 8 10 5) 9 5 


Due date 
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> Figure 14.29 


Solver alldifferent Constraint 
Definition 


» Figure 14.30 


Solver Model for Job 
Sequencing to Minimize 
Total Tardiness 


> Figure 14.31 


Evolutionary Solver Solution 
for Minimum Total Tardiness 
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[7] Make Unconstrained Variables Non-Negative Hi 
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Select a Solving | Evolutionary [x] Options Hh 
Method: ; tae hat | 
Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine | 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth, 
| 


Job Sequencing Model 


Data 
Job 
Time 
Due date 


Sequence 

Job Assigned 
Processing time 
Completion time 
Due Date 
Lateness 
Tardiness 


Average Completion Time 
‘Maximum Number Tardy 

Total Lateness 

Average Lateness 8.1 
Variance of Lateness 331.69 
Total Tardiness 

Average Tardiness 10.8 
236.96 
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The Traveling Salesperson Problem 


The traveling salesperson problem (TSP) can be described as follows. A salesperson 
needs to visit each of n different cities and return home in the minimum total distance. A 
route that visits each city exactly once and returns to the start is called a tour. Many practi- 
cal problems can be formulated as a TSP. For example, drivers for FedEx and UPS must 
deliver packages to customers and return to their central location. Soft-drink vendors must 
collect money and replenish bottles for a set of retail locations and then return to the ware- 
house. Other examples are programming drilling machines to drill holes in circuit boards 
and picking orders within a warehouse. In all these applications, the goal is to perform the 
task in minimum total time or distance. 

In general, a TSP for n cities has (n — 1)! possible tours, making it quite difficult to 
identify the optimal one. For example, if n is just 14, there are more than 6 billion possible 
tours! The use of algorithms such as Evolutionary Solver allow us to find near-optimal 
solutions efficiently. 


Touring American League Cities 


An avid baseball fan in Detroit would like to plan a trip to and not the numbering of the cities that we used). Finally, in 
visit all 14 ballparks of baseball teams in the American columns E and F, we use the VLOOKUP function to translate 
League and minimize the total travel distance. Figure 14.32 the numerical city values in the tour to their names. 

shows a spreadsheet model designed for Evolutionary Figure 14.33 shows the Solver model. The objective 
Solver (Excel file American Baseball League). The data is to minimize the total tour length in cell C37 by changing 
matrix shows the distances between each pair of cities. The the decision variables in the range B23:B35. The key to 
model is somewhat tricky to develop and requires some using Solver’s Evolutionary algorithm is to ensure that 
detailed explanation to understand. We number the cities the decision variables include each of the remaining 13 
from 0 to 13 (this is necessary to use one of the capabilities cities visited in the tour from city 0 exactly once. This 

of Solver, as we soon explain). Any city can be chosen as is accomplished by using the al/different constraint, as 

the start because a feasible sequence requires that the fan we saw in the job-sequencing example. Because the 

visit each city exactly once and return to the starting point, alldifferent constraint applies to a set of positive integers 
So we arbitrarily choose city 0 as the start. The decision from 1 ton, we needed to designate the first city as 0 
variables are in the range B23:B35; the tour shown in the (otherwise, the decision variables would have had to range 
figure sequences the cities in numerical order. Note that from 2 to 14, and we would not have been able to use the 
when we get to the (n — 1)st city, we must return to city alldifferent constraint). 

0, so cell B36 is not a decision variable. We set cell A23 Figure 14.34 shows the solution that Evolutionary 

to 0. Whatever city is chosen to move to from city 0 is the Solver finds. To find the tour starting in Detroit, begin at 
decision variable in cell B23. We must ensure that this city row 34 and cycle around the tour to Milwaukee, Minnesota, 
becomes the “From” city in the next row; thus, the formula in Seattle, Oakland, California, Texas, Kansas City, Chicago, 
cell A24 is =B23. In other words, we simply copy the value Cleveland, Baltimore, New York, Boston, Toronto, and return 
of cell B23 into cell A24 and do this for the remaining cells to Detroit, for a total distance of 6,718 miles. Of course, the 
in column A. The INDEX function is used to find the distance real problem should incorporate the game schedules (who 
from one city to another (note that the INDEX function refers wants to visit a ballpark if the team is out of town?), but this 


would require a much more complicated model. 


to the row and column numbers of the range $D$5:$Q$18 
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» Figure 14.32 ag ure MAT TPES ee 


American Baseball League Intercity Distances 


Spreadsheet Model for the 
American Baseball League 
TSP 
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Solver Model for the 
American Baseball 
League TSP 


By Changing Variable Celis: 
$2323:$8535 


Subject to the Constraints: 
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1) Make Unconstrained Variables Non- Negative 


Solving Method 


Select the GRG Nonfinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Soiver Problems. and select the Evolutionary engine for Solver problems that are non-smooth. 
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Solver Solution for the 
American Baseball League 
TSP 
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Binary variable 


General integer variable 

Integer linear optimization model 
Linear program (LP) relaxation 
Local optimum solution 
Markowitz portfolio model 


For what types of problems should Evolutionary Solver be used? 
Explain how to use IF functions to model fixed costs on a spreadsheet. 
What does the alldifferent constraint do in Evolutionary Solver? 


Explain the traveling salesperson problem. Can you think of other applications? 


Non-smooth optimization model 
Nonlinear optimization model 
Permutation 

Quadratic optimization model 

Tour 

Traveling salesperson problem (TSP) 


7 CHAPTER 14 TECHNOLOGY HELP 


Excel Techniques 


Solver with general integer variables (Example 14.1): 


Set up the Solver model using the approach described in 
Chapter 13. Add a new constraint. In the Add Constraint 


dialog, enter the variable range of integer variables in 
the Cell Reference field and choose int from the drop- 


down box. In the field labeled Select a Solving Method, 


choose Simplex LP. Click the Options button and set 
Integer Tolerance to 0. Then click the Solve button. 


Solver with binary variables (Example 14.5): 


Set up the Solver model using the approach described in 
Chapter 13. Add a new constraint. In the Add Constraint 


dialog, enter the variable range of binary variables in the 
Cell Reference field and choose bin from the drop-down 
box. In the field labeled Select a Solving Method, choose 
Simplex LP. Click the Options button and set Integer 
Tolerance to 0. Then click the Solve button. 


Solver for nonlinear optimization (Example 14.8): 


Set up the Solver model using the approach described in 
Chapter 13. In the field labeled Select a Solving Method, 
choose “GRG Nonlinear.” Then click the Solve button. 


Evolutionary Solver (Example 14.12): 


Set up the Solver model using the approach described 
in Chapter 13. Make sure that all variables have upper 
and lower bounds by adding constraints on the variables. 
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In the field labeled Select a Solving Method, choose Evo- 
lutionary Solver. Then click the Solve button. 
Analytic Solver 


Analytic Solver provides a more powerful optimization 
tool than the standard Solver that comes with Excel. 


See the online supplement Using Integer and Nonlinear 
Optimization in Analytic Solver. We suggest that you 
first read the online supplement Getting Started with 
Analytic Solver Basic. This provides information for both 
instructors and students on how to register for and access 
Analytic Solver. 


a PROBLEMS AND EXERCISES 


Note: Data for many of these problems are provided in 
the Excel file Chapter 14 Problem Data to facilitate model 
building. Tab names correspond to the problem numbers. 
These are designated with an asterisk (*). 


Integer Linear Optimization Models 


1. Solve Problem 11 in Chapter 13 (Valencia Products) 
to ensure that the number of units produced is inte- 
ger-valued. How much difference is there between 
the optimal integer solution objective function and 
the linear optimization solution objective function? 
Would rounding the continuous solution have pro- 
vided the optimal integer solution? 


2. Solve Problem 12 in Chapter 13 (ColPal Products) 
to ensure that the number of minutes of radio and 
TV ads is integer-valued. How much difference is 
there between the optimal integer solution objective 
function and the linear optimization solution objec- 
tive function? Would rounding the continuous solu- 
tion have provided the optimal integer solution? 


*3. Solve Problem 15 in Chapter 13 (Bangs Leisure 
Chairs) to ensure that the number of units produced is 
integer-valued. How much difference is there between 
the optimal integer solution objective function and 
the linear optimization solution objective function? 
Would rounding the continuous solution have pro- 
vided the optimal integer solution? 


4. For the Brewer Services scenario described in this 
chapter, suppose that five permanent employees are 
hired. Find an optimal solution to minimize the num- 
ber of part-time employees needed. 


*S. ACTN Partners, an accounting firm, recently 
received project offers from three different compa- 
nies, A, B, and C, to analyze and prepare accounting 
data. The companies need the analysis and report to 


be completed in a month’s time. Due to a shortage of 
manpower, ACTN would need to hire two part-time 
accountants who will work up to 7 hours a week, 
each at $100 an hour. Additionally, the firm needs an 
account assistant who can work 25 hours per week to 
prepare reports as needed at a rate of $50 per hour. 
Apart from this, ACTN would also need to outsource 
some part of the projects to another accounting firm 
at a predetermined fee of $18,000, $15,000, and 
$13,000 for each project, respectively. The total num- 
ber of accounts that are offered for the analysis by 
each company is 6, 5, and 3, respectively. The follow- 
ing are the number of hours required to analyze data 
and prepare reports for each project: 


Company Analyzing Data Preparing Report 


A 120 70 
B 105 54 
C 95 68 


The firm will earn a total revenue of $30,000, $80,600 
and $55,000 from each of the three companies, 
respectively. How many accounts from each project 
should be worked on by ACTN itself, and how many 
should be handed over to the other accounting firm in 
order to minimize total costs? 


6. Panasonic Corporation is a multinational electron- 
ics corporation headquartered in Osaka, Japan. 
In the face of tight competition in the electronics 
industry and to meet the high level of demand, 
Panasonic’s factory operates 24 hours a day and 
the workers work based on a scheduling system. 
From historical records, administrators can proj- 
ect the minimum number of workers required at 
the factory for the various times of day and days 
of the week. The workers have been scheduled for 
six-hour shifts. The worker-scheduling problem 


3 


seeks to find the minimum total number of work- 
ers required to optimize their production process 
in an adequate manner and avoid overloading the 
machines. Formulate and solve the worker-schedul- 
ing problem as an integer program for one day for 
the data shown next. 

ee a into 


Minimum 
Number of 
Shift Time Workers Needed 
1 12:00 a.m.-6:00 a.m. 120 
2 6:00 a.m.-12:00 p.m. 250 
3 12:00 p.m.-6:00 p.m. 450 
4 6:00 p.m.-12:00 a.m. 200 


Steven is a 20-year-old male who suffers from chronic 
malnutrition. His doctor advices him to follow a 
dietary plan that will help him recover efficiently. He 
would need to take at least 400 grams of protein, 350 
milligrams of iron, 300 milligrams of zinc, and 900 
milligrams Omega-3 fatty acids per day. His favorite 
food items are those that he can prepare by himself, 
as shown in the table Data for Problem 7. Based on 
the diet requirements, Steven is willing to consume 
multiple servings of each food per day to meet his 
daily nutrient-intake goal. He should have at most 
two boiled eggs and a glass of milk for his breakfast. 
For lunch, he should either take a slice of chicken 
breast or a slice of fish fillet along with three slices 
of bread. For dinner, he can have spaghetti with some 
minced meat and stir-fried vegetables. How many 
servings of each food should he have in an optimal 
daily diet with minimal costs? 


Data for Problem 7 

Protein lron 
Food (g) (mg) 
Boiled egg 13 12 
Milk 3.4 2 
Chicken breast 31 1 
Fish fillet 15 49 
Bread 2.8 9 
Spaghetti 6 1 
Minced meat 14 36 
Stir-fry vegetables RS 55 
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. Mix&Match Ltd., a small fertilizer manufacturer, 


produces two active formulae of fertilizer mixtures. 
The mixtures must contain a minimum quantity 
of four different nutrients: 45 grams of nutrient A, 
25 grams of nutrient B, 10 grams of nutrient C, and 
1 gram of nutrient D per kg of fertilizer. Both the for- 
mulas have different amounts of these nutrients. This 
data along with the cost per kg of each fertilizer mix 
is shown below. 


Nutrient Formula 1 (g/kg) Formula 2 (g/kg) 
A 50 100 
B 40 Us 
C 20 10 
D 5 0 
Cost/kg 20 30 


Use your data to construct and solve an optimization 
model for finding the amounts of each nutrient in one 
kg of each fertilizer mix to minimize cost. 


Models with Binary Variables 


91 


*9. Hatch Financial, which recently absorbed another 


firm, is now downsizing and must relocate five infor- 
mation systems analysts from recently closed loca- 
tions. Unfortunately, there are only three positions 
available for five people. Salaries are fairly uni- 
form among this group (those with higher pay were 
already given the opportunity to begin anew). Moving 
expenses will be used as the means of determining 


Omega-3 Cost/ Max. Min. 
(mg) Serving Servings Servings 
80 $0.50 5 3 
186 $1.50 3 2 
170 $4.30 4 1 
680 $6.45 8 5 
40 $1.25 3 
46 $2.70 3 
8 $7.80 6 
19 $5.60 i 5 
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who will be sent where. Estimated moving expenses 
are as follows: 


Moving Cost To 


Salt Lake 
Analyst Gary City Fresno 
Arlene $8,500 $6,000 $5,000 
Bobby $5,000 $8,000 $12,000 
Charlene $9,500 $14,000 $17,000 
Douglas $4,000 $8,000 $13,000 
Emory $7,000 $3,500 $4,500 


Model this as an integer optimization model to 
minimize cost and determine which analysts to relo- 
cate to the three locations. 


Timberland Co. is an automobile manufacturer based 
in Australia. It has four plants and six sales depots. 
Timberland produces 165 cars and receives a demand 
for 86 cars. Since production is more than demand, 
the company wants to shut down some plants. The 
table Data for Problem 10 shows the transportation 
cost of moving a car from a plant to a sales depot, the 
fixed costs, and the demand. Model this as an integer 
optimization model to minimize cost and determine 
where to setup plants and sales depots. 


A local university is considering offering five new 
programs for the next academic year. As a result, the 
university's board of management needs to deter- 
mine which programs to fund. Each program requires 
different facilities as well as lecturers. A budget 
allocation of $800,000 has been approved, and 
40 lecturers are available to conduct the new pro- 
grams. The management has determined that at most 
one of programs B and C should be conducted, and 
that if program A is chosen, then program C must 


Data for Problem 10 


bay ss 


also be chosen. The programs’ cash flows, number of 
lecturers needed, 4nd additional costs incurred have 
been stated in the following table. Develop a model 
to select the best programs within the given budget. 


Additional 
Program NPV ($) Lecturers Costs ($) 
A 40,000 8 23,000 
55,000 10 30,000 
Cc 50,000 4 25,000 
D 30,000 5 18,000 
E 60,000 9 20,000 


A software-support division of Blain Information 
Services has eight projects that can be performed. 
Each project requires different amounts of develop- 
ment time and testing time. In the coming planning 
period, 1,150 hours of development time and 900 
hours of testing time are available, based on the skill 
mix of the staff. The internal transfer price (revenue 
to the support division) and the times required for 
each project are shown in the table. Which projects 
should be selected to maximize revenue? 


Development Transfer 

Project Time Testing Time Price 

1 80 67 $23,520 
2 248 208 $72,912 
3 M4 180 $62,054 
4 10 92 $32,340 
5 240 202 $70,560 
6 195 164 $57,232 
v4 269 226 $19,184 
8 110 92 $32,340 
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Sales Depot 
Plant 1 2 3 4 
1 80 15 30 70 
2 60 85 35 10 
3 20 70 20 15 
4 40 30 22 30 
Demand (units) 20 10 1K) i 


5 6 Units Fixed costs (AU$) 
40 120 40 430 
20 60 30 300 
30 40 50 370 
26 100 45 180 


9 25 86/165 1,280 


“13. Puma SE, a German multinational company that 
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manufactures athletic and casual apparel, footwear, 
and accessories, is launching their new jersey for the 
upcoming soccer season. They need to determine 
which famous soccer players to choose to be ambas- 
sadors for their new jersey. Before the selection, the 
company conducts a customer survey where they 
assign a “favorable” rating to each ambassador under 
consideration. This rating is on a scale from | to 5, 
with | being the least favorable and 5 being the most 
favorable. Puma is going to sell the jersey as a limited 
edition, with only 10,000 pieces around the world, at 
a selling price of $350. The company has a budget of 
$640,000 for hiring their ambassadors, and would like 
the total favorable factor to be at least 15, reflecting an 
average favor per ambassador of at least 3. To avoid 
duplication of genres, at most one of ambassadors 2 
and 3 may be chosen, and ambassador 5 must be cho- 
sen. Finally, Puma wishes to maximize its revenue. 
Data are shown below. 


Favor 
Ambassadors Cost ($) Rating Sales Estimate 
1 196,000 4 9,200 pieces 
2 200,000 3: 9,900 pieces 
3 205,000 4 9,800 pieces 
4 180,000 4 9,000 pieces 
5 190,000 3 8,900 pieces 


Develop and solve an optimization model to find the 
best choice of ambassadors to maximize the total 
profit. 


Dannenfelser Design works with clients in three major 
project categories: architecture, interior design, and 
combined. Each type of project requires an estimated 
number of hours for different categories of employees, 
as shown in the table Data for Problem 14. 


Data for Problem 14 
Architecture 
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Interior Design 
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In the coming planning period, 184 hours of principal 
time, 414 hours of senior designer time, 588 hours of 
drafter time, and 72 hours of administrator time are 
available. Revenue per project averages $12,900 for 
architecture, $11,110 for interior design, and $18,780 
for combined projects. The firm would like to work 
on at least one of each type of project for exposure 
among clients. Assuming that the firm has more 
demand than they can possibly handle, find the best 
mix of projects to maximize profit. 


Rita is a part-time business student who works full time 
and is socially very active. She recognizes the challenge 
of eating a balanced diet and wants to minimize cost 
while meeting her basic nutritional requirements. Based 
on some research, she found that a very active woman 
should consume about 2,250 calories per day. Accord- 
ing to a particular author’s guidelines, the following 
daily nutritional requirements are recommended. 


Source Recommended Intake (Grams) 
Fat Maximum 70 

Carbs Maximum 225 

Fiber Maximum 40 

Protein At least 160 


Rita chose a sample of meals in the table Data for 
Problem 15 that could be obtained from healthy quick- 
service restaurants around town as well as some items 
that could be purchased at the grocery store. She does 
not want to eat the same entrée (first six foods) more 
than once each day but does not mind eating breakfast 
or side items (last five foods) twice a day and protein 
powder-based drinks up to four times a day, for conve- 
nience. Develop an integer linear optimization model 
to find the number of servings of each food choice in a 
daily diet to minimize cost and meet Rita’s nutritional 
targets. 


Combined Hourly Rate 


Principal 15 
Senior designer 25 
Drafter 40 


Administrator 5 


5 
35 
30 

5 


18 $150 
40 $110 
60 $75 

8 $50 
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Data for Problem 15 


Food 


Cost/serving 


Chicken and egg sandwich €6.39 
Corn and cheese sandwich €5.99 
Grilled chicken wrap €3.69 
Baked potato salad €4.69 
Turkey sandwich €3.69 
Sesame chicken wrap €3.39 
Frozen yogurt €0.75 
Strawberries and skim milk €0.40 
Cereal bar €0.43 
1 cup broccoli €0.50 
1 cup carrots €0.50 
1 scoop protein powder €1.29 


Calories Fat Carbs Fiber Protein 
750.00 28.00 33.00 10.00 44.00 
770.00 28.00 34.00 5.00 47.00 
220.00 8.00 29.00 15.00 21.00 
530.00 14.00 73.00 4.00 28.00 
250.00 10.00 26.00 15.00 26.00 
260.00 16.00 23.00 1.00 6.00 
110.00 2.00 19.00 0.00 5.00 
270.00 1.00 58.00 8.00 12.00 
110.00 2:00 722500 0.00 1.00 

25.00 0.30 4.60 2.60 2.60 
55.00 0.25 13.00 3.80 1.30 
120.00 4.00 5.00 0.00 17.00 


Josh Steele manages a professional choir in a major 
city. His marketing plan is focused on generating addi- 
tional local demand for concerts and increasing ticket 
revenue and also gaining attention at the national level 
to build awareness of the ensemble across the coun- 
try. He has $20,000 to spend on media advertising. 
The goal of the advertising campaign is to generate 
as much local recognition as possible while reaching 
at least 3,000 units of national exposure. He has set a 
limit of 100 total ads. Additional information is shown 
in the table Data for Problem 16. The last column sets 
limits on the number of ads to ensure that the adver- 
tising markets do not become saturated. Find the 
optimal number of ads of each type to run to meet the 
choir’s goals by developing and solving an integer 
optimization model. 


SnapHouse is a local property agents’ team who 
make profit on renting and selling residential units. 


Data for Problem 16 


Currently, they are focusing on a newly developed 
residential area and are helping the developer sell 
new units at an average price of $400,000 per unit. 
The team charges the developer a 1% commission on 
the selling price of every unit that they sell. They are 
planning to sell at least 80 units during the launching 
period. The most they are willing to spend on promo- 
tion to improve their sales is $50,000. The possible 
promotion options are as follows: 


Hiring part-time agents 
Handing out fliers 
Online advertising 
Hanging banners 
Setting up sales booths 


During the sales period, the team will pay a basic sal- 
ary of $2,500 for each part-time agent they hire. This 
may improve their sales since one good agent will 


Media Price 
FM radio spot $80.00 
AM radio spot $65.00 
Cityscape ad $250.00 
MetroWeekly ad $225.00 
Hometown paper ad $500.00 
Neighborhood paper ad $300.00 
Downtown magazine ad $55.00 
Choir journal ad $350.00 
Professional organization magazine ad $300.00 


Local Exposure 


National Exposure Limit 


110 40 30 
55 20 30 
80 5 24 
65 8 24 

400 70 10 

220 40 10 
35 0 15 
10 75 Le 


20 65 12 
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get about eight units sold. They also estimate that 
they may sell one unit for every 200 fliers they hand 
out, which would cost $0.03 each. The online adver- 
tisement should help the team sell 10 units but will 
cost $2,000. The team can hang ten banners around 
the area, which would cost them $40 per banner and 
will increase their sales by three more units. Setting 
up four sales booths, at a cost of $800 per booth, may 
generate in about 6 units’ sale. They don’t want to hire 
more than five part-time agents or send out more than 
5,000 fliers. Develop and solve an integer optimization 
model to find the best promotion strategy to maximize 
their profit. 


Cady Industries produces custom induction motors 
for specific customer applications. Each motor can 
be configured from different options for horsepower, 
the driveshaft forming process, spider bar component 
material, rotor plate process, type of bearings, tophat 
(a system of channels encased in a box that is placed 
on top of the motor to reduce airflow velocity both 
entering and exiting the motor) design, torque direc- 
tion, and an optional mounting base. 


Time 
Requirement 
Cost (Days) 

Horsepower 

1000 HP $155,000 32 
5000 HP $165,000 36 
10000 HP $180,000 42 
15000 HP $205,000 50 
Shaft 

Heat-Rolled $10,000 10 
Oil-Quenched $5,000 16 
Forged $15,000 8 
Spider Bar Material 

Copper $10,000 

Aluminum $2,500 8 
Rotor Plates 

Laser-Cut $12,500 
Machine-Punched $7,500 12 
Bearings 

Sleeve $5,000 4 
Anti-Friction $5,000 4 
Oil Well $3,000 2 
Oil Guard $5,000 4 
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Time 
Requirement 
Cost (Days) 
Tophat Design 
Box $5,000 1} 
V-Box $20,000 15 
Torque Direction 
Vertical $35,000 10 
Horizontal $40,000 6 
Optional Base $75,000 10 


a. Develop and solve an optimization model to find 
the minimum cost configuration of a motor. 


b. Develop and solve an optimization model to find 
the configuration that can be completed in the 
shortest amount of time. 


c. Customer A has a new plant opening in 90 days 
and needs a motor with at least 5,000 horsepower. 
The customer has specified that sleeve bearings 
be installed for easy maintenance and a V-box 
tophat is required to meet airflow velocity limita- 
tions. Find the optimal configuration that can be 
built within the 90-day requirement. 


d. Customer B has a budget of $365,000 and 
requires a motor with 15,000 horsepower, a heat- 
rolled shaft, and the optional base. They want the 
highest-quality product, which implies that they 
are willing to maximize the cost up to the bud- 
get limitation. Find the optimal configuration that 
will meet these requirements. 


For the General Appliance Corporation transporta- 
tion model discussed in Example 13.18, suppose that 
the company wants to enforce a single sourcing con- 
straint that each distribution center be served from 
only one plant. Assume that the capacity at the Mari- 
etta plant is 1,500. Set up and solve a model to find 
the minimum cost solution. 


For the Shafer Office Supplies problem (Problem 37 
in Chapter 13), suppose that the company wants to 
enforce a single sourcing constraint that each retail 
store be served from only one distribution center. Set up 
and solve a model to find the minimum cost solution. 


Foodpanda is an online food delivery brand headquar- 
tered in Berlin, Germany, and operating in over 10 
countries. It is establishing a new business to serve cus- 
tomers in Selangor, a state on the west coast of Peninsu- 
lar Malaysia, covering cities like Petaling Jaya, Puchong, 
Shah Alam, Sepang, and Klang. The company has 
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identified five best locations and wants to establish their 
central office to be able to deliver food to all these loca- 
tions within 30 minutes. The data file Foodpanda pro- 
vides travel times in minutes between each pair of cities. 


a. Develop and solve an optimization model to find 
the minimum number of locations required to 
meet their goal. 


b. Suppose they change the food delivery goal to 
45 minutes. What would be the best solution? 


Tindall Gifts is a major national retail chain with stores 
located principally in shopping malls. For many years, 
the company published a Christmas catalog that was 
sent to current customers on file. This strategy gen- 
erated additional e-commerce business, while also 
attracting customers to the stores. However, the cost- 
effectiveness of this strategy was never determined. 
John Harris, vice president of marketing, conducted a 
major study on the effectiveness of Tindall’s Christ- 
mas catalog. The results were favorable: Patrons who 
were catalog recipients spent more, on average, than 
did comparable non-recipients. These revenue gains 
more than compensated for the costs of production, 
handling, and mailing, which had been substantially 
reduced by cooperative allowances from suppliers. 
With the continuing interest in direct mail as a vehicle 


Data for Tindall Gifts Survey 


List 1 2 3 4 
Cost (000) $1 $1 $1 $1.5 
Customer Magazines Customer Magazines 
1 10 28 4,7 
2 1,4 29 6 
3 1 30 3, 4, 5, 10 
4 3,0 31 4 
5 5 32 8 
6 10 33 To, 10 
7 2,9 34 4,5 
8 5,8 35 15,6 
9 175510 36 1,3 
10 4, 6, 8,10 37 3, 5, 8 
11 6 38 3 
12 3 39 anh 
13 a) 40 arr 


14 2,6 41 tl 


5 
$1.5 


for delivering holiday catalogs, Harris continued to 
investigate how new customers could most effectively 
be reached. One of these ideas involved purchas- 
ing mailing lists of magazine subscribers through a 
list broker. To determine which magazines might be 
appropriate, a mail questionnaire was administered 
to a sample of current customers to ascertain which 
magazines they regularly read. Ten magazines were 
selected for the survey. The assumption behind this 
strategy is that subscribers of magazines having a high 
proportion of current customers would be viable tar- 
gets for future purchases at Tindall stores. The ques- 
tion is which magazine lists should be purchased to 
maximize the reaching of potential customers in the 
presence of a limited budget for purchasing lists. Data 
from the customer survey have begun to trickle in. 
The information about the ten magazines to which a 
customer subscribes is provided on the returned ques- 
tionnaire. Harris has asked you to develop a prototype 
model, which later can be used to decide which lists to 
purchase. So far, only 53 surveys have been returned. 
To keep the prototype model manageable, Harris has 
instructed you to go ahead with the model develop- 
ment using the data from the 53 returned surveys. 
These data are shown in the table below. The costs of 
the first ten lists are given, and your budget is $3,000. 


6 i 8 9 10 
$1.5 $1 $1.2 $0.5 $1.1 
Customer Magazines Customer Magazines 
15 8 42 4,5, 6 
16 6 43 None 
17 4,5 44 5,10 
18 v6 45 1,2 
19 5, 6 46 7 
20 ang 47 a0 
21 eS) 48 3 
22 6 49 1,3,4 
23 3, 6, 10 50 None 
24 None 51 2,6 
25 5,8 52 None 
26 3, 10 53 2, 5, 8, 9, 10 
27 2,8 


What magazines should be chosen to maximize 
overall exposure? (Hint: Define binary variables Xj 
for whether magazine j is selected or not, and Y, for 
whether customer i is reached by any selected maga- 
zine. In other words, Y; cannot be | unless customer i 
is a subscriber to one of the magazines selected.) 


Nonlinear Optimization Models 


23. 


24. 


25. 


A manufacturer of kitchen appliances is preparing to 
set the price on a new blender. Demand is thought to 
depend on the price and is represented by the model 


DPI? OOO 877 


The accounting department estimates that the total 
costs can be represented by 


C = 4,000 + 5D 


Develop a model for the total profit. Implement the 
model on a spreadsheet and use nonlinear optimization 
with Solver to find the price that maximizes profit. 


Problem 4 in Chapter 11 posed the following situation: 
The demand for organic chicken meat is quite sensi- 
tive to price. Typically, there is an inverse relationship 
between its demand and price; when price decreases, 
demand increases and vice versa. One major organic 
chicken supplier found that when the price (P) per 
pound is $4, the demand (D) is 5 pounds. When the 
price reduced to $3.50, the demand is 15 pounds. 
You were asked to develop an appropriate model on 
a spreadsheet and use nonlinear optimization with 
Solver to find the optimal price to maximize revenue. 


Problem 2 in Chapter 11 posed the following situa- 
tion: Intel, the largest semiconductor manufacturing 
company in the world, sells two major types of com- 
puter chips, type A and type B. The sales of these 
two chips are not independent of each other (in eco- 
nomics, we call these substitutable products because 
if the price of one increases, sales of the other will 
increase). The company wishes to establish a pricing 
policy to maximize revenue from these chips. A study 
of price and sales data shows the following relation- 
ships between the quantity sold () and prices (P) of 
each model: 
Na = 55 — 0.05P, + 0.35Pp 


I| 


Np 
You were asked to conduct a model for total reve- 
nue. Implement it on a spreadsheet and use nonlinear 
optimization with Solver to find the optimal prices to 
maximize revenue. 


63 + 0.15P, — 0.18P, 


26. 


27. 


28. 
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For the pricing decision model in Example 14.8, sup- 
pose that the company wants to keep the price at a 
maximum of $500. Note that the solution in Figure 
14.19 will no longer be feasible. Modify the spread- 
sheet model to include a constraint on the maximum 
price and solve the model. 


In the hotel pricing problem in Example 14.9, sup- 
pose that the hotel is considering adding suites to its 
room mix. Based on an analysis of local competitors, 
suites can sell for a rate of $180, and they expect to 
sell 20 per day to business travelers. The price elas- 
ticity of demand is estimated to be —2.5. The hotel 
would want to keep the price of suites between $150 
and $200. Modify the spreadsheet to include suites 
and find prices that will maximize total revenue. 


A franchise of a chain of H&M, a Swedish multina- 
tional clothing retail company, wants to determine 
the best location to attract customers from three 
shopping malls. The coordinates of the three shop- 
ping malls are as follows: 


Shopping Mall X-Coordinate Y-Coordinate 
Mid Valley 15 5 
Sunway Pyramid 3 8 
One-Utama 2 4 


The population shop at One-Utama is three times 
as large as Sunway Pyramid, and Sunway Pyramid 
is twice as large as Mid Valley. The company wants 
to consider the population in its location decision. 
Develop and solve a model to find the best location, 
assuming that straight-line distances can be used 
between the locations. 


. ElectroMart wants to identify a location for a ware- 


house that will ship to five retail stores. The coor- 
dinates and annual number of truckloads are given 
here. Develop and solve a model to find the best 
location, assuming that straight-line distances can be 
used between the locations. 


Retail 

Store X-Coordinate Y-Coordinate Truckloads 
A 18 15 12 

B 3 4 18 

Cc 20 5 24 

D 3 16 12 

E 10 20 18 
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In Chapter 8, we noted that the least-squares coef- 
ficients in a regression model are found by mini- 
mizing the sums of squares of the errors, as given 
in equation (8.4). This is a nonlinear optimization 
problem. Using the Home Market Value data, set up 
a spreadsheet model to find the values for the slope 
and intercept using nonlinear optimization. Compare 
your answer with Example 8.5. 


Many manufacturing situations, for example, the pro- 
duction of such large and complex items as aircraft 
or machines, exhibit a learning effect in which the 
production time per unit decreases as more units are 
produced. This is often modeled by a power curve, 
y = ax ”, where a and b are constants. Suppose that 
data on production times for the first 10 units pro- 
duced were collected from a new project at Glasgow 
Machine Tool: 


Unit Production Hours 
1 3,211 
2 2,720 
3 2,615 
4 2,278 
5 2,028 
6 2,193 
Vf 2,249 
8 2,268 
9 1,994 

10 2,000 


Develop a model for estimating the power curve to min- 
imize the sum of the squared deviations of the errors. 
Use nonlinear optimization to find the parameters. 


ToyDoc is a major toy manufacturer. Its financial 
advisor is analyzing the effect of the direct mate- 
rial cost of plastic used to make the toys on prof- 
its earned for two of their main products. These 
data are available in the Excel file ToyDoc. Sup- 
pose that the total direct material costs budget is 
$80,000 and at least $20,000 must be spent on each 
product. Use the Add Trendline feature in Excel to 
fit logarithmic functions for profit as a function 
of direct material cost for each product. Then for- 
mulate and solve a nonlinear optimization model 
to determine how the company should allocate 
its direct material costs budget between the two 
products. 


*33. Dilan is a property investor. Recently he has been 


interested to invest in three different types of prop- 
erty: a shoplot, a condominium, and a double-story 
house. The shoplot is a high-risk investment, often 
resulting in heavy losses but occasionally coming 
through with spectacular gains. The condominium 
has a more stable, but lower, expected return. The 
double-story house is a medium-risk investment in 
comparison to the other two. Average returns, their 
variances, and covariances are given in the table 
Data for Problem 33. Develop and solve a portfo- 
lio optimization model for this situation for a target 
return of 7%. 


Non-Smooth Optimization 


34. An IT support group at Thomson State College has 


seven projects to complete. The time each will take 
and project deadlines (both given in number of days) 
are shown next. 


Project 1 2 3 4 5 6 7 
Time 4 Quip AZied§ SecclS 8 
Deadline 12 24 60 28 24 36 48 


a. Sequence the projects to minimize the average 
lateness. 


b. Sequence the projects to minimize the average 
tardiness. 


c. Compare these solutions to the SPT and EDD 
rules discussed in the job sequencing application 
in Chapter 11. 


*35. Suppose the distances that Mohan Raja, a mechanical 


technician for Canon who repairs and services photo- 
copy machines, travels between five different compa- 
nies that rent photocopy machines from Canon are as 
follows: 


-From/To A(o) Bit) C2) DB) Ef) 


AO"? 27" (9s Sgr pau ggeliodys 
B (1) 53 ) 34 14 63 
C (2) 24 34 ) 23 18 
D (3) 43 14 23 ) 54 
E (4) 15 63 18 54 0 


ee 
Set up and solve a traveling salesperson problem (TSP) 
using Evolutionary Solver. 


Data for Problem 33 


Average return 


Variance 


Covariance with shoplot 


Covariance with condominium 


Shoplot 
0.0882 
0.02435 
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Condominium Double-story House 


0.0567 0.0678 

0.0004235 0.00135 

0.0006381 0.00282 
0.000324 


CASE: PERFORMANCE LAWN EQUIPMENT 


The CFO at Performance Lawn Equipment, Brian 
Ferguson, wishes to design a minimum variance portfolio 
of index funds to invest some of the firm’s cash reserves. 
The funds selected for consideration and their variance- 
covariance matrix and average returns are given in the 


table below. 


a. The firm would like to achieve a target return of 0.19%. 
What mix of investments would achieve this? 


b. To obtain. better diversification, the CFO would like to 
restrict the percentage of investments in each fund as 


follows: 


¢ Bond: between 10% and 50% 

* S&P 500: between 30% and 50% 

¢ Small cap: no more than 20% 

¢ Mid cap: no more than 20% 

¢ Large cap: no more than 25% 

¢ Emerging market: no more than 10% 


* Commodity: no more than 20% 


How would the optimal portfolio and objective change? 
Summarize your findings in a short memo to Mr. Ferguson. 


eee eS EE ee ee 


Bond 

S&P 500 
Small cap 
Mid cap 
Large cap 
Emerging 
market 
Commodity 


Average 
weekly 
return 


Bond 
0.002% 
—0.001 % 
—0.001 % 
—0.001 % 
—0.001 % 
0.000% 


0.000% 
0.044% 


S&P 500 


0.020% 
0.027% 
0.024% 
0.019% 
0.032% 


0.000% 
0.118% 


Small Cap Mid Cap 


0.047% 
0.039% 
0.027% 
0.050% 


0.005% 
0.256% 


0.033% 
0.023% 
0.043% 


0.005% 
0.226% 


Emerging 
Large Cap Market Commodity 


0.027% 
0.041% 0.085% 


0.009% 0.015% 0.054% 
0.242% 0.447% 0.053% 
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After studying this chapter, you will be able to: 


a Interpret the Solver Sensitivity Report for both linear m Use Excel to evaluate scenarios for integer linear 
and nonlinear optimization models. optimization models and gain practical insights into 
= Conduct what-if analysis for optimization models. the solutions. 
= Use auxiliary variables to model bound constraints = Visualize Solver reports using Excel charts. 
and obtain more complete sensitivity information. = Ensure that assumptions underlying the use of sensi- 
ws Understand and interpret the Solver Sensitivity Report tivity information hold when interpreting Solver reports. 


for models that have bounded variables. 
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When the field of optimization was quite young, a wise professor stated that its 
purpose is “insight, not numbers.” In other words, there is much to be gleaned 
from optimization models beyond just finding the optimal solution. So/ver pro- 
vides useful information about the impact of changes and variations in model 
data on the optimal solution from its Sensitivity Report. In addition, modern 
analytics provides a rich platform to conduct what-if analysis, provide further 
insights that can help use optimization in practice, and to visualize results in order 
to communicate them easily to non-technical managers. 

In this chapter, we will focus on using what-if analysis in optimization, inter- 
preting the Solver Sensitivity Report, and visualizing optimization results. We will 
also discuss the special case of models with bounded variables and ensure that 
sensitivity analysis is used properly. 


an What-lIf Analysis for Optimization Models 


The principal purpose of formulating and solving an optimization model should never be 
to just find a “best answer”; rather, the model should be used to provide insight for making 
better decisions. Thus, it is important to analyze optimization models from a predictive ana- 
lytics perspective to determine what might happen should the model assumptions change 
or when the data used in the model are uncertain. For example, managers have some con- 
trol over pricing but may not be able to control supplier costs. Even though we may have 
solved a model to find an optimal solution, it would be beneficial to determine what impact 
a change in a price or cost would have on net profit. Similarly, many constraints represent 
resource limitations or customer commitments. Limited capacity can be adjusted through 
overtime, or supplier contracts can be renegotiated. So managers would want to know 
whether it would be worthwhile to increase capacity or change a contract. With Solver, 
answers to such questions can easily be found by simply changing the data and re-solving 
the model. 


Using Solver for What-If Analysis 


In the Sklenka Ski Company (SSC) model, managers might 4. What if the number of finishing hours available is 
wish to answer the following questions: decreased by two hours because of planned equip- 
1. Suppose that the unit profit on Jordanelle skis is Pee aI eMen Ce! HOW WO) MeanOtacIuung alate ae 
increased by $10. How will the optimal solution eee 
change? What is the best product mix? Figure 15.1 shows a summary of the solutions for each of 
2. Suppose that the unit profit on Jordanelle skis is these scenarios after re-solving the model. 
decreased by $10 because of higher material costs. In the first scenario, when the unit profit of Jordanelle 
How will the optimal solution change? What is the best Skis is increased to $60, the optimal product mix does not 
product mix? change from the base scenario; however, the total profit 
3. Suppose that ten additional finishing hours become increases. You might think that if the profit of Jordanelle 
available through overtime. How will manufacturing Skis increases, it would be advantageous to produce more 


plans be affected? of them. However, doing so would require producing more 


model. 


» Figure 15.1 


Summary of What-If 
Scenarios 


Deercrest skis to meet the marketing mix constraint, which 
would then violate the finishing time constraint. Therefore, 
the solution is “maxed out,” so to speak, because of the 
constraints. Nevertheless, each pair of Jordanelle skis 
produced would gain an additional $10 in profit, so the 5.25 
pairs we produce increase the profit by 5.25($10) = $52.50 
to $997.50. From a practical perspective, a manager might 
need to consider whether the price increase will still ensure 
that all the skis can be sold—an implicit assumption in the 


In the second scenario, the situation is different. If 
the profit of Jordanelle skis is reduced to $40, it becomes 
unprofitable to produce any of them. The marketing mix 
constraint is no longer relevant, and similar to the Crebo 
Manufacturing example, the profit per unit of finishing time 
is higher for Deercrest; consequently, it is best to produce 
only that model. Eliminating a product from the optimal 
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mix might be a poor marketing decision, or it can offer 
advantages by simplifying the supply chain. 

In the third scenario, we see that we still have a mix of 
both products. With the additional finishing hours, we are 
able to produce more of the higher-profit Deercrest skis and 
use the remaining capacity to produce a smaller amount 
of the Jordanelle skis. However, you can also see that we 
have now used all the fabrication hours as well as all the 
finishing hours, suggesting that the operations manager 
has no slack in fabrication; any breakdown of equipment or 
absence of labor will affect the solution. 

Finally, in the last scenario, a small reduction in the 
finishing capacity results in the same two-to-one ratio of 
Deercrest to Jordanelle skis because of the marketing mix 
constraint, but the reduction in finishing capacity reduced 
the amount of each product that can be produced, as well 
as reducing the overall profit by $90. 


For many models, we often want to conduct more systematic what-if analyses to exam- 
ine how solutions change as input data vary within some reasonable ranges. For example, 
look back at the Innis Investment problem (Example 13.16). In financial decisions such 
as these, it is often useful to compare risk versus reward to make an informed decision, 
particularly since the target return is subjective. We illustrate this in the following example. 


Evaluating Risk Versus Reward in Portfolio Management 


In the Innis Investment problem, we might be interested in 
comparing how the return, risk, and investment mix would 
change for different values of the target return. Figure 15.2 
shows such an analysis for target returns between 4% and 
7%. We see that below 5%, we can obtain a return of 4.89% 
with a minimum risk. Visualizing these results can provide 
better insight. The chart on the right shows that as the target 


Solver Sensitivity Report 


return increases, the risk increases, and at 6%, begins to 
increase at a faster rate. As the target return increases, the 
investment mix begins to change to a higher percentage of 
low-price stock, which is a riskier investment, as shown in 
the chart on the left. A more conservative client might be 
willing to take a small amount of additional risk to achieve a 
6% return but not venture beyond that value. 


In Example 15.1, we evaluated only a few distinct scenarios. Managers might also want to 
know what would happen if the profit for Jordanelle skis is decreased only by $1, $2, or $5, 
and so on. We could keep changing the data and re-solving the model, but that would be 


‘Scenario 


‘Base Case 


H ere aes K_ 
Quantity Produced Hours Used 
sy 


Jordanelle profit = $60 

Jordanelle profit = $40 

Finishing hours = 34 
Finishing hours = 19 
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‘ 
2 
3 Target Return 4.0% 4.5% 5.0% 5.5% 6.0% 6.5% 7.0% 
4 Fund $Invested $invested  $invested $invested $invested $invested _$ Invested 
5 ‘LowPricedStock $ -  § ae eT: -  $§ 10,421.29 $ 65,853.66 $121,286.03 
6 2 Multinational $ 50,000.00 $ 50,000.00 $ 50,000.00 $ 50,000.00 $ 50,000.00 $ 50,000.00 $ 50,000.00 
7 3 Mid Cap $ - $ - $ - $ - $ - $ - $ - 
& 4 Mortgage $200,000.00 $200,000.00 $200,000.00 $200,000.00 $189,578.71 $134,146.34 $ 78,713.97 
iS] 5 Income Equity $ 50,000.00 $ 50,000.00 $ 66,371.68 $140,117.89 $200,000.00 $200.000.00 $200,000.00 
10 __6 Balanced $200,000.00 _$200,000.00_$ 183,628.32 _$ 109,882.01 _$ 50,000.00 _$ 50,000.00_$_50,000.00 
11 Weighted Return = 4.89% _ 89% 0 5:00! 50! 6.00% Oi isn A 
12 Risk 6.2520 i ‘6, 307Sh es i 6.9295 7.8364 8743 ; 
13 
14 . ° ° 4 
15 Investment Mix Risk-Reward Profile 
16 ; 
47 | $600,000.00 ap pau) 
18 | $500,000.00 -+ 8.0000 
1g m@ Balanced 7.0000 

400,000.00 +- : 
20|/ ° ® Income Equity ~ 9.0000 
21 | $300,000.00 2 5.0000 
22 ii ® Mortgage 4.0000 

$200,000.00 ' 3.0000 
2 @ Mid Cap 30000 
= asd ® Multinational 1.0000 
25 od ss, . ; 0.0000 
26 4.0% 4.5% 5.0% 5.5% 6.0% 6.5% 7.0% Low Priced Stock 0.00% 2.00% 4.00% 6.00% 8.00% 
a Target Return Weighted Return 


4 Figure 15.2 
Scenario Analysis for Innis Investments 


tedious. Fortunately, we can answer these and other what-if questions more easily by using 
the Sensitivity Report generated by Solver. 

The Solver Sensitivity Report provides a variety of useful information for manage- 
rial interpretation of the solution. Specifically, it allows us to understand how the optimal 
objective value and optimal decision variables are affected by changes in the objective 
function coefficients, the impact of forced changes in certain decision variables, or the 
impact of changes in the constraint resource limitations or requirements. Figure 15.3 
shows the Sensitivity Report for the SSC model, with annotations that summarize what the 
numbers represent. To obtain it, select Sensitivity Report in the Solver Results dialog. We 
use this for the examples in this section. 

One important caution: The Sensitivity Report information applies to changes in only 
one of the model parameters at a time; all others are assumed to remain at their original 
values. In other words, you cannot accumulate or add the effects of sensitivity information 
if you change the values of multiple parameters in a model simultaneously. 

The Decision Variable Celis section provides information about the decision variables 
and objective function coefficients and how changes in their values would affect the opti- 
mal solution. 


Interpreting Sensitivity Information for Decision Variables 


The Decision Variable Cells section lists the final value for be reduced for a nonnegative variable that is zero in 
each decision variable, a number called the reduced cost, the optimal solution to become positive. If a variable is 
the coefficients associated with the decision variables positive in the optimal solution, as it is for both variables 
from the objective function, and two numbers called in the SSC example, its reduced cost is always zero. We 
allowable increase and allowable decrease. The reduced will see an example later that will help you to understand 


cost tells how much the objective coefficient needs to reduced costs. 


The Allowable Increase and Allowable Decrease values 
tell how much an individual objective function coefficient 
can change before the optimal values of the decision 
variables will change (a value listed as “1E + 30” is 
interpreted as infinity). For example, the Allowable Increase 
for Deercrest skis is 10, and the Allowable Decrease is 90. 
This means that if the unit profit for Deercrest skis, $65, 
either increases by more than 10 or decreases by more 
than 90, then the optimal values of the decision variables 
will change (as long as all other objective coefficients 
stay the same). For instance, if we increase the unit profit 
by $11 (to $76) and re-solve the model, the new optimal 
solution will be to produce 14 pairs of Deercrest skis and 
no Jordanelle skis. However, any increase of less than 10 
will Keep the current solution optimal. For Jordanelle skis, 
we can increase the unit profit as much as we wish without 
affecting the current optimal solution; however, a decrease 
of at least 6.66 will force a change in the solution. 
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If the objective coefficient of any one variable that has 
positive value in the current solution changes but stays 
within the range specified by the Allowable Increase and 
Allowable Decrease, the optimal decision variables will 
stay the same; however, the objective function value will 
change. For example, if the unit profit of Jordanelle skis 
were changed to $46 (a decrease of $4, which is within the 
Allowable Increase), then we are guaranteed that the optimal 
solution will still be to produce 5.25 pairs of Jordanelle 
skis and 10.5 pairs of Deercrest skis. However, each of 
the 5.25 pairs of Jordanelle skis produced and sold would 
realize $4 less profit—a total decrease of 5.25($4) = $21. 
Thus, the new value of the objective function would be 
$945 —$21 = $924. If an objective coefficient changes 
beyond the Allowable Increase or Allowable Decrease, then 
we must re-solve the problem with the new value to find the 
new optimal solution and profit. 


The range within which the objective function coefficients will not change the optimal 
solution provides a manager with some confidence about the stability of the solution in the 
face of uncertainty. If the allowable ranges are large, then reasonable errors in estimating 
the coefficients will have no effect on the optimal policy (although they will affect the 
value of the objective function). Tight ranges suggest that more effort might be spent in 
ensuring that accurate data or estimates are used in the model. 
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| optimal values of the decision variables (and 
_ requiring the model to be re-solved). 
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Allowable 
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50 1E+30 


Constraints 


65 10.0000002 90.00000013 


Final Shadow Constraint 
R.H. Side 
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$D$15 Fabrication Hours Used 
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To understand what a nonzero reduced cost means, let us use the second scenario in 
Example 15.1. 


Understanding Nonzero Reduced Costs 


Figure 15.4 shows the Sensitivity Report when the unit positive, we see that the profit on Jordanelle skis must be 
profit for Jordanelle skis is $40. As before, the reduced cost reduced by more than —$3.33 (or equivalently, increased 
for Deercrest skis is 0 because the value of the variable by more than $3.33) to make it profitable to produce them. 
is positive. We do not produce any Jordanelle skis in this If you re-solve the model with the unit profit for Jordanelle 
optimal solution simply because it is not profitable to do as $43.34, you will obtain the original optimal product mix 
so. Using the definition of the reduced cost, how much the (except that the total profit will be $910.04 because of the 
objective coefficient needs to be reduced for a nonnegative different objective function coefficient). 


variable that is zero in the optimal solution to become 


The Constraints section of the Sensitivity Report lists the final value of the constraint 
function (the left-hand side), a number called the shadow price, the original right-hand-side 
value of the constraint, and an Allowable Increase and Allowable Decrease. The shadow 
price tells how much the value of the objective function will change as the right-hand side 
of a constraint is increased by 1, Whenever a constraint has positive slack (the difference 
between the left- and right-hand side of the constraint for the optimal solution as defined 
in Chapter 13), the shadow price is zero. When a constraint involves a limited resource, the 
shadow price represents the economic value of having an additional unit of that resource. 


Interpreting Sensitivity Information for Constraints 


In the fabrication constraint (see Figure 15.3), we are using The shadow price of the finishing constraint is 45. 
only 60.375 of the 84 available hours in the optimal solution. This means that if an additional hour of finishing time is 
Thus, having one more hour available will not help us to available, then the total profit will change by $45. To see 
increase our profit. However, if a constraint is binding, then this, change the limitation of the number of finishing hours 
any change in the right-hand side will cause the optimal available to 22 and re-solve the problem. The new solution 
values of the decision variables as well as the objective is to produce 5.5 pairs of Jordanelle skis and 11.0 pairs of 
function value to change. We illustrate this with the finishing Deercrest skis, yielding a profit of $990. We see that the 
constraint. total profit increases by $45, as predicted. 
> Figure 15.4 at S 7 i : "Ee ; i eee ; ra 
es Sore pee ; Objective Cell (Max | The rofit on Jordanell t b bd 
for SSC Objective: Max 6 Cell Name Final Value | pepe by more than begs ‘ | 
40 Jordanelle + 65 Deercrest 7 | $D$22 Profit Contribution Total Profit 910 (increased by more than $3.33) to 
8 


| make it economical to produce. 
9 Decision Variable Cells ee 


10 Final Reduced Objective Allowable Allowable 
11 Cell Name Value Cost Coefficient Increase Decrease 

| 12 $B$14 Quantity Produced Jordanelle ’ 0 -3.333333333 40 3.333333333 1E+30 
13 $C$14 Quantity Produced Deercrest 14 0 65 1E+30 5.00000015 
14 


i a 
16 Final Shadow Constraint Allowable Allowable 


17 Cell Name Value Price R.H. Side Increase Decrease 
18 $0$15 Fabrication Hours Used _ 56 0 84 1E+30 28 
19 $0$16 Finishing Hours Used 24 43.33333333_—__ 21 10.5 21 


20  $D$19 Market mixture Excess Deercrest _ 14 0 0 14 30 


The shadow price is a valid predictor of the change 
in the objective function value for each unit of increase in 
the right-hand side of the constraint up to the value of the 


Allowable Increase. Thus, if up to about 8.2 additional hours 


of finishing time were available, profit would increase by 


$45 for each additional hour (but we would have to re-solve 


the problem to actually find the optimal values of the 


decision variables). Similarly, a negative of the shadow price 
predicts the change in the objective function value for each 
unit the constraint’s right-hand side is decreased, up to the 
value of the Allowable Decrease. For example, if one person 
were ill or injured, resulting in only 14 hours of finishing time 


available, then profit would decrease by 7($45) = $315, 
resulting in a total profit of $945 —$315 = $630. This 
can be predicted because a decrease of 7 hours is within 
the Allowable Decrease of 21. Beyond these ranges, the 
shadow price does not predict what will happen, and the 
problem must be re-solved. 

Another way of understanding the shadow price is to 
break down the impact of a change in the right-hand side 


of the value. How was the extra hour of finishing time used? 


After solving the model with 22 hours of finishing time, we 
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see that we were able to produce an additional 0.25 pairs of 
Jordanelle skis and 0.5 pairs of Deercrest skis as compared 
to the original solution. Therefore, the profit increased by 
0.25($50) + 0.5(65) = $12.50 + 32.50 = $45. In essence, 
a small change in a binding constraint causes a reallocation 
of how the resources are used. 

Interpreting the shadow price associated with the 
market mixture constraint is a bit more difficult. If you 
examine the constraint Deercrest —2 Jordanelle = 0 
closely, an increase in the right-hand side from 0 to 1 
results in a change of the constraint to 


(Deercrest —1) —2 Jordanelle = 0 


This means that the number of pairs of Deercrest skis 
produced would be one short of the requirement that it be 
at least twice the number of Jordanelle skis. If the problem 
is re-solved with this constraint, we find the new optimal 
solution to be 4.875 Jordanelle skis, 10.75 Deercrest skis, 
and profit = $942.50. The profit changed by the value of 
the shadow price, and we see that 2 x Jordanelle = 9.75, 
one short of the requirement. 


» Figure 15.5 
Solver Limits Report 


Shadow prices are useful to a manager because they provide guidance on how to real- 
locate resources or change values over which the manager may have control. In linear opti- 
mization models, the parameters of some constraints cannot be controlled. For instance, 
the amount of time available for production or physical limitations on machine capacities 
would clearly be uncontrollable. Other constraints represent policy decisions, which, in 
essence, are arbitrary. Although it is correct to state that having an additional hour of fin- 
ishing time will improve profit by $45, does this necessarily mean that the company should 
spend up to this amount for additional hours? This depends on whether the relevant costs 
have been included in the objective function coefficients. If the cost of labor has not been 
included in the objective function unit profit coefficients, then the company will benefit by 
paying less than $45 for additional hours. However, if the cost of labor has been included in 
the profit calculations, the company should be willing to pay up to an additional $45 over 
and above the labor costs that have already been included in the unit profit calculations. 

The Limits Report (Figure 15.5) shows the lower limit and upper limit that each 
variable can assume while satisfying all constraints and holding all the other variables 


A B Loe (Vp afer Bhagat yy wae 
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8 | $D$22 Profit Contribution Total Profit $945.00 

9 | 
1410 | j 

11 | Decision Variable Lower Objective Upper Objective | 
112 | Cell Name Value Limit Result Limit Result | 
113| $B$14 Quantity Produced Jordanelle 5.20) 0 $682.50 5.25 $945.00 _ 
}14) $914 Quantity Produced Deercrest 10.5 10.5 $945.00 10.5 $945.00 
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constant. Generally, this report provides little useful information for decision making and 
can be effectively ignored. 


Using the Sensitivity Report 


It is easy to use the sensitivity information to evaluate the impact of different scenarios. 
The following rules summarize how to do this. 


a. 


If a change in an objective function coefficient remains within the Allowable 
Increase and Allowable Decrease ranges in the Decision Variable Cells sec- 
tion of the report, then the optimal values of the decision variables will not 
change. However, you must recalculate the value of the objective function 
using the new value of the coefficient. 

Ifa change in an objective function coefficient exceeds the Allowable Increase 
or Allowable Decrease limits in the Decision Variable Cells section of the 
report, then you must re-solve the model to find the new optimal values. 

If a change in the right-hand side of a constraint remains within the Allow- 
able Increase and Allowable Decrease ranges in the Constraints section of 
the report, then the shadow price allows you to predict how the objective 
function value will change. Multiply the change in the right-hand side (posi- 
tive if an increase, negative if a decrease) by the value of the shadow price. 
However, you must re-solve the model to find the new values of the decision 
variables. 


. If a change in the right-hand side of a constraint exceeds the Allowable 


Increase or Allowable Decrease limits in the Constraints section of the 
report, then you cannot predict how the objective function value will change 
using the shadow price. You must re-solve the problem to find the new 


solution. 


We will illustrate these rules for the SSC what-if scenarios (see Example 15.1) using 


the sensitivity report in Figure 15.3. 


. Suppose that the unit profit on Jordanelle skis is 


increased by $10. How will the optimal solution change? 
What is the best product mix? 

The first thing to do is to determine if the increase in 
the objective function coefficient is within the range 
of the Allowable Increase and Allowable Decrease 
in the Decision Variable Cells portion of the report. 
Because $10 is less than the Allowable Increase 
of infinity, we can safely conclude that the optimal 
quantities of the decision variables will not change. 
However, because the objective function changed, 
we need to compute the new value of the total profit: 
5.25($60) + 10.5($65) = $997.50. 


- Suppose that the unit profit on Jordanelle skis is 


decreased by $10 because of higher material costs. 
How will the optimal solution change? What is the best 
product mix? 


Using the Sensitivity Report to Evaluate Scenarios 


In this case, the change in the unit profit exceeds the 
Allowable Decrease ($6.67). We can conclude that the 
optimal values of the decision variables will change, al- 
though we must re-solve the problem to determine what 
the new values would be. 


. Suppose that ten additional finishing hours become 


available through overtime. How will manufacturing 
plans be affected? 

When the scenario relates to the right-hand side of a 
constraint, first check if the change in the right-hand- 
side value is within the range of the Allowable Increase 
and Allowable Decrease in the Constraints section of 
the report. In this case, ten additional finishing hours 
exceeds the Allowable Increase. Therefore, we must re- 
solve the problem to determine the new solution. 


- What if the number of finishing hours available is 


decreased by two hours because of planned equipment 
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maintenance? How will manufacturing plans be 
affected? 


shadow price for each hour that finishing capacity is de- 
creased. Therefore, we can predict that the total profit 
will decrease by 2 x $45 = $90 to $855. However, we 
must re-solve the model to determine the new values of 
the decision variables. 


In this case, a decrease of two hours in finishing capac- 
ity is within the Allowable Decrease. We may conclude 
that the total profit will decrease by the value of the 


Degeneracy 


A solution is a degenerate solution if the right-hand-side value of any constraint has 
a zero Allowable Increase or Allowable Decrease. A full discussion of the implications 
of degeneracy is beyond the scope of this book; however, it is important to know that 
degeneracy can impact the interpretation of sensitivity analysis information. For example, 
reduced costs and shadow prices may not be unique, and you may have to change objec- 
tive function coefficients beyond their allowable increases or decreases before the optimal 
solution will change. Thus, some caution should be exercised when interpreting the infor- 
mation. When in doubt, consult a business analytics expert. 


Interpreting Solver Reports for Nonlinear Optimization Models 


Solver provides Answer, Sensitivity, and Limits Reports for nonlinear optimization mod- 
els. However, the Sensitivity Report is quite different from that for linear models. We use 
the hotel pricing example from Chapter 14 to discuss these differences. 


Interpreting Solver Reports for the Hotel Pricing Model 


The Answer Report, shown in Figure 15.6, provides 

the same basic information as for linear models. The 
Constraints section provides the value for the left-hand 
side of each constraint in the Cell Value column, its binding 
or nonbinding status, and the value of the slack. In this 
example, we see that the limit of 450 rooms and the 

lower bound on the price of a gold room are binding. This 
suggests that we could increase revenue if we could either 
increase the capacity of the hotel or lower the minimum 
price for a gold room. 

In the Adjustable Cells section of the Sensitivity Report 
(Figure 15.7), the Reduced Gradient is analogous to the 
Reduced Cost in linear models. For this problem, however, 
the objective function coefficient of each price depends on 
many parameters; therefore, the reduced gradient is more 
difficult to interpret in relation to the problem data. Thus, we 
cannot necessarily conclude that a decrease in the price of 
a gold room of $42.69 will force a change in the solution. 


Lagrange Multipliers in the Constraints section are 
similar to shadow prices for linear models. However, for 
nonlinear models, the Lagrange multipliers give only an 
approximate rate of change in the objective function as 
the right-hand side of a binding constraint is increased by 
1 unit. Thus, for this example, if the number of available 
rooms is increased by 1 to 451, the total revenue would 
increase by approximately $12.08. (For linear models, 
as we have seen, shadow prices give the exact rate of 
change within the Allowable Increase and Allowable 
Decrease limits.) Thus, you should be somewhat 
cautious when interpreting these values and will need 
to re-solve the models to find the true effect of changes 
to constraints. For this example, the optimal revenue 
for a 451-room capacity is $39,392.52, an increase of 
$39,392.52 —$39,380.65 = $11.87, which is close to, 
but not exactly, the amount predicted by the Lagrange 
multiplier value. 


602 


Chapter 15 Optimization Analytics 


D E 


A. 8B c 
12 Target Cell (Max) 
13 Cell Name Original Value Final Value 


14 SFS16 Totals Revenue 0 39380.65104 


17 Adjustable Cells 
18 Cell Name Original Value Final Value 


19, $B$13 Standard New Price $ = $ 76,87 
|20 $B$14 Gold New Price $ -__$ 90.00 
2 $B$15 Platinum New Price $ - $ 145.04 


23 Constraints 
24 Cell Name Cell Value Formula Status Slack 


25 $ES16 TotalsSold —~—=—«450.0000004 $E$16<=SES6 Binding 0 


26 $B$13 Standard New Price $ 76.87 _$B$13>=$C$13 Not Binding 6.874760459 | 
27 $B$14 Gold New Price $ 90.00 $B$14>=$C$14_ Binding 0; 
128  $BS$15 Platinum New Price $ 145.04 $B$15>=$C$15 Not Binding 25.04142711 | 
29 $8513 Standard New Price $ 76.87 $B$13<=$D$13_ Not Binding 13.12523954 | 
$B$14 GoldNew Price __ $ __—_—-90.00_$B$14<=$D$14 NotBinding 20 

$B$15 Platinum New Price $ 145.04 $B$15<=$D$15 Not Binding 3.958572885 | 


> Figure 15.6 
Hotel Pricing Example Solver Answer Report 


D e 


Cc 


B 


5 |Target Cell (Max Sat 
6 | Cell Name Final Value | 
7 $F$16 Totals Revenue 39380.65104 


10; Final Reduced 
117 | Cell Name Value Gradient 
12| $B$13 Standard New Price $ 76.87 $ - 


13| $B$14 Gold New Price $ 90.00 $ (42.69) 
14, $BS15 Platinum New Price $ 145.04 $ rahe 
15 

16 Constraints 

17 | Final Lagrange 
18 | Cell Name Value Multiplier | 
19 $E$16 Totals Sold 450.0000004 12.08293216 | 


i 


> Figure 15.7 
Hotel Pricing Example Solver Sensitivity Report 


CHECK YOUR UNDERSTANDING 


Explain why what-if analysis is important to apply to optimization models. 

How can Solver be used te conduct what-if analysis for optimization models? 
What information does the Solver Sensitivity Report provide for a linear model? 
Explain how to interpret and use the Solver Sensitivity Report for a linear model. 


How does the Sensitivity Report differ for nonlinear optimization models? 
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as Models with Bounded Variables 


Solver handles simple lower bounds (for example, C = 500) and upper bounds (for 
example, D = 1,000) quite differently from ordinary constraints in the Sensitivity 
Report. In Solver, lower and upper bounds are treated in a manner similar to nonnegativity 
constraints, which also do not appear explicitly as constraints in the model. Solver does 
this to increase the efficiency of the solution procedure used; for large models, this can 
represent significant savings in computer-processing time. However, this makes it more 
difficult to interpret the sensitivity information because we no longer have the shadow 
prices and allowable increases and decreases associated with these constraints. Actually, 
this isn’t quite true; the shadow prices are there but are hidden in the reduced costs. 
Fortunately, there is simple approach to provide the missing information that we will 
describe shortly. 


EXAMPLE 15.8 J&M Manufacturing 


Suppose that J&M Manufacturing makes four models of variables by units per hour—or, equivalently, convert these 
gas grills, A, B, C, and D. Each grill must flow through five data to hours/unit—and then multiply by the decision 
departments: stamping, painting, assembly, inspection, variables: 


and packaging. Table 15.1 shows the relevant data. In 
the second table, for instance, the stamping department 
can produce 40 units of model A each hour. (Grill A uses B/20 + C/10 + D/10 S 320 (painting) 
imported parts and does not require painting.) J&M wants 
to determine how many grills to make to maximize monthly 
profit. A/20 + B/20 + C/25 + D/15 = 320 (inspection) 
To formulate this as a linear optimization model, let 


A/40 + B/30 + C/10 + D/10 = 320 (stamping) 


A/25 + B/15 + C/15 + D/12 = 320 (assembly) 


A/50 + B/40 + C/40 + D/30 <= 320 (packaging) 
A, B, C, and D = number of units of models A, B, C, and 


The sales constraints are simple upper and lower 
D to produce, respectively 


bounds on the variables: 
The objective function is to maximize the total net profit: 


A=0 
Maximize (250 —210)A + (300 —240)B + (400 —300)C =O 
+ (650 —520)D C = 500 
= 40A + 60B + 100C + 130D D = 500 
The constraints include limitations on the amount of pro- A = 4,000 
duction hours available in each department, the minimum B < 3,000 
sales requirements, and maximum sales potential limits. C < 2,000 
Here is an example of a situation where you must carefully D <= 1,000 
look at the dimensions of the data. The production rates are 
given in units/hour, so if you multiply these values by the Nonnegativity constraints are implied by the lower bounds 
number of units produced, you will have an expression that on the variables and, therefore, do not need to be explicitly 


makes no sense. Therefore, you must divide the decision stated. 


604 Chapter 15 Optimization Analytics 


v Table 15.1 


J&M Manufacturing Data (the second table shows production rates in units/hour) 


Grill Model 
A 


B 
Cc 
D 


Department 


Stamping 
Painting 
Assembly 
Inspection 
Packaging 


Selling Variable Minimum Monthly Maximum Monthly 
Price/Unit Cost/Unit Sales Requirements Sales Potential 
$250 $210 0 4,000 
$300 $240 0 3,000 
$400 $300 500 2,000 
$650 $520 500 1,000 
A B Cc D Hours Available 
40 30 10 10 320 
20 10 10 320 
25 15 15 12 320 
20 20 25 15 320 
50 40 40 30 320 


Figure 15.8 shows a spreadsheet implementation (Excel file J&M Manufacturing) 
with the optimal solution, and Figure 15.9 shows the Solver model used to find it. Examine 
the Answer and Sensitivity Reports for the J&M Manufacturing model in Figures 15.10 
and 15.11. In the Answer Report, all constraints are listed along with their status. For 
example, we see that the upper bound on model D and lower bound on model B are bind- 
ing. However, none of the bound constraints appear in the Constraints section of the Sen- 
sitivity Report. 

First, let us interpret the reduced costs. Recall that in an ordinary model with only 
nonnegativity constraints and no other simple bounds, the reduced cost tells how much the 
objective coefficient needs to be reduced for a variable to become positive in an optimal 
solution. For product B, we have the lower bound constraint B = 0. Note that the optimal 
solution specifies that we produce only the minimum amount required, Why? It is simply 
not economical to produce more because the profit contribution of B is too low relative to 
the other products. How much more would the profit on B have to be for it to be economi- 
cal to produce anything other than the minimum amount required? The answer is given by 
the reduced cost. The unit profit on B would have to be reduced by at least -$1.905 (that 
is, increased by at least + $1.905). If a nonzero lower-bound constraint is binding, the 
interpretation is similar; the reduced cost is the amount the unit profit would have to be 
reduced to produce more than the minimum amount. 

For product D, the reduced cost is $19.29. Note that D is at its upper bound, 1,000. We 
want to produce as much of D as possible because it generates a large profit. How much 
would the unit profit have to be lowered before it is no longer economical to produce the 
maximum amount? Again, the answer is the reduced cost, $19.29. 

Now, let’s ask these questions in a different way. For product B, what would the effect 
be of increasing the right-hand-side value of the bound constraint, B = 0, by | unit? If we 
increase the right-hand side of a lower-bound constraint by 1, we are essentially forcing 
the solution to produce one more than the minimum requirement. How would the objective 
function change if we do this? It would have to decrease because we would lose money by 
producing an extra unit of a nonprofitable product. How much? The answer again is the 
reduced cost. Producing an additional unit of product B will result in a profit reduction of 
$1.905. Similarly, increasing the right-hand side of the constraint D < 1,000 by 1 will 


» Figure 15.8 


Spreadsheet Implementation 
for J&M Manufacturing 
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A B C D E F 


1 J&M Manufacturing } i 

= 

3 [Data 

4 Grill model Selling price Variable cost Min Sales Max Sales. 

5 A$ 250.00 $ 210.00 (0) 4000 

6 B $ 300.00 $ 240.00 0 3000 

? c $ 400.00 $ 300.00 500 2000 

8 D S$ 650.00 $ 520.00 500 4000 

10 Production rates (hours/unit) A 5B Cc D Hours Available | 
11 Stamping 40 30 40 40: 320/| 
12 Painting 20 10 410 ; 
13 Assembly 25 15 15 12 

14 Inspection 20 20 25 46 

18 Packaging 50 40 40 30 

i7 Model 

18 Department A B c D Hours Used 

19 Stamping 96.429 0.000 423.571 100.000 320.000 | 
20 Painting 0.000 123.571 400.000 223.571 | 
21 Assembly 154.286 0.000: 82.381 83.333 320.000: | 
22 Inspection 192.857 0.000 49.429 66.667 308.952 | 
23 Packaging 77.143 0.000 30.893 33,333 141.369 | 
24 | 
25 Number produced|_ 3! Te i236 deco n n  1000) 

26 Net profitunit $ 40.00 $ 60.00 $ 100.00 $ 430.00 Totai Profit 

27 Profit contribution $ 154,285.71 $ - $ 123,571.43 $ 130,000.00 [$ 407.8. 


A B 


lah 


1 J&M Manufacturing 

x 

3 Data 

4 Grill model Selling price Variable cost Min Sales Max Sales 

5 A 250 210 0 4000 

é B 300 240 (9) 3000 

7 c 400 300 500 2000 

& D 650 520 500 1000 

+] i 
10 Production rates (hours/unit) A B c D Hours Available | 
11 Stamping 40 30 10 10 320 

12 Painting 20 10 10 320 i 
13 Assembly 25 45 16 12 320 ; 
14 Inspection 20 20 25 18 320 i 
15 Packaging 50 40 40 30 320 
16 | | 
17 Model 

4 18 Department A B Cc 19) Hours Used y 
19 Stamping =B$25/B11 =C$25/C11 =D$25/D17 =ES25/E11 =SUM(B19:E19) | 
20 Painting =C$25/C12 =D$25/D12 =ES25/E12 =SUM(B20:E20) | 
21 | Assembly =B$25/B13 =C$25/C13 =D$25/D13 =ES25/E13 =SUM(B21:E21) | 
22 Inspection =B$25/B14 =C$25'C14 =D$25/D14 =ES$25/E14 =SUM(B22:E22) | 
| 23 Packaging =B$25/B15 =C$25/C15  =D$25/D15 =E$25/E15 =SUM(B23;E23) 


1 25 | Number produced|3857.142 
Net profitftunit =B5-C5 
Profit contribution =B25*B26 


=B8-C8 ‘Total Profit 


=c2s'c26 =D25'D26___=E26"e26 ESUMIBRREAH) 


increase the profit by $19.29. Thus, the reduced cost associated with a bounded variable 
is the same as the shadow price of the bound constraint. However, we no longer have the 
allowable range over which we can change the constraint values. (Important: The Allow- 
able Increase and Allowable Decrease values in the Sensitivity Report refer to the objective 
coefficients, not the reduced costs.) 
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> Figure 15.9 


Solver Model for J&M 
Manufacturing 


> Figure 15.10 


J&M Manufacturing Solver 


Answer Report 


f eee 1 7s PSE rp ee ae é a ape Vind a x 
Solver Parameters. Jive, 12 yt i Vi I Nee el eg 
Set Objective: $FS27| ; _ fs) 
To: @) Max Min Value Of: 9 
By Changing Variable Cells: 
SBS25;SES25 FBS 
Subject to the Constraints: cy jhe as NB aes na erallon 
[$as25ise$25 <= $eSsssese “| ‘Ada 
| $8$25:SE$25 >= $D$S5-$D$3 RMSan Gea 
pesLeshszs <= SFSLLSFS15 | Ghange 
} _— =e 
| Delete 
| Reset All I 
i aS || 
i Ta sil Load/Save 
|v] Make Unconstrained Variables Non-Negative 
| Select a Solving Simplex LP [x] | Options a 
f Method: | 
i | 
Solving Method | i 
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex engine | } 
} for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


12 Objective Cell (Max) 
Cell Name 


Original Value _‘ Final Value 


$FS27 Profit contribution Total Profit 


Decision Variable Cells 
Cell Name 
$B$25 Number produced A 


O  407857.1429 


Original Value _— Final Value Type 
3857.142857 Normal 


|20  $C$25 Number produced B 


$D$25 Number produced C 


1235.714286 Normal 


} 22 $ES25 Number produced D 
23 | 


24 \Constraints 
25 Cell Name 
26 $F$19 Stamping Hours Used 


o 
0 0 Normal 
0 
(e) 


1000 Normal 


Cell Value Formula Status 
320.000 $F$19<=SFS11 Binding 


27 SF$20 Painting Hours Used 


___ 223.571 $F$20<=SF$12 Not Binding 


| 28 Assembly Hours Used 


320.000 $F$21<=$F$13 Binding 


4 29 | Inspection Hours Used 


308.952 SFS$22<=$F$14 NotBinding 11.04761905 


30 | Packaging Hours Used 


141.369 SF$23<=SFS15 Not Binding 178,6309524 | 


31 Number produced A _ 


___3857.142857 $B$25<=$E$5 Not Binding _142.8571429 


32 | Number produced B _ 


0 $C$25<=SES6 Not Binding 3000 


33 | Number produced C 


1235.714286 $D$25<=SES7 Not Binding _764.2857143 | 


| 34 Number produced D 


1000 SES25<=SES8 Binding 0 | 


} 35) Number produced A 


3857.142857 $BS25>=SD$5 NotBinding 3857.142857 


| 36 Number produced B 


0 $C$25>=$D$6 Binding _ Oo. 


37 | D325 Number produced C 


38 Number produced D 7 


1235. 714286 $D$25>=$D$7 Not Binding 735.7142857 | 
1000 $ES25>=$D$8 Not Binding 


Auxiliary Variables for Bound Constraints 


Interpreting reduced costs as shadow prices for bounded variables can be a bit c 


Fortunately, there is a neat little trick that 
missing sensitivity analysis information, 


onfusing. 
you can use to eliminate this issue. To recover the 
define auxiliary variables—a new set of cells 


> Figure 15.11 


J&M Manufacturing Solver 
Sensitivity Report 
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D 


A B 
5 Objective Cell (Max) 

6 Cell Name 

7 $FS27 Profit contribution Total Profit 


Final Value 
407857.1429 


9 Decision Variable Cells 


10 Final Reduced Objective Allowable Allowable 
11 Cell Name Value Cost Coefficient Increase Decrease 
12. $B$25 Number producedA LE A ee ee ee 40 _20.00000004 _1,000000042 | 
13) $C$25 NumberproducedB =——“‘;C*SC*S™C*C« «CH «904761905 Ss «60 :'1,904761905 E40 
14 $D$25 Number produced C 1235,714286_ 0 _ 100 13,33333389 33,33333339_ 
1000 19.28571429 130 1E+30 19.28571429 


15 SES25 Number produced D 


17 Constraints 


18 Final Shadow Constraint Allowable Allowable 

19 Cell Name Value Price R.H. Side Increase Decrease 

20 $F$19 StampingHoursUsed 320.000 571.429 320 44,58333333 - 5 
21 $F$20 PaintingHoursUsed 223.571 0,000 =S———320 1E+30 96.42857143 
22 $FS21 Assembly Hours Used 320.000 642.857 320 3.333333333 71,33333333 | 
23 SFS22 Inspection Hours Used 308.952 0.000 320 1E+30 11.04761905__ 
24. SFS$23 Packaging Hours Used 141.369 0.000 1E+30 178.6309524 


for any decision variables that have upper- or lower-bound constraints by referencing (not 
copying) the original changing cells. Then in the Solver model, use these auxiliary variable 
cells—not the changing variable cells as defined—to define the bound constraints. 


Using Auxiliary Variable Cells 


Figure 15.12 shows a portion of the J&M Manufacturing 
model with the inclusion of auxiliary variables in row 29. 
The formula in cell B29, for example, is =B25. The Solver is 
modified as shown in Figure 15.13 by changing the decision 
variable cells in the bound constraints to the auxiliary 
variable cells. The Sensitivity Report for this model is shown 
in Figure 15.14. We now see that the Constraints section 


> Figure 15.12 P=. a 


Auxiliary Variable Cells in 


J&M Manufacturing Model 
Profit contribution $ 


Number produced| __ 


Net profitunit $ 


has rows corresponding to the bound constraints and that 
the shadow prices are the same as the reduced costs in 
the original Sensitivity Report. Moreover, we now know 
the allowable increases and decreases for each shadow 
price, which we did not have before. Thus, we recommend 
that you use this approach unless solution efficiency is an 
important issue. 


“40.00 $ 


Auxiliary variable[ CTO 


Numberproduced|(OQ OO 


Net profitlunit =B5-C5 
Profit contribution =B25"B26 


=C25*C26 =D25"D26 
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> Figure 15.13 

Solver Model for J&M 
Manufacturing with Auxiliary 
Variables Tox 


By Changing Variable Celts: 
SESZSSES25 


@ Mex 


Subject to the Constraints; 


| SESZESESZS <= SESSSESS 
| SBS29S5529 >= SDS5SDS8 
| SFSISSFS23 <= SFSLISFSIS 


sso 


iY] Make Unconstrzined Variables Non-Negative 


Select a Solving 
Methoct 


Solving Method 


| Sirmplex LP 


Select the GRG Nonlinear engine for Solver Problems that are smooth noniinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


> Figure 15.14 PRP SReS Pe 


{ Biwi ii Cc ton ets (eek verry a Fest nn Geena caliber - Te 
J&M Manufacturing Sensi- | 5 Objective Cell (Max) 
tivity Report with Auxiliary 16\ Cell Name Final Value 
Variables 7 | $F$27_Profit contribution Total Profit _ 407857.1429 : 
e 
9 |Decision Variable Cells | 
110 | Final Reduced = Objective Allowable = Allowable | 
11 Cell Name Value Cost Coefficient —_ Increase Decrease 
12! $BS$25 Number produced A ~ 3857.142857 0 40 20.00000004 1.000000053 | 
113) $CS25 Number produced B QO -1.904761905 60 1.904761905 1£+30 | 
114! $0$25 Number produced C 1235.714286 0 100 13.33333403 33,33333339 
|15| SES25 Number produced D 1000 a} 130 1E+30 19.28571439 | 
| 16 
| 17 |Constraints j 
18 Final Shadow Constraint Allowable = Allowable | 
419 Cell Name Value Price R.H. Side Increase Decrease 
20| $BS29 Auxiliary variable A 3857.142857 (9) 4000 1E+30 142.857142¢ | 
| 21 $C$29 Auxiliary variable 8 (9) (3) 3000 1E+30 3000 | 
| 22 $D$29 Auxiliary variable c 1235,714286 (9) 2000 1E+30 764.2857143 | 
| 23 | $ES29 Auxiliary variable D 1000 19.28571429 1000 895.6521739 200 
| 24 $B$29 Auxiliary variable A 3857.142857 0 O 3857.142857 1E+30 
}25' $CS$29 Auxiliary variable B = {0} (9) (3) (a) 1E+30 | 
| 26 | $D$29 Auxiliary variable C 1235.714286 0 500 735.7142857 1E+30. 
|27, S$ES29 Auxiliary variable D 1000 a) 500 500 1£+30_ 
128, SFS19 Stamping Hours Used 320.000 571.429 320 44.58333333 5) 
| 29) $F$20 Painting Hours Used 223,571 0.000 320 1E+30 96.42857143 | 
3 | SF$21 Assembly Hours Used ___ 320.000 642.857 320 3,333333333 71.33333333 
}31 $F$22_ Inspection Hours Used 308.952 0.000 320 1E&+30 11.04761905 j 
{ 32 $FS$23 Packaging Hours Used 141.369 0.000 320 1£+30 178.6309524 { 


CHECK YOUR UNDERSTANDING 


1. Describe the differences found in the Solver Sensitivity Report for models that have 


bounded variables. 


2. How do you incorporate auxiliary variables into Solver models with bounded variables? 


3. What additional information do auxiliary variables provide in Solver Sensitivity Reports? 
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What-lf Analysis for Integer Optimization Models 


Because integer models are discontinuous by their very nature, sensitivity information can- 
not be generated in the same manner as for linear models; therefore, no Sensitivity Report 
is provided by Solver—only the Answer Report is available. To investigate changes in 
model parameters, it is necessary to re-solve the model. In the following example, we 
show how integer optimization models can be used in locating facilities and apply what-if 
analysis to examine trade-offs among different solutions. This example is often called a 
“covering” problem, because we seek to choose a subset of locations that serve, or cover, 
all locations in a service area. 


Anderson Village Fire Stations 


Suppose that an unincorporated village wishes to find the Min X4 + Xo + Xg + Xq4 + X5 + Xe + X7 
best locations for fire stations. Assume that the village is 
divided into smaller districts, or neighborhoods, and that 
transportation studies have estimated the response time for 
emergency vehicles to travel between each pair of districts. 
The village wants to locate the fire stations so that all 
districts can be reached within eight minutes. The following 
table shows the estimated response time in minutes ) Ca Ci a ¢ ie ASG | 
between each pair of districts: 


Each district must be reachable within eight minutes by 
some fire station. Thus, from the table, for example, we 
see that to be able to respond to district 1 in eight minutes 
or less, a station must be located in district 1, 2, 4, 6, or 7. 
Therefore, we must have the constraint 


Similar constraints may be formulated for each of the other 
districts: 


From/To 


IV 


ae ee a ee 

Xp + Xg + Xq + Xs + X7 

Ke eX GG 
Nara Kee, 

Neuci Ma teat Kae Xe 

Xy + Xqh Xa Kee Mech 1G 


V VW 


V 
—_ _— — —_ —_t 4 


WV 


oN =|" © @O OC NIN 
oft O OH O O|/ HL 
oun 
—_ 
& ND 
9 Oo WWD OC AOIN 


Define X; = 1 if a fire station is located in district / and 
0 if not. The objective is to minimize the number of fire 
stations that need to be built: 


Figure 15.15 shows a spreadsheet model for this problem (Excel file Anderson Vil- 
lage Fire Station Location Model). To develop the constraints in the model, we construct 
a matrix by converting all response times that are within eight minutes to 1s and those that 
exceed eight minutes to 0s. Then the constraint functions for each district are simply the 
SUMPRODUCT of the decision variables and the rows of this matrix, making the Solver 
model, shown in Figure 15.16, easy to define. For instance, the formula in cell [20 is 
—S UMPRODUCT ($B$28:$H$28, B20:H20). For this example, the solution is to site fire 
stations in districts 3 and 7. 
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A B a aoe 


Anderson Village Fire Station Model i 


Data 


Response time 8 minutes 


Response Times 
From/To 


=. cae! 
Omnaon o}j= 
ok 
= 


aR, 
ANANO D OlWw 


NAO BR WD = 
ON- ODO NIN 


_ 


Wh ODONO DS 


+ 
OOOfkNMN aS 


= 


17 Model 


From/To 


NOOO WD |= 

eak Pook | Chad CS) ok ak ok 
o-00 =~ = =| 
—-—O- =] =| = O]W 


a Figure 15.15 
Spreadsheet Model for Anderson Village Fire Station Location Model 


> Figure 15.16 


Solver Model for Anderson 
Village Fire Station Location 


Set Objective: 
To: 


By Changing Variable Cells: 
$B$28:SH$28 


Subject to the Constraints: 


| SIS2O$1$26 >= $)$20:5)$26 
| $8$28:$H$28 = binary 


=—(210 = 2 oO -alp 


[Oo OwWdwao 


7 Covered? Requirement — 


=“ Oo -" 0 —-0'0(% 


a kT ek Cy) ek | a OY 


posto 2 EE ERO) 


oe te te emt 
NM] MND = | 
ee ae ae oe ee ee 


Total 


£] Make Unconstrained Variables Non-Negative 


Select a Solving 
Method; 


Solving Method 


| Simplex LP 


loeadiccapaaia 


_ Change. 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


Suppose that the Anderson Village township’s board of trustees wants to better under- 
stand the trade-offs between the response time and minimum number of fire stations 
needed. We could change the value of the response time in cell B5 and re-solve the model. 
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What-lf Analysis for Response Time 


In the Anderson Village example, we changed the These results show the maximum response time can be 
response time requirement in cell B8 to vary between 5 reduced to six minutes while still using only two fire stations 
and 10 minutes, and re-solved the model for each value. (the model solution yields districts 1 and 3). This would 

The results are shown in Figure 15.17. In column A are the clearly be a better alternative. Also, if the response time is 
values of the response time. The 1s in columns B through increased by only one minute from its original target, the 

H show where the fire stations should be located. Column township could save the cost of building a second facility. 


| shows the minimum number of fire stations required. Of course, such decisions need to be evaluated carefully. 


> Figure 15.17 


: ie BAe beet 8 C D E F G H I 
What-/f Analysis Results 1 {Location Jee A Se a ee Z| 2 ; 
2 Response Time | Min. Number of Sites | 
3 $D$5 $B528 $C$28 $D$28 $E$28 $F$28 $G$28 $H$28 $1$28 
4\ a ee ee ee ee: 0) 0) 
Byte ee 6rd) VG a cP we a Se 
6 ae ee Obl fark sate 
7 Ta ee: 0) 0 FE a) 
8 | =o OT OU Oe Os Ae 
9 0 oO 0 aaeie 


_M. CHECK YOUR UNDERSTANDING 


1. Explain why integer optimization models do not produce Solver Sensitivity Reports. 


2. How can you conduct what-if analyses for integer optimization models? 


as Visualization of Solver Reports 


As you certainly know by now, interpreting the output from Solver requires some techni- 
cal knowledge of linear optimization concepts and terminology, such as reduced costs and 
shadow prices. Data visualization can help analysts present optimization results in forms that 
are more understandable and can be easily explained to managers and clients in a report or 
presentation. We will illustrate this using a process selection model. Process selection models 
generally involve choosing among different types of processes to produce a good. Make-or- 
buy decisions are examples of process selection models, whereby we must choose whether to 
make one or more products in-house or subcontract them out to another firm. 


Camm Textiles 


Camm Textiles has a mill that produces three types of and are the only looms that can weave certain fabrics, 


fabrics on a make-to-order basis. The mill operates on a such as plaids. Demands, variable costs for each fabric, 
24/7 schedule. The key decision facing the plant manager and production rates on the looms are given in Table 15.2. 
is about the type of loom needed to process each fabric The mill has 15 regular looms and 3 dobbie looms. After 
during the coming quarter (13 weeks) to meet demands weaving, fabrics are sent to the finishing department and 
for the three fabrics and not exceed the capacity of the then sold. Any fabrics that cannot be woven in the mill 
looms in the mill. Two types of looms are used: dobbie because of limited capacity will be purchased from an 

and regular. Dobbie looms can be used to make all fabrics external supplier, finished at the mill, and sold at the selling 


(continued) 
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price. In addition to determining which looms to use to 
process the fabrics, the manager also needs to determine 
which fabrics to buy externally. 

To formulate a linear optimization model, define 
D; = number of yards of fabric / to produce on dobbie 
looms, / = 1, 2, 3. That is, D} = number of yards of fabric 
1 to produce on dobbie looms, D2 = number of yards of 
fabric 2 to produce on dobbie looms, and D3 = number of 
yards of fabric 3 to produce on dobbie looms. In a similar 
fashion, define the following: 

R; = number of yards of fabric i to produce on 
regular looms, / = 2, 3 only 
P, = number of yards of fabric / to purchase from 
an outside supplier, / = 1, 2,3 
Note that we are using subscripted variables to simplify 
their definition rather than defining nine individual variables 
with unique names. 

The objective function is to minimize total cost, found 
by multiplying the cost per yard based on the mill cost or 
outsourcing by the number of yards of fabric for each type 
of decision variable: 


Min 0.65D, + 0.61D> + 0.50D3 + 0.61R> + 0.50R3 
+ 0.85P; + 0.75P> + 0.65P3 


Constraints to ensure meeting production requirements are 
Fabric 1 demand: D, + P,; = 45,000 


This constraint states that the amount of fabric 1 pro- 
duced on dobbie looms or outsourced must equal the total 
demand of 45,000 yards. The constraints for the other two 
fabrics are 


Fabric 2 demand: Dp + Ro + Po = 76,500 
Fabric 3 demand: D3 + R3 + Ps = 10,000 


To specify the constraints on loom capacity, we must 
convert yards per hour into hours per yard. For example, for 
fabric 1 on a dobbie loom, 4.7 yards/hour = 0.213 hour/yard. 
Therefore, the term 0.213D, represents the total time 
required to produce D, yards of fabric 1 on a dobbie loom 
(hours/yard < yards). The total capacity for dobbie looms is 


(24 hours / day)(7 days/ week)(13 weeks) (3 looms) 
= 6,552 hours 


Thus, the constraint on available production time on dobbie 
looms is 
0.213D,; + 0.192D> + 0.227D3 < 6,552 
For regular looms, we have 
0.192Ro + 0.227R3 = 32,760 


Finally, all variables must be nonnegative. 
The complete model is 


Min 0.65D, + 0.61D5 + 0.50D3 + 0.61R. + 0.50R3 
+ 0.85P; + 0.75P> + 0.65P3 
Fabric 1 demand: D,; + P,; = 45,000 
Fabric 2 demand: Do + Ro + Ps = 76,500 


Fabric 3 demand: Dz + R3 + P3 = 10,000 
Dobbie loom capacity: 


0.213D; + 0.192D5 + 0.227D3 = 6,552 
Regular loom capacity: 
0.192R5 + 0.227R3 = 32,760 


Nonnegativity: all variables = 0 


v Table 15.2 
Textile Production Data 


Dobbie Loom Regular Loom 


Demand Capacity Capacity Mill Cost Outsourcing Cost 
Fabric (yards) (yards/hour) (yards/hour) ($/yard) ($/yard) 
1 45,000 4.7 0.0 $0.65 $0.85 
2 76,500 5.2 Sie $0.61 $0.75 
3 10,000 4.4 4.4 $0.50 $0.65 


Figure 15.18 shows a spreadsheet implementation (Excel file Camm Textiles) with the 
optimal solution to Example 15.12. Observe the design of the spreadsheet and, in particu- 
lar, the use of labels in the rows and columns in the model section. Using the principles 


Chapter 15 Optimization Analytics 613 


discussed in the previous chapter, this design makes it easy to read and interpret the 
Answer and Sensitivity Reports. Figure 15.19 shows the Solver model. It is easier to define 
the decision variables as the range B14:D16; however, because we cannot produce fabric 1 
on regular looms, we set cell C14 to zero as a constraint. 

Figures 15.20 and 15.21 show the Solver Answer and Sensitivity Reports for this 
problem. The first thing that one might do is to visualize the values of the optimal decision 
variables and constraints, drawing upon the model output or the information contained 
in the Answer Report. Figure 15.22 shows a chart of the decision variables, showing the 
amounts of each fabric produced on each type of loom and outsourced. Figure 15.23 
shows the capacity utilization of each type of loom. We can easily see that the utilization 
of regular looms is approximately half the capacity, while dobbie looms are fully utilized, 
suggesting that the purchase of additional dobbie looms might be useful, at least under the 
current demand scenario. 

The Sensitivity Report is more challenging to visualize effectively. The reduced costs 
describe how much the unit production or purchasing cost must be changed to force the 


> Figure 15.18 


A B _€ ws D i . _E Ff 
Spreadsheet Model for : Camm Textiles 
Camm Textiles = re | 
4 Dobbie Regular 
5 Fabric Capacity Capacity Mill Cost Outsourcing Cost Demand 
6 4 47 0 $ 0.65 $0.85 45000 | 
7 2 5.2 5.2 $ 0.64 $0.75 76500 | 
8 5 44 Or, $ 0.50 __ $0.65 10000 
8 Hours Available 6552 32760 
10 
11 Model 
42 
13 on Dobbie on Regular Purchased Total Yards Produced 
14 Fabric 1 30794.4 0 14205.6 45000 
15 Fabric 2 0) 76500 0 76500 
16 Fabric 3 0 10000 0 40000 
17 Hours Used 6552 16984.26573 
18 
19 Total 


20 Cost 


f 

2 
13 Data | 
iE saci cok Mill Cost Outsourcing Cost Demand) 
; 4 ee 47 Core 0 0.65 0.85 45000 | 
17 2 5.2 5.2 0.61 0.75 

8 8 44 4.4 0.5 0.65 


SETASS =24°713°15 


13) on Dobbie on Regular Purchased Total Yards Produced 
in i 0 4205.6  |=SUM(B14:D14) 
lis! nee Hf sik 76500 0 =SUM(B15:D15) 
be aes 3 (0 10000 0 =SUM(B16:D16) 


=B14/B6+B15/B7+B16/B8 =C15/C7+C16/C8 
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> Figure 15.19 


Solver Model for Camm 
Textiles 


> Figure 15.20 


Solver Answer Report for 
Camm Textiles 


Solver Parameters 
pare 


Set Objective: 
To: Max 


By Changing Variable Cells: 
$8$14:$D$16 


Subject to the Constraints: 


[$8S17:CS17 <= $8S95C$9__ 
|$C$14 =0 
| SES14:$ES16 = $FSE;SFSS 


Load/Save 


| Make Unconstrained Variables Non-Negative 
Select a Solving Simplex LP [=] _ Options 
Method; 


Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems, and select the Evolutionary engine for Solver problems that are non-smooth. 


14 

12 Objective Cell (Min) 

131 Cell Name Original Vaiue Final Value 

14, $B$20 Cost Total 0 83756,12 

15 | 

16 | 

17 Decision Variable Cells 

18 Cell Name Original Value _ Final Value Type 

19| $B$14 Fabric 1 on Dobbie _ _30794.4 Normal 

20; $C$14 Fabric 1 on Regular 0 Normal 

21. $D$14 Fabric 1 Purchased 14205.6 Normal 

22 $8$15 Fabric 2 on Dobbie 0 Normal 

23. $C$15 Fabric 2onReguiar 76500 Normal 

24 $D$15 Fabric 2 Purchased 0 Normal 

25 $B$16 Fabric 3 on Dobbie 0 Normal 
10000 Normal 

0 Normal 


26 $C$16 Fabric 3 on Regular 

27 $D$16 Fabric 3 Purchased 

28 | 

29 Constraints i 

30 Cell Name Cell Value Formula Status Slack 
| 31 $B$17 Hours Used on Dobbie 6552 $B$17<=$B$9_ Binding 0 | 

32) $C$17 Hours Usedon Regular ——s————«16984.26573 $C$17<=$C$9 Not Binding 15775.73427 

33 $E$14 Fabric 1 Total Yards Produced 45000 $E$14=$F$6 Binding ! 
|34| $E$15 Fabric 2 Total Yards Produced _ 76500 $E$15=SF$7 Binding _ 

35 $E$16 Fabric 3 Total Yards Produced 10000 $E$16=$F$8 Binding 

36! $C$14 Fabric 1 on Regular ; 0 $C$14=0 


OO /O/O/0O/O O10 |o 
| 


value of a variable to become positive in the solution. Figure 15.24 shows a visualization 
of the reduced cost information. The chart displays the unit cost coefficients for each pro- 
duction or outsourcing decision, and for those not currently utilized, the change in cost 
required to force that variable to become positive in the solution. Note that since fabric | 


cannot be produced on a regular loom, its reduced cost is meaningless and, therefore, not 
displayed. 


> Figure 15.21 


Solver Sensitivity Report for 
Camm Textiles 


» Figure 15.22 
Summary of Optimal 


Solution 


» Figure 15.23 
Chart of Capacity Utilization 
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AB 


D 5 Fo G H 


Cc 


5 Objective Cell (Min) 

6 Cell Name Final Value 
7 $B$20 Cost Total 83756.12 
8 


9 Decision Variable Cells 


10 Final Reduced Objective Allowable Allowable 
11 Cell Name Value Cost Coefficient Increase Decrease 


12, $B$14 FabrictonDobbie || 307944 = OO 0.65 0.200000094 _1E+30 
13. $C$14 Fabric 1 on Regular 0 -0.85 0) 1E+30 1E+30 
14. $D$14 Fabric 1 Purchased j= |. 142086 O 0.85 1E+30 0.200000094 
15 $B$15 Fabric 2 on Dobbie = —_0 0.180769231 0.61 1E+30 0.180769231 | 
16, $C$15 Fabric 2onRegular SOD CC 1400001 E+ 30 
17, $D$15 Fabric 2 Purchased , 0 0.14 0.75 1E+30 0.14 


18  $B$16 Fabric 3 on Dobbie 0 0.213636364. OS 1E+30 0 213608304 


19  $C$16 Fabric3onReguiar | —~—~—~—~—*'10000~- O 0.5 0.1500001 ——_1E+30. 


20 $D$16 Fabric 3 Purchased 0 0.15 0.65 1E+30 0.15, 


22 Constraints 

23 Final Shadow Constraint Allowable Allowable 
24 Cell Name Value Price R.H. Side Increase Decrease | 
25 $B$17 Hours Used on Dobbie ee 6552 -0.94 6552 3022.468085 6552. 
26 $C$17 Hours Used on Regular 16984 .26573 ‘ 0. ... 32760 1E+30 15775.73427) 
427 $E$14 Fabric 1 Total Yards Produced a 45000 0.85 45000 1E+30 14205.6 | 
28 $E$15 Fabric 2 Total Yards Produced 76500 0.61 76500 82033.81818 76500 
29  $E$16 Fabric 3 Total Yards Produced 10000 si. ~——«'10000 (69413.23077__—_—~10000 


Fabric reece Se TH I ea 


Purchased 
@ Fabric 3 
on Regular @ Fabric 2 
@ Fabric 1 
on Dobbie 


20000 40000 60000 80000 100000 


Capacity Utilization 


@ Hours Used 


@ Hours Available 


on Dobbie on Regular 
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> Figure 15.24 


Summary of Reduced Cost 
Information 0.8 


Unit Cost Analysis 


oC 


-0.4 - ; 7 
Fabric 1 on Fabric 1 Fabric2 on — Fabric 2 on Fabric 2 Fabric3 on Fabric 3 on 


Dobbie Purchased Dobbie Regular Purchased Dobbie Regular 
@ Required Change 0 -0.180769231 0 -0,14 -0,213636364 0 -0.15 
& Unit Cost 0.65 0.61 0.61 0.75 0.5 0.5 0.65 


We may also visualize the ranges over which the unit cost coefficients may change 
without changing the optimal values of the decision variables by using an Excel Stock 
Chart. A stock chart typically shows the “high-low-close” values of daily stock prices; 
here we can compute the maximum-minimum-current values of the unit cost coefficients. 
To do this, follow these steps (for Windows; Mac menus are slightly different): 


1. Create a table in the worksheet by adding the Allowable Increase values and 
subtracting the Allowable Decrease values from the cost coefficients, as shown 
in Table 15.3. Replace 1E + 30 by #N/A in the worksheet so that infinite 
values are not displayed. Note: You must have at least three rows in the table to 
create a stock chart. 

2. Highlight the range of this table and insert an Excel Stock Chart and name the 
series as Maximum, Minimum, and Current. 

3. Click the chart, and in the Format tab of Chart Tools, go to the Current Selec- 
tion group to the left of the ribbon and click on the drop-down box (it usually 
says “Chart Area’), Find the series you wish to format and then click Format 
Seiection. 


ee ee le = 
» Table 15.3 Maximum Minimum — Current 
Data Used to Construct 


Bisceecaniarede Fabric 1 on Dobbie 0.85 #N/A 0.65 

Coefficient Ranges Fabric 1 Purchased #N/A 0.65 0.85 
Fabric 2 on Dobbie #N/A 0.429231 0.61 
Fabric 2 on Regular 0.75 #N/A 0.61 
Fabric 2 Purchased #N/A 0.61 0.75 
Fabric 3 on Dobbie #N/A 0.286364 0.5 
Fabric 3 on Regular 0.65 #N/A 0.5 
Fabric 3 Purchased #N/A 0.5 0.65 


> Figure 15.25 


Chart of Allowable Unit Cost 
Ranges 


» Figure 15.26 
Summary of Shadow Prices 
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4. In the Format Data Series pane that appears in the worksheet, click the paint 
icon and then Marker, making sure to expand the Marker Options menu. 

5. Choose the type of marker you want and increase the width of the markers to 
make them more visible. We chose the green symbol X for the current value, 
a red triangle for the minimum value, and a blue dash for the maximum value. 
This results in the chart shown in Figure 15.25. 


Now it is easy to visualize the allowable unit cost ranges. For those lines that have no 
maximum limit (the blue dash) such as with Fabric 1 Purchased, the unit costs can increase 
to infinity; for those that have no lower limit (the red triangle) such as Fabric 1 on Dobbie, 
the unit costs can decrease indefinitely. 

Shadow prices show the impact of changing the right-hand side of a binding con- 
straint. Because the plant operates on a 24/7 schedule, changes in loom capacity would 
require they be in “chunks” (that is, purchasing an additional loom) rather than incremen- 
tal. However, changes in the demand can easily be assessed using the shadow price infor- 
mation. Figures 15.26 and 15.27 show a simple summary of the shadow prices associated 
with each product, as well as the ranges based on the Allowable Increase and Allowable 
Decrease values over which these prices are valid, using a similar approach as described 
earlier for the cost-coefficient ranges. 


Allowable Unit Cost Ranges 


. q 
eMaximum | 


4Minimum | 


* Current 


Fabricl Fabricl Fabric2 Fabric2 Fabric2 Fabric3 Fabric3  Pabric3 
on Dobbie Purchased on Dobbie on RegularPurchased on Dobbie on RegularPurchased 


Cost Change per Unit Demand Increase 


Fabric 1 Total Yards Fabric 2 Total Yards Fabric 3 Total Yards 
Produced Produced Produced 
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» Figure 15.27 


Chart of Allowable Demand Allowable Demand Ranges 
Ranges for Valid Shadow 180000 
Prices 160000 


140000 
120000 
1Gv000 @ Maximum 


80000 4 Minimum 


60000 @ Current 


40000 ‘ 


20000 


0 
Fabric 1 Total Yards Fabric 2 Total Yards Fabric 3 Total Yards 
Produced Produced Produced 


ms CHECK YOUR UNDERSTANDING 


1. Explain the value of data visualization in communicating information contained in 
Solver reports. 


2. What information in Solver reports can be visualized using Excel charts? What types 
of charts are useful? 


=e Using Sensitivity Information Correctly 


One crucial assumption in interpreting sensitivity analysis information for changes in 
model parameters is that all other model parameters are held constant. It is easy to fall 
into a trap of ignoring this assumption and blindly crunching through the numbers. This 
is particularly true when using spreadsheet models. We will use the following example to 
illustrate this. 


Walker Wines 


A small winery, Walker Wines, buys grapes from local To formulate this model, let 
growers and blends the pressings to make two types of 
wine: Shiraz and merlot.' It costs $1.60 to purchase the 
grapes needed to make a bottle of Shiraz and $1.40 to 
purchase the grapes needed to make a bottle of merlot. The 
contract requires that they provide at least 40% but not 
more than 70% Shiraz. Based on market research, it is 
estimated that the base demand for Shiraz is 1,000 bottles, = ($6.25S + $5.25M) — ($1.60S + $1.40M + A, + A 
but demand increases by five bottles for each $1 spent on = 4.658 + 3.85M — A, — Am 

advertising; the base demand for merlot is 2,000 bottles and 
increases by eight bottles for each $1 spent on advertising. 
Production should not exceed demand. Shiraz sells to retail 1. Budget cannot be exceeded: 
stores for a wholesale price of $6.25 per bottle and merlot is 
sold for $5.25 per bottle. Walker Wines has $50,000 
available to purchase grapes and advertise its products, 2. Contractual requirements must be met: 
with an objective of maximizing profit contribution. 04= S/(S+M s= 07 


S = number of bottles of Shiraz produced 

M = number of bottles of merlot produced 
As = dollar amount spent on advertising Shiraz 
Am = dollar amount spent on advertising merlot 


The objective is to maximize profit (revenue minus costs) 


m) 


Constraints are defined as follows: 


$1.60S + $1.40M + A, + Am < $50,000 


'Based on an example in Roger D. Eck, Operations Research for Business (Belmont, CA: Wadsworth, 
1976): 129-131. 
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Expressed in linear form, 4. Nonnegativity 


0.6S — 0.4M = 0and0.3S — 0.7M <0 


Figure 15.28 shows a spreadsheet implementation of this 
3. Production must not exceed demand: model (Excel file Walker Wines) along with the optimal 
S <= 1,000 + 5A, solution. Figure 15.29 shows the Solver model. 


M < 2,000 + 8Am 


» Figure 15.28 


Walker Wines Spreadsheet 
Model 


A 
Walker Wines 


1 
2 
3 Data 

4 Shiraz Merlot 

5 Costibottle $ 1.60 1.40 
6 Price/bottle $ 6.25 525) 
+ 

8 


| 8, Base demand 1,000,00 2,000.00 
| 9 Increase/$1 Adv. 5 8 
10. ~=Min. percent requirement 40% 
ad Max. percent limitation 70% 
112 
a3 Total Budget $ 50,000.00 
14) 
15 
16 
417 Shiraz Merlot Total 
18 Unit profit $ a $ 3.85 
19 Advertising dollars[$ 3,9 $.851,53. 
20 | Demand 5 
21 | Quantity produced| _20 56 86 
22 
23 Min. percentrequirement 8812.227074 = 0) 
24 Max. percent limitation 0 = 0 
25 
26 Used Unused 
27 Budget $ 36,811.35 $ 13,188.65 $ 50,000.00 $ - 
28 
129 | Total 
30 Profit 


4,763.90 
29,374.09 
29,374.09 


A 


. Shiraz 
Cost/bottle 1.6 
Price/bottle 6.25 


Base demand 1000 
Increase/$1 Adv. 5 
Min. percent requirement 0.4 
Max, percent limitation 0.7 


Total Budget 50000 


Shiraz Total 
Unit profit =B6-B5 
Advertising dollars : ees: 8427 SUM(B19:C19) 
Demand =B8+ B9°B19 B+ =SUM(B20:C20) 
Quantity produced|2! 8 j rae 074: 4 |=SUM(B21:C21) 


Min. percent requirement =(1-810)"B21-B10*C21 
| Max. percent limitation =(1-B11)*B21-B11*C21 


Used Unused 
Budget =B19+(B21*B5) =C19+(C21*C5) =SUM(B27:C27) =B13-D27 | 


Total 


Profit{=(B16"B21)+(C18°C21}-B 19-019 } 
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> Figure 15.29 
Walker Wines Solver Model 


By Changing Variable Celts: 


SBSISSCS$IOSBS21$C$21 


Subject to the Constraints: 


$BS21 <= $8520 
$8$23 >=0 
$8324 <= 0 
X$21 <= $C$20 
$DSZ7 <= $8$13 


¥)} Make Unconstrained Variables Non-Negative 


Select a Solving Simplex LP 
Method: 


Solving Method 


Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex engine 
for linear Solver Problems. and select the Evolutionary engine for Solver problems that are non-smooth 


poe 


Chase 


As we noted, interpreting sensitivity analysis information for a change in a model 
parameter assumes that all other model parameters are held constant. Let’s see how this 
applies to the Walker Wines example. 


Evaluating a Cost Increase for Walker Wines 


Figure 15.30 shows the Solver Sensitivity Report. A variety change in the optimal solution will result. However, this is 


of practical questions can be posed around the Sensitivity not the correct interpretation. If the model is re-solved using 
Report. For example, suppose that the accountant noticed the new cost parameter, the solution changes dramatically, 
a small error in computing the profit contribution for Shiraz. as shown in Figure 15.31. 
The cost of Shiraz grapes should have been $1.65 instead Why did this happen? In this case, the unit cost is also 
of $1.60. How will this affect the solution? reflected in the binding budget constraint. When we change 
In the model formulation, you can see that a $0.05 the cost parameter, the constraint also changes. This 
increase in cost results in a drop in the unit profit of Shiraz violates the assumption that all other model parameters are 
from $4.65 to $4.60. In the Sensitivity Report, however, held constant. The change causes the budget constraint 
the change in the profit coefficient is within the allowable to become infeasible, and the solution must be adjusted to 
decrease of 0.05328; thus, we might conclude that no maintain feasibility. 


This example points out the importance of fully understanding the mathematical 
model when analyzing sensitivity information. One suggestion to ensure that sensitiv- 
ity analysis information is interpreted properly in spreadsheet models is to use Excel’s 
formula-auditing capability. If you select the cost of Shiraz (cell B5) and apply the 
“Trace Dependents” command from the Formula Auditing menu, you will see that the 


unit cost influences both the unit profit (cell B30) and the budget constraint function 
(cell B27). 
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> Figure 15.30 


a AL Bs eee : D E 

Walker Wines Solver | 6 Objective Cell (Max) CU ee 

Sensitivity Report 7 Cell Name Final Value 
& $B$30 Profit Total 124775.837 
10 Decision Variable Cells 
11 Final Reduced Objective Allowable Allowable 
12 Cell Name Value Cost Coefficient increase Decrease 
13. $BS19 Advertising dollars Shiraz $ 3,912.37 $ - -1_3.771791052 0.266394356 | 
14 $C$19 Advertising dollars Merlot $ 851.53 $ - -1 0.36111235 112.8666705 
15 $BS$21 Quantity produced Shiraz ___ 20,561.86 __ 0.00 4.65 {E+30 0.053278871 | 
16 $C$21 Quantity produced Merlot 8,812.23 0.00 3.85 0.045139044 14.10833381 | 
17 } 
18 Constraints j 
19 Final Shadow Constraint Allowable Allowable | 
20 Cell Name Value Price R.H. Side increase Decrease | 
21 $B$21 Quantity produced Shiraz 20,561.86 0.69 4000 21297.93978 195000 | 
22 $BS$23 Min. percent requirement Shiraz 8&812.227074 (9) QO 8812.227074 1E+30 | 
23 $BS24 Max. percent limitation Shiraz sO 0.047307132_ 500 9256. 880734, 

$C$21 Quantity produced Merlot 8,812.23 0.43 2000 6964.285714 383971.4286 | 
$D$27 Budget Used $ 50,000.00 $ 2.46 50000 1E+30 39000 | 
> Figure 15.31 ee ea 


‘Waiker Wines 


Walker Wines Solver Solu- 
tion After Cost Increase 


4 
2 
3 
40 Shiraz Mertot 
1 ou Costibettie $ 4.65 $ 1.40 
6 | Price/bottle $ 6.25 $ §.26 
7 
8 


Basedemand 1,000.00 _—-2,000.00 
4 9 | Increase/$1 Adv, 5 8 
10 Min. percent requirement 40% 
}11. Max. percent limitation 70% 
12 
| 13 | Total Budget $ 50,000.00 
114) 
| 15 Model 


Merlot Total 


26|$ 4,274.92 
30,483.38 


an 


23 Min. percent requirement 
24. Max. percentlimitation -9145.01511 : i 
25) 
| 26 | Used Unused - 
| 27 | Budget $ 22,357.70 $27,642.30 $50,000.00 $ - | 
| 28 


Total 


4. What should you look for in models to ensure that sensitivity information is interpreted 


correctly? 


2. How can you use Excel features to ensure the correct interpretation of sensitivity 


analysis? 


622 Chapter 15 Optimization Analytics 


tm KEY TERMS 


Auxiliary variables 
Degenerate solution 
Lagrange multiplier 


Reduced cost 
Reduced gradient 
Shadow price 


‘ CHAPTER 15. TECHNOLOGY HELP 


Excel Techniques 


Obtaining the Solver Sensitivity Report: 
After solving a linear or nonlinear optimization model, 


click on the Sensitivity Report in the Solver Results dialog, 


and then click OK. 


Using auxiliary variables in Solver models 

(Example 15.9): 

Define a new set of cells in the spreadsheet model for 
any decision variables having upper or lower bounds 

that reference the original changing cells. In the Solver 
model, use the auxiliary variable cells to define the bound 
constraints. 


Creating a stock chart to visualize allowable increases 
and allowable decreases in Sensitivity Reports: 


1, Create a table in the worksheet by adding the Allow- 
able Increase values and subtracting the Allowable 
Decrease values from the cost coefficients. Replace 
any 1E + 30 values by #N/A in the worksheet so that 
infinite values are not displayed. 


What-lf Analysis for Optimization Models 


1. For the Valencia Products scenario (Problems 4 and 11 
in Chapter 13), use the spreadsheet model to answer 
the following questions by changing the parameters 
and re-solving the model. Answer each question inde- 
pendently relative to the original problem. 

a. Ifthe unit profit for SpeedBuster is decreased to $130, 
how will the optimal solution and profit change? 

b. Ifthe unit profit for LaserStop is increased to $210, 
how will the optimal solution and profit change? 


ce. If an additional 1,500 units of component A are 
available, can you predict how the optimal solu- 
tion and profit will be affected? 


d. If a supplier delay results in only 3,000 units of 
component B being available, can you predict how 


Pac 


Highlight the range of this table and insert an Excel 
Stock Chart and name the series as Maximum, Mini- 
mum, and Current. 


. Click the chart, and in the Format tab of Chart Tools, 


go to the Current Selection group to the left of the rib- 
bon and click on the drop-down box (it usually says 
“Chart Area’). Find the series you wish to format and 
then click Format Selection. 


. In the Format Data Series pane that appears in the 


worksheet, click the paint icon and then Marker, mak- 
ing sure to expand the Marker Options menu. 


. Choose the type of marker you want and increase the 


width of the markers to make them more visible. 


Analytic Solver 


Analytic Solver provides powerful methods for conducting 
what-if analysis for optimization. See the online supplement 
Using Optimization Parameter Analysis in Analytic Solver. 
We suggest that you first read the online supplement Getting 
Started with Analytic Solver Basic. This provides informa- 
tion for both instructors and students on how to register for 
and access Analytic Solver. 


5s m PROBLEMS AND EXERCISES 


the optimal solution and profit will be affected? 
Can you explain the result? 


2. For the ColPal Products scenario (Problems 5 and 
12 in Chapter 13), use the spreadsheet model to 
answer the following questions by changing the 
parameters and re-solving the model. Answer each 
question independently relative to the original 
problem. 


a. Suppose that the exposure for TV advertising 
was incorrectly estimated and should have been 
875. How would the optimal solution have been 
affected? 


b. Radio listening has gone down, and new marketing 
studies have found that the exposure has dropped 
to 150. How will this affect the optimal solution? 


> Figure 15.32 


c. The marketing manager has increased the budget 
by $2,000. How will this affect the solution and 
total exposure? 


3. For the Burger Office Equipment scenario (Problems 


6 and 13 in Chapter 13), use the spreadsheet model to 
answer the following questions by changing the param- 
eters and re-solving the model. Answer each question 
independently relative to the original problem. 


a. If 25% of the pine is deemed to be cosmetically 
defective, how will the optimal solution be affected? 

b. The shop supervisor is suggesting that the work- 
force be allowed to work an additional 50 hours at 
an overtime premium of $18/hour. Is this a good 
suggestion? Why or why not? 

c. If the unit profit for standard desks is increased 
to $280, how will the optimal solution and total 
profit be affected? 


d. If the unit profit of standard desks is only $190, how 
will the optimal solution and total profit be affected? 


. Suppose that Sue is considering three stocks in 
which to invest. She has $20,000 to invest, and so she 
decides to equally invest in all the three stocks. The 
expected return is 20% for stock A, 10% for stock 
B, and 12% for stock C. She would like an expected 
return of at least 13%. Research has found the vari- 
ance-covariance matrix of the individual stocks to be 
the following: 


Stock A Stock B Stock C 


Stock A 0.04 
Stock B 0.8 0.16 
Stock C 0.6 —0.003 0.02 
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Determine how the minimum variance and stock 
allocations change as the target return varies between 
11% and 15% (in increments of 1%) by re-solving 
the model. Summarize your results in a table, and 
create a chart showing the relationship between 
the target return and the optimal portfolio variance. 
Explain what the results mean for Sue. 


. Figure 15.32 shows the Solver Sensitivity Report 


after solving the Crebo Manufacturing problem in 
Chapter 13 (Example 13.10). Using only the infor- 
mation in the Sensitivity Report, answer the follow- 
ing questions. 


a. Explain the value of the reduced cost (—0.3) for 
the number of plugs to produce. 


b. If the gross margin for rails is decreased to $1.05, 
can you predict what the optimal solution and 
profit will be? 


c. Suppose that the gross margin for rivets is 
increased to $0.85. Can you predict what the opti- 
mal solution and profit will be? 


d. Ifthe gross margin for clips is reduced to $1.10, can 
you predict what the optimal solution and profit will 
be? What if the gross margin is reduced to $1.00? 


e. Suppose that an additional 500 minutes of 
machine capacity is available. How will the opti- 
mal solution and profit change? What if planned 
maintenance reduces capacity by 300 minutes? 


. Figure 15.33 shows the Solver Sensitivity Report for 


Valencia Products from Problems 4 and 11 in Chap- 
ter 13. Using only the information in the Sensitivity 
Report, answer the following questions, explaining 
what information you used in the Sensitivity Report. 


D rear} F G Hina 


AB 

Solver Sensitivity Report 6 Objective Cell (Max) 

for Crebo Manufacturing | 7 Cell Name Final Value 
8  $A$13 Profit 168000 


Problem 


| 10 Decision Variable Cells 
11 | Final Reduced Objective Allowable Allowable 
112 | Cell Name Value Cost Coefficient Increase Decrease 


ee ete ee rere 
|13) $B$10 Units Produced Plugs (Xi) ee 0 -0.3 03 0.3 _1E+30 


114.  $C$10 Units Produced Rails (X2) _ 0 -0,.2 ao 02 1E+30 
115 $D$10 Units Produced Rivets (X3) 0 -0.15 0.75 0.15 1£+30 
|16, $E$10 Units Produced Clips (X4) 140000 0 a2 1E+30 0,16000008 
1 17} 4 
18 |Constraints 

119) Final Shadow Constraint Allowable Allowable 
20 | Cell Name Value Price R.H.Side Increase Decrease 
21 | $A$16 Capacity Used 280000 0.6 280000 1E+30 280000 
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| 


SSananeS ees ae =i 


> Figure 15.33 GAL. rare Pi 2 : as oe oe ad 
Solver Sensitivity Report for | 6 VariableCells a a ce i et | 
; 7 ina’ educe Hf 
VAC TERHCKoN vero i 8 Cell Name Value Cost Coefficient Increase Decrease _ i 
9 $B$5 Numbers Produced LaserStop_ ware nee ee ~ 16130 | 

16 $CS5_ Numbers Produced i SpeedBuster 333. 3333333. = 0 136 _1+30 53. 33333333 J 

11 i 

} 12 Constraints a a all oc 2. An eT See 

3. or ee ee al Final Shadow Constraint Allowable Allowable i 

114 Cell Name Value Price R.H. Side _ Increase Decrease | 

(15. $DS8 ComponentAUsed ————=~*~*~=«iOO«14,33333333 «4000-1250 4000 | 

(16 $DS9 ComponentBUsed _2666.666667 O___3500 _1E+30_833. 3333333 | 


Explain why the reduced cost for SpeedBuster is 
0. What does the Allowable Decrease of 53.33 
mean? 


If the unit profit for SpeedBuster is decreased to 
$130, can you predict how the optimal solution 
and profit will change? 

If the unit profit for LaserStop is increased to 
$210, can you predict how the optimal solution 
and profit will change? 

. If an additional 1,500 units of component A are 
available, can you predict how the optimal solu- 
tion and profit will be affected? 


If a supplier delay results in a shortage of 500 
units of component B (that is, only 3,000 are 
available), can you predict how the optimal solu- 
tion and profit will be affected? 


. Figure 15.34 shows the Solver Sensitivity Report for 
the ColPal Products scenario from Problems 5 and 12 
from Chapter 13. Using only the information in the 
Sensitivity Report, answer the following questions, 
explaining what information you used in the Sensi- 
tivity Report. 

a. Suppose that the exposure for TV advertising 
was incorrectly estimated and should have been 
875. How would the optimal solution have been 
affected? 


> Figure 15.34 


b. Radio listening has gone down, and new marketing 
studies have found that the exposure has dropped 
to 150. How will this affect the optimal solution? 


The marketing manager has increased the budget 
by $2,000. How will this affect the solution and 
total exposure? 


The shadow price for the mix constraint (that at 
least 75% of the time should be allocated to TV) 
is 237.5. The marketing manager was told that 
this means that if the percentage of TV adver- 
tising is increased to 76%, exposure will fall by 
237.5. Explain why this statement is incorrect. 


8. Figure 15.35 shows the Solver Sensitivity Report for 
the Burger Office Equipment scenario from Prob- 
lems 6 and 13 in Chapter 13. Using only the informa- 
tion in the Sensitivity Report, answer the following 
questions, explaining what information you used in 
the Sensitivity Report. 


a. Explain the reduced cost associated with deluxe 
desks. 


If 25% of the pine is deemed to be cosmetically 
defective, how will the optimal solution be affected? 


b. 


The shop supervisor is suggesting that the work- 
force be allowed to work an additional 50 hours at 
an overtime premium of $18/hour. Is this a good 
suggestion? Why or why not? 


a a a eT 


i Bes SRG eR 
Solver Sensitivity Report for kai a . 
ColPal Products Problem 7 | Final Reduced Objective Allowable Allowable | 

| S| _Cell Name ____ Value ix Cost Coefficient I Increase Decrease | 

9 | $BS$4 Minutes Radio —=_-3.90625 0 350 1E+30_ 190 | 

110) $C$4 MinutesTV 1.71875 0 800 ~—=—950 916.6666667 

4 14 | { 

} 12 | Constraints aS 

j 43; Final Shadow Constraint Allowable Allowable 

| 14 | | Cell _Name wy _____ Value Price «RH. Side > _ Increase Decrease 

115 | ‘$D$7 Budget $25,000.00 0.4296875 25000 1E+30 25000 0 | 

[16 | $pse Tv V Requirement EEE OS Se ae 875 


ESTA ETA A SPN I SI NRT ETT 


> Figure 15.35 


Solver Sensitivity Report for 
Burger Office Equipment 
Problem 
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a {A 8 fe | E F “G6 He 
| 6 \VariableCells | Lk ae ie) Ee ee ot 5 
ad Final Reduced Objective Allowable Allowable | 
i s _Cell — Name ___ Value _ Cost Coefficient Increase Decrease | 
| 9 SB$4 Number Produced Standard 40. 0 250 ~1E+30 55.55555556 | 
| SC$4 Number Produced Deluxe 0 -100 350 100 1E+30 | 
at ; _ _ . Sara ees te 
(pale i 
133 Final Shadow Constraint Allowable Allowable _ 
\ 14 Cell _____ Name ——————sCVsue Price _ R.H. Side Increase Decrease 4 
/15 $DS$7_Pine Used 2800 0 5000 1E+30_—-2200/| 
EERE nn ly ne) 750 | 
[17 _$D$9 Labor Used 400 f 314.2857143 AO 


d. If the unit profit for standard desks is increased 
to $280, how will the optimal solution and total 
profit be affected? 


e. If the unit profit of standard desks is only $190, 
how will the optimal solution and total profit be 
affected? 


9. Figure 15.36 shows the Solver Sensitivity Report for 


10. 


» Figure 15.36 


the student investment scenario from Problems 7 and 

14 from Chapter 13. Using only the information in 

the Sensitivity Report, answer the following ques- 

tions, explaining what information you used in the 

Sensitivity Report. 

a. How much would the return on stock B have to 
be in order for the optimal solution to invest fully 
in that stock? 


b. How much would the return on stock C have to 
increase in order to invest fully in that stock? 


c. Explain the value of the shadow price for the 
total investment constraint. If the student could 
borrow $1,000 at 8% a year to increase her total 
investment, what would you recommend and 
why? 


Obtain the Solver Sensitivity report for the GAC 
transportation model discussed in Chapter 13 (Exam- 
ple13,18). 


uf Sen 314. $209) 18 a 


a. What must the unit shipping cost be to make it 
attractive to ship from Marietta to Cleveland 
instead of from Minneapolis? 


b. Why are the Allowable Increases for all demand 
constraints zero? 


c. Explain why the shadow price for Cleveland 
makes sense. 


d. Explain how the shadow price for Baltimore is 
calculated by changing the demand at Baltimore 
to 349, re-solving the model, and showing how 
the new allocations change the total cost. 


11. Use the Sensitivity Report for the Camm Textiles 


scenario (Figure 15.37) to answer the following: 


a. Explain the reduced cost (0.14) for Fabric 2 Pur- 
chased in terms of the original data, and why it 
makes sense. 


b. Explain the shadow price for the dobbie loom 
constraint. 


c. Show where the shadow prices for the fabric con- 
straints come from in terms of the original data 
and why they make sense. 


12. Problem 14 in Chapter 13 presented a scenario for 


Dion’s Décor Shop. Dion must now purchase at least 
5 units of Product A, 15 units of Product B, and 10 
units of Product C to fulfill his demand. Use Solver to 


2 A B Ce D- x ae ee C 1 ] 
itivi § _ Variable Cells 4 
Sag sides Alsat ee | | ee ~ Final $ Reduced Objective “Allowable Allowable | 
Student Investment Preble ( Cell Name Value Cost Coefficient Increase Decrease | 4 
z ‘$BS5 Shares PurchasedA 2083333333 OB EHBO2.A 

; $C$5 Shares Purchased B ae: a 7 3 _16+30 E 

| 11 $DS$5 Shares Purchased C 0 9 11 9 16430) 

fe i 

[3 | Constraints = eo 

a4) Final Shadow Constraint Allowable Allowable i 

i 45: _Celll Name Value —_——é~éPrrice RH. . Side Increase Decrease ase | 

4 16 ‘SESS. Investment Limit 2500 0666666667 _ 2500 1430 2500 | 


Sere 


beset 


Se ae eT | 
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> Figure 15.37 


A.B Cc 
Solver Sensitivity Report for cil Voor SE 
. 5 Objective Cell (Min) 
Camm Textiles 6 Cell Name Final Value 
7 $B$20 Cost Total 83756.12 
8 
9 Decision Variable Cells 
10 Final Reduced Objective Allowable Allowable 
11 Cell Name Value Cost Coefficient Increase Decrease _ 
12 $B$14 Fabric 1 on Dobbie _ 307944 0 0.65 0.200000094 1E+30_ 
13. $C$14 Fabric 1 on Regular _ = 0 0.85 0 ~ 1E+30 1E+30 
14. $D$14 Fabric 1 Purchased ; 142056 0.7 70:85 1E+30 0.200000094 | 
15 $B$15 Fabric 2 on Dobbie _ 0 0.180769231 0.61 1E+30 0.180769231 
16 $C$15 Fabric 2 on Regular 76500 0 0.61 0.1400001 1E+30 | 
17. $D$15 Fabric 2 Purchased _ 0 0.14 0.75 1E+30 0.14 
18  $B$16 Fabric 3 on Dobbie i 0 0.213636364 _ 0.5 1E+30 0.213636364 
19  $C$16 Fabric3onReguiar 10000, 0 05 _0.1500001 1E+30 
20 $D$16 Fabric 3 Purchased 0 0.15 0.65 1E+30 0.15, 
21 
22 Constraints 
23 Final Shadow Constraint Allowable Allowable 
24 Cell Name Value Price R.H. Side Increase Decrease 
25  $B$17 Hours Used on Dobbie 6552 -0.94 6552 3022.468085 6552, 
26 $C$17 Hours Used on Regular 16984 .26573 0 32760 1E+30 15775.73427) 
27 $E$14 Fabric 1 Total Yards Produced ——-45000 0.85 45000 4E+30 —-14205.6 
28, $E$15 Fabric 2 Total Yards Produced 76500 0.61 76500 82033.81818 76500 | 
29 _SES16 Fabric 3Total Yards Produced 10000 0.5 ____‘10000_69413.23077 __10000 


find an optimal solution and compare the Solver solu- 
tion with the result you found earlier using the Solver 
Sensitivity Report. 


13. Problems 8 and 15 in Chapter 13 presented a scenario 
for Bangs Leisure Chairs. The Solver Sensitivity 
Report for the optimal solution (Problem 15a only) is 
shown in Figure 15.38. Clearly explain the informa- 
tion it provides. 


14. Problems 9 and 16 in Chapter 13 ask you to model 
and solve an optimization model for the Morton Sup- 
ply Company. Obtain the Solver Sensitivity Report 
for your solution, and clearly explain all the key 
information in language that the production manager 
would understand. 


> Figure 15.38 
Solver Sensitivity Report for 


15. Problem 17 in Chapter 13 asks you to model and 
solve an optimization model for planting corns and 
carrots. Using the Solver Sensitivity Report, answer 
the following questions, explaining what information 
you used in Sensitive Report. 


a. What impact will changing the required mini- 
mum number of hectares (currently 100) have on 
the solution? 


b. If the profit per hectare for corns is increased to 
$1,200, how will the solution be affected? 


c. If the profit per hectare for carrots is decreased to 
$400, how will the solution be affected? 


16. For Susan’s cake recipe scenario in Problem 25 in 
Chapter 13, obtain the Solver Sensitivity Report and 


Bangs Leisure Chairs 


B ce Dasa 2 2 Sen Mais eae 26 ihe! a 
“Variable Cells ; 
Final Reduced Objective Allowable Allowable 
_ Cell Name Value Cost Coefficient increase Decrease 
$8$14 Quantity Produced Sling Chairs 0 -4.758064516 40 4.758064516 1E+30 


0. $C$14 Quantity Produced Adirondack 22. 58064516 0 


_100_2.272727273_8.550724638 | 


3 Constraints 


1 $D$14 Quantity Produced Hammocks | 


15: Cell 


1.612903226 0 90 39,33333333 2 

Final Shadow Constraint Allowable Allowable 

Name Value Price R.H. Side Increase Decrease _ 
16 $E$15 Cutting Hours Used ___ 45,80645161 ae 1£+30 4.193548387 | 
17 $€$16 Assembling Hours Used ______80_1.612903226 50_31.81818182 21 
18 $E$17 FinishingHours Used __———_—24,19354839__ = 0... hema _1E+30 25,80645161 | 


fs 
| 


19 ‘$ES18 Total Hours Used 


es ace RT a ADL RO AOE ODS Seat EC SG 


120 19.35483871  ~—~«:120 


5 46. GO666567_ 


is 


18. 


19. 


20. 


Zils 


write a short memo to Susan explaining the sensitive 
information in language that she can understand. 


For Dara’s investment situation (Problem 32 in Chap- 
ter 13), obtain the Solver Sensitivity Report and 
interpret the information, making recommendations 
that Dara might consider for her portfolio. 


For Problem 13.35 (StraitCarrier and SunShipping), 
obtain the Solver Sensitivity Report and write a short 
memo to the directors of both the companies explain- 
ing your results. 


For Problem 13.37 (Shafer Office Supplies), obtain 
the Solver Sensitivity Report and answer the follow- 
ing questions: 

a. Suppose that 500 units of extra supply are avail- 
able (and that the cost of this extra capacity is a 
sunk cost). To which distribution center should 
this extra supply be allocated, and why? 


b. Suppose that the cost of shipping from Atlanta 
to Birmingham increased to $0.45 per unit. What 
would happen to the optimal solution? 


For the Hansel Corporation (Problem 13.40), obtain 
the Solver Sensitivity Report and use it to answer the 
following: 

a. A labor strike in India leads to a shortage of 
20,000 units of additive C. What should the pro- 
duction manager do? 

b. Management is considering raising the price on 
grade 2 to $2.00 per pound. How will this affect 
the solution? 


For the nonlinear pricing decision model discussed 
in Chapter 14 (Example 14.8), suppose that the com- 
pany wants to keep the price at a maximum $300. 


22. 


23. 


24. 
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Note that the solution in Figure 14.19 will no longer 
be feasible. Modify the spreadsheet model to include 
a constraint on the maximum price and solve the 
model. Interpret the information in the Solver Sensi- 
tivity Report. 


Figure 15.39 shows the Solver Sensitivity Report for 
the Markowitz portfolio model (Example 14.10). 


a. Explain how to interpret the Lagrange multiplier 
value for the target portfolio return. 


b. Suppose the target return is increased from 10% 
to 11%. How much is the minimum portfolio 
variance predicted to increase using the Lagrange 
Multiplier value? 


c. Re-solve the model with the target return of 11%. 
How much does the minimum variance actually 
change? 


Obtain the Solver Sensitivity Report for the Hal 
Chase portfolio optimization model (Problem 14.33). 
Explain how to interpret the Lagrange multipliers for 
the constraints. 


Models with Bounded Variables 


Marketing agents have various media alternatives 
in which to advertise and must determine which to 
use, the number of insertions in each, and the tim- 
ing of insertions to maximize advertising effective- 
ness within a limited budget. Suppose that Lilydale 
Tuition Centre in Melbourne, Australia is trying to 
attract more students for the upcoming school semes- 
ter. Three advertisement mediums are available to the 
marketing manager: flyer, radio, and online adver- 
tising. The following table provides some informa- 
tion about costs, exposure values, and bounds on the 


> Figure 15.39 


A B c a: E 


Markowitz Model Sensitivity 5 Objective Cell (Min) 
Report 6 Cell Name Final Value 
7 $C$21 Portfolio Variance 0.01242246 
8 
9 Decision Variable Cells 
| 10 Final Reduced 
11 Cell Name Value Gradient 
12 $B$14 Stock 1 Allocation 0.25 0.00 
113 $B$15 Stock 2 Allocation 0.45 0.00 | 
| 14. $B$16 Stock 3 Allocation 0.30 0.00. 
15 | 
| 16 Constraints 
147 | Final Lagrange 
18. Cell Name Value Multiplier 
[19 $B$17 Total Allocation 1. -0.038363636 
120 $B$21 Portfolio Return 10.0% 63.2% | 


—————————— 
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25. 


26. 


27. 


28. 
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permissible number of ads in each medium desired 
by the firm. The exposure value is a measure of the 
number of people exposed to the advertisement and 
is derived from market research studies. The tuition 
center would like to achieve a total exposure value of 
at least 5,000. 


Exposure Min Max 
Cost/Ad Value/Ad Units Units 
Flyer A$250 1,000 0 30 
Radio A$500 2,500 S 
Online A$880 2,000 10 20 


How many of each type of ad should be placed to 
minimize the cost of achieving the minimum required 
total exposure? 


a. Formulate and solve a linear optimization model 
using the auxiliary variable cells method and 
write a short memo to the marketing manager of 
the tuition center explaining the solution and sen- 
sitivity information using the auxiliary variable 
Sensitivity Report. 

b. Solve the model without the auxiliary variables 
and explain the relationship between the reduced 
costs and the shadow prices found in part a. 


For Problem 13.39 (Box Tile Company), use the 
auxiliary variable technique to handle the bound con- 
straints on grade I and grade III tiles and obtain the 
Solver Sensitivity Report. Answer the following: 


a. Explain the sensitivity information for the objec- 
tive coefficients. What happens if the profit on 
grade I is increased by $0.05? 


b. If an additional 500 pounds of feldspar is avail- 
able, how will the optimal solution be affected? 


c. Suppose that 1,000 pounds of clay are found to be 
of inferior quality. What should the company do? 


For Starbucks coffee company (Problem 13.49), for- 
mulate and solve a linear optimization model using 
the auxiliary variable cells method and write a short 
memo to the outlet manager explaining the sensitiv- 
ity information. 


For the Fruity Juices scenario (Problem 13.50), for- 
mulate and solve a linear optimization model using 
the auxiliary variable cells method and write a short 
memo explaining the sensitivity information. 


For WoodFurni (Problem 13.51), solve the model 
using auxiliary variables. Obtain the Solver Sensitiv- 
ity Report, and answer the following: 


a. Explain the sensitivity information for the objec- 
tive coefficients. What happens if the profit on 
wardrobes is decreased by $30? 


b. Due to scheduled maintenance, the grinding and 
polishing time is expected to be only 10.54 hours 
per month. How will this affect the solution? 


c. A worker in the design and execution department 
has taken 2 days (16 hours of work time) of sick 
leave. How will this affect the optimal solution? 


What-lf Analysis for Integer Optimization Models 


29. 


30. 


31. 


32. 


Hahn Engineering (Example 14.5) would like to 
increase its return, but the project manager knows 
that this will require more cash and/or personnel. 
Conduct a what-if analysis of the optimal solution as 
the cash limitation varies from $150,000 to $270,000 
in increments of $20,000, and the personnel limita- 
tion varies from 12 to 18. Summarize the returns for 
these solutions in the form of a heat map. Identify 
the solutions that represent the lowest amount of 
resources required to achieve each distinct return 
value. Write a short memo to the project manager 
explaining the best options and trade-offs that must 
be made to increase the returns. 


Jordan owns a magazine stall and he has 150 old 
magazines in storage. He is planning to sell some of 
his magazines with the highest price to gain a profit 
of $8.00 and some with the lowest price to gain a 
profit of $4.50. By using the what-if analysis, help 
Jordan determine the total profit he may gain by sell- 
ing 70%, 80% and 90% for the highest price and the 
rest with lowest price respectively. Then, help him to 
find the number of books to sell for the highest price 
and lowest price to gain a total profit of $38. 


Analyze the sensitivity of the optimal solution for 
the local university in Problem 14.11 as the total cost 
and available lecturers are varied. Write a short sum- 
mary memo to the university management in which 
you outline the results and make recommendations. 


Construct a what-if analysis for Foodpanda (Problem 
14.21) as the delivering goal varies from 15 to 35 
minutes in increments of 5 minutes. 


Visualization of Solver Reports 


33. 


Use Excel charts to visualize the solution for Wood- 
Furni (Problems 13.51 and 15.28). Use the Solver 
Answer Report and the Sensitivity Report to facili- 
tate your analysis. 


34. Use Excel charts to visualize the solution for the 
J&M Manufacturing problem (Example 15.8) using 
the Solver Sensitivity Report with auxiliary variables. 


35. Obtain the Answer and Sensitivity Reports for Dara’s 
investment scenario (Problem 13.32). Develop a set 
of charts that visualize the key information in these 
reports. 


Using Sensitivity Information Correctly 


36. The Body Shop has recently launched two new hand 
cream varieties: Rose and Lotus. It costs $2.75 to 
purchase the fragrance needed for each tube of Rose 
hand cream and $1.56 for each tube of Lotus hand 
cream. The marketing department has stated that at 
least 10% but no more than 60% of customers are 
going to buy the Rose variant; the forecasted monthly 


= CASE: PERFORMANCE LAWN EQUIPMENT 


One of PLE’s manufacturing facilities produces metal 
engine housings from sheet metal for both mowers and 
tractors. Production of each product consists of five steps: 
stamping, drilling, assembly, painting, and packaging to 
ship to its final assembly plant. The production rates in 
hours per unit and the number of production hours avail- 
able in each department are given in the following table: 


Mower Tractor Production 
Department Housings Housings Hours Available 
Stamping 0.03 0.07 200 
Drilling 0.09 0.06 300 
Assembly 0.15 0.10 300 
Painting 0.04 0.06 220 


Packaging 0.02 0.04 100 
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demand is 3,000 tubes and is estimated to increase 
by five tubes for each $1 spent on advertising. For 
the Lotus variant, the monthly demand is forecasted 
to be 10,000 tubes and is expected to increase by 
eight tubes for each $1 spent on advertising. The 
Rose variant sells for $25 per tube and the Lotus vari- 
ant for $32 per tube. A monthly budget of $68,000 
is available for both advertising and purchase of the 
fragrances. 


a. Develop and solve a linear optimization model to 
determine how much of each variety of hand cream 
should be produced to maximize the net profit. 


b. In viewing the Solver Sensitivity Report, explain 
what information is accurate and what informa- 
tion is misleading because it violates the assump- 
tion of sensitivity analysis. 


In addition, mower housings require 1.2 square feet of 
sheet metal per unit and tractor housings require 1.8 
square feet per unit, and 2,500 square feet of sheet metal 
is available. The company would like to maximize the 
total number of housings they can produce during the 
planning period. Formulate and solve a linear optimiza- 
tion model using Solver and recommend a production 
plan. Illustrate the results visually to help explain them 
in a presentation to Ms. Burke. In addition, conduct what- 
ever what-if analyses you feel are appropriate to include 
in your presentation (for example, run different scenarios 
or systematically change model parameters). Summarize 
your results in a well-written report. 
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: ‘LEA RNING O BJE CTIVES After studying this chapter, you will be able to: 


List the three elements needed to characterize 


= Find the risk profile for a decision strategy. 
decisions with uncertain consequences. 


| Compute the expected value of perfect information. 
m Construct a payoff table for a decision situation. w Incorporate sample information in decision trees 


= Apply average, aggressive, conservative, and and apply Bayes’s rule to compute conditional 
opportunity-loss decision strategies for problems probabilities. 
involving minimization and maximization objectives. 

= Assess risk in choosing a decision. 

= Apply expected values to a decision problem when 
probabilities of events are known. 


a Construct a utility function and use it to make a 
decision. 


= State the properties of different types of utility 
functions. 
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Everybody makes decisions, both personal and professional. Managers are con- 
tinually faced with decisions involving new products, supply chain configurations, 
new equipment, downsizing, and many others. The ability to make good deci- 
sions is the mark of a successful (and promotable) manager. In today’s complex 
business world, intuition alone is not sufficient. This is where analytics plays an 
important role. 

Throughout this book, we have discussed how to analyze data and models 
using methods of business analytics. Predictive models such as Monte Carlo 
simulations can provide insight about the impacts of potential decisions, and 
prescriptive models such as linear optimization provide recommendations 
as to the best course of action to take. However, the real purpose of such 
information is to help managers make decisions. Their decisions often have 
significant economic or human resource consequences that cannot always be 
predicted accurately. For example, in Chapter 12, we analyzed a simulation 
model for new product development (Example 12.11). In assessing the risks, 
we observed that the probability that the net present value would not be posi- 
tive was between 0.15 and 0.20. So what decision (pursue the project or not) 
should the company make? Similarly, in the Innis Investment example in Chap- 
ter 15, we performed a scenario analysis to evaluate the trade-offs between 
risk and return (Figure 15.2). How should the client make a trade-off between 
risk and return for their portfolio? 

Analytic models and analyses provide decision makers with a wealth of 
information; however, people make the final decision. Good decisions don’t 
simply implement the results of analytic models; they require an assessment 
of intangible factors and risk attitudes. Decision analysis is the study of how 
people make decisions, particularly when faced with imperfect or uncertain 
information, as well as a collection of techniques to support decision choices. 
Decision analysis differs from other modeling approaches by explicitly consid- 
ering the individual’s preferences and attitudes toward risk and modeling the 
decision process itself. 

Decisions involving uncertainty and risk have been studied for many years. A 
large body of knowledge has been developed that helps to explain the philosophy 
associated with making decisions and also provides techniques for incorporating 
uncertainty and risk in making decisions. 
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Formulating Decision Problems 


Many decisions involve a choice from among a small set of alternatives with uncertain 
consequences. We may formulate such decision problems by defining three things: 


1. the decision alternatives that can be chosen, 

2. the uncertain events that may occur after a decision is made along with their 
possible outcomes, and 

3. the consequences associated with each decision and outcome, which are usually 
expressed as payoffs. 


The outcomes associated with uncertain events (which are often called states of nature), 
are defined so that one and only one of them will occur. They may be quantitative or quali- 
tative. For instance, in selecting the size of a new factory, the future demand for the product 
would be an uncertain event. The demand outcomes might be expressed quantitatively 
in sales units or dollars. On the other hand, suppose that you are planning a spring break 
vacation to Florida. You might define an uncertain event as the weather; these outcomes 
might be characterized qualitatively: sunny and warm, sunny and cold, rainy and warm, 
rainy and cold, and so on. A payoff is a measure of the value of making a decision and 
having a particular outcome occur. This might be a simple estimate made judgmentally or 
a value computed from a complex spreadsheet model. Payoffs are often summarized in a 
payoff table, a matrix whose rows correspond to decisions and whose columns correspond 
to events. The decision maker first selects a decision alternative, after which one of the 
outcomes of the uncertain event occurs, resulting in the payoff. 


Selecting a Mortgage Instrument 


Many young families face the decision of choosing 

a mortgage instrument. Suppose the Durr family is 
considering purchasing a new home and would like 

to finance $150,000. Three mortgage options are 
available: a one-year adjusted-rate mortgage (ARM) 

at a low interest rate, a three-year ARM at a slightly 
higher rate, and a 30-year fixed mortgage at the highest 
rate. However, both ARMs are sensitive to interest rate 
changes and the rates may change, resulting in either 
higher or lower interest charges; thus, the potential future 
change in interest rates represents an uncertain event. 
Because the family anticipates staying in the home for at 
least five years, they want to know the total interest costs 
they might incur; these represent the payoffs associated 
with their choice and the future change in interest rates 


Decision Rates Rise 
1-year ARM $61,134 
3-year ARM $56,901 
30-year fixed $54,658 


and can easily be calculated using a spreadsheet. The 
payoff table is given below. 

Clearly, no decision is best for each event that may 
occur. If rates rise, for example, then the 30-year fixed 
would be the best decision. If rates remain stable or fall, 
however, then the one-year ARM is best. Of course, you 
cannot predict the future outcome with certainty, so the 
question is how to choose one of the options. Not everyone 
views risk in the same fashion. Most individuals will weigh 
their potential losses against potential gains. For example, 
if they choose the one-year ARM mortgage instead of the 
fixed-rate mortgage, they risk losing money if rates rise; 
however, they would clearly save a lot if rates remain stable 
or fall. Would the potential savings be worth the risk? Such 
questions make decision making a difficult task. 


Outcome 
Rates Stable Rates Fall 
$46,443 $40,161 
$51,075 $46,721 
$54,658 $54,658 
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Because the goal is to minimize costs, we would choose the one-year ARM. 
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gy CHECK YOUR UNDERSTANDING 


1. List the three things that must be specified in formulating a decision problem from 
among a small set of alternatives with uncertain consequences. 


2. Explain the structure of a payoff table. 


Decision Strategies Without Outcome Probabilities 


We discuss several quantitative approaches that model different risk behaviors for making 
decisions involving uncertainty when no probabilities can be estimated for the outcomes. 


Decision Strategies for a Minimize Objective 


Aggressive (Optimistic) Strategy An aggressive decision maker might seek the 
option that holds the promise of minimizing the potential loss. This type of decision 
maker would first ask the question, What is the best that could result from each decision? 
and then choose the decision that corresponds to the “best of the best.” For a minimiza- 
tion objective, this strategy is also often called a minimin strategy; that is, we choose the 
decision that minimizes the minimum payoff that can occur among all outcomes for each 
decision. Aggressive decision makers are often called speculators, particularly in financial 
arenas, because they increase their exposure to risk in hopes of increasing their return; 
while a few may be lucky, most will not do very well. 


Mortgage Decision with the Aggressive Strategy 


For the mortgage selection example, we find the best payoff—that is, the lowest-cost outcome—for each decision: 


Outcome 
Decision Rates Rise Rates Stabile Rates Fall Best Payoff 
1-year ARM $61,134 $46,443 $40,161 $40,161 
3-year ARM $56,901 $51,075 $46,721 $46,721 
30-year fixed $54,658 $54,658 $54,658 $54,658 


Conservative (Pessimistic) Strategy A conservative decision maker, on the 
other hand, might take a more pessimistic attitude, asking “What is the worst thing 
that might result from my decision?” and then select the decision that represents the 
“best of the worst.” Such a strategy is also known as a minimax strategy because we 
seek the decision that minimizes the largest payoff that can occur among all outcomes 
for each decision. Conservative decision makers are willing to forgo high returns to 


avoid undesirable losses. This rule typically models the rational behavior of most 
individuals. 
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EXAMPLE 16.3 Mortgage Decision with the Conservative Strategy 


For the mortgage decision problem, we first find the worst payoff—that is, the largest cost for each option: 


Outcome 
Decision Rates Rise Rates Stable Rates Fall Worst Payoff 
1-year ARM $61,134 $46,443 $40,161 $61,134 
3-year ARM $56,901 $51,075 $46,721 $56,901 
30-year fixed $54,658 $54,658 $54,658 $54,658 


In this case, we want to choose the decision that has the smallest worst payoff, or the 30-year fixed mortgage. Thus, no 
matter what the future holds, a minimum cost of $54,658 is guaranteed. 


Opportunity-Loss Strategy A third approach that underlies decision choices for 
many individuals is to consider the opportunity loss associated with a decision. Opportu- 
nity loss represents the “regret” that people often feel after making a nonoptimal decision 
(I should have bought that stock years ago!). In general, the opportunity loss associated 
with any decision and event is the absolute difference between the best decision for that 
particular outcome and the payoff for the decision that was chosen. Opportunity losses 
can be only nonnegative values. If you get a negative number, then you made a mistake. 
Once opportunity losses are computed, the decision strategy is similar to a conservative 
strategy. The decision maker would select the decision that minimizes the largest oppor- 
tunity loss among all outcomes for each decision. For these reasons, this is also called a 
minimax regret strategy. 


EXAMPLE 16.4 Mortgage Decision with the Opportunity-Loss Strategy 


In our scenario, suppose we chose the 30-year fixed cost (opportunity loss) of $61 ,134 — $54,658 = $6,476. We 


mortgage and later find out that the interest rates had repeat this analysis for the other two outcomes and compute 
risen. We could not have done any better by selecting the opportunity losses, as summarized in the table below. 

a different decision; in this case, the opportunity loss is Then, we find the maximum opportunity loss that 

zero. However, if we had chosen the three-year ARM, would be incurred for each decision. The best decision is 
we would have paid $56,901 instead of $54,658 with the the one with the smallest maximum opportunity loss. Using 
30-year fixed instrument, or $56,901 — $54,658 = $2,243 this strategy, we would choose the one-year ARM. This 
more. This represents the opportunity loss associated with ensures that, no matter what outcome occurs, we will never 
making a nonoptimal decision. Similarly, had we chosen be more than $6,476 away from the least cost we could 

the one-year ARM, we would have incurred an additional have incurred. 


_ SOE SS Se ee SSS Se ee 


Outcome 
Decision Rates Rise Rates Stable Rates Fall Max Opportunity Loss 
1-year ARM $6,476 _ - $6,476 
3-year ARM $2,243 $4,632 $6,560 $6,560 
30-year fixed - $8,215 $14,497 $14,497 


Different criteria lead to different decisions; there is no “optimal” answer. Which 
criterion best reflects your personal values? 
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Decision Strategies for a Maximize Objective 


When the objective is to maximize the payoff, we can still apply aggressive, conservative, 
and opportunity-loss strategies, but we must make some key changes in the analysis. 


m For the aggressive strategy, the best payoff for each decision would be the largest 
value among all outcomes, and we would choose the decision corresponding to 
the largest of these, called a maximax strategy. 

= For the conservative strategy, the worst payoff for each decision would be the 
smallest value among all outcomes, and we would choose the decision corre- 
sponding to the largest of these, called a maximin strategy. 

m= For the opportunity-loss strategy, we need to be careful in calculating the oppor- 
tunity losses. With a maximize objective, the decision with the largest value for a 
particular event has an opportunity loss of zero. The opportunity losses associated 
with other decisions is the absolute difference between their payoff and the larg- 
est value. The actual decision is the same as when payoffs are costs: Choose the 
decision that minimizes the maximum opportunity loss. 


Decisions with Conflicting Objectives 


Many decisions require some type of trade-off among conflicting objectives, such as risk 
versus reward. For example, the Innis Investment example in Figure 15.2 showed the results 
of solving a series of linear optimization models to find the minimum risk that would occur 
for achieving increasing levels of investment returns. We saw that as the return goes up, 
the risk begins to increase slowly, and then increases at a faster rate once a 6% investment 
target is achieved. What decision would be best? Another example we saw was the hotel 
overbooking model in Chapter 12 (Example 12.15). In this case, we can achieve lower 
costs but incur a loss in customer satisfaction and goodwill because of higher numbers of 
overbooked customers. 

A simple decision rule can be used whenever one wishes to make an optimal trade-off 
between any two conflicting objectives, one of which is good, and one of which is bad, that 
maximizes the ratio of the good objective to the bad (think of this as the “biggest bang for 
the buck”).! First, display the trade-offs on a chart with the “good” objective on the x-axis 
and the “bad” objective on the y-axis, making sure to scale the axes properly to display the 
origin (0, 0). Then graph the tangent line to the trade-off curve that goes through the origin. 
The point at which the tangent line touches the curve (which represents the smallest slope) 
represents the best return to risk trade-off. 


Risk-Reward Trade-off Decision for Innis Investments Example 


In Figure 15.2, if we take the ratios of the weighted returns Note that the tangent line touches the curve at the 6% 

to the minimum risk values in the table, we will find that weighted return value. We can explain this easily from the 
the largest ratio occurs for the target return of 6%. We can chart by noting that for any other return, the risk is relatively 
visualize this using the risk-reward trade-off curve and a larger (if all points fell on the tangent line, the risk would 
tangent line through the origin, as shown in Figure 16.1. increase proportionately with the return). 


'This rule was explained by Dr. Leonard Kleinrock at a lecture at the University of Cincinnati in 2011. 
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» Figure 16.1 
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>» TABLE 16.1 
Summary of Decision Strategies Under Uncertainty 


CE ge So geal an a rs hc dE II eee era 
Objective Strategy Aggressive Strategy Conservative Strategy Opportunity-Loss Strategy 
Minimize Choose the Find the smallest Find the largest pay- For each outcome, compute the 
objective decision with payoff for each deci- off for each decision opportunity loss for each decision as 

the smallest sion among allout- among all outcomes the absolute difference between its 
average payoff. comes and choose and choose the deci- payoff and the smallest payoff for that 
the decision with the sion with the smallest outcome. Find the maximum oppor- 
smallest of these of these (minimax). tunity loss for each decision and 
(minimin). choose the decision with the smallest 
opportunity loss (minimax regret). 
Maximize | Choose the Find the largest pay- Find the smallest pay- For each outcome, compute the 
objective decision with off for each decision off for each decision opportunity loss for each decision as 
the largest among all outcomes among all outcomes the absolute difference between its 


average payoff. 


and choose the deci- 
sion with the largest 
of these (maximax). 


and choose the deci- 
sion with the largest of 
these (maximin). 


payoff and the largest payoff for that 
outcome. Find the maximum oppor- 
tunity loss for each decision and 
choose the decision with the small- 
est opportunity loss (minimax regret). 


Many other analytic techniques are available to deal with more complex multiple objec- 
tive decisions. These include simple scoring models in which each decision is rated for each 
criterion (which may also be weighted to reflect the relative importance in comparison with 
other criteria). The ratings are summed over all criteria to rank the decision alternatives. 
Other techniques include variations of linear optimization known as goal programming, 
and a pairwise comparison approach known as the analytic hierarchy process (AHP). 

Table 16.1 summarizes the decision rules for both minimize and maximize objectives. 


CHECK YOUR UNDERSTANDING 

4. State the three types of strategies that can be used for decision involving uncertainty 
when no probabilities can be estimated for the outcomes. 

2. Explain how each of these strategies differ for minimizing and maximizing payoffs. 


3. Explain how to make an optimal tradeoff between two conflicting objectives, when 
one is good and the other is bad. 
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a Decision Strategies with Outcome Probabilities 


The aggressive, conservative, and opportunity-loss strategies assume no knowledge of the 
probabilities associated with future outcomes. In many situations, we might have some 
assessment of these probabilities, through either some method of forecasting or reliance 
on expert opinions. 


Average Payoff Strategy 


If we can assess a probability for each outcome, we can choose the best decision based on 
the expected value using concepts that we introduced in Chapter 5. For any decision, the 
expected value is the summation of the payoffs multiplied by their probability, summed 
over all outcomes. The simplest case is to assume that each outcome is equally likely to 
occur; that is, the probability of each outcome is simply 1/N, where N is the number of pos- 
sible outcomes. This is called the average payoff strategy. This approach was proposed 
by the French mathematician Laplace, who stated the principle of insufficient reason: If 
there is no reason for one outcome to be more likely than another, treat them as equally 
likely. Under this assumption, we evaluate each decision by simply averaging the payoffs. 
We then select the decision with the best average payoff. 


EXAMPLE 16.6 Mortgage Decision with the Average Payoff Strategy 


For the mortgage selection problem, computing the average payoffs results in the following: 


TTR) STRESS a nee ee ee 
Outcome 


Decision Rates Rise Rates Stable Rates Fall Average Payoff 
1-year ARM $61,134 $46,443 $40,161 $49,246 
3-year ARM $56,901 $51,075 $46,721 $51,566 
30-year fixed $54,658 $54,658 $54,658 $54,658 
re a 


Based on this criterion, we choose the decision having the smallest average payoff, or the one-year ARM. 


Expected Value Strategy 


A more general case of the average payoff strategy is when the probabilities of the out- 
comes are not all the same. This is called the expected value strategy. We may use the 
expected value calculation that we introduced in formula (5.12) in Chapter 5. 


Mortgage Decision with the Expected Value Strategy 


Suppose that we can estimate the probabilities of rates associated with each decision. The smallest expected 
rising as 0.6, rates stable as 0.3, and rates falling as payoff, $54,135.20, occurs for the three-year ARM, which 
0.1. The following table shows the expected payoffs represents the best expected value decision. 


EXAMPLE 16.8 


In the mortgage selection example, although the average 
payoffs are fairly similar, note that the one-year ARM has a 
larger variation in the possible outcomes. We may compute 
the standard deviation of the outcomes associated with 
each decision: 


Based solely on the standard deviation, the 30-year 
fixed mortgage has no risk at all, whereas the one-year 
ARM appears to be the riskiest. Although based only on make this decision attractive. 
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Pe a a ee eee SEE 


Outcome 
Probability 0.6 0.3 0.1 
Decision Rates Rise Rates Stable Rates Fall Expected Payoff 
1-year ARM $61,134 $46,443 $40,161 $54,629.40 
3-year ARM $56,901 $51,075 $46,721 $54,135.20 
30-year fixed $54,658 $54,658 $54,658 $54,658.00 
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An implicit assumption in using the average payoff or expected value strategy is that the 
decision is repeated a large number of times. However, for any one-time decision (with the 
trivial exception of equal payoffs), the expected value outcome will never occur. In the pre- 
vious example, for instance, even though the expected value of the three-year ARM (the 
best decision) is $54,135.20, the actual result would be only one of three possible payoffs, 
depending on the outcome of the mortgage rate event: $56,901 if rates rise, $51,075 if rates 
remain stable, or $46,721 if rates fall. Thus, for a one-time decision, we must carefully weigh 
the risk associated with the decision in lieu of blindly choosing the expected value decision. 


Evaluating Risk in the Mortgage Decision 


three data points, the three-year ARM is fairly symmetric 
about the mean, whereas the one-year ARM is positively 
skewed—most of the variation around the average is 
driven by the upside potential (that is, lower costs), not the 
downside risk of higher costs. Although none of the formal 
decision strategies chose the three-year ARM, viewing 


ee 
Decision Standard Deviation risk from this perspective might lead to this decision. For 
1-year ARM $10,763.80 instance, a conservative decision maker who is willing to 
3-year ARM $5,107.71 tolerate a moderate amount of risk might choose the three- 


30-year fixed - 


year ARM over the 30-year fixed because the downside risk 
is relatively small (and is smaller than the one-year ARM) 
and the upside potential is much larger. The larger upside 
potential associated with the one-year ARM might even 


Thus, it is important to understand that making decisions under uncertainty cannot be 
done using only simple rules, but by careful evaluation of risk versus rewards. This is why 
top executives make the big bucks. Evaluating risk in making a decision should also take 
into account the magnitude of potential gains and losses as well as their probabilities of 
occurrence, if this can be assessed. For example, a 70% chance of losing $10,000 against 
a 30% chance of gaining $500,000 might be viewed as an acceptable risk for a company, 
but a 10% chance of losing $250,000 against a 90% chance of gaining $500,000 might not. 


CHECK YOUR UNDERSTANDING 


4. How does the average payoff strategy differ from the expected value strategy? 


2. Explain the issues involved in using an expected value strategy for one-time decisions. 
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as Decision Trees 


A useful approach to structuring a decision problem involving uncertainty is to use a graphical 
model called a decision tree. Decision trees consist of a set of nodes and branches, Nodes are 
points in time at which events take place. The event can be a selection of a decision from among 
several alternatives, represented by a decision node, or an outcome over which the decision 
maker has no control, an event node. Event nodes are conventionally depicted by circles, and 
decision nodes are expressed by squares. Branches are associated with decisions and events. We 
use a triangle to represent the terminal point of a decision path. Many decision makers find deci- 
sion trees useful because sequences of decisions and outcomes over time can be modeled easily. 


EXAMPLE 16.9 Creating a Decision Tree 


For the mortgage selection problem, we will first create a Finally, enter the payoffs of the outcomes associated 
decision node for the selection of one of the three mortgage with each event in the cells immediately below the 
instruments. This is shown in Figure 16.2. Although branches. Because the payoffs are costs, we enter them 
somewhat tedious, you can create this on an Excel as negative values, shown in parentheses using accounting 
worksheet using the Shapes button from the /nsert menu. formatting. Sum all payoffs along the paths and place these 
Next, add an event node at the end of the 1-Year ARM values next to the terminal nodes. (In this example, there 
branch, with branches “Rates Rise,” “Rates Stable,” and are none associated with the decision branches, but we will 
“Rates Fall.” We assign the probabilities to these outcomes see this in another example shortly.) The final decision tree 
from Example 16.7 above the event branches. This creates iS shown in Figure 16.4. 


the tree shown in Figure 16.3. Repeat this process for the 
other two mortgage instrument branches. 


Next, we need to analyze the decision tree to determine the best strategy that maxi- 
mizes the expected value of the payoff. We illustrate this in Example 16.10. 


ONeill §=Analyzing a Decision Tree 


To find the best decision Strategy in a decision tree, we the other event nodes. At the decision node, the maximum 
“roll back” the tree by computing expected values at expected value is chosen from among all decisions; this 
event nodes and selecting the optimal value of alternative is -$54,135.20. Write this next to the decision node, as 
decisions at decision nodes. For example, if the one-year shown in Figure 16.5. Because this corresponds to the 
ARM is chosen, the expected value of the chance events is three-year ARM, which is branch 2, we Can enter a 2 in 

0.6 X (-$61,134) + 0.3 x (—$46,443) + 0.1 x (—$40,161) the decision node, square to indicate the best decision. 

= —$54,629.40. Enter this value below the one-year Therefore, the best Strategy is to choose the three-year 
ARM decision branch as shown in Figure 16.5 (using ARM, having an expected cost of $54,135.20 (the same 
accounting format), and repeat this process for each of decision we found in Example 16.7). 


» Figure 16.2 1-Year ARM 


First Partial Decision Tree for 
Mortgage Selection 


3-Year ARM 


30-Year Fixed 
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> Figure 16.3 0.6 


Rates Rise 


Second Partial Decision Tree 


for Mortgage Selection 

03 

1-Year ARM Rates Stable 
0.1 
Rates Fall 

3-Year ARM 

30-Year ARM 

> Figure 16.4 i gu 0.6 
ates Rise 


Final Mortgage Selection $(61,134) 


Decision Tree 


$(61,134) 


0.3 
Rates Stable 


1-Year ARM 


$(46,443) 
$(46,443) 


0.1 


Rates Fall 


$(40,161) 
$(40,161) 


0.6 
Rates Rise 


$(56,901) 
$(66,901) 


0.3 
Rates Stable 


3-Year ARM 
$(51,075) 


0.1 


Rates Fall 


$(46,721) 
$(46,721) 


0.6 
Rates Rise 


$(54,658) 
$(54,658) 


0.3 
Rates Stable 


30-Year Fixed 
$(54,658) 


01 


Rates Fall 


$(54,658) 


$(54,658) 
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Many decision problems have multiple sequences of decisions and events, as illus- 
trated in the next example. Decision trees are invaluable in helping managers understand 
the implications of uncertainty and decisions that have to be made over time. 


A Pharmaceutical R&D Model 


We will consider the R&D process for a new drug (you if the drug is approved and is released to the market, the 
might recall the basic financial model we developed for the market potential has been identified as large, medium, or 
Moore Pharmaceuticals example in Chapter 11). Suppose small, with the following characteristics: 


that the company has spent $300 million to date in research 


expenses. The first decision is whether or not to proceed Market Potential Expected 


with clinical trials. We can decide either to conduct them Revenues (millions of $) Probability 
or to stop development at this point, incurring the $300 Large 4,500 0.6 
million cost already spent on research. The cost of clinical Medium 2,200 0.3 
trials is estimated to be $250 million, and the probability Small 1,500 0.1 

of a successful outcome is 0.3. Therefore, if we decide to 

conduct the trials, we face the chance events that the trials A decision tree for this situation is shown in Figure 
will be either successful or not successful. If they are not 16.6. When we have sequences of decisions and events, 
successful, then clearly the process stops at this point. a decision strategy is a specification of an initial decision 
If they are successful, the company may seek approval and subsequent decisions to make after knowing what 
from the Food and Drug Administration or decide to stop events occur. We can identify the best strategy from the 
the development process. The cost of seeking approval is branch number in the decision nodes. For example, the 
$25 million, and there is a60% chance of approval. If the best strategy is to conduct Clinical trials and, if successful, 
company seeks approval, it faces the chance events that seek FDA approval and, if approved, market the drug. The 
the FDA will approve the drug or not approve it. Finally, expected net revenue is calculated as $74.3 million. 


Decision Trees and Risk 


The decision tree approach is an example of expected value decision making. Thus, in the 
drug development example, if the company’s portfolio of drug development projects has 
similar characteristics, then pursuing further development is justified on an expected value 
basis. However, this approach does not explicitly consider risk. 
From a classical decision analysis perspective, we may summarize the Moore 
Pharmaceutical’s decision as the following payoff table: 
ee eee ae hh ee a 


Successfu! Successful Trials Successful Trials Successful Trials 
Unsuccessful Clinical Trials; No and Approval; and Approval; and Approval; 
Clinical Trials FDA Approval Large Market Medium Market Small Market 
Develop drug ($550) ($575) $3,925 $1,625 $925 


Stop development (S300) ($300) ($300) ($300) ($300) 


> Figure 16.5 


Rolling Back the 
Mortgage-Selection 
Decision Tree 


$(54,135.20) 


1-Year ARM 


3-Year ARM 


30-Year Fixed 


& 
$(54,629.40) 


@ 
$(54, 135.20) 


® 
$(54,658.00) 
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0.6 
Rates Rise 
<| $(61,134) 
$(61,134) 


G3 
Rates Stable 
<| $(46,443) 
$(46,443) 


0.1 
Rates Fall 
<| $(40,161) 
$(40,161) 


0.6 
Rates Rise 
<| $(56,901) 
$(56,901) 


0.3 
Rates Stable 
< $(51,075) 
$(51,075) 


0.1 
Rates Fall 
<<) $(46,721) 
$(46,721) 


0.6 
Rates Rise 
<| $(54,658) 
$(54,658) 


0.3 
Rates Stable 
<| $(54,658) 
$(54,658) 


0.1 
Rates Fall 
<| $(54,658) 
$(54,658) 
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» Figure 16.6 


New-Drug-Development 
Decision Tree 


0.6 
Market Large 


$3,925 


0.6 
Approved 


0.3 
Market Medium 


Seek FDA Approval 


Market Small 


Successful 


$(575) 


Conduct Clinical Trials Stop Development 


$(550) 


0.7 
Not Successful 
$(550) 


Stop Development 
$(300) 


$(300) 


If we apply the aggressive, conservative, and opportunity-loss decision strategies to 
these data (note that the payoffs are profits as opposed to costs, so it is important to use the 
correct rule, as discussed earlier in the chapter), we obtain the following. 

Aggressive strategy (maximax): 


Maximum 
Develop drug $3,925 
Stop development ($300) 


The decision that maximizes the maximum payoff is to develop the drug. 
Conservative strategy (maximin): 


Minimum 
Develop drug ($575) 
Stop development ($300) 


The decision that maximizes the minimum payoff is to stop development. 
Opportunity loss strategy: 


Successful 
Successful Successful Trials and Successful 
Clinical Trials; Trials and Approval; Trials and 
Unsuccessful No FDA Approval; Medium Approval; 
Clinical Trials Approval Large Market Market SmallMarket Maximum 
Develop drug $250 $275 _ ~ — $275 
Stop development _ 


= $4,225 $1,925 $1,225 $4,225 
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The decision that minimizes the maximum opportunity loss is to develop the drug. How- 
ever, as we noted, we must evaluate risk by considering both the magnitude of the payoffs 
and their chances of occurrence. The aggressive, conservative, and opportunity-loss rules 
do not consider the probabilities of the outcomes. 

Each decision strategy has an associated payoff distribution, called a risk profile. 
Risk profiles show the possible payoff values that can occur and their probabilities. 


Constructing a Risk Profile 


In the drug development example, consider the strategy The probabilities are computed by multiplying the 

of pursuing development. The possible outcomes that can probabilities on the event branches along the path to 
occur and their probabilities are the following: the terminal outcome. For example, the probability of 
getting to “Market large” is 0.38 x 0.6 0.6 = 0.108. Thus, 


Terminal Outcome Net Revenue Probability we see that the probability that the drug will not reach 
Market large $3,925 0.108 the market is 1 — (0.108 + 0.054 + 0.018) = 0.82, and 
Market medium $1,625 0.054 the company will incur a loss of more than $500 million. 
Market small $925 0.018 On the other hand, if they decide not to pursue Clinical 
trials, the loss would be only $300 million, the cost of 

FDA not approved ($575) Shits research to date. If this were a one-time decision, what 
Clinical trials not ($550) 0.700 decision would you make if you were a top executive of 
successful this company? 


Sensitivity Analysis in Decision Trees 


We may use Excel data tables to investigate the sensitivity of the optimal decision to 
changes in probabilities or payoff values. We illustrate this using the airline revenue 
management scenario we discussed in Example 5.26 in Chapter 5. 


Sensitivity Analysis for Airline Revenue Management Decision 


Figure 16.7 shows the decision tree (Excel file Airline sells before the flight. From the data table results, we see 
Revenue Management Decision Tree) for deciding whether that if the probability of selling the full-fare ticket is 0.7 or 
or not to discount the fare along with a what-if analysis of less, then the best decision is to discount the price. 


the impact of changing the probability that a full-fare ticket 


0.75 
Full-Fare Ticket Sells 


P(Full Fare Ticket Sells) Expected Value Decision 
$560.00 $420.00 Full 
$560.00 0.50 $400.00 Discount 


Full Fare 


0.55 $400.00 Discount 
$420.00 0.25 0.60 $400.00 Discount 
: 0.65 $400.00 Discount 
\|-Fare Ticket Does Not Sell 
De $0 0.70 $400.00 Discount 
0.75 $420.00 Full 
$420.00 0.80 $448.00 Full 
0.85 $476.00 Full 
0.90 $504.00 Full 


Discount 
$400.00 


$400.00 


» Figure 16.7 


Airline Revenue 
Management Decision 
Tree and What-If Analysis 
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CHECK YOUR UNDERSTANDING 


1. Explain the structure and components of decision trees. 
2. Describe the process of “rolling back” a decision tree to find the best decision path. 


3. Explain what a risk profile is and how to find it. 


as The Value of Information 


When we deal with uncertain outcomes, it is logical to try to obtain better information 
about their likelihood of occurrence before making a decision. The value of information 
represents the improvement in the expected return that can be achieved if the decision 
maker is able to acquire—before making a decision—additional information about the 
future event that will take place. In the ideal case, we would like to have perfect informa- 
tion, which tells us with certainty what outcome will occur. Although this will never occur, 
it is useful to know the value of perfect information because it provides an upper bound on 
the value of any information that we may acquire. The expected value of perfect infor- 
mation (EVPI) is the expected value with perfect information (assumed at no cost) minus 
the expected value without any information; again, it represents the most you should be 
willing to pay for perfect information. 

The expected opportunity loss represents the average additional amount the decision 
maker would have achieved by making the right decision instead of a wrong one. To find 
the expected opportunity loss, we create an opportunity-loss table, as discussed earlier in 
this chapter, and then find the expected value for each decision. /t will always be true that 
the decision having the best expected value will also have the minimum expected opportu- 
nity loss. The minimum expected opportunity loss is the EVPI. 


EXAMPLE 16.14 


Finding EVPI for the Mortgage Selection Decision 


The table below shows the calculations of the expected 
opportunity losses for each decision (See Example 16.4 for 
calculation of the opportunity-loss matrix). The minimum 
expected opportunity loss occurs for the three-year ARM 
(which was the best expected value decision) and is 
$3,391.40. This is the value of the EVPI. 

Another way to understand this is to use the following 
logic. Suppose we know that rates will rise. Then we 
should choose the 30-year fixed mortgage and incur 
a cost of $54,658. If we know that rates will be stable, 
then our best decision would be to choose the one- 
year ARM, with a cost of $46,443. Finally, if we know 
that rates will fall, we should choose the one-year ARM 


0.6 0.3 
Decision Rates Rise Rates Stable 
1-year ARM $6,476 — 
3-year ARM $2,243 $4,632 
30-year fixed - $8,215 


with a cost of $40,161. By weighting these values by 

the probabilities that their associated events will occur, 
under perfect information, our expected cost would 

be 0.6 X $54,658 + 0.3 x $46,443 + 0.1 x $40,161= 
$50,743.80. If we did not have perfect information about 
the future, then we would choose the three-year ARM 

no matter what happens and incur an expected cost of 
$54,135.20. By having perfect information, we would save 
$54,135.20 — $50,743.80 = $3,391.40. This is the expected 
value of perfect information. We would never want to pay 
more than $3,391.40 for any information about the future 
event, no matter how good. 


Outcome 
0.1 
Rates Fall Expected Opportunity Loss 
_ $3,885.60 
$6,560 $3,391.40 
$14,497 $3,914.20 
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Decisions with Sample Information 


Sample information is the result of conducting some type of experiment, such as a market 
research study or interviewing an expert. Sample information is always imperfect. Often, 
sample information comes at a cost. Thus, it is useful to know how much we should be 
willing to pay for it. The expected value of sample information (EVSI) is the expected 
value with sample information (assumed at no cost) minus the expected value without 
sample information; it represents the most you should be willing to pay for the sample 


information. 


Suppose that a company is developing a new touch-screen 
cell phone. Historically, 70% of their new phones have 
resulted in high consumer demand, whereas 30% have 
resulted in low consumer demand. The company has the 
decision of choosing between two models with different 
features that require different amounts of investment and 
also have different sales potential. Figure 16.8 shows a 
completed decision tree in which all cash flows are in 
thousands of dollars. For example, model 1 requires an 
initial investment for development of $200,000, and model 
2 requires an investment of $175,000. If demand is high 
for model 1, the company will gain $500,000 in revenue, 
with a net profit of $300,000; it will receive only $160,000 
if demand is low, resulting in a net profit of -$40,000. 
Based on the probabilities of demand, the expected profit 
is $198,000. For model 2, we see that the expected profit 
is only $188,000. Therefore, the best decision is to select 
model 1. Clearly, there is risk in either decision, but on an 
expected value basis, model 1 is the best decision. 

Now suppose that the firm conducts a market research 
study to obtain sample information and better understand 


» Figure 16.8 
Cell Phone Decision Tree 


$198,000 


Model 1 


Decisions with Sample Information 


the nature of consumer demand. Analysis of past market 
research studies, conducted prior to introducing similar 
products, has found that 90% of all products that resulted 
in high consumer demand had previously received a high 
survey response, whereas only 20% of all products with 
ultimately low consumer demand had previously received 
a high survey response. These probabilities show that the 
market research is not always accurate and can lead to a 
false indication of the true market potential. However, we 
should expect that a high survey response would increase 
the historical probability of high demand, whereas a low 
survey response would increase the historical probability of 
a low demand. Thus, we need to compute the conditional 
probabilities: 


P(high demand | high survey response ) 
P(high demand | low survey response) 
P(low demand | high survey response ) 
P(low demand | low survey response ) 


This can be accomplished using a formula called Bayes’s 
rule. 


0.7 
High Demand 


$300,000 


$300,000 


0.3 
Low Demand 


$198,000 


$(40,000) 
$(40,000) 


0.7 
High Demand 
$275,000 
$275,000 


0.3 
Low Demand 


$188,000 


$(15,000) 


$(15,000) 
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Bayes’s Rule 


Bayes’s rule extends the concept of conditional probability to revise historical probabilities 
based on sample information. Suppose that A,, A2,., Ag is a set of mutually exclusive and 
collectively exhaustive events, and we seek the probability that some event A; occurs given 
that another event B has occurred. Bayes’s rule is stated as follows: 


P(BIA;) P(Aj) 
P(B\A,) P(A,) + P(B|Az) P(Ay) +... + P(BIA,) P(Ag) 


P(A,|B) = (16.1) 


> ON i-Mate Applying Bayes’s Rule to Compute Conditional Probabilities 


In the cell phone example, define the following events: (0.9)(0.7) 


SS SS IS 
0.9)(0.7) + (0.2)(0.3 

A; = high consumer demand (0.9)(0.7) + (0.2)(0.3) 

A> = low consumer demand 

B, = high survey response 


Bo = low Survey response 


Therefore, P(A2|B;) = 1 — 0.913 = 0.087. 


P(Bo|A;) P(A1) 
P(Bp|A1) P(Ay) + P(Bz|Az) P(Az) 
We need to compute P(Aj| B;) for each i and j. (0.1)(0.7) 

Using these definitions and the information presented = (0.1)(0.7) + (0.8)(0.3) = 0.226 
in Example 16.15, we have 


P(A,|Bo) = 


Therefore, P(Ap|Bo) = 1 — 0.226 = 0.774. 


Pi Ag. ea0t Although 70% of all previous new models historically 

P(Ao) =0.3 had high demand, knowing that the marketing report is 
P(B,\A;) = 0.9 favorable increases the likelihood to 91.3%, and if the 
P(By|Ao) = 0.2 marketing report is unfavorable, then the probability of low 


It is important to carefully distinguish between P(A|B) and 
-P(B|A). As stated, among all products that resulted in high 
consumer demand, 90% received a high market survey 
response. Thus, the probability of a high survey response 
given high consumer demand is 0.90 and not the other way 
around. Because the probabilities P (B,|A;) + P(Bo\A;) 
must add to 1 for each A;, we have 


P(B2|A1) = 1 — P(By|A1) = 0.1 
P(Bo|A2) = 1 — P(By|A2) = 0.8 
Now we may apply Bayes’s rule to compute the con- 
ditional probabilities of demand given the survey response: 
P(By\A1) P(Ay) 
P(By|A1) P(Ay) + P(By|Az) P(A2) 


P(A;|B;) = 


demand increases to 77%. 

Finally, we need to compute the nonconditional 
(marginal) probabilities that the survey response will be 
either high or low—that is, P( B;) and P( Bo). These are 
simply the denominators in Bayes’s rule: 


P(By) = P(By|A1) P(A1) + P(By|A2) P(A) 
= (0.9)(0.7) + (0.2)(0.3) = 0.69 

P(Bo) = P(B2|A1) P(A1) + P(Ba|A2) P(A2) 
= (0.1)(0.7) + (0.8)(0.3) = 0.31 


The marginal probabilities state that there is a 69% chance 
that the survey will return a high-demand response, and 
there is a 31% chance that the survey will result in a low- 
demand response. 


Figure 16.9 shows a decision tree that incorporates the market survey information and 
the probabilities we calculated in the previous example. The optimal decision strategy is to 
select model | if the survey response is high, and if the response is low, then select model 
2. Note that the expected value (which includes the probabilities of obtaining the survey 
responses) is $202,257. Comparing this to Figure 16.8, we see that the sample information 
increases the expected value by $202,257 —$198,000 = $4,257. This is the value of 
EVSI. So we should not pay more than $4,257 to conduct the market survey. 


> Figure 16.9 
Cell Phone Decision Tree 


with Sample Market Survey 


Chapter 16 Decision Analysis 649 


0.913 
High Demand 
“J $300,000 
Model 1 $300,000 
& 
$270,420 0.087 
Low Demand 
ae | $(40,000) 
High Survey Response $(40,000) 
fl 
$270,420 0.913 
High Demand 
“$275,000 
Model 2 $275,000 
fe) 
$249,770 0.087 
Low Demand 
J $(15,000) 
$(15,000 
'e ( ) 
$202,257 0.226 
High Demand 
J $300,000 
Model 1 $300,000 
® 
$36,840 0.774 
Low Demand 
0.31 <1 $(40,000) 
Low Survey Response $(40,000) 


iz 
$50,540 0.226 


High Demand 
< $275,000 
Model 2 $275,000 


@ 
$50,540 0.774 
Low Demand 


<1 $(15,000) 
$(15,000) 


CHECK YOUR UNDERSTANDING 

1. Define the terms value of information, perfect information, and expected value of 
perfect information. 

2. Explain how to find EVPI. 

3. What is the expected value of sample information? 


4. Explain how Bayes’s rule is used in decision trees to find EVSI. 


as Utility and Decision Making 


In Example 5.25 in Chapter 5, we discussed a charity raffle in which 1,000 $50 tickets are 
sold to win a $25,000 prize. The probability of winning is only 0.001, and the expected 
payoff is (~$50) (0.999) + ($24,950) (0.001) = —$25.00. From a purely economic 
standpoint, this would be a poor gamble. Nevertheless, many people would take this 
chance because the financial risk is low (and it’s for charity). On the other hand, if only ten 
tickets were sold at $4,000 with a chance to win $100,000, even though the expected value 
would be (~$4000) (0.9) + ($96,000) (0.1) = $6,000, most people would not take the 
chance because of the higher monetary risk involved. 

An approach for assessing risk attitudes quantitatively is called utility theory. This 
approach quantifies a decision maker’s relative preferences for particular outcomes. We 
can determine an individual’s utility function by posing a series of decision scenarios. This 
is best illustrated with an example; we use a personal investment problem to do this. 


650 Chapter 16 Decision Analysis 


Suppose that you have $10,000 to invest and are 
expecting to buy a new car in a year, so you can tie the 
money up for only 12 months. You are considering three 
options: a bank CD paying 4%, a bond mutual fund, and 

a stock fund. Both the bond and stock funds are sensitive 
to changing interest rates. If rates remain the same over 
the coming year, the share price of the bond fund is 
expected to remain the same, and you expect to earn 
$840. The stock fund would return about $600 in dividends 


A Personal Investment Decision 


and capital gains. However, if interest rates rise, you can 
anticipate losing about $500 from the bond fund after 
taking into account the drop in share price and, likewise, 
expect to lose $900 from the stock fund. If interest rates 
fall, however, the yield from the bond fund would be 
$1,000 and the stock fund would net $1,700. Table 16.2 
summarizes the payoff table for this decision problem. The 
decision could result in a variety of payoffs, ranging from a 
profit of $1,700 to a loss of $900. 


» TABLE 16.2 Decision/Event Rates Rise Rates Stable Rates Fall 
Investment Return Payoff Bank CD $400 $400 $400 
Table 
Bond fund $(500) $840 $1,000 
Stock fund $(900) $600 $1,700 


Constructing a Utility Function 


The first step in determining a utility function is to rank-order the payoffs from highest to 
lowest. We conveniently assign a utility of 1.0 to the highest payoff and a utility of 0 to the 
lowest. Next, for each payoff between the highest and lowest, consider the following situ- 
ation: Suppose you have the opportunity of achieving a guaranteed return of x or taking a 
chance of receiving the highest payoff with probability p or the lowest payoff with prob- 
ability 1—p. (We use the term certainty equivalent to represent the amount that a decision 
maker feels is equivalent to an uncertain gamble.) What value of p would make you indif- 
ferent to these two choices? Then repeat this process for each payoff. 


EXAMPLE 16.18 


First, rank the payoffs from highest to lowest; assign a utility 
of 1.0 to the highest and a utility of 0 to the lowest: 


Payoff, x Utility, U(x) 

$1,700 1.0 

$1,000 
$840 
$600 
$400 

$(500) 

$(900) 0.0 

Let us start with x = $1,000. The decision is illustrated 
in the simple decision tree in Figure 16.10. Because this 


is a relatively high value, you decide that p would have to 
be at least 0.9 to take this risk. This represents the utility 


Constructing a Utility Function for the Personal Investment Decision 


of a payoff of $1,000, denoted as U($1,000). For example, 
$1,000 is this decision maker’s certainty equivalent for the 
uncertain situation of receiving $1,700 with probability 0.9 
or -$900 with probability 0.1. 

Repeating this process for each payoff, suppose we 
obtain the following utility function: 


Payoff, x Utility, U(x) 
$1,700 1.0 
$1,000 0.90 

$840 0.85 

$600 0.80 

$400 0.75 
$(500) 0.35 
$(900) 0.0 


>» Figure 16.10 

Decision Tree Lottery for 
Determining the Utility of 
$1,000 
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0.9 
Receive $1,700 


$1,700.00 


Take Chance $1,700.00 


$1,440.00 0.1 
Lose $900 


$(900.00) 


$1,440.00 


Guaranteed Return 
$1,000.00 


$1,000.00 


If we compute the expected value of each of the gambles for the chosen values of p, 
we see that they are higher than the corresponding payoffs. For example, for the payoff of 
$1,000 and the corresponding p = 0.9, the expected value of taking the gamble is 


0.9($1,700) + 0.1(—$900) = $1,440 


This is greater than accepting $1,000 outright. We can interpret this to mean that you 
require a risk premium of $1,440 —$1,000 = $440 to feel comfortable enough to risk 
losing $900 if you take the gamble. In general, the risk premium is the amount an indi- 
vidual is willing to forgo to avoid risk. This indicates that you are a risk-averse individual, 
that is, relatively conservative. 

Another way of viewing this is to find the break-even probability at which you would 
be indifferent to receiving the guaranteed return and taking the gamble. This probability is 
found by solving the equation 


1,700p — 900(1 — p) = 1,000 


resulting in p = 19/26 = 0.73. Because you require a higher probability of winning the 
gamble, it is clear that you are uncomfortable taking the risk. 

If we graph the utility versus the payoffs, we can sketch a utility function, as shown 
in Figure 16.11. This utility function is generally concave downward. This type of curve 
is characteristic of risk-averse individuals. Such decision makers avoid risk, choosing con- 
servative strategies and those with high return-to-risk values. Thus, a gamble must have a 
higher expected value than a given payoff to be preferable or, equivalently, a higher prob- 
ability of winning than the break-even value. 

Other individuals might be risk takers. What would their utility functions look like? As 
you might suspect, they are concave upward. These individuals would take a gamble that 
offers higher rewards even if the expected value is less than a certain payoff. An example 
of a utility function for a risk-taking individual in this situation is as follows: 


Payoff, x Utility, U(x) 
$1,700 1.0 
$1,000 0.6 

$840 0.55 

$600 0.45 

$400 0.40 
$(500) 0.1 


$(900) 0.0 
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» Figure 16.11 


Example of a Risk-Averse 
Utility Function 


| Risk-neutral — 


| utilityfunction — 


$(1,500) ${1,000} ${S00) 2" $500 $1,000 $1,500 $2,000 


For the payoff of $1,000, this individual would be indifferent between receiving $1,000 
and taking a chance at $1,700 with probability 0.6 and losing $900 with probability 0.4. 
The expected value of this gamble is 


0.6($1,700) + 0.4(—$900) = $660 


Because this is considerably less than $1,000, the individual is taking a larger risk to 
try to receive $1,700. Note that the probability of winning is less than the break-even value. 
Risk takers generally prefer more aggressive strategies. 

Finally, some individuals are risk neutral; they prefer neither taking risks nor avoiding 
them. Their utility function is linear and corresponds to the break-even probabilities for 
each gamble. For example, a payoff of $600 would be equivalent to the gamble if 


$600 = p($1,700) + (1 — p)(—$900) 


Solving for p, we obtain p = 15/26, or 0.58, which represents the utility of this payoff. 
The decision of accepting $600 outright or taking the gamble could be made by flipping a 
coin. These individuals tend to ignore risk measures and base their decisions on the aver- 
age payoffs. 

A utility function may be used instead of the actual monetary payoffs in a decision 
analysis by simply replacing the payoffs with their equivalent utilities and then computing 
expected values. The expected utilities and the corresponding optimal decision strategy 
then reflect the decision maker’s preferences toward risk. For example, if we use the aver- 
age payoff strategy (because no probabilities of events are given) for the data in Table 16.2, 
the best decision would be to choose the stock fund. However, if we replace the payoffs in 
Table 16.2 with the (risk-averse) utilities that we defined and again use the average payoff 
strategy, the best decision would be to choose the bank CD as opposed to the stock fund, 
as shown in the following table. 


» Figure 16.12 
Examples of Exponential 
Utility Functions 
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Decision/Event Rates Rise Rates Stable Rates Fall Average Utility 


Bank CD 0.75 07> 0.75 0.75 
Bond fund 0.35 0.85 0.9 0.70 
Stock fund 0 0.80 1.0 0.60 


If assessments of event probabilities are available, these can be used to compute the 
expected utility and identify the best decision. 


Exponential Utility Functions 


It can be rather difficult to compute a utility function, especially for situations involving a 
large number of payoffs. Because most decision makers typically are risk averse, we may 
use an exponential utility function to approximate the true utility function. The exponential 
utility function is 


UG) ete (16.2) 


where e is the base of the natural logarithm (2.71828 .. . ) and R is a shape parameter that 
is a measure of risk tolerance. Figure 16.12 shows several examples of U(x) for different 
values of R. Notice that all these functions are concave and that as R increases, the func- 
tions become flatter, indicating more tendency toward risk neutrality. 

One approach to estimating a reasonable value of R is to find the maximum payoff R for 
which the decision maker is willing to take an equal chance on winning R or losing R/2. The 
smaller the value of R, the more risk averse is the individual. For instance, would you take 
a bet on winning $10 versus losing $5? How about winning $10,000 versus losing $5,000? 
Most people probably would not worry about taking the first gamble but would think twice 
about the second. Finding one’s maximum comfort level establishes the utility function. 
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> ON ies Using an Exponential Utility Function 


For the personal investment decision example, suppose that R = $400. The utility function is U(x) = 1 —e*/4°°, resulting in 


the following utility values: 


Payoff, x Utility, U(x) 


$1,700 0.9857 
$1,000 0.9179 
$840 0.8775 
$600 0.7769 
$400 0.6321 
$(500) -2.4903 


$(900) -8.4877 


Using the utility values in the payoff table, we find that the bank CD remains the best decision, as shown in the following 
table, as it has the highest average utility. 


Decision/Event Rates Rise Rates Stable Rates Fall Average Utility 
Bank CD 0.6321 0.6321 0.6321 0.6321 
Bond fund —2.4903 0.8775 0.9179 —0.2316 
Stock fund —8.4877 0.7769 0.9857 —2.2417 


CHECK YOUR UNDERSTANDING 


What is utility theory, and how does it help to understand decision making? 


Explain how to construct a utility function. 


How does a risk-averse utility function compare to a risk-neutral utility function? 


Poe FN or 


Why might we use exponential utility functions? 


CS oo coe ee ae Se ee ee ee ee 
ANALYTICS IN PRACTICE: Using Decision Analysis in Drug Development? 


Drug development in the United States is time consum- _ evaluation of a new blood-clot-busting drug. To ensure that it 
ing, resource intensive, risky, and heavily regulated. On made the best drug development decisions, Pharma used a 
average, it takes nearly 15 years to research and develop __ structured process based on the principles of decision analy- 
a drug in the United States, with an after-tax cost in 1990 sis to evaluate the technical feasibility and market potential 
dollars of approximately $200 million. of its new drug. Previously, BP had analyzed a few business 
In July 1999, the biological products leadership com- _ cases for review by Pharma. This commercial evaluation was 
mittee, composed of the senior managers within Bayer _BP’s first decision analysis project. 
Biological Products (BP), a business unit of Bayer Phar- Probability distributions of uncertain variables were 
maceuticals (Pharma), made its newly formed strategic- | assessed by estimating the 10th percentile and 90th per- 
planning department responsible for the commercial centile from experts, who were each asked to review the 


Based on Jeffrey S. Stonebraker, “How Bayer Makes Decisions to Develop New Drugs,” Interfaces, 32, 6 
(November—December 2002): 77-90. 
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results to make sure they accurately reflected his or could assess the likelihood of success versus the company’s 
her judgment. Pharma used net present value (NPV) as exposure to risk, costs, and strategic fit. Decision point 1 was 
its decision-making criterion. Given the complexity and whether to begin preclinical development. After successful 
inherent structure of decisions concerning new drugs, the preclinical animal testing, Bayer can decide (decision point 
new-drug-development decision making was defined as a__2) to begin testing the drug in humans. Decision point 3 and 
sequence of six decision points, with identified key mar- decision point 4 are both decisions to invest or not in con- 
ket-related and scientific deliverables so senior managers _ tinuing clinical development. Following successful comple- 
tion of development, Bayer can choose to file a biological 
license application with the FDA (decision point 5). If the FDA 
approves it, Bayer can decide (decision point 6) to launch the 
new drug in the marketplace. 

The project team presented their input assumptions and 
recommendations for the commercial evaluation of the drug 
to the three levels of Pharma decision makers, who eventu- 
ally approved preclinical development. External validation of 
the data inputs and assumptions demonstrated their rigor 
and defensibility. Senior managers could compare the evalu- 
ation results for the proposed drug with those for other devel- 
opment drugs with confidence. The international committees 
lauded the project team’s effort as top-notch, and the deci- 
sion-analysis approach set new standards for subsequent BP 
analyses. 
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CHAPTER 16 TECHNOLOGY HELP 


you first read the online supplement Getting Started with 
; ag Analytic Solver Basic. This provides information for both 
Analytic Solver provides: the:ability to PE S0% Sees instructors and students on how to register for and access 
lyze decision trees in Excel. See the online supplement 


Using Decision Trees in Analytic Solver. We suggest that 


Analytic Solver 


Analytic Solver. 
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am. PROBLEMS AND EXERCISES 


Note: Data for selected problems can be found in the Excel 
file Chapter 16 Problem Data to facilitate problem-solving 
efforts and Excel Implementation. Worksheet tabs corre- 
spond to the problem numbers. These are designated with 


an asterisk (*). 
Formulating Decision Problems 


1. Use the Outsourcing Decision Model Excel file to 
compute the cost of in-house manufacturing and out- 
sourcing for the following levels of demand: 200, 600, 
1,000, and 1,400. Use this information to set up a pay- 
off table for the decision problem. 


Decision Strategies Without Outcome Probabilities 


2. For the payoff table you developed in Problem 1, 
determine the decision using the aggressive, conser- 
vative and opportunity-loss strategies. 


*3. The DoorCo Corporation is a leading manufacturer of 
garage doors. All doors are manufactured in their plant 
in Carmel, Indiana, and shipped to distribution centers 
or major customers. DoorCo recently acquired another 
manufacturer of garage doors, Wisconsin Door, and is 
considering moving its wood door operations to the 
Wisconsin plant. Key considerations in this decision 
are the transportation, labor, and production costs at 
the two plants. Complicating matters is the fact that 
marketing is predicting a decline in the demand for 
wood doors. The company developed three scenarios: 
a. Demand falls slightly, with no noticeable effect 

on production. 


b. Demand and production decline 20%. 
c. Demand and production decline 40%. 


The following table shows the total costs under each 
decision and scenario. 


Slight 20% 40% 
Decline Decline Decline 
Stay in 
Carmel $1,000,000 $800,000 $840,000 
Move to 


Wisconsin $1,100,000 $950,000 $750,000 


What decision should DoorCo make using each of 
the following strategies? 


a. aggressive strategy 
b. conservative strategy 


c. opportunity-loss strategy 


4. 


ato 


*6. 


Suppose that Peter Cartman is deciding whether to 
invest in a bond mutual fund or a stock fund. Both 
bond and stock funds are sensitive to changing mar- 
ket conditions. His analysis reveals that when the 
economy is stable, the bond and stock funds have 
earnings of $45 and $30, respectively. When the 
market is growing, the stock fund gains an extra 
$30 in comparison to the bond fund, which is earn- 
ing $40. However, when the market is declining, the 
stock fund may suffer a loss of $13, while the bond 
fund continues to earn $5. Develop a payoff table for 
this situation. What decision should the person make 
using each of the following strategies? 


a. aggressive strategy 
b. conservative strategy 


c. opportunity-loss strategy 


As the marketing manager of a major perfume com- 
pany, you are considering using either one of two 
ingredients, Neroli oil or Orris root, in the newest 
perfume to be launched by the company. The cost to 
use Orris root is much more expensive in compari- 
son to Neroli oil, but the company might not gain a 
substantial amount of business if it doesn’t use Orris 
root as an ingredient. You have developed the follow- 
ing payoff table, estimating the company’s first year 
profits. 


Estimated 1° Year Profit 


(in $ million) 
Neroli Oil Orris Root 
Low Demand 2 -5 
High Demand 4 10 


What decision will you make using each of the fol- 
lowing strategies? 


a. aggressive strategy 

b. conservative strategy 

c. opportunity-loss strategy 

For the DoorCo Corporation decision in Problem 3, 
compute the standard deviation of the payoffs for 


each decision. What does this tell you about the risk 
in making the decision? 


. For Peter Cartman’s decision in Problem 4, compute 


the standard deviation of the payoffs for each deci- 
sion. What does this tell you about the risk in making 
the decision? 


*8. 


For the perfume company decision in Problem 5, 
compute the standard deviation of the payoffs for 
each decision. What does this tell you about the risk 
in making the decision? 


Decision Strategies with Outcome Probabilities 


9. 


10. 


Ad; 


12. 


What decisions should be made using the average 
payoff strategy in Problems 4 and 5? 


For the DoorCo Corporation decision in Problem 3, 
suppose that the probabilities of the three scenarios 
are estimated to be 0.15, 0.40, and 0.45, respectively. 
Find the best expected value decision. 


For Peter Cartman’s investment decision in Prob- 
lem 4, suppose that the probabilities of the scenarios 
are estimated to be 0.35, 0.25, and 0.40, respectively. 
Find the best expected value decision. 


An information systems consultant is bidding on 
a project that involves some uncertainty. Based on 
past experience, if all went well (probability 0.1), 
the project would cost $1.2 million to complete. 
If moderate debugging were required (probability 
0.7), the project would probably cost $1.4 million. If 
major problems were encountered (probability 0.2), 
the project could cost $1.8 million. Assume that the 
consultant is bidding competitively and the expec- 
tation of successfully gaining the job at a bid of 
$2.2 million is 0, at $2.1 million is 0.1, at $2.0 mil- 
lion is 0.2, at $1.9 million is 0.3, at $1.8 million 
is 0.5, at $1.7 million is 0.8, and at $1.6 million is 
practically certain. 


a. Calculate the expected value for the given bids. 
b. What is the best bidding decision? 


Decision Trees 


13. 


14. 


15. 


For the DoorCo Corporation decision in Problems 3 
and 10, construct a decision tree and compute the roll- 
back values to find the best expected value decision. 


For Peter Cartman’s investment decision in Prob- 
lems 4 and 11, construct a decision tree and compute 
the rollback values to find the best expected value 
decision. 


David Lee is a soft drinks stallholder at Cotton Tree 
Park. He must decide how many soft drink cartons 
to order for the coming season. Each bottle of soft 
drink costs $2.50 and is sold for $4.80. No inven- 
tory is carried from one season to the next. Bottles 
of soft drinks unsold after August are sold at a dis- 
counted price of $1.00. Past data indicates that sales 


16. 


17. 
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are highly dependent on the weather conditions. Past 
weather conditions can be classified as cool or warm, 
and the following distribution of regular price supply 
has been tabulated: 


Cool Weather Warm Weather 


Units Units 

Sold Probability Sold Probability 
70 0.60 105 0.05 
80 0.15 220 0.15 
100 0.25 280 0.80 


A minimum of three soft drink cartons must be 
ordered from the supplier; thus, possible order num- 
bers are 72, 108, 144, 180, 216, 252, and 288 units 
(units are measured in bottles). Construct a decision 
tree to illustrate the components of the decision model 
and find the optimal quantity for David to order if 
the weather forecast calls for a 60% chance of warm 
weather. 


Dean Kuroff started a business of rehabbing old 
homes. He recently purchased a circa-1800 Vic- 
torian mansion and converted it into a three-family 
residence. Yesterday, one of his tenants complained 
that the refrigerator was not working properly. Dean’s 
cash flow is not extensive, so he was not excited 
about purchasing a new refrigerator. He is consider- 
ing two other options: purchase a used refrigerator or 
repair the current unit. He can purchase a new one for 
$600, and it will easily last three years. If he repairs 
the current one, he estimates a repair cost of $150, but 
he also believes that there is only a 25% chance that it 
will last a full three years and he will end up purchas- 
ing a new one anyway. If he buys a used refrigerator 
for $200, he estimates that there is a 0.4 probability 
that it will last at least three years. If it breaks down, 
he will still have the option of repairing it for $150 
or buying a new one. Develop a decision tree for this 
situation and determine Dean’s optimal strategy. 


Many automobile dealers advertise lease options for 

new cars. Suppose that you are considering three 

alternatives: 

1. Purchase a car outright with cash. 

2. Purchase a car with 20% down and a 48-month 
loan. 


3. Lease a car. 
Select an automobile whose leasing contract is adver- 


tised in a local paper. Using current interest rates and 
advertised leasing arrangements, perform a decision 
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analysis of these options. Make, but clearly define, 
any assumptions that may be required. 


Perform a sensitivity analysis of David Lee’s soft 
drinks stall scenario (Problem 15). Find the optimal 
order quantity and optimal expected profit for prob- 
abilities of a cold weather ranging from 0.2 to 0.8 in 
increments of 0.2. Plot optimal expected profit as a 
function of the probability of a harsh winter. 


The Value of Information 


19. 


20. 


IM Retail deals in various products from a popular 
cosmetic brand Beau. The cost of stocking and sell- 
ing a product varies according to whether it is in sea- 
son or not. In season, the cost of a product is $12 
and it sells for $18. After the season ends, the bargain 
price is $9 and cost of stocking the item after season 
is $1. Gathering data from all its past sales, IM Retail 
has developed the following probability distribution 
for demand: 


Demand Probability 
7 0.20 
8 0.20 
9 0.25 
10 0.15 
11 0.20 


a. Construct a payoff table for IM Retail deci- 
sion problem of how many units to be stocked. 
What is the best decision from an expected value 
basis? 

b. Find the expected value of perfect information. 


c. What is the expected demand? What is the 
expected profit if the retailer stocks the expected 
demand? 


Bev’s Bakery specializes in sourdough bread. Early 
each morning, Bev must decide how many loaves to 
bake for the day. Each loaf costs $1.25 to make and 
sells for $3.50. Bread left over at the end of the day 
can be sold the next day for $1.00. Past data indicate 
that demand is distributed as follows: 


Number of Loaves Probability 


15 0.02 
16 0.05 
We 0.11 
18 0.15 


21. 


Number of Loaves Probability 
19 0.27 
20 0.21 
21 0.15 
22 0.04 


a. Construct a payoff table and determine the opti- 
mal quantity for Bev to bake each morning using 
expected values. 


b. What is the optimal quantity for Bev to bake if 
the unsold loaves are not sold the next day but are 
donated to a food bank? 


Ravex Yacht has developed a new cabin cruiser, 
which they have earmarked for the medium to large 
boat market. A market analysis suggests a 30% prob- 
ability of annual sales being 5,000 boats, 40% prob- 
ability of 4,000 annual sales, and 30% probability 
of 3,000 annual sales. Ravex Yacht can go into lim- 
ited production where variable costs are $10,000 per 
cruiser and fixed costs are $800,000 annually. Alter- 
natively, the firm can go into full-scale production 
where variable costs are $9,000 per cruiser and fixed 
costs are $5,000,000 annually. 


a. Construct a decision tree for the situation. 
b. Compute payoffs and probabilities. 


c. If the cruiser sells for $11,000, to maximize prof- 
its, should Ravex Yacht choose limited or full- 
scale production? 


Decisions with Sample Information 


22. Drilling decisions by oil and gas operators involve 


intensive capital expenditures made in an environ- 
ment characterized by limited information and high 
risk. A well site is dry, wet, or gushing. Historically, 
50% of all wells have been dry, 30% wet, and 20% 
gushing. The value (net of drilling costs) for each 
type of well is as follows: 


Dry —$80.000 
Wet $120,000 
Gushing $200,000 


Wildcat operators often investigate oil prospects in 
areas where deposits are thought to exist by making 
geological and geophysical examinations of the area 
before obtaining a lease and drilling permit. This often 
includes recording shock waves from detonations by 
a seismograph and using a magnetometer to measure 


23. 


24. 


the intensity of Earth’s magnetic effect to detect rock 
formations below the surface. The cost of doing such 
a study is approximately $15,000. Of course, one may 
choose to drill in a location based on “gut feel” and 
avoid the cost of the study. The geological and geo- 
physical examination classifies an area into one of 
three categories: no structure (NS), which is a bad sign; 
open structure (OS), which is an “OK” sign; and closed 
structure (CS), which is hopeful. Historically, 40% of 
the tests resulted in NS, 35% resulted in OS, and 25% 
resulted in CS readings. After the result of the test is 
known, the company may decide not to drill. The fol- 
lowing table shows probabilities that the well will actu- 
ally be dry, wet, or gushing based on the classification 
provided by the examination (in essence, the examina- 
tion cannot accurately predict the actual event): 


Dry Wet Gushing 
NS 0.73 0.22 0.05 
OSs 0.45 0.32 0.23 
CS 0.23 0.35 0.42 


a. Construct a decision tree of this problem that 
includes the decision of whether or not to perform 
the geological examination. 


b. What is the optimal decision under expected 
value when no experimentation is conducted? 


c. Find the overall optimal strategy by rolling back 
the tree. 


MetaGo is a small metal parts manufacturer. It has 
two automatic machines (Machine A and Machine 
B) for daily production processes. Both the machines 
can produce defective metal parts. Historically, the 
chance of Machine A producing a defective metal 
part is 2.0%; while the chance of Machine B pro- 
ducing a defective metal part is 1.5%. The probabil- 
ity that a metal part is produced from Machine A is 
0.55. Apply Bayes’s rule to find the probability that 
MetaGo will produce defective metal parts. If a metal 
part is defective, what is the probability that it has 
been produced by Machine A? 


MJ Logistics has decided to build a new warehouse 
to support its supply chain activities. They have the 
option of building either a large warehouse or a small 
one. Construction costs are $8 million for the large 
facility versus $3 million for the small facility. The 
profit (excluding construction cost) depends on the 
volume of work the company expects to contract for 
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in the future. This is summarized in the following 
table (in millions of dollars): 


High Volume Low Volume 
$35 $20 
$25 $15 


Large warehouse 
Small warehouse 


The company believes that there is a 60% chance that 
the volume of demand will be high. 


a. Construct a decision tree to identify the best choice. 


b. Suppose that the company engages an economic 
expert to provide an opinion about the volume 
of work based on a forecast of economic condi- 
tions. Historically, the expert’s upside predictions 
have been 75% accurate, whereas the downside 
predictions have been 90% accurate. In contrast 
to the company’s assessment, the expert believes 
that the chance for high demand is 70%. Deter- 
mine the best strategy if their predictions suggest 
that the economy will improve or will deteriorate. 
Given the information, what is the probability 
that the volume will be high? 


Utility and Decision Making 


25. 


26. 


Consider Peter Cartman’s investment decision 
scenario in Problems 4 and 11. Use the approach 
described in this chapter to develop your personal 
utility function for the payoffs associated with this 
decision. Determine the decision that would result 
using the utilities instead of the payoffs. Is the deci- 
sion consistent with your choice? 


A college football team is trailing 14—0 late in the 
game. The team just made a touchdown. If they can 
hold the opponent and score one more time, they can 
tie or win the game. The coach is wondering whether 
to go for an extra-point kick or a two-point conver- 
sion now, and what to do if they score again. 


a. Develop a decision tree for the coach’s decision. 


b. Estimate probabilities for successful kicks or 
two-point conversions and a last-minute score. 
(You might want to do this by doing some group 
brainstorming or by calling on experts, such as 
your school’s coach or a sports journalist.) Using 
the probabilities from part a, determine the opti- 
mal strategy. 

c. Why would utility theory be a better approach 
than using the points for making a decision? Pro- 
pose a utility function and compare your results. 
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tes CASE: PERFORMANCE LAWN EQUIPMENT 


PLE has developed a prototype for a new snow blower 
for the consumer market. This can exploit the company’s 
expertise in small-gasoline-engine technology and also 
balance seasonal demand cycles in the North American 
and European markets to provide additional revenues 
during the winter months. Initially, PLE faces two possi- 
ble decisions: introduce the product globally at a cost of 
$850,000 or evaluate it in a North American test market 
at a cost of $200,000. If it introduces the product glob- 
ally, PLE might find either a high or low response to the 
product. The probabilities of these events are estimated 
to be 0.6 and 0.4, respectively. With a high response, 
gross revenues of $2,000,000 are expected; with a low 
response, the figure is $450,000. If PLE starts with a 
North American test market, it might find a low response 
or a high response, with probabilities of 0.3 and 0.7, 
respectively. This may or may not reflect the global mar- 
ket potential. In any case, after conducting the market- 
ing research, PLE next needs to decide whether to keep 


sales only in North America, market globally, or drop 
the product. If the North American response is high and 
PLE stays only in North America, the expected revenue 
is $1,200,000. If it markets globally (at an additional cost 
of $200,000), the probability of a high global response is 
0.9 with revenues of $2,000,000 ($450,000 if the global 
response is low). If the North American response is low 
and it remains in North America, the expected revenue is 
$200,000. if it markets globally (at an additional cost of 
$600,000), the probability of a high global response is 
0.05, with revenues of $2,000,000 ($450,000 if the global 
response is low). 

Construct a decision tree, determine the optimal 
strategy, and develop a risk profile associated with the 
optimal strategy. Evaluate the sensitivity of the optimal 
strategy to changes in the probability estimates. Sum- 
marize all your results, including your recommendation 
and justification for it, in a formal report to the executive 
committee, who will ultimately make this decision. 
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Appendix A: Statistical Tables 


> Table A.1 
The Cumulative Standard Normal 
Distribution oe rae: 
Zz, -00 .01 .02 .03 .04 .05 .06 .07 .08 .09 


=3.9 .00005 .00005 .00004 00004 .00004 .00004 .00004 #~.00004 ~.00003 .00003 
—3.8 .00007 .00007 .00007 .00006 .00006 .00006 00006 =.00005 .00005 .00005 
= Ged .00011 .00010 .00010 .00010 .00009 .00009 .00008 = .00008 .00008 .00008 
— 3.6 .00016 .00015 .00015 00014. +=©.00014. Ss «00013-00013. »=—- 00012. = .00012_~=—— .00011 
—3.5 .00023 .00022 .00022 .00021 .00020 .00019 00019 .00018 .00017 #.00017 
— 3.4 .00034 .00032 .00031 .00030 .00029 .00028 .00027 .00026 .00025 .00024 
—3.3 .00048 .00047 .00045 .00043 .00042 .00040 .00039 .00038  .00036 .00035 
—G2 .00069 .00066 .00064 .00062 .00060 .00058 .00056 .00054 .00052 .00050 
=—3.1 .00097 .00094 .00090 .00087 .00084 .00082 .00079 ~=.00076 .00074 ~=.00071 
— 3.0 .00135 .00131 .00126 .00122 .00118 .00114 .00111 .00107 .00103 .00100 
2.0 .0019 .0018 .0018 .0017 .0016 .0016 .0015 .0015 .0014 .0014 
—2.8 .0026 .0025 .0024 .0023 .0023 .0022 .0021 0021 .0020 .0019 
=2.7 .0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 
=2.6 .0047 .0045 .0044 .0043 .0041 .0040 .0039 .0038 .0037 .0036 
—2.5 .0062 .0060 .0059 .0057 .0055 .0054 .0052 .0051 .0049 .0048 
—2.4 .0082 .0080 .0078 .0075 .0073 .0071 .0069 .0068 .0066 .0064 
—2.3 .0107 .0104 .0102 .0099 .0096 .0094 .0091 .0089 .0087 .0084 
—2.2 .0139 .0136 .0132 .0129 0125 0122 0119 .0116 .0113 .0110 
2:1 .0179 .0174 .0170 .0166 .0162 .0158 .0154 .0150 .0146 .0143 
—2.0 .0228 .0222 .0217 0212 .0207 .0202 .0197 .0192 .0188 .0183 
=1.9 .0287 .0281 .0274 .0268 .0262 .0256 .0250 0244 .0239 0233 
=1:8 .0359 .0351 .0344 .0336 .0329 .0322 .0314 .0307 .0301 .0294 
=—1.7 .0446 .0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367 
—1.6 .0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455 
=—1.5 .0668 .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 .0559 
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z .00 .01 .02 .03 .04 .05 .06 
—1.4 .0808 .0793 .0778 .0764 .0749 .0735 .0721 
1 r8: .0968 .0951 .0934 .0918 .0901 .0885 .0869 
=r AEH 1131 hdh2 1093 1075 .1056 .1038 
=e 1357 1335 .1314 1292 Sara 1251 .1230 
EO .1587 .1562 .1539 .1515 1492 1469 .1446 
=0:9 1841 .1814 .1788 .1762 1736 1711 1685 
06 2119 .2090 .2061 .2033 .2005 OTT .1949 
=(0):7/ .2420 .2388 .2358 .2327 .2296 .2266 .2236 
—0;6 .2743 .2709 .2676 .2643 .2611 .2578 .2546 
= (HS) .3085 .3050 .3015 .2981 .2946 202 .2877 
— 0.4 3446 .3409 3372 .3336 .3300 .3264 .3228 
0:3 .3821 .3783 3745 .3707 .3669 .3632 .3594 
(0) 4207 .4168 .4129 .4090 4052 .4013 .3974 
= (0) .4602 .4562 4522 4483 4443 .4404 .4364 
0:0) .5000 .4960 4920 .4880 .4840 .4801 4761 

0 

z .00 01 .02 .03 04 05 .06 

0.0 .5000 .5040 5080 5120 .5160 0199 5239 

0.1 .5398 5438 9478 0517 0557 9596 5636 

0.2 9793 5832 5871 .5910 5948 5987 .6026 

0.3 .6179 .6217 6255 .6293 .6331 .6368 .6406 

0.4 .6554 .6591 6628 .6664 .6700 .6736 .6772 

0.5 .6915 .6950 6985 sfOAS .7054 .7088 7123 

0.6 20h PS) 7324 7357 7389 1422 7454 

0.7 .7580 7612 7642 1673 7704 1734 .1764 

0.8 7881 .7910 .7939 .1967 «1995 .8023 .8051 

0.9 .8159 .8186 8212 .8238 .8264 .8289 8315 

1.0 8413 .8438 .8461 .8485 .8508 .8531 .8554 

| .8643 .8665 .8686 .8708 .8729 8749 .8770 

12 .8849 .8869 8888 .8907 8925 .8944 .8962 

1.3 .9032 .9089 9066 .9082 .9099 9115 9131 

1.4 9192 .9207 9222 .9236 .9251 .9265 .9279 

1.5 .9332 .9345 .9357 .9370 .9382 .9394 .9406 


.0708 
.0853 
.1020 
.1210 
1423 
.1660 
1922 
-2006 
.2514 
.2843 
.3192 
.3557 
.3936 
4325 
4721 


.07 


0279 
5675 
.6064 
.6443 
.6808 
Wiakys 
.7486 
1794 
.8078 
.8340 
.8577 
.8790 
.8980 
.9147 
9292 
.9418 


.0694 
.0838 
.1003 
1190 
1401 
1635 
.1894 
.2177 
.2482 
.2810 
.3156 
.3520 
.3897 
.4286 
.4681 


.08 


5319 
5714 
.6103 
-6480 
.6844 
.7190 
7518 
1823 
.8106 
.8365 
.8599 
.8810 
.8997 
-9162 
.9306 
9429 


.0681 
.0823 
.0985 
.1170 
.1379 
1611 
.1867 
.2148 
.2451 
.2776 
3121 
.3483 
3859 
4247 
4641 
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z .00 01 .02 .03 .04 .05 .06 .07 .08 .09 
16 9452 .9463 -9474 .9484 9495 .9505 9515 9525 .9535 .9545 
teh .9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 9625 .9633 
1.8 9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706 
(IPS. .9713 S719 .9726 9732 .9738 .9744 .9750 .9756 .9761 9767 
2.0 orre .9778 .9783 .9788 .9793 .9798 .9803 .9808 .9812 9817 
2a 9821 .9826 .9830 9834 .9838 .9842 .9846 .9850 .9854 .9857 
2.2 .9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 .9887 .9890 
2.3 .9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 9913 .9916 
2.4 .9918 .9920 922 9925 9927 9929 9931 .9932 .9934 .9936 
2.5 .9938 .9940 .9941 9943 .9945 .9946 .9948 .9949 9951 .9952 
2.6 .9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 9963 .9964 
2:7 9965 -9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974 
2.8 .9974 ors .9976 9977 FOO, .9978 9979 9979 .9980 .9981 
29 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986 
3.0 .99865 .99869 .99874 .99878 .99882 .99886 .99889 .99893 .99897 .99900 
3.1 .99903 .99906 .99910 99913 299916 .99918 99921 99924 .99926 .99929 
3.2 .99931 99934 .99936 .99938 .99940 .99942 99944 .99946 .99948 .99950 
3.3 .99952 .99953 .99955 .99957 .99958 .99960 .99961 .99962 .99964 .99965 
3.4 .99966 -99968 .99969 .99970 .99971 99972 99973 .99974 .99975 .99976 
3.5 .99977 99978 .99978 99979 .99980 .99981 .99981 99982 .99983 .99983 
3.6 .99984 .99985 .99985 .99986 .99986 .99987 .99987 .99988 .99988  .99989 
3.7 O9E9 .99990 .99990 .99990 .99991 .99991 99992 199992 99992 99992 
3.8 .99993 .99993 .99993 .99994 .99994 .99994 .99994 .99995 .99995 .99995 
3.9 .99995 .99995 .99996 .99996 .99996 .99996 .99996 .99996 99997 99997 


nn nnn nnn Enna 


Entry represents area under the cumulative standardized normal distribution from — © to z. 
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> TABLE A.2 
Critical Values of t 


Degrees of 
Freedom 


ar ey a a Be ee ee et 
OmAnN OA PWAWAONHZVFA TODA N OA hWNDND — 


OWwWNHNHNHN DYN NN DN PLD 
nono" aoOongdooaomwnd? ahr AN = Oo 


.25 


1.0000 
0.8165 
0.7649 
0.7407 
0.7267 
0.7176 
0.7111 
0.7064 
0.7027 
0.6998 
0.6974 
0.6955 
0.6938 
0.6924 
0.6912 
0.6901 
0.6892 
0.6884 
0.6876 
0.6870 
0.6864 
0.6858 
0.6853 
0.6848 
0.6844 
0.6840 
0.6837 
0.6834 
0.6830 
0.6828 
0.6825 
0.6822 


-10 


3.0777 
1.8856 
1.6377 
1.5332 
1.4759 
1.4398 
1.4149 
1.3968 
1.3830 
1.3722 
1.3634 
1.3562 
1.3502 
1.3450 
1.3406 
1.3368 
1.3334 
1.3304 
Wee 
1.3253 
1.3232 
1.3212 
1.3195 
1.3178 
1.3163 
1.3150 
1.3137 
1.3125 
1.3114 
1.3104 
1.3095 
1.3086 


t dh 


Upper Tail Areas 


.05 


6.3138 
2.9200 
2.3534 
2.1318 
2.0150 
1.9432 
1.8946 
1.8595 
1.8331 
1.8125 
1.7959 
1.7823 
1.7709 
1.7613 
1.7531 
1.7459 
1.7396 
1.7341 
1.7291 
1.7247 
1.7207 
TOW at 
1.7139 
1.7109 
1.7081 
1.7056 
1.7033 
1.7011 
1.6991 
1.6973 
1.6955 
1.6939 


025 


12.7062 
4.3027 
3.1824 
2.7764 
2.5706 
2.4469 
2.3646 
2.3060 
2.2622 
2.2281 
2.2010 
2.1788 
2.1604 
2.1448 
2.1315 
2.1199 
2.1098 
2.1009 
2.0930 
2.0860 
2.0796 
2.0739 
2.0687 
2.0639 
2.0595 
2.0555 
2.0518 
2.0484 
2.0452 
2.0423 
2.0395 
2.0369 


.01 


31.8207 
6.9646 
4.5407 
3.7469 
3.3649 
3.1427 
2.9980 
2.8965 
2.8214 
2.7638 
2.7181 
2.6810 
2.6503 
2.6245 
2.6025 
2.5835 
2.5669 
2.5524 
2.5395 
2.5280 
2.5177 
2.5083 
2.4999 
2.4922 
2.4851 
2.4786 
2.4727 
2.4671 
2.4620 
2.4573 
2.4528 
2.4487 


.005 


63.6574 
9.9248 
5.8409 
4.6041 
4.0322 
3.7074 
3.4995 
3.3554 
3.2498 
3.1693 
3.1058 
3.0545 
3.0123 
2.9768 
2.9467 
2.9208 
2.8982 
2.8784 
2.8609 
2.8453 
2.8314 
2.8188 
2.8073 
2.7969 
2.7874 
2.7787 
PEAY 
2.7633 
2.7564 
2.7500 
2.7440 
2.7385 
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Degrees of Upper Tail Areas 
Freedom .25 -10 .05 .025 .01 .005 

33 0.6820 1.3077 1.6924 2.0345 2.4448 2.7333 
34 0.6818 1.3070 1.6909 2.0322 2.4411 2.7284 
35 0.6816 1.3062 1.6896 2.0301 2.4377 2.7238 
36 0.6814 1.3055 1.6883 2.0281 2.4345 2.7195 
37 0.6812 1.3049 1.6871 2.0262 2.4314 2.7154 
38 0.6810 1.3042 1.6860 2.0244 2.4286 2.7116 
39 0.6808 1.3036 1.6849 2.0227 2.4258 2.7079 
40 0.6807 1.3031 1.6839 2.0211 2.4233 2.7045 
41 0.6805 1.3025 1.6829 2.0195 2.4208 2.7012 
42 0.6804 1.3020 1.6820 2.0181 2.4185 2.6981 

43 0.6802 1.3016 1.6811 2.0167 2.4163 2.6951 

44 0.6801 1.3011 1.6802 2.0154 2.4141 2.6923 
45 0.6800 1.3006 1.6794 2.0141 2.4121 2.6896 
46 0.6799 1.3002 1.6787 2.0129 2.4102 2.6870 
47 0.6797 1.2998 1.6779 2.0117 2.4083 2.6846 
48 0.6796 1.2994 tor 2 2.0106 2.4066 2.6822 
49 0.6795 1.2991 1.6766 2.0096 2.4049 2.6800 
50 0.6794 1.2987 1.6759 2.0086 2.4033 2.6778 
51 0.6793 1.2984 1.6753 2.0076 2.4017 2.6757 
52 0.6792 1.2980 1.6747 2.0066 2.4002 2.6737 
53 0.6791 1.2977 1.6741 2.0057 2.3988 2.6718 
54 0.6791 1.2974 1.6736 2.0049 2.3974 2.6700 
55 0.6790 1.2971 1.6730 2.0040 2.3961 2.6682 
56 0.6789 1.2969 1.6725 2.0032 2.3948 2.6665 
SP 0.6788 1.2966 1.6720 2.0025 2.3936 2.6649 
58 0.6787 1.2963 1.6716 2.0017 2.3924 2.6633 
59 0.6787 1.2961 1.6711 2.0010 2.3912 2.6618 
60 0.6786 1.2958 1.6706 2.0003 2.3901 2.6603 
61 0.6785 1.2956 1.6702 1.9996 2.3890 2.6589 
62 0.6785 1.2954 1.6698 1.9990 2.3880 2.6575 
63 0.6784 1.2951 1.6694 1.9983 2.3870 2.6561 

64 0.6783 1.2949 1.6690 1.9977 2.3860 2.6549 
65 0.6783 1.2947 1.6686 1.9971 2.3851 2.6536 
66 0.6782 1.2945 1.6683 1.9966 2.3842 2.6524 
67 0.6782 1.2943 1.6679 1.9960 2.3833 2.6512 
68 0.6781 1.2941 1.6676 1.9955 2.3824 2.6501 
69 0.6781 1.2939 1.6672 1.9949 2.3816 2.6490 
70 0.6780 1.2938 1.6669 1.9944 2.3808 2.6479 
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Degrees of 
Freedom .25 
2s 0.6780 
Wee 0.6779 
73 0.6779 
74 0.6778 
Tis 0.6778 
76 0.6777 
ae 0.6777 
78 0.6776 
79 0.6776 
80 0.6776 
81 0.6775 
82 0.6775 
83 0.6775 
84 0.6774 
85 0.6774 
86 0.6774 
87 0.6773 
88 0.6773 
89 0.6773 
90 0.6772 
91 0.6772 
92 0.6772 
93 0.6771 
94 0.6771 
95 0.6771 
96 0.6771 
97 0.6770 
98 0.6770 
99 0.6770 
100 0.6770 
110 0.6767 
120 0.6765 
oo 0.6745 


For particular number of degrees of freedom, entry represents the critical value of t corresponding to a specified 


upper tail area (a). 


1 
1 
1 
1 
i 
1 
1 
1 
1 
1 
{ 
1 
1 
{ 
Fi 
1 
1 
Fi 
. 
1 
{ 
1 
1 


1 
1 
1 
1 
1 
1 
; 
1 
1 


if 


10 


.2936 
.2934 
.2933 
.2931 
.2929 
.2928 
.2926 
.2925 
.2924 
.2922 
.2921 
.2920 
.2918 
2917 
.2916 
.2915 
.2914 
.2912 
.2911 
.2910 
.2909 
.2908 
.2907 
.2906 
.2905 
.2904 
.2903 
-2902 
.2902 
.2901 
.2893 
.2886 


2816 


Upper Tail Areas 


.05 
1.6666 
1.6663 
1.6660 
1.6657 
1.6654 
1.6652 
1.6649 
1.6646 
1.6644 
1.6641 
1.6639 
1.6636 
1.6634 
1.6632 
1.6630 
1.6628 
1.6626 
1.6624 
1.6622 
1.6620 
1.6618 
1.6616 
1.6614 
1.6612 
1.6611 
1.6609 
1.6607 
1.6606 
1.6604 
1.6602 
1.6588 
1.6577 
1.6449 


025 
1.9939 
1.9935 
1.9930 
1.9925 
1.9921 
159917 
1.9913 
1.9908 
1.9905 
1.9901 
1.9897 
1.9893 
1.9890 
1.9886 
1.9883 
1.9879 
1.9876 
1.9873 
1.9870 
1.9867 
1.9864 
1.9861 
1.9858 
1.9855 
1.9853 
1.9850 
1.9847 
1.9845 
1.9842 
1.9840 
1.9818 
1.9799 
1.9600 


01 
2.3800 
2.3793 
2.3785 
2.3778 
2.3771 
2.3764 
2.3758 
2.3751 
2.3745 
2.3739 
2.3733 
2.3727 
2.3721 
2.3716 
2.3710 
2.3705 
2.3700 
2.3695 
2.3690 
2.3685 
2.3680 
2.3676 
2.3671 
2.3667 
2.3662 
2.3658 
2.3654 
2.3650 
2.3646 
2.3642 
2.3607 
2.3578 
2.3263 


.005 
2.6469 
2.6459 
2.6449 
2.6439 
2.6430 
2.6421 
2.6412 
2.6403 
2.6395 
2.6387 
2.6379 
2.6371 
2.6364 
2.6356 
2.6349 
2.6342 
2.6335 
2.6329 
2.6322 
2.6316 
2.6309 
2.6303 
2.6297 
2.6291 
2.6286 
2.6280 
2.6275 
2.6269 
2.6264 
2.6259 
2.6213 
2.6174 
2.5758 
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> Table A.4 
Critical values of the F distribution 


Upper critical values of the F distribution for numerator degrees 
of freedom v; and denominator degrees of freedom v2, 5% significance level 


po~! 1 2 3 4 5 6 7 8 9 10 


1 161.448 199.500 215.707 224.583 230.162 233.986 236.768 238.882 240.543 241.882 

2 18.513 19.000 19.164 19.247 19.296 19.330 19.353 19.371 19.385 19.396 

3 10.128 9.552 W277 9.117 9.013 8.941 8.887 8.845 8.812 8.786 

4 7.709 6.944 6.591 6.388 6.256 6.163 6.094 6.041 5.999 5.964 

5 6.608 5.786 5.409 5.192 5.050 4.950 4.876 4.818 4.772 4.735 

6 5.987 5.143 4.757 4.534 4.387 4.284 4.207 4.147 4.099 4.060 

i 5.591 4.737 4.347 4.120 3.972 3.866 3.787 3.726 3.677 3.637 

8 5.318 4.459 4.066 3.838 3.687 3.581 3.500 3.438 3.388 3.347 

) 5.117 4.256 3.863 3.633 3.482 3.374 3.293 3.230 3.179 3.137 
10 4.965 4.103 3.708 3.478 3.326 3.217 3.135 3.072 3.020 2.978 
11 4.844 3.982 3.587 3.357 3.204 3.095 3.012 2.948 2.896 2.854 
12 4.747 3.885 3.490 3.259 3.106 2.996 2.913 2.849 2.796 2.753 
13 4.667 3.806 3.411 3.179 3.025 2.915 2.832 2.767 2.714 2.671 
14 4.600 3.739 3.344 3.112 2.958 2.848 2.764 2.699 2.646 2.602 
15 4.543 3.682 3.287 3.056 2.901 2.790 2.707 2.641 2.588 2.544 
16 4.494 3.634 3.239 3.007 2.852 2.741 2.657 2.591 2.538 2.494 
17 4.451 3.592 3.197 2.965 2.810 2.699 2.614 2.548 2.494 2.450 
18 4.414 3.555 3.160 2.928 2.773 2.661 2.577 2.510 2.456 2.412 
iv) 4.381 3.522 3.127 2.895 2.740 2.628 2.544 2.477 2.423 2.378 
20 4.351 3.493 3.098 2.866 2.711 2.599 2.514 2.447 2.393 2.348 
21 4.325 3.467 3.072 2.840 2.685 2.573 2.488 2.420 2.366 2.321 
22 4.301 3.443 3.049 2.617 2.661 2.549 2.464 2.397 2.342 2.297 
23 4.279 3.422 3.028 2.796 2.640 2.528 2.442 2.375 2.320 MAM hs) 
24 4.260 3.403 3.009 2776 2.621 2.508 2.423 2.355 2.300 2.255 
25 4.242 3.385 2.991 2.759 2.603 2.490 2.405 2.337 2.282 2.236 
26 4.225 3.369 2.975 2.743 2.587 2.474 2.388 2.321 2.265 2.220 
ar 4.210 3.354 2.960 2.728 2.572 2.459 2.373 2.305 2.250 2.204 
28 4.196 3.340 2.947 2.714 2.558 2.445 2.359 2.291 2.236 2.190 
29 4.183 3.328 2.934 2.701 2.545 2.432 2.346 2.278 2.223 2aATL 
30 4.171 3.316 2.922 2.690 2.534 2.421 2.334 2.266 Bena 2.165 
31 4.160 3.305 2.911 2.679 2.523 2.409 2.323 2.255 2.199 2.153 
32 4.149 3.295 2.901 2.668 2.512 2.399 2.313 2.244 2.189 2.142 
33 4.139 3.285 2.892 2.659 2.503 2.389 2.303 2.235 2.179 2.133 
34 4.130 3.276 2.883 2.650 2.494 2.380 2.294 2.225 2.170 2.123 
35 4.121 3.267 2.874 2.641 2.485 2.372 2.285 2217 2.161 2.114 
36 4.113 3.259 2.866 2.634 2.477 2.364 malt 2.209 2.153 2.106 


37 4.105 3.252 2.859 2.626 2.470 2.356 2.270 2.201 2.145 2.098 


3.245 
3.238 
3.232 
3.226 
3.220 
3.214 
3.209 
3.204 
3.200 
3.195 
3.191 
3.187 
3.183 
3.179 
3.175 
3.172 
3.168 
3.165 
3.162 
3.159 
3.156 
3.153 
3.150 
3.148 
3.145 
3.143 
3.140 
3.138 
3.136 
3.134 
3.132 
3.130 
3.128 
3.126 
3.124 
3.122 
3.120 
3.119 
3.117 
3.115 


2.852 
2.845 
2.839 
2.833 
2.827 
2.822 
2.816 
2.812 
2.807 
2.802 
2.798 
2.794 
2.790 
2.786 
2.783 
Pate, 
PAT ETS: 
2.073 
2.769 
2.766 
2.764 
2.761 
2.758 
2.755 
2.753 
2.751 
2.748 
2.746 
2.744 
2.742 
2.740 
2.737 
2.736 
2.734 
2.732 
2.730 
2.728 
2420 
2.725 
2.723 


2.619 
2.612 
2.606 
2.600 
2.594 
2.589 
2.584 
2.579 
2.574 
2.570 
2.565 
2.561 
2.557 
2.553 
2.550 
2.546 
2.543 
2.540 
2.53% 
2.534 
2.531 
2.528 
2.525 
2.523 
2.520 
2.518 
2.515 
2.513 
2.511 
2.509 
2.507 
2.505 
2.503 
2.501 
2.499 
2.497 
2.495 
2.494 
2.492 
2.490 


5 
2.463 
2.456 
2.449 
2.443 
2.438 
2.432 
2.427 
2.422 
2.417 
2.413 
2.409 
2.404 
2.400 
2.397 
2.393 
2.389 
2.386 
2.383 
2.380 
2.377 
2.374 
2.371 
2.368 
2.366 
2.363 
2.361 
2.358 
2.356 
2.354 
2.352 
2.350 
2.348 
2.346 
2.344 
2.342 
2.340 
2.338 
2.337 
2.335 
2.333 


6 
2.349 
2.342 
2.336 
2.330 
2.324 
2.318 
2.313 
2.308 
2.304 
2.299 
2.295 
2.290 
2.286 
2.283 
2.219 
2.275 
2uete 
2.269 
2.266 
2.263 
2.260 
2.257 
2.254 
2.251 
2.249 
2.246 
2.244 
2.242 
2.239 
2.237 
2.235 
2.233 
2.231 
2.229 
2.227 
2.226 
2.224 
Zace 
2.220 
2.219 
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7 
2.262 
2.255 
2.249 
2.243 
2.237 
2.232 
2.226 
2.221 
2.216 
2.212 
2.207 
2.203 
2.109 
2.195 
2.192 
2.188 
2.185 
2.181 
2.178 
2.175 
2.102 
2.169 
2.167 
2.164 
2.161 
2.159 
2.156 
2.154 
2.152 
2.150 
2.148 
2.145 
2.143 
2.142 
2.140 
2.138 
2.136 
2.134 
2.133 
2.131 


8 
2.194 
2.187 
2.180 
2.174 
2.168 
2.163 
2.157 
2.152 
2.147 
2.143 
2.138 
2.134 
2.130 
2.126 
2.122 
2.049 
2.115 
2.112 
2.109 
2.106 
2.103 
2.100 
2.097 
2.094 
2.092 
2.089 
2.087 
2.084 
2.082 
2.080 
2.078 
2.076 
2.074 
2.072 
2.070 
2.068 
2.066 
2.064 
2.063 
2.061 


9 
2.138 
2.131 
2.124 
2.118 
athe 
2.106 
2.101 
2.096 
2.091 
2.086 
2.082 
2.077 
2.073 
2.069 
2.066 
2.062 
2.059 
2.055 
2.052 
2.049 
2.046 
2.043 
2.040 
2.037 
2.035 
2.032 
2.030 
2.027 
2.025 
2.023 
2.021 
2.019 
2.017 
2.015 
2.013 
2.011 
2.009 
2.007 
2.006 
2.004 


10 

2.091 

2.084 
2.077 
2.071 

2.065 
2.059 
2.054 
2.049 
2.044 
2.039 
2.035 
2.030 
2.026 
2.022 
2.018 
2.015 
2.011 

2.008 
2.005 
2.001 

1.998 
1.995 
1.993 
1.990 
1.987 
1.985 
1.982 
1.980 
V.977 
1.975 
1.973 
1.971 

1.969 
1.967 
1.965 
1.963 
1.961 
1.959 
1.958 
1.956 
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dl 1 2 3 4 5 6 7 8 9 10 
78 3.963 3.114 2 722 2.489 2.332 Papal: 2.129 2.059 2.002 1.954 
79 3.962 3.112 2.720 2.487 2.330 2.216 2.128 2.058 2.001 1.953 
80 3.960 3.111 2.719 2.486 2.329 2.214 2.126 2.056 1.999 1.951 
81 3.959 3.109 Dy 2.484 2.327 2.213 2.125 2.055 1.998 1.950 
82 3.957 3.108 2.716 2.483 2.326 2.211 2.123 2.053 1.996 1.948 
83 3.956 3.107 2.715 2.482 2.324 2.210 2.122 2.052 1.995 1.947 
84 3.955 3.105 DTA 2.480 2.323 2.209 2.121 2.051 1.993 1.945 
85 3.953 3.104 ame 2.479 2.322 2.207 2.119 2.049 1.992 1.944 
86 3.952 3.103 2.711 2.478 2.321 2.206 2.118 2.048 1.991 1.943 
87 3.951 3.101 2.709 2.476 2.319 2.205 2.117 2.047 1.989 1.941 
88 3.949 3.100 2.708 2.475 2.318 2.203 2.115 2.045 1.988 1.940 
89 3.948 3.099 2.707 2.474 Pa W/ 2.202 2.114 2.044 1.987 1.939 
90 3.947 3.098 2.706 2.473 2.316 2.201 2.113 2.043 1.986 1.938 
91 3.946 3.097 2.705 2.472 2.315 2.200 2482 2.042 1.984 1.936 
92 3.945 3.095 2.704 2.471 2312 2.199 2.111 2.041 1.983 1.935 
93 3.943 3.094 2.703 2.470 2.312 2.198 2.110 2.040 1.982 1.934 
94 3.942 3.093 2.701 2.469 2.311 2.197 2.109 2.038 1.981 1.933 
95 3.941 3.092 2.700 2.467 2.310 2.196 2.108 2.037 1.980 1.932 
96 3.940 3.091 2.699 2.466 2.309 2.195 2.106 2.036 1.979 1.931 
97 3.939 3.090 2.698 2.465 2.308 2.194 2.105 2.035 1.978 1.930 
98 3.938 3.089 2.697 2.465 2.307 2.193 2.104 2.034 1.977 1.929 
99 3.937 3.088 2.696 2.464 2.306 2.192 2.103 2.033 1.976 1.928 
100 3.936 3.087 2.696 2.463 2.305 2.191 2.103 2.032 1.975 1.927 


y—~ 11 12 13 14 15 16 17 18 19 20 
1 242.983 243.906 244.690 245.364 245.950 246.464 246.918 247.323 247.686 248.013 
2 19.405 19.413 19.419 19.424 19.429 19.433 19.437 19.440 19.443 19.446 
3 8.763 8,745 8.729 8715 8703 8.692 8.683 8.675 8.667 8.660 
4 5.936 5.912 5.891 5.873 5.858 5.844 5.832 5.821 5.811 5.803 
5 4704 4678 4655 4636 4.619 4.604 4590 4.579 4.568 4.558 
6 
i, 
8 


4.027 4.000 3.976 3.956 3.938 3.922 3.908 3.896 3.884 3.874 
3.603 3.575 3.550 3.529 3.511 3.494 3.480 3.467 3.455 3.445 
3.313 3.284 3.259 3.237 3.218 3.202 3.187 3.173 3.161 3.150 


9 3.102 3.073 3.048 3.025 3.006 2.989 2.974 2.960 2.948 2.936 
10 2.943 2.913 2.887 2.865 2.845 2.828 2.812 2.798 2.785 2.774 
11 2.818 2.788 2.761 2.739 2.719 2.701 2.685 2.671 2.658 2.646 
i aT WA 2.687 2.660 2.637 2.617 2.599 2.583 2.568 2.555 2.544 
13 2.635 2.604 2.577 2.554 2.533 2.515 2.499 2.484 2.471 2.459 
14 2.565 2.534 2.507 2.484 2.463 2.445 2.428 2.413 2.400 2.388 


15 2.507 2.475 2.448 2.424 2.403 2.385 2.368 2.353 2.340 2.328 


v2 


V4 


16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 

42 
43 
44 
45 
46 
47 
48 
49 
50 
51 

52 
53 
54 
55 


11 

2.456 
2.413 
2.374 
2.340 
2.310 
2.283 
2209 
2.236 
2.216 
2.198 
2.181 
2.166 
2.151 
2.138 
2.126 
2.114 
2.103 
2.093 
2.084 
2.075 
2.067 
2.059 
2.051 
2.044 
2.038 
2.031 
2.025 
2.020 
2.014 
2.009 
2.004 
1.999 
1.995 
1.990 
1.986 
1.982 
1.978 
1.975 
1.971 

1.968 


12 
2.425 
2.381 
2.342 
2.308 
2.278 
2.250 
2.226 
2.204 
2.183 
2.165 
2.148 
2.132 
2.118 
2.104 
2.092 
2.080 
2.070 
2.060 
2.050 
2.041 
2.033 
2.025 
2.017 
2.010 
2.003 
1.997 
1.991 
1.985 
1.980 
1.974 
1.969 
1.965 
1.960 
1.956 
1.952 
1.947 
1.944 
1.940 
1.936 
1.933 


13 
2.397 
2.353 
2.314 
2.280 
2.250 
2.222 
2.198 
2478 
2.155 
2.136 
2.109 
2.103 
2.089 
2.075 
2.063 
2.051 
2.040 
2.030 
2.021 
2.012 
2.003 
1.995 
1.988 
1.981 
1.974 
1.967 
1.961 
1.955 
1.950 
1.945 
1.940 
1.935 
1.930 
1.926 
4.921 
1.917 
1.913 
1.910 
1.906 
1.903 


14 
2.373 
2.329 
2.290 
2.256 
2.220 
2.197 
2.173 
2.150 
2.130 
2.111 
2.094 
2.078 
2.064 
2.050 
2.037 
2.026 
2.015 
2.004 
1.995 
1.986 
1.977 
1.969 
1.962 
1.954 
1.948 
1.941 
1.935 
1.929 
1.924 
1.918 
1.913 
1.908 
1.904 
1.899 
1.895 
1.891 
1.887 
1.883 
1.879 
1.876 


15 
2.352 
2.308 
2.269 
2.234 
2.203 
2.176 
2.151 
2.128 
2.108 
2.089 
2.072 
2.056 
2.041 
2.027 
2.015 
2.003 
1.992 
1.982 
1-972 
1.963 
1.954 
1.946 
1.939 
1.931 
1.924 
1.918 
1.912 
1.906 
1.900 
1.895 
1.890 
1.885 
1.880 
1.876 
1.871 
1.867 
1.863 
1.859 
1.856 
1.852 


16 
2.333 
2.289 
2.250 
2.215 
2.184 
2.156 
2.131 
2.109 
2.088 
2.069 
2.052 
2.036 
2.021 
2.007 
1.995 
1.983 
1.972 
1.961 
1.952 
1.942 
1.934 
1.926 
1.918 
1.911 
1.904 
1.897 
1.891 
1.885 
1.879 
1.874 
1.869 
1.864 
1.859 
1.855 
1.850 
1.846 
1.842 
1.838 
1.835 
1.831 
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17 
2.317 
2202 
2.233 
2.198 
2167 
2.139 
2.114 
2.091 
2.070 
2.051 
2.034 
2.018 
2.003 
1.989 
1.976 
1.965 
1.953 
1.943 
1.933 
1.924 
1.915 
1.907 
1.899 
1.892 
1.885 
1.879 
1.872 
1.866 
1.861 
1.855 
1.850 
1.845 
1.840 
1.836 
1.831 
1.827 
1.823 
1.819 
1.816 
1.812 


18 
2.302 
2.257 
ree 
2.182 
2.151 
2.123 
2.098 
2.075 
2.054 
2.035 
2.018 
2.002 
1.987 
1.973 
1.960 
1.948 
1.937 
1.926 
1.97 
1.907 
1.899 
1.890 
1.883 
1.875 
1.868 
1.862 
1.855 
1.849 
1.844 
1.838 
1.833 
1.828 
1.823 
1.819 
1.814 
1.810 
1.806 
1.802 
1.798 
1.795 


19 
2.288 
2.243 
2.203 
2.168 
2.137 
2.109 
2.084 
2.061 
2.040 
2.021 
2.003 
1.987 
i972 
1.958 
1.945 
1.933 
1.922 
1.911 
1.902 
1.892 
1.883 
1.875 
1.867 
1.860 
1.853 
1.846 
1.840 
1.834 
1.828 
1.823 
1.847 
1.812 
1.807 
1.803 
1.798 
1.794 
1.790 
1.786 
1.762 
1.779 


20 
2.276 
2.230 
2491 
2.155 
2.124 
2.096 
2.071 
2.048 
2.027 
2.007 
1.990 
1.974 
1.959 
1.945 
1.932 
1.920 
1.908 
1.898 
1.888 
1.878 
1.870 
1.861 
1.853 
1.846 
1.839 
1.832 
1.826 
1.820 
1.814 
1.808 
1.803 
1.798 
1.793 
1.789 
1.784 
1.780 
1.776 
1.2 
1.768 
1.764 
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14 


11 12 13 
1.964 1.930 1.899 
1.961 1.926 1.896 
1.958 1.923 1.893 
1.955 1.920 1.890 
1.952 Weashl7/ 1.887 
1.949 1.915 1.884 
1.947 1.912 1.882 
1.944 1.909 1.879 
1.942 1.907 1.876 
1.939 1.904 1.874 
1.937 1.902 1.871 
1.935 1.900 1.869 
1.932 1.897 1.867 
1.930 1.895 1.865 
1.928 1.893 1.863 
1.926 1.891 1.861 
1.924 1.889 1.859 
1.922 1.887 1.857 
1.921 1.885 1.855 
1.919 1.884 1.853 
1.917 1.882 1.851 
1.915 1.880 1.849 
1.914 1.878 1.848 
1.912 1.877 1.846 
1.910 1.875 1.845 
1.909 1.874 1.843 
1.907 1.872 1.841 
1.906 1.871 1.840 
1.905 1.869 1.838 
1.903 1.868 1.837 
1.902 1.867 1.836 
1.900 1.865 1.834 
1.899 1.864 1.833 
1.898 1.863 1.832 
1.897 1.861 1.830 
1.895 1.860 1.829 
1.894 1.859 1.828 
1.893 1.858 1.827 
1.892 1.857 1.826 
1.891 1.856 1.825 


1.873 
1.869 
1.866 
1.863 
1.860 
1.857 
1.855 
1.852 
1.849 
1.847 
1.845 
1.842 
1.840 
1.838 
1.836 
1.834 
1.832 
1.830 
1.828 
1.826 
1.824 
1.822 
1.821 
1.819 
1.817 
1.816 
1.814 
1.813 
1.811 
1.810 
1.808 
1.807 
1.806 
1.804 
1.803 
1.802 
1.801 
1.800 
1.798 
1.797 


15 
1.849 
1.846 
1.842 
1.839 
1.836 
1.834 
1.831 
1.828 
1.826 
1.823 
Oat 
1.818 
1.816 
1.814 
1.812 
1.810 
1.808 
1.806 
1.804 
1.802 
1.800 
1.798 
1.797 
1.795 
1.793 
1.792 
1.790 
1.789 
1.787 
1.786 
1.784 
1.783 
1.782 
1.780 
1.779 
1.778 
1.776 
1.775 
1.774 
1.773 


16 
1.828 
1.824 
1.821 
1.818 
1.815 
1.812 
1.809 
1.807 
1.804 
1.802 
1.799 
Unies 
1.795 
1.792 
1.790 
1.788 
1.786 
1.784 
1.782 
1.780 
1.778 
Ws0OL 
As0S 
1.773 
1.772 
1.770 
1.768 
1.767 
1.765 
1.764 
1.762 
1.761 
1.760 
1.758 
1.757 
1.756 
1/55 
1.753 
1.752 
1.751 


Uh 
1.809 
1.805 
1.802 
1.799 
1.796 
1.793 
1.790 
1.787 
1.785 
1.782 
1.780 
a ei 
1.775 
1.773 
Wale 
1.769 
1.767) 
1.765 
1.763 
1.761 
1.759 
1.757 
1.755 
1.754 
1.752 
1.750 
1.749 
1.747 
1.746 
1.744 
1.743 
1.741 
1.740 
1.739 
1.737 
1.736 
1.735 
1.734 
1.733 
1.731 


18 
1.794 
1.788 
1.785 
1.781 
1.778 
1.776 
1.773 
E7710 
1.767 
1.765 
1.762 
1.760 
1.758 
1.755 
1.753 
1.751 
1.749 
1.747 
1.745 
1.743 
1.741 
1.739 
1.738 
1.736 
1.734 
1.733 
T3751 
1.729 
1.728 
1.726 
1.725 
1.724 
1vz2Z 
| 
1.720 
1.718 
1d BF 
1.216 
1.715 
TPES 


19 
1.775 
Lethe 
1.769 
1.766 
1.763 
1.760 
1.19% 
1.754 
1.751 
1.749 
1.746 
1.744 
1.742 
1.739 
1.737 
1.735 
1.733 
1.731 
1.729 
1.727 
1.725 
1.723 
1.721 
1.720 
1.718 
1.716 
1.718 
Tats 
Vs72 
1.710 
1.709 
1.707 
1.706 
1.705 
1.703 
1.702 
1.701 
1.699 
1.698 
1.697 


20 
1.761 
1.757 
1.754 
1.751 
1.748 
1.745 
1.742 
1.739 
1.737 
1.734 
1.732 
1.729 
1.7270 
1.725 
1722 
1.720 
1.718 
1.716 
1.714 
TAZ 
1.710 
1.708 
1.707 
1.705 
1.703 
1.702 
1.700 
1.698 
1.697 
1.695 
1.694 
1.692 
1.691 
1.690 
1.688 
1.687 
1.686 
1.684 
1.683 
1.682 
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pm 11 12 13 14 15 16 17 18 19 20 


96 1.890 1.854 1.823 1.796 1.772 1.750 1.730 Atereal ke 1.696 1.681 
97 1.889 1.853 1.822 1.795 anvaval 1.749 1.729 1.711 1.695 1.680 
98 1.888 1.852 1.821 1.794 1.770 1.748 1.728 ier, 1.694 1.679 
99 1.887 1.851 1.820 1.793 1.769 1.747 Useecaie EOS 1.693 1.678 
100 1.886 1.850 1.819 1.792 1.768 1.746 1.726 1.708 1.691 1.676 


Upper critical values of the F distribution for numerator degrees of freedom v; and denominator degrees 
of freedom vo, 10% significance level 
Do! 1 2 3 4 5 6 7 8 9 10 

1 39.863 49.500 53.593 55.833 57.240 58.204 58.906 59.439 59.858 60.195 

2 8.526 9.000 9.162 9.243 9.293 9.326 9.349 9.367 9.381 9.392 

3 5.538 5.462 5.391 5.343 5.309 5.285 5.266 S252 5.240 5.230 

4 4.545 4.325 4.191 4.107 4.051 4.010 3.979 3.955 3.936 3.920 
5 4.060 3.780 3.619 3.520 3.453 3.405 3.368 3.339 3.316 3.297 
6 
rs 
8 


3.776 3.463 3.289 3.181 3.108 3.055 3.014 2.983 2.958 2.937 

3.589 3.257 3.074 2.961 2.883 2.827 2.785 2.752 2.725 2.703 

3.458 3.113 2.924 2.806 2.726 2.668 2.624 2.589 2.561 2.538 

9 3.360 3.006 2.813 2.693 2.611 2.551 2.505 2.469 2.440 2.416 

10 3.285 2.924 2.728 2.605 2.022 2.461 2.414 2.377 2.347 2.323 
11 3.225 2.860 2.660 2.536 2.451 2.389 2.342 2.304 2.274 2.248 
12 3.177 2.807 2.606 2.480 2.394 2.331 2.283 2.245 2.214 2.188 
13 3.136 2.763 2.560 2.434 2.347 2.283 2.234 PE Le) 2.164 2.138 
14 3.102 2.726 2.522 2.395 2.307 2.243 2.193 2.154 2.122 2.095 
15 3.073 2.695 2.490 2.361 2.273 2.208 2.158 Zaid 2.086 2.059 
16 3.048 2.668 2.462 2.333 2.244 2.178 2.128 2.088 2.055 2.028 
TT 3.026 2.645 2.437 2.308 2.218 2.152 2.102 2.061 2.028 2.001 
18 3.007 2.624 2.416 2.286 2.196 2.130 2.079 2.038 2.005 1.977 
vw? 2.990 2.606 2.397 2.266 2.176 2.109 2.058 2.017 1.984 1.956 
20 2.975 2.589 2.380 2.249 2.158 2.091 2.040 1.999 1.965 1.937 
21 2.961 2.575 2.365 2.233 2.142 2.075 2.023 1.982 1.948 1.920 
22 2.949 2.561 2.351 2.219 2.128 2.060 2.008 1.967 1.933 1.904 
23 2.937 2.549 2.339 2.207 2.110 2.047 1.995 1.953 1.919 1.890 
24 2.927 2.538 2.327 2.195 2.103 2.035 1.983 1.941 1.906 1.877 
25 2.918 2.528 2.317 2.184 2.092 2.024 1.971 1.929 1.895 1.866 
26 2.909 2.519 2.307 2.174 2.082 2.014 1.961 1:9T2 1.884 1.855 
27 2.901 2.511 2209 2.165 2.073 2.005 1.952 1.909 1.874 1.845 
28 2.894 2.503 2.291 2.157 2.064 1.996 1.943 1.900 1.865 1.836 
ag 2.887 2.495 2.283 2.149 2.057 1.988 1.935 1.892 1.857 S27. 
30 2.881 2.489 2.276 2.142 2.049 1.980 1.927 1.884 1.849 1.819 
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De! 1 2 3 
31 2.875 2.482 2.270 
32 2.869 2.477 2.263 
33 2.864 2.471 2.258 
34 2.859 2.466 2.252 
35 2.855 2.461 2.247 
36 2.850 2.456 2.243 
37 2.846 2.452 2.238 
38 2.842 2.448 2.234 
39 2.839 2.444 2.230 
40 2.835 2.440 2.226 
At 2.832 2.437 2.222 
42 2.829 2.434 2.219 
43 2.826 2.430 2.216 
44 2.823 2.427 2218 
45 2.820 2.425 2.210 
46 2.818 2.422 2.207 
47 2.815 2.419 2.204 
48 2.813 2.417 2.202 
49 2.811 2.414 2.199 
50 2.809 2.412 2.197 
51 2.807 2.410 2.194 
52 2.805 2.408 2.192 
53 2.803 2.406 2.190 
54 2.801 2.404 2.188 
55 2.799 2.402 2.186 
56 2.797 2.400 2.184 
57 2.796 2.398 2.182 
58 2.794 2.396 2.181 
59 2.793 2.395 2.179 
60 2.791 2.393 pe vad 
61 2.790 2.392 2.176 
62 2.788 2.390 2.174 
63 2.787 2.389 2.173 
64 2.786 2.387 27d 
65 2.784 2.386 2.170 
66 2.783 2.385 2.169 
67 2.782 2.384 2.167 
68 2.781 2.382 2.166 
69 2.780 2.381 2.165 
70 2.779 2.380 2.164 
71 2.778 2.379 2.163 
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VD 2 3 4 5 6 7 8 9 10 
72 2.777 2.378 2.161 2.025 1.929 1.858 1.802 1.757 U2 1.689 
73 2.776 2.377 2.160 2.024 1.928 1.856 1.801 1.756 1709 1.687 
74 2.775 2.376 2.159 2.022 WSEZ 1.855 1.800 1.755 1.718 1.686 
19 2.774 2.375 2.158 2.021 1.926 1.854 1.798 1.754 1.716 1.685 
76 2.1fe 2.374 2.157 2.020 1.925 1.853 1.797 1.752 1.715 1.684 
77 2.iihe 2.373 2.156 2.019 1.924 1.852 1.796 LPTASL 1.714 1.683 
78 PE 2.372 2.155 2.018 1.923 1.851 1.795 1.750 1.713 1.682 
79 2.770 2.371 2.154 2.017 US 1.850 1.794 1.749 ieifall2 1.681 
80 2.769 2.370 2.154 2.016 1.924 1.849 1.793 1.748 1.711 1.680 
81 2.769 2.369 2.153 2.016 1.920 1.848 ne92 1.747 1.710 1.679 
82 2.768 2.368 2.152 2.015 1-919 1.847 1.791 1.746 1.709 1.678 
83 2.767 2.368 2.151 2.014 1.918 1.846 1.790 1.745 1.708 1.677 
84 2.766 2.367 2.150 2.013 ashi ZF 1.845 1.790 1.744 1.707 1.676 
85 2.765 2.366 2.149 2.012 1.916 1.845 1.789 1.744 1.706 1.675 
86 2.765 2.365 2.149 2.011 1.915 1.844 1.788 1.743 1.705 1.674 
87 2.764 2.365 2.148 2.011 1.915 1.843 1.787 1.742 1.705 1.673 
88 2.763 2.364 2.147 2.010 1.914 1.842 1.786 1.741 1.704 1.672 
89 2.763 2.363 2.146 2.009 1.913 1.841 1.785 1.740 1.703 1.671 
90 2.762 2.363 2.146 2.008 Oi 1.841 1.785 1.739 1.702 1.670 
91 2.761 2.362 2.145 2.008 eon 1.840 1.784 1.739 1.701 1.670 
92 2.761 2.361 2.144 2.007 1.911 1.839 1.783 1.738 1.701 1.669 
93 2.760 2.361 2.144 2.006 1.910 1.838 1.782 1.737 1.700 1.668 
94 2.760 2.360 2.143 2.006 1.910 1.838 1.782 1.736 1.699 1.667 
95 2.759 2.359 2.142 2.005 1.909 1.837 1.781 1.736 1.698 1.667 
96 2.759 2.359 2.142 2.004 1.908 1.836 1.780 1.735 1.698 1.666 
so Fi 2.758 2.358 2.141 2.004 1.908 1.836 1.780 1.734 1.697 1.665 
98 2.757 2.358 2.141 2.003 1.907 1.835 RL AgAS, 1.734 1.696 1.665 
99 2.157 2.357 2.140 2.003 1.906 1.835 1778 1.733 1.696 1.664 

100 2.756 2.356 2.139 2.002 1.906 1.834 1.778 1.732 1.695 1.663 


11 
60.473 
9.401 
Ssze2 
3.907 
3.282 
2.920 
2.684 
2.519 


60.705 
9.408 
5.216 
3.896 
3.268 
2.905 
2.668 
2.502 


13 14 
60.903 61.073 
9.415 9.420 
5.210 5.205 
3.886 3.878 
3.257 3.247 
Zoe 2.881 
2.654 2.643 
2.488 2.475 


61.220 
9.425 
5.200 
3.870 
3.238 
2.871 
2.632 
2.464 


61.350 
9.429 
5.196 
3.864 
3.230 
2.863 
2.623 
2.455 


61.464 
9.433 
5.193 
3.858 
3.223 
2.855 
2.615 
2.446 


61.566 
9.436 
531/90 
3.853 
3.217 
2.848 
2.607 
2.438 


61.658 
9.439 
5.187 
3.849 
3.212 
2.842 
2.601 
2.431 


61.740 
9.441 
5.184 
3.844 
3.207 
2.836 
2.595 
2.425 
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2.396 
2.302 
2221 
2.166 
2.116 
2.073 
2.037 
2.005 
1.978 
1.954 
1.932 
Ue) |e 
1.896 
1.880 
1.866 
1.853 
1.841 
1.830 
1.820 
1.811 
1.802 
1.794 
1.787 
1.780 
1.773 
1.767 
1.761 
1.756 
1.751 
1.746 
1.741 
1.737 
1.733 
1.729 
1eaiZ5 
ee 
1.718 
1.715 
Tie 
1.709 
1.706 


12 
2.379 
2.284 
2.209 
2.147 
2.097 
2.054 
2.017 
1.985 
1.958 
1.933 
1-912 
1.892 
1.875 
1.859 
1.845 
1.832 
1.820 
1.809 
ik799 
1.790 
1.781 
1.773 
1.765 
1.758 
1.751 
1.745 
1.739 
1.734 
15%29 
1.724 
1.719 
1.715 
1.710 
1.706 
1.703 
1.699 
1.695 
1.692 
1.689 
1.686 
1.683 


13 
2.364 
2.269 
2.193 
2.131 
2.080 
2.037 
2.000 
1.968 
1.940 
Waite 
1.894 
1.875 
1.857 
1.841 
1.827 
1.814 
1.802 
1.790 
1.780 
erat 
1.762 
1.754 
1.746 
1.739 
1.732 
1.726 
1.720 
1.715 
1.709 
1.704 
1.700 
1.695 
1.691 
1.687 
1.683 
1.679 
1.676 
1.672 
1.669 
1.666 
1.663 


2.351 
2.255 
2.179 
2 nalie 
2.066 
2.022 
1.985 
1.953 
1.925 
1.900 
1.878 
1.859 
1.841 
1.825 
1.811 
L197 
1.785 
1.774 
1.764 
1.754 
1.745 
1.737 
1.729 
Mie2 
BAS 
1.709 
1.703 
1.697 
1.692 
1.687 
1.682 
1.678 
1.673 
1.669 
1.665 
1.662 
1.658 
1.655 
1.652 
1.648 
1.645 
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UD) 11 12 13 14 15 16 17 18 19 20 
50 1.703 1.680 1.660 1.643 1.627 1.613 1.600 1.588 1.578 1.568 
51 1.700 1.677 1.658 1.640 1.624 1.610 1.597 1.586 1.575 1.565 
52 1.698 1.675 1.655 1.637 1.621 1.607 1.594 1.583 1.572 1.562 
53 1.695 1.672 1.652 1.635 1.619 1.605 1.592 1.580 1.570 1.560 
54 1.693 1.670 1.650 1.632 1.616 1.602 1.589 1.578 1.567 1.557 
55 1.691 1.668 1.648 1.630 1.614 1.600 1.587 1.575 1.564 1.555 
56 1.688 1.666 1.645 1.628 1.612 1.597 1.585 1.573 1.562 1,552 
57 1.686 1.663 1.643 1.625 1.610 1.595 1.582 1-571 1.560 1.550 
58 1.684 1.661 1.641 1.623 1.607 1.593 1.580 1.568 1.558 1.548 
59 1.682 1.659 1.639 1.621 1.605 1.591 1.578 1.566 1.555 1.546 
60 1.680 1.657 1.637 1.619 1.603 1.589 1.576 1.564 1.553 1.543 
61 1.679 1.656 1.635 Only, 1.601 1.587 1.574 1.562 1.551 1.541 
62 1.677 1.654 1.634 1.616 1.600 1.585 1.572 1.560 1.549 1.540 
63 1.675 1.652 1.632 1.614 1.598 1.583 1.570 1.558 1.548 1.538 
64 1.673 1.650 1.630 1.612 1.596 1.582 1.569 1.557 1.546 1.536 
65 1.672 1.649 1.628 1.610 1.594 1.580 1.567 1.555 1.544 1.534 
66 1.670 1.647 1.627 1.609 1.593 1.578 1.565 1.553 1.542 1.532 
67 1.669 1.646 1.625 1.607 1.591 1.577 1.564 1.552 1.541 1.531 
68 1.667 1.644 1.624 1.606 1.590 1.575 1.562 1.550 1.539 1.529 
69 1.666 1.643 1.622 1.604 1.588 1.574 1.560 1.548 1.538 1.527 
70 1.665 1.641 1.621 1.603 1.587 1.572 1.559 1.547 1.536 1.526 
71 1.663 1.640 1.619 1.601 1.585 1.571 1.557 1.545 1.535 1.524 
72 1.662 1.639 1.618 1.600 1.584 1.569 1.556 1.544 1.533 1.523 
73 1.661 1.637 1.617 1.599 1.583 1.568 1.555 1.543 1.532 1.522 
74 1.659 1.636 1.616 1.597 1.581 1.567 1.553 1.541 1.530 1.520 
75 1.658 1.635 1.614 1.596 1.580 1.565 1.552 1.540 1.529 V9 
76 1.657 1.634 1.613 1.595 1,579 1.564 1.551 1.539 1.528 1.518 
tT 1.656 1.632 1.612 1.594 1.578 1.563 1.550 1.538 1.527 1.516 
78 1.655 1.631 1.611 1.593 1.576 1.562 1.548 1.536 1.525 1.515 
79 1.654 1.630 1.610 1.692 1.575 1.561 1.547 1.535 1.524 1.514 
80 1.653 1.629 1.609 1.590 1.574 1.559 1.546 1.534 1.523 1.513 
81 1.652 1.628 1.608 1.589 1.573 1.558 1.545 1.533 1.522 Trond 
82 1.651 1.627 1.607 1.588 1.572 1.557 1.544 1.532 1.521 1.511 
83 1.650 1.626 1.606 1.587 1.571 1,556 1.543 1.531 1.520 1.509 
84 1.649 1.625 1.605 1.586 1.570 1.555 1.542 1.530 1.519 1.508 
85 1.648 1.624 1.604 1.585 1.569 1.554 1.541 1.529 1.518 1.507 
86 1.647 1.623 1.603 1.584 1.568 1.553 1.540 1.528 1.517 1.506 
87 1.646 1.622 1.602 1.583 1.567 1.552 1.539 1.627 1.576 1.505 
88 1.645 1.622 1.601 1.583 1.566 1.551 1.538 1.526 1.515 1.504 
89 1.644 1.621 1.600 1.582 1.565 1.550 1.537 1.525 1.514 1.503 
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pom 11 12 13 14 15 16 17 18 19 20 
90 1.643 1.620 1.599 1.581 1.564 1.550 1.536 1.524 1.513 1.503 
91 1.643 1.619 1.598 1.580 1.564 1.549 1.535 1.523 1.512 1.502 
92 1.642 1.618 1.598 1.579 1.563 1.548 1.534 1.522 1.511 1.501 
93 1.641 1.617 1.597 1.578 1.562 1.547 1.534 1.521 1.510 1.500 

94 1.640 1.617 1.596 1.578 1.561 1.546 1.533 1.521 1.509 1.499 

95 1.640 1.616 1.595 1.577 1.560 1.545 1.532 1.520 1.509 1.498 

1 
1 
1 
1 


96 1.639 .615 1.594 1.576 1.560 1.545 1.531 1.519 1.508 1.497 
97 1.638 .614 1.594 1.575 14233) 1.544 1.530 1.518 1.507 1.497 
98 1.637 .614 1.593 1.575 1.558 1.543 1.530 1.517 1.506 1.496 
99 1.637 .613 1.592 1.574 1.597 1.542 1.529 1.517 1.505 1.495 
100 1.636 162 1.592 1.573 150%, 1.542 1.528 1.516 1.505 1.494 


Upper critical values of the F distribution for numerator degrees of freedom v; and denominator degrees 
of freedom v2, 1% significance level 
vo 1 2 3 4 5 6 7 8 9 10 
1 4052.19 4999.52 5403.34 5624.62 5763.65 5858.97 5928.33 5981.10 6022.50 6055.85 
2 98.502 99.000 99.166 99.249 99.300 99.333 99.356 99.374 99.388 99.399 
3 34.116 30.816 29.457 28.710 28.237 27.911 27.672 27.489 27.345 27.229 
4 21.198 18.000 16.694 15.977 15.522 15.207 14.976 14.799 14.659 14.546 
5 16.258 13.274 12.060 11.392 10.967 10.672 10.456 10.289 10.158 10.051 
6 
7 
8 


13.745 10.925 9.780 9.148 8.746 8.466 8.260 8.102 7.976 7.874 
12.246 9.547 8.451 7.847 7.460 7.191 6.993 6.840 6.719 6.620 

11.259 8.649 7.591 7.006 6.632 6.371 6.178 6.029 5.911 5.814 

9 10.561 8.022 6.992 6.422 6.057 5.802 5.613 5.467 5.351 5.257 
10 10.044 7.559 6.552 5.994 5.636 5.386 5.200 5.057 4.942 4.849 
11 9.646 7.206 6.217 5.668 5.316 5.069 4.886 4.744 4.632 4.539 
12 9.330 6.927 5.953 5.412 5.064 4.821 4.640 4.499 4.388 4.296 
13 9.074 6.701 5.739 5.205 4.862 4.620 4.441 4.302 4.191 4.100 
14 8.862 6.515 5.564 5.035 4.695 4.456 4.278 4.140 4.030 3.939 
15 8.683 6.359 5.417 4.893 4.556 4.318 4.142 4.004 3.895 3.805 
16 8.531 6.226 5.292 4.773 4.437 4.202 4.026 3.890 3.780 3.691 
iv 8.400 6.112 5.185 4.669 4.336 4.102 3.927 3.791 3.682 3.593 
18 8.285 6.013 5.092 4.579 4.248 4.015 3.841 3.705 3.597 3.508 
19 8.185 5.926 5.010 4.500 4.171 3.939 3.765 3.631 3.523 3.434 
20 8.096 5.849 4.938 4.431 4.103 3.871 3.699 3.564 3.457 3.368 
21 8.017 5.780 4.874 4.369 4.042 3.812 3.640 3.506 3.398 3.310 
22 7.945 5.719 4.817 4.313 3.988 3.758 3.587 3.453 3.346 3.258 
23 7.881 5.664 4.765 4.264 3.939 3.710 3.539 3.406 3.299 3.211 
24 7.823 5.614 4.718 4.218 3.895 3.667 3.496 3.363 3.256 3.168 
25 7.770 5.568 4.675 4.177 3.855 3.627 3.457 3.324 3.217 3.129 


1 2 6 

7.721 5.526 4.637 
7.677 5.488 4.601 
7.636 5.453 4.568 
7.598 5.420 4.538 
7.562 5.390 4.510 
7.530 5.362 4.484 
7.499 5.336 4.459 
7.471 5.312 4.487 
7.444 5.289 4.416 
7.419 5.268 4.396 
7.396 5.248 4.377 
7.373 5.229 4.360 
7.353 5.211 4.343 
7.333 5.194 4.327 
T3iac SAI9° 4.212 
7.296 5.163 4.299 
7.280 5.149 4.285 
7.264 5136 4.273 
7.248 5123 4.261 
7.234 5110 4.249 
7.220 5.099 4.238 
7.207 5.087 4.228 
7.194 5.077 4.218 
7.182 5.066 4.208 
7.171 5.057 4.199 
7.159 5.047 4.191 
7.149 5.038 4.182 
7.139 5.030 4.174 
7.129 5.021 4.167 
7.119 5.013 4.159 
7.110 5.006 4.152 
7.102 4.998 4.145 
7.093 4.991 4.138 
7.085 4.984 4.132 
7.077 4.977 4.126 
7.070 4.971 4.120 
7.062 4.965 4.114 
7.055 4.959 4.109 
7.048 4.953 4.103 
7.042 4.947 4.098 


4 

4.140 
4.106 
4.074 
4.045 
4.018 
3.993 
3.969 
3.948 
3.927 
3.908 
3.890 
3.873 
3.858 
3.843 
3.828 
3.815 
3.802 
3.790 
3.778 
3.167) 
3.757 
3.747 
3.737 
3.728 
3.720 
BTA 
3.703 
3.695 
3.688 
3.681 
3.674 
3.667 
3.661 
3.655 
3.649 
3.643 
3.638 
3.632 
3.627 
3.622 


5 
3.818 
3.785 
3.754 
3.725 
3.699 
3.675 
3.652 
3.630 
3.611 
3.592 
3.574 
3.558 
3.542 
3.528 
3.514 
3.501 
3.488 
3.476 
3.465 
3.454 
3.444 
3.434 
3.425 
3.416 
3.408 
3.400 
3.392 
3.384 
3.377 
3.370 
3.363 
3.357 
3.351 
3.345 
3.339 
3.333 
3.328 
3.323 
3.318 
3.313 


6 
3.591 
3.558 
3.528 
3.499 
3.473 
3.449 
3.427 
3.406 
3.386 
3.368 
3.351 
3.334 
3.319 
3.305 
3.291 
3.278 
3.266 
3.254 
3.243 
3.232 
3.222 
3.213 
3.204 
3.195 
3.186 
3.178 
3.171 
3.163 
3.156 
3.149 
3.143 
3.136 
3.130 
3.124 
3.119 
3.113 
3.108 
3.103 
3.098 
3.093 
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if 

3.421 

3.388 
3.358 
3.330 
3.305 
3.281 

3.258 
3.238 
3.218 
3.200 
3.183 
3.167 
3.152 
3.137 
3.124 
3.111 

3.099 
3.087 
3.076 
3.066 
3.056 
3.046 
3.037 
3.028 
3.020 
3.012 
3.005 
2.997 
2.990 
2.983 
2.9770 
2.971 

2.965 
2.959 
2.953 
2.948 
2.942 
2.937 
2.932 
2.928 


8 
3.288 
3.256 
3.226 
3.198 
3.173 
3.149 
SEI ZA 
3.106 
3.087 
3.069 
3.052 
3.036 
3.021 
3.006 
2.993 
2.980 
2.968 
2.957 
2.946 
2.935 
2.925 
2.916 
2.907 
2.898 
2.890 
2.882 
2.874 
2.867 
2.860 
2.853 
2.847 
2.841 
2.835 
2.829 
2.823 
2.818 
2.813 
2.808 
2.803 
2.798 


9 10 
3.182 3.094 
3.149 3.062 
3.120 3.032 
3.092 3.005 
3.067 2.979 
3.043 2.955 
3.021 2.934 
3.000 2.913 
2.981 2.894 
2.963 2.876 
2.946 2.859 
2.930 2.843 
2.915 2.828 
2.901 2.814 
2.888 2.801 
2.875 2.788 
2.863 2.776 
2.851 2.764 
2.840 2.754 
2.830 2.743 
2.820 2.733 
2.811 2.724 
2.802 2.715 
2.793 2.706 
2.785 2.698 
Zit 2.690 
2.769 2.683 
2.762 2.675 
2.755 2.668 
2.748 2.662 
2.742 2.655 
2.736 2.649 
2.730 2.643 
2.724 2.637 
2.718 2.632 
2.713 2.626 
2.708 2.621 
2.703 2.616 
2.698 2.611 
2.693 2.607 
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5 6 if 8 9 
3.308 3.088 2.923 2.793 2.689 
3.304 3.084 2.919 2.789 2.684 
3.299 3.080 2.914 2.785 2.680 
3.295 3.075 2.910 2.781 2.676 
3.291 3.071 2.906 2.704 2.672 
3.287 3.067 2.902 2.773 2.668 
3.283 3.063 2.898 2.009 2.664 
3.279 3.060 2.895 2.765 2.660 
3.275 3.056 2.891 2.762 2.657 
3.272 3.052 2.887 2.758 2.653 
3.268 3.049 2.884 2.755 2.650 
3.265 3.046 2.881 2.751 2.647 
3.261 3.042 2.877 2.748 2.644 
3.258 3.039 2.874 2.745 2.640 
3.255 3.036 2.871 2.742 2.637 
3.252 3.033 2.868 2.739 2.634 
3.249 3.030 2.865 2.736 2.632 
3.246 3.027 2.863 2.733 2.629 
3.243 3.025 2.860 2.731 2.626 
3.240 3.022 2.857 2.728 2.623 
3.238 3.019 2.854 2.725 2.621 
3.235 3.017 2.852 2.723 2.618 
3.233 3.014 2.849 2.720 2.616 
3.230 3.012 2.847 2.718 2.613 
3.228 3.009 2.845 2.715 2.611 
3.225 3.007 2.842 2.713 2.609 
3.223 3.004 2.840 2.704 2.606 
3.221 3.002 2.838 2.709 2.604 
3.218 3.000 2.835 2.706 2.602 
3.216 2.998 2.833 2.704 2.600 
3.214 2.996 2.831 2.702 2.598 
3.212 2.994 2.829 2.700 2.596 
3.210 2.992 2.827 2.698 2.594 
3.208 2.990 2.825 2.696 2.592 
3.206 2.988 2.823 2.694 2.590 
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V2 11 % 13 14 15 16 17 18 19 20 


1 6083.35 6106.35 6125.86 6142.70 6157.28 6170.12 6181.42 6191.52 6200.58 6208.74 

2 99.408 99.416 99.422 99.428 99.432 99.437 99.440 99.444 99.447 99.449 

3 27.133 27.052 26.983 26.924 26.872 26.827 26.787 26.751 26.719 26.690 

4 14.452 14.374 14.307 14.249 14.198 14.154 14.115 14.080 14.048 14.020 

5 9.963 9.888 9.825 9.770 O22 9.680 9.643 9.610 9.580 9.553 

6 7.790 7.718 7.657 7.605 7.559 7.519 7.483 7.451 7.422 7.396 

7 6.538 6.469 6.410 6.359 6.314 6.275 6.240 6.209 6.181 6.155 

8 5.734 5.667 5.609 5.559 5.515 5.477 5.442 5.412 5.384 5.359 

a 5.178 5.111 5.055 5.005 4.962 4.924 4.890 4.860 4.833 4.808 
10 4.772 4.706 4.650 4.601 4.558 4.520 4.487 4.457 4.430 4.405 
11 4.462 4.397 4.342 4.293 4.251 4.213 4.180 4.150 4.123 4.099 
12 4.220 4.155 4.100 4.052 4.010 3.972 3.939 3.909 3.883 3.858 
13 4.025 3.960 3.905 3.857 3.815 3.778 3.745 3.716 3.689 3.665 
14 3.864 3.800 3.745 3.698 3.656 3.619 3.586 3.556 3.529 3.505 
15 3.730 3.666 3.612 3.564 3.522 3.485 3.452 3.423 3.396 3.372 
16 3.616 3.553 3.498 3.451 3.409 3.372 3.339 3.310 3.283 3.259 
6 3.519 3.455 3.401 3.353 3.312 3.275 3.242 3.212 3.186 3.162 
18 3.434 3.371 3.316 3.269 3.227 3.190 3.158 3.128 3.101 3.077 
19 3.360 3.297 3.242 3.195 3.153 3.116 3.084 3.054 3.027 3.003 
20 3.294 3.231 3.177 3.130 3.088 3.051 3.018 2.989 2.962 2.938 
21 3.236 3.173 3.119 3.072 3.030 2.993 2.960 2.931 2.904 2.880 
22 3.184 3.121 3.067 3.019 2.978 2.941 2.908 2.879 2.852 2.827 
23 3.137 3.074 3.020 2.973 2.931 2.894 2.861 2.832 2.805 2.781 
24 3.094 3.032 2.918 2.930 2.889 2.852 2.819 2.789 2.762 2.738 
25 3.056 2.993 2.939 2.892 2.850 2.813 2.780 2.751 2.724 2.699 
26 3.021 2.958 2.904 2.857 2.815 2.778 2.745 2.715 2.688 2.664 
27 2.988 2.926 2.871 2.824 2.783 2.746 2.713 2.683 2.656 2.632 
28 2.959 2.896 2.842 2.795 2.753 2.716 2.683 2.653 2.626 2.602 
29 2.931 2.868 2.814 2.767 2.726 2.689 2.656 2.626 2.599 2.574 
30 2.906 2.843 2.789 2.742 2.700 2.663 2.630 2.600 2.573 2.549 
31 2.882 2.820 2.765 2.718 2.677 2.640 2.606 2.508 2.550 2.525 
32 2.860 2.798 2.744 2.696 2.655 2.618 2.584 2.555 2.527 2.503 
33 2.840 2.00r 2.723 2.676 2.634 2.597 2.564 2.534 2.507 2.482 
34 2.821 2.758 2.704 2.657 2.615 2.578 2.545 2.515 2.488 2.463 
35 2.803 2.740 2.686 2.639 2.597 2.560 2.527 2.497 2.470 2.445 
36 2.786 2.723 2.669 2.622 2.580 2.543 2.510 2.480 2.453 2.428 
37 2.770 2.707 2.653 2.606 2.564 2.527 2.494 2.464 2.437 2.412 
38 2:755 2.692 2.638 2.591 2.549 2.512 2.479 2.449 2.421 2.397 
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pom 11 12 
39 2.741 2.678 
40 aT 2.665 
Aq 2.715 2.652 
42 2.703 2.640 
43 2.691 2.629 
44 2.680 2.618 
45 2.670 2.608 
46 2.660 2.598 
47 2.651 2.588 
48 2.642 2.579 
49 2.633 2.571 
50 2.625 2.562 
51 2.617 2.555 
52 2.610 2.547 
53 2.602 2.540 
54 2.595 2.533 
55 2.589 2.526 
56 2.582 2.520 
57 2.576 2.513 
58 2.570 2.507 
59 2.564 2.502 
60 2.559 2.496 
61 2.553 2.491 
62 2.548 2.486 
63 2.543 2.481 
64 2.538 2.476 
65 2.534 2.471 
66 2.529 2.466 
67 2.525 2.462 
68 2.520 2.458 
69 2.516 2.454 
70 2.512 2.450 
71 2.508 2.446 
72 2.504 2.442 
73 2.501 2.438 
74 2.497 2.435 
75 2.494 2.431 
76 2.490 2.428 
77 2.487 2.424 
78 2.484 2.421 


13 
2.624 
2.611 
2.598 
2.586 
2.575 
2.564 
2.553 
2.544 
2.534 
2.525 
2.017 
2.508 
2.500 
2.493 
2.486 
2.479 
2.472 
2.465 
2.459 
2.453 
2.447 
2.442 
2.436 
2.431 
2.426 
2.421 
2.417 
2.412 
2.408 
2.403 
2.399 
2.395 
2.391 
2.388 
2.384 
2.380 
2.377 
2.373 
2.370 
2.367 


2.577 
2.563 
2.551 
2.539 
2.527 
2.516 
2.506 
2.496 
2.487 
2.478 
2.469 
2.461 
2.453 
2.445 
2.438 
2.431 
2.424 
2.418 
2.412 
2.406 
2.400 
2.394 
2.389 
2.384 
2.379 
2.374 
2.369 
2.365 
2.360 
2.356 
2.352 
2.348 
2.344 
2.340 
2.336 
2.333 
2.329 
2.326 
2.322 
2.019 


15 16 17 18 19 
2.535 2.498 2.465 2.434 2.407 
2.522 2.484 2.451 2.421 2.394 
2.509 2.472 2.438 2.408 2.381 
2.497 2.460 2.426 2.396 2.369 
2.485 2.448 2.415 2.385 2.357 
2.475 2.437 2.404 2.374 2.346 
2.464 2.427 2.393 2.363 2.336 
2.454 2.417 2.384 2.353 2.326 
2.445 2.408 2.374 2.344 2.316 
2.436 2.399 2.365 2.335 2.307 
2.427 2.390 2.356 2.326 2.299 
2.419 2.382 2.348 2.318 2.290 
2.411 2.374 2.340 2.310 2.282 
2.403 2.366 2.333 2.302 2.275 
2.396 2.359 2.325 2.295 2.267 
2.389 2.352 2.318 2.288 2.260 
2.382 2.345 2.019 2.281 2.253 
2.376 2.339 2.305 2.275 2.247 
2.370 2.332 2.299 2.268 2.241 
2.364 2.326 2.293 2.262 2.235 
2.358 2.320 2.287 2.256 2.229 
2.352 2.315 2.281 2.251 2.223 
2.347 2.309 20210 2.245 2.218 
2.342 2.304 2.270 2.240 2.212 
2.337 2.299 2.265 2.235 2.207 
2.332 2.294 2.260 2.230 2.202 
2.327 2.289 2.256 2.225 2.198 
2.322 2.285 2.251 2.221 2.193 
2.318 2.280 2.247 2.216 2.188 
2.314 2.276 2.242 2ahe 2.184 
2.310 gate 2.238 2.208 2.180 
2.306 2.268 2.234 2.204 2.176 
2.302 2.264 2.230 2.200 2.172 
2.298 2.260 2.226 2.196 2.168 
2.294 2.256 2.223 2:192 2.164 
2.290 2.253 2.219 2.188 2.161 
2.287 2.249 2.20 2.185 2.157 
2.284 2.246 2.212 2.181 2.154 
2.280 2.243 2.209 2.178 2.150 
2.277 2.239 2.206 2.175 2.147 
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V9 11 12 13 14 15 16 Ve 18 19 20 
79 2.481 2.418 2.364 2.316 2.274 2.236 2.202 aa Ws 2.144 2.118 
80 2.478 2.415 2.361 2.313 2.271 2.233 2.199 2.169 2.141 2.115 
81 2.475 2.412 2.358 2.310 2.268 2.230 2.196 2.166 2.138 PN 
82 2.472 2.409 2.355 2.307 2.265 Peat 2.193 2.163 2.135 2.109 
83 2.469 2.406 2.352 2.304 2.262 2.224 2.191 2.160 2.132 2.106 
84 2.466 2.404 2.349 2.302 2.259 Z.cee 2.188 2.197 220 2.104 
85 2.464 2.401 2.347 2.299 2.257 2.219 2.185 2.154 2.126 2.101 
86 2.461 2.398 2.344 2.296 2.254 2.216 2.182 Posy? 2.124 2.098 
87 2.459 2.396 2.342 2.294 2.252 2.214 2.180 2.149 2.121 2.096 
88 2.456 2.393 2.339 eo 2.249 22 ra Wed 2.147 2.119 2.093 
89 2.454 2.391 2.337 2.289 2.247 2.209 2.175 2.144 2.116 2.091 
90 2.451 2.389 2.334 2.286 2.244 2.206 Pale 2.142 2.114 2.088 
91 2.449 2.386 2.332 2.284 2.242 2.204 2.170 2.139 2.111 2.086 
92 2.447 2.384 2.330 2.282 2.240 2.202 2.168 2.137 2.109 2.083 
93 2.444 2.382 2.327 2.280 2.237 2.200 2.166 2.135 2.107 2.081 
94 2.442 2.380 2.325 2.20% 2.235 2.197 2.163 2.133 2.105 2.079 
95 2.440 2.378 2.323 2.275 2.233 2.195 2.161 2.130 2.102 2.077 
96 2.438 2.375 2.321 2.273 2.231 2.193 2.159 2.128 2.100 2.075 
97 2.436 2.373 2.319 2.271 2.229 2.191 2.157 2.126 2.098 2.073 
98 2.434 2.371 2.317 2.269 e2er 2.189 2.155 2.124 2.096 2.071 
99 2.432 2.369 2.315 2.267 2.225 2.187 2.153 2.122 2.094 2.069 

100 2.430 2.368 2.313 2.265 2.223 2.185 2.151 2.120 2.092 2.067 
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Source: National Institute of Standards and Technology 


> et ter 
‘ <~ \5 MoS 

5 Loms 2%¢nt 20% 
. 4a Beams 


\ 
B aA 
ie a 
Ee a 
bh hh 
Ti 
sn web 
3 
4353 


bts 2 IRS - 24S 
~ a a8 =e Cees 
hee Tete Cos Eee 
~ i. @ks .2s Come Soe 
: ’ “A: (3S Cle CMRAS 
: “_s (Sms Oe 52S 
; as Che Vs. oa 
é —=s ites owe Dee 
rs 1 Tt «@2S ASRS 
ts =. 2 Je, Ge 
ere : Ltrs coms tes OE Ses 
ars “US UL SABES “24s SON’ GES 
rc 2405 24mts emmy tame Oe ames 
“rs Me (ser Cee - oes One 
ars we 2gete As RRS 
RSS _ Te S.  ee 


ve 
7. 


va 
a EE 
: 


_ 
i ° 


Glossary 


Absolute address. Use of a dollar sign ($) before either the row or 
column label or both. 

Agglomerative clustering methods. A series of partitions takes 
place from a single cluster containing all objects to n clusters, 
which proceed by a series of fusions of the n objects into groups. 

Algorithm. A systematic procedure that finds a solution to a problem. 

Alternative hypothesis. The complement of the null hypothesis; 
it must be true if the null hypothesis is false. The alternative 
hypothesis is denoted by H). 

Alternative optimal solution. A solution that results in maximizing 
(or minimizing) the objective by more than one combination of 
decision variables, all of which have the same objective function 
value. 

Analysis of variance (ANOVA). A tool that analyzes variance in the 
data and examines a test statistic that is the ratio of measures. 

Area chart. A chart that combines the features of a pie chart with 
those of line charts. 

Arithmetic mean (mean). The average, which is the sum of the 
observations divided by the number of observations. 

Association rule mining. A tool used to uncover interesting associa- 
tions and/or correlation relationships among large sets of data. 
The rules identify attributes that occur frequently together in a 
given data set. 

Autocorrelation. Correlation among successive observations over 
time and identified by residual plots having clusters of residu- 
als with the same sign. Autocorrelation can be evaluated more 
formally using a statistical test based on the measure, Durbin— 
Watson statistic. 

Auxiliary variables. The variables used to define the bound con- 
straints and obtain more complete sensitivity information. 
Average group linkage clustering. A method that uses the mean 

values for each variable to compute distances between clusters. 

Average linkage clustering. Defines the distance between two clus- 
ters as the average of distances between all pairs of objects 
where each pair is made up of one object from each group. 

Average payoff strategy. French mathematician Laplace proposed 
this approach. For any decision, the expected value is the summa- 
tion of the payoffs multiplied by their probability, summed over 
all outcomes. The simplest case is to assume that each outcome is 
equally likely to occur; that is, the probability of each outcome is 
simply 1/N, where N is the number of possible outcomes. 

Balance constraints. Balance constraints ensure that the flow of 
material or money is accounted for at locations or between time 
periods. Example: The total amount shipped to a distribution 
center from all plants must equal the amount shipped from the 
distribution center to all customers. 

Bar chart. A horizontal bar chart. 

Bernoulli distribution. The probability distribution of a random vari- 
able with two possible outcomes, each with a constant probabil- 
ity of occurrence. 


Best-subsets regression. A tool that evaluates either all possible 
regression models for a set of independent variables or the best 
subsets of models for a fixed number of independent variables. 

Big data. Massive amounts of business data from a wide variety of 
sources, much of which is available in real time and much of 
which is uncertain or unpredictable. 

Bimodal. Histograms with exactly two peaks. 

Binding constraint. A constraint for which the Cell Value is equal to 
the right-hand side of the value of the constraint. 

Binary variable. The variable restricted to being either 0 or 1 and 
enables to model logical decisions in optimization models. The 
variable is usually written as x = 0 or I. 

Binomial distribution. The distribution that models n independent 
replications of a Bernoulli experiment, each with a probability 
p of success. 

Boxplot. Graphically displays five key statistics of a data set—the 
minimum, first quartile, median, third quartile, and maximum— 
and identifies the shape of a distribution and outliers in the data. 

Box-whisker chart. A chart that shows the minimum, first quar- 
tile, median, third quartile, and maximum values in a data set 
graphically. 

Branches. Each branch of the decision tree represents an event or a 
decision. 

Bubble chart. A type of scatter chart in which the size of the data 
marker corresponds to the value of a third variable—a way to 
plot three variables in two dimensions. 

Business analytics (analytics). The use of data, information technol- 
ogy, statistical analysis, quantitative methods, and mathemati- 
cal or computer-based models to help managers gain improved 
insight about their business operations and make better, fact- 
based decisions; a process of transforming data into actions 
through analysis and insights in the context of organizational 
decision making and problem solving. 

Business intelligence (BI). The collection, management, analysis, 
and reporting of data. 

Categorical (nominal) data. Data that are sorted into categories 
according to specified characteristics. 

Central limit theorem. A theory that states that if the population is 
normally distributed, then the sampling distribution of the mean 
will be normal for any sample size. 

Certainty equivalent. The term represents the amount that a decision 
maker feels is equivalent to an uncertain gamble. 

Chebyshev’s theorem. The theorem that states that for any set of 
data, the proportion of values that lie within k standard devia- 
tions (k > 1) of the mean is at least | — 1k. 

Chi-square distribution. Distribution of Chi-square statistics charac- 
terized by degrees of freedom. 

Chi-square statistic. The sum of squares of the differences between 
observed frequency, fo, and expected frequency, fe, divided by 
the expected frequency in each cell. 
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Classification matrix. A tool that shows the number of cases that 
were Classified either correctly or incorrectly. 

Cluster analysis. A collection of techniques that seek to group or 
segment a collection of objects into subsets or clusters such 
that objects within each cluster are more closely related to one 
another than objects assigned to different clusters. The objects 
within clusters exhibit a high amount of similarity. 

Cluster sampling. A theory based on dividing a population into sub- 
groups (clusters), sampling a set of clusters, and (usually) con- 
ducting a complete census within the clusters sampled. 

Conditional probability. The probability of occurrence of one event 
A, given that another event B is known to be true or has already 
occurred, 

Coefficient of determination (R?). The tool gives the proportion 
of variation in the dependent variable that is explained by the 
independent variable of the regression model and has the value 
between 0 and |. 

Coefficient of kurtosis (CK). A measure of the degree of kurtosis 
of a population; “excess kurtosis” is computed using the Excel 
function KURT (data range). 

Coefficient of multiple determination. Similar to simple linear 
regression, the tool explains the percentage of variation in the 
dependent variable. The coefficient of multiple determination in 
the context of multiple regression indicates the strength of asso- 
ciation between the dependent and independent variables. 

Coefficient of skewness (CS). A measure of the degree of asymme- 
try of observations around the mean. 

Coefficient of variation (CV). Relative measure of the dispersion in 
data relative to the mean. 

Confidence interval. A range of values between which the value of 
the population parameter is believed to be along with a prob- 
ability that the interval correctly estimates the true (unknown) 
population parameter. 

Confidence coefficient. The probability of correctly failing to reject 
the null hypothesis, or P(not rejecting Ho | Ho is true), and is cal- 
culated as | — a. 

Confidence of the (association) rule. The conditional probability 
that a randomly selected transaction will include all the items in 
the consequent given that the transaction includes all the items 
in the antecedent. 

Constraint function. A function of the decision variables in the 
problem. 

Constraints. Limitations, requirements, or other restrictions that are 
imposed on any solution, either from practical or technological 
considerations or by management policy. 

Contingency table. A cross-tabulation table. 

Continuous metric. A metric that is based on a continuous scale of 
measurement. 

Continuous random variable. A random variable that has outcomes 
Over one or more continuous intervals of real numbers. 

Convenience sampling. A method in which samples are selected 
based on the ease with which the data can be collected. 

Column chart. A vertical bar chart. 

Complete linkage clustering. The distance between groups is 
defined as the distance between the most distant pair of objects, 
one from each group. 

Complement. The set of all outcomes in the sample space that is not 
included in the event. 

Corner point. The point at which the constraint lines intersect along 
the feasible region. 


Correlation. A measure of the linear relationship between two 
variables, X and Y, which does not depend on the units of 
measurement. 

Correlation coefficient (Pearson product moment correlation coef- 
ficient). The value obtained by dividing the covariance of the 
two variables by the product of their standard deviations. 

Covariance. A measure of the linear association between two vari- 
ables, X and Y. 

Cross-tabulation. A tabular method that displays the number of 
observations in a data set for different subcategories of two cat- 
egorical variables. 

Cross-validation. A process of using two sets of sample data; one to 
build the model (the training set), and the second to assess the 
model’s performance (the validation set). 

Cumulative distribution function. A specification of the probability 
that the random variable X assumes a value less than or equal to 
a specified value x. 

Cumulative relative frequency. The proportion of the total num- 
ber of observations that fall at or below the upper limit of each 
group. 

Cumulative relative frequency distribution. A tabular summary of 
cumulative relative frequencies. 

Curvilinear regression model. The model is used in forecasting 
when the independent variable is time. 

Cyclical effect. Characteristic of a time series that describes ups and 
downs over a much longer time frame, such as several years. 

Dashboard. A visual representation of a set of key business measures. 

Database. A collection of related files containing records on people, 
places, or things. 

Data mining. A rapidly growing field of business analytics that is 
focused on better understanding characteristics and patterns 
among variables in large databases using a variety of statistical 
and analytical tools. 

Data profile (fractile). A measure of dividing data into sets. 

Data set. A collection of data. 

Data table. A table that summarizes the impact of one or two inputs 
on a specified output. 

Data validation. A tool that allows defining acceptable input values 
in a spreadsheet and providing an error alert if an invalid entry 
is made. 

Data visualization. The process of displaying data (often in large 
quantities) in a meaningful fashion to provide insights that will 
support better decisions. 

Decision alternatives. Decisions that involve a choice from among a 
small set of alternatives with uncertain consequences. 

Decision making. The study of how people make decisions, partic- 
ularly when faced with imperfect or uncertain information, as 
well as a collection of techniques to support decision choices. 

Decision model. A logical or mathematical representation of a prob- 
lem or business situation that can be used to understand, ana- 
lyze, or facilitate making a decision. 

Decision node. A decision node is expressed by a square, and it 
represents an event of a selected decision from among several 
alternatives. 

Decision strategy. A decision strategy is a specification of an initial 
decision and subsequent decisions to make after knowing what 
events occur. 

Decision support systems (DSS). A combination of business intel- 
ligence concepts and OR/MS models to create analytical-based 
computer systems to support decision making. 


Decision tree. An approach to structuring a decision problem involv- 
ing uncertainty to use a graphical model. 

Decision variables. The unknown values that an optimization model 
seeks to determine. 

Degenerate solution. A solution is a degenerate solution if the right- 
hand-side value of any constraint has a zero allowable increase 
or allowable decrease. 

Delphi method. A forecasting approach that uses a panel of experts, 
whose identities are typically kept confidential from one 
another, to respond to a sequence of questionnaires to converge 
to an opinion of a future forecast. 

Dendrogram. Hierarchical clustering represented by a two-dimen- 
sional diagram that illustrates the fusions or divisions made at 
each successive stage of analysis. 

Degrees of freedom (df). An additional parameter used to distin- 
guish different ¢-distributions. 

Descriptive analytics. The use of data to understand past and current 
business performance and make informed decisions; the most 
commonly used and most well-understood type of analytics. 

Descriptive statistics. Methods of describing and summarizing data 
using tabular, visual, and quantitative techniques. 

Deterministic model. A prescriptive decision model in which all 
model input information is either known or assumed to be 
known with certainty. 

Discriminant analysis. A technique for classifying a set of observa- 
tions into predefined classes: the purpose is to determine the 
class of an observation based on a set of predictor variables. 

Discount rate. The opportunity costs of spending funds now versus 
achieving a return through another investment, as well as the 
risks associated with not receiving returns until a later time. 

Discrete metric. A metric derived from counting something. 

Discrete random variable. A random variable for which the number 
of possible outcomes can be counted. 

Discrete uniform distribution. A variation of the uniform distribu- 
tion for which the random variable is restricted to integer values 
between a and b (also integers). 

Dispersion. The degree of variation in the data, that is, the numerical 
spread (or compactness) of the data. 

Divisive clustering methods. A series of partitions takes place from 
a single cluster containing all objects to n clusters, which sepa- 
rate n objects successively into finer groupings. 

Double exponential smoothing. A forecasting approach similar to 
simple exponential smoothing used for time series with a linear 
trend and no significant seasonal components. 

Double moving average. A forecasting approach similar to a simple 
moving average used for time series with a linear trend and no 
significant seasonal components. 

Doughnut chart. A chart that is similar to a pie chart but can contain 
more than one data series. 

Dummy variables. A numerical variable used in regression analysis 
to represent subgroups of the sample in the study. 

Econometric models. Explanatory/causal models that seek to iden- 
tify factors that explain statistically the patterns observed in the 
variable being forecast. 

Empirical probability distribution. An approximation of the prob- 
ability distribution of the associated random yariable. 

Empirical rules. For a normal distribution, all data will fall within 
three standard deviations of the mean. Depending on the data 
and the shape of the frequency distribution, the actual percent- 
ages may be higher or lower. 
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Estimation. A method used to assess the value of an unknown popu- 
lation parameter such as a population mean, population propor- 
tion, or population variance using sample data. 

Estimators. Measures used to estimate population parameters. 

Expected opportunity loss. The expected opportunity loss repre- 
sents the average additional amount the decision maker would 
have achieved by making the right decision instead of a wrong 
one. 

Expected value. The notion of the mean or average of a random vari- 
able; the weighted average of all possible outcomes, where the 
weights are the probabilities. 

Expected value of perfect information (EVPI). The expected 
value with perfect information (assumed at no cost) minus the 
expected value without any information. 

Expected value of sample information (EVSI). The expected 
value with sample information (assumed at no cost) minus the 
expected value without sample information. It represents the 
most one should be willing to pay for the sample information. 

Expected value strategy. A more general case of the average payoff 
strategy is when the probabilities of the outcomes are not all the 
same. 

Experiment. A process that results in an outcome. 

Exponential distribution. A continuous distribution that models the 
time between randomly occurring events. 

Exponential function, y = ab". Exponential functions have the prop- 
erty that y rises or falls at constantly increasing rates. 

Euclidean distance. The most commonly used measure of distance 
between objects in which the distance between two points on a 
plane is computed as the hypotenuse of a right triangle. 

Event. A collection of one or more outcomes from a sample space. 

Event node. An event node is an outcome over which the decision 
maker has no control. 

Factor. The variable of interest in statistics terminology. 

Feasibility report. The report analyzes limits on variables and the 
constraints that make the problem infeasible. 

Feasible region. The set of feasible solutions to an optimization 
problem. 

Feasible solution. Any solution that satisfies all constraints of an 
optimization problem. 

Frequency distribution. A table that shows the number of observa- 
tions in each of several non-overlapping groups. 

General integer variables. Any variable in an ordinary linear opti- 
mization model. 

Goodness of fit. A procedures that attempts to draw a conclusion 
about the nature of a distribution. 

Heat map. Color-coding of quantitative data. 

Hierarchical clustering. The data are not partitioned into a particu- 
lar cluster in a single step but a series of partitions takes place, 
which may run from a single cluster containing all objects to n 
clusters, each containing a single object. 

Histogram. A graphical depiction of a frequency distribution for 
numerical data in the form of a column chart. 

Historical analogy. A forecasting approach in which a forecast is 
obtained through a comparative analysis with a previous situation. 

Holt-Winters additive model. A forecasting model that applies to 
time series with relatively stable seasonality. 

Holt-Winters models. Forecasting models similar to exponen- 
tial smoothing models in that smoothing constants are used to 
smooth out variations in the level and seasonal patterns over 
time. 
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Holt-Winters multiplicative model. A forecasting model that applies 
to time series whose amplitude increases or decreases over time. 

Homoscedasticity. The assumption means that the variation about 
the regression line 1s constant for all] values of the independent 
variable. The data is evaluated by examining the residual plot 
and looking for large differences in the variances at different 
values of the independent variable. 

Hypothesis. A proposed explanation made on the basis of limited 
evidence to interpret certain events or phenomena. 

Hypothesis testing. Involves drawing inferences about two contrast- 
ing propositions relating to the value of one or more population 
parameters, such as the mean, proportion, standard deviation, or 
variance. 

Independent events. Events that do not affect the occurrence of each 
other. 

Index. A single measure that weights multiple indicators, thus pro- 
viding a measure of overall expectation. 

Indicators. Measures that are believed to influence the behavior of a 
variable we wish to forecast. 

Infeasible problem. A problem for which no feasible solution exists. 

Influence diagram. A visual representation that describes how vari- 
ous elements of a model influence, or relate to, others. 

Information systems (IS). The modern discipline evolved from busi- 
ness intelligence (BI). 

Integer linear optimization model (integer program). In an integer 
linear optimization model (integer program), some of or all the 
variables are restricted to being whole numbers. 

Interaction. Occurs when the effect of one variable (i.e., the slope) is 
dependent on another variable. 

Interquartile range (IQR, or midspread). The difference between the 
first and third quartiles, 0; — Q). 

Interval estimate. A method that provides a range for a population 
characteristic based on a sample. 

Intersection. A composition with all outcomes belonging to both 
events. 

Interval data. Data that are ordinal but have constant differences 
between observations and have arbitrary zero points. 

Joint probability. The probability of the intersection of two events. 

Joint probability table. A table that summarizes joint probabilities. 

Judgment sampling. A plan in which expert judgment is used to 
select the sample. 

k-nearest neighbors (k-NN) algorithm. A classification scheme that 
attempts to find records in a database that are similar to one that 
is to be classified. 

kth percentile. A value at or below which at least k percent of the 
observations lie. 

Kurtosis. The peakedness (i.e., high, narrow) or flatness (i.e., short, 
flat-topped) of a histogram. 

Lagging measures. Outcomes that tell what happened and are often 
external business results, such as profit, market share, or cus- 
tomer satisfaction. 

Laplace or average payoff strategy. See Average payoff strategy. 

Leading measures. Performance drivers that predict what will 
happen and usually are internal metrics, such as employee satis- 
faction, productivity, turnover, and so on. 

Least-squares regression. The mathematical basis for the best- 
fitting regression line. 

Level of confidence. A range of values between which the value of 
the population parameter is believed to be along with a prob- 
ability that the interval correctly estimates the true (unknown) 
population parameter. 


Level of significance. The probability of making Type | error, that 
is, P(rejecting Ho| Hp is true), is denoted by a. 

Lift. Defined as the ratio of confidence to expected confidence. Lift 
provides information about the increase in probability of the 
‘then’ (consequent) given the ‘if’ (antecedent) part. 

Line chart. A chart that provides a useful means for displaying data 
over time. 

Linear function, y = a + bx. Linear functions show steady increase 
or decrease over the range of x and used in predictive models. 

Linear optimization model (linear program, LP). A model with two 
basic properties: 1) The objective function and all constraints are 
linear functions of the decision variables and ii) all variables are 
continuous. 

Linear program (LP) relaxation. A problem that arises by replacing 
the constraint that each variable must be 0 or 1. 

Logarithmic function, y = In(x). Logarithmic functions are used 
when the rate of change in a variable increases or decreases 
quickly and then levels out, such as with diminishing returns to 
scale. 

Limitations. Limitations usually involve the allocation of scarce 
resources. Example: Problem statements such as the amount of 
material used in production cannot exceed the amount available 
in inventory. 

Marginal probability. The probability of an event irrespective of the 
outcome of the other joint event. 

Marker line. The red line that divides the regions in a “probability of 
a negative cost difference” chart. 

Market basket analysis. A typical and widely used example of asso- 
ciation rule mining. The transaction data routinely collected 
using bar-code scanners are used to make recommendations for 
promotions, for cross-selling, catalog design and so on. 

Maximax strategy. For the aggressive strategy, the best payoff for 
each decision would be the /argest value among all outcomes, 
and one would choose the decision corresponding to the largest 
of these. 

Maximin strategy. For the conservative strategy, the worst payoff for 
each decision would be the smallest value among all outcomes, 
and one would choose the decision corresponding to the largest 
of these. 

Mean absolute deviation (MAD). The absolute difference between 
the actual value and the forecast, averaged over a range of fore- 
casted values. 

Mean absolute percentage error (MAPE). The average of absolute 
errors divided by actual observation values. 

Mean square error (MSE). The average of the square of the differ- 
ence s between the actual value and the forecast. 

Measure. Numerical value associated with a metric. 

Measurement. The act of obtaining data associated with a metric. 

Median. The measure of location that specifies the middle value 
when the data are arranged from the least to greatest. 

Metric. A unit of measurement that provides a way to objectively 
quantify performance. 

Midrange. The average of the greatest and least values in the data 
set. 

Minimax regret strategy. The decision maker selects the decision 
that minimizes the largest opportunity loss among all outcomes 
for each decision. 

Minimax strategy. One seeks the decision that minimizes the larg- 
est payoff that can occur among all outcomes for each decision. 
Conservative decision makers are willing to forgo high returns 
to avoid undesirable losses. 


Mixed-integer linear optimization model. If only a subset of vari- 
ables is restricted to being integer while others are continuous, 
we call this a mixed integer linear optimization model. 

Mode. The observation that occurs most frequently. 

Model. An abstraction or representation of a real system, idea, or 
object. 

Modeling and optimization. Techniques for translating real prob- 
lems into mathematics, spreadsheets, or other computer lan- 
guages, and using them to find the best (“optimal”) solutions 
and decisions. 

Monte Carlo simulation. The process of generating random values 
for uncertain inputs in a model, computing the output variables 
of interest, and repeating this process for many trials to under- 
stand the distribution of the output results. 

Multicollinearity. A condition occurring when two or more indepen- 
dent variables in the same regression model contain high levels 
of the same information and, consequently, are strongly corre- 
lated with one another and can predict each other better than the 
dependent variable. 

Multiple correlation coefficient. Multiple R and R Square (or R’) in 
the context of multiple regression indicate the strength of asso- 
ciation between the dependent and independent variables. 

Multiple linear regression. A linear regression model with more than 
one independent variable. Simple linear regression is just a spe- 
cial case of multiple linear regression. 

Multiplication law of probability. The probability of two events A 
and B is the product of the probability of A given B, and the 
probability of B (or) the product of the probability of B given A, 
and the probability of A. 

Mutually exclusive. Events with no outcomes in common. 

Net present value (discounted cash flow). The sum of the present 
values of all cash flows over a stated time horizon; a measure of 
the worth of a stream of cash flows, that takes into account the 
time value of money. 

Newsvendor problem. A practical situation in which a one-time pur- 
chase decision must be made in the face of uncertain demand. 

Nodes. Nodes are points in time at which events take place. 

Nonsampling error. An error that occurs when the sample does not 
represent the target population adequately. 

Normal distribution. A continuous distribution described by the 
familiar bell-shaped curve and is perhaps the most important 
distribution used in statistics. 

Null hypothesis. Describes the existing theory or a belief that is 
accepted as valid unless strong statistical evidence exists to the 
contrary. 

Objective function. The quantity that is to be minimized or maxi- 
mized; minimizing or maximizing some quantity of interest— 
profit, revenue, cost, time, and so on—by optimization. 

Ogive. A chart that displays the cumulative relative frequency. 

One-sample hypothesis test. A test that involves a single popula- 
tion parameter, such as the mean, proportion, standard deviation, 
and a single sample of data from the population is used to con- 
duct the test. 

One-tailed test of hypothesis. The hypothesis test that specify a 
direction of relationship where Ho is either = or =. 

One-way data table. A data table that evaluates an output variable 
over a range of values for a single input variable. 

Overfitting. If too many terms are added to the model, then the model 
may not adequately predict other values from the population. 
Overfitting can be mitigated by using good logic, intuition, 
physical or behavioral theory, and parsimony. 
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Operations Research/Management Science (OR/MS). The analysis 
and solution of complex decision problems using mathematical 
or computer-based models. 

Optimal solution. Any set of decision variables that optimizes the 
objective function. 

Optimization. The process of finding a set of values for decision 
variables that minimize or maximize some quantity of interest 
and the most important tool for prescriptive analytics. 

Ordinal data. Data that can be ordered or ranked according to some 
relationship to one another. 

Outcome. A result that can be observed. 

Outcomes. Possible results of a decision or a strategy. 

Outlier. The observation that is radically different from the rest. 

Overbook. To accept reservations in excess of the number that can 
be accommodated. 

Overlay chart. A feature for superimposition of the frequency distri- 
butions from selected forecasts, when a simulation has multiple 
related forecasts, on one chart to compare differences and simi- 
larities that might not be apparent. 

Point estimate. A single number derived from sample data that is 
used to estimate the value of a population parameter. 

Population frame. A listing of all elements in the population from 
which the sample is drawn. 

Prediction interval. Provides a range for predicting the value of a 
new observation from the same population. 

Probability interval. In general, a 100(1 — a)% is any interval [A, B] 
such that the probability of falling between A and B is 1 — a. 
Probability intervals are often centered on the mean or median. 

p-Value (observed significance level). An alternative approach to 
find the probability of obtaining a test statistic value equal to or 
more extreme than that obtained from the sample data when the 
null hypothesis is true. 

Power of the test. Represents the probability of correctly rejecting 
the null hypothesis when it is indeed false, or P(rejecting Ho | Ho 
is false). 

Parsimony. A model with the fewest number of explanatory vari- 
ables that will provide an adequate interpretation of the depen- 
dent variable. 

Partial regression coefficient. The partial regression coefficients 
represent the expected change in the dependent variable when 
the associated independent variable is increased by one unit 
while the values of all other independent variables are held 
constant. 

Polynomial function. y = ax’ + bx + c (second order—quadratic 
function), y = ax? + bx? + dx + e (third order—cubic function), 
and so on. A second order polynomial is parabolic in nature and 
has only one hill or valley; a third order polynomial has one or 
two hills or valleys. Revenue models that incorporate price elas- 
ticity are often polynomial functions. 

Power function. y = ax’. Power functions define phenomena that 
increase at a specific rate. Learning curves that express improv- 
ing times in performing a task are often modeled with power 
functions having a > O and b < 0. 

Parallel coordinates chart. The chart consists of a set of vertical 
axes, one for each variable selected and creates a “multivariate 
profile,” that helps an analyst to explore the data and draw basic 
conclusions. For each observation, a line is drawn connecting 
the vertical axes. The point at which the line crosses an axis rep- 
resents the value for that variable. 

Proportional relationships. Proportional relationships are often found 
in problems involving mixtures or blends of materials or strategies. 
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Payoffs. The decision maker first selects a decision alternative, after 
which one of the outcomes of the uncertain event occurs, result- 
ing in the payoff. 

Payoff table. Payoffs are often summarized in a payoff table, a 
matrix whose rows correspond to decisions and whose columns 
correspond to events. 

Perfect information. The information that tells us with certainty 
what outcome will occur and it provides an upper bound on the 
value of any information that one may acquire. 

Parameter analysis. An approach provided by Analytic Solver Plat- 
form for automatically running multiple optimizations with 
varying model parameters within predefined ranges. 

Parametric sensitivity analysis. The term used by Analytic Solver 
Platform for systematic methods of what-if analysis. 

Pareto analysis. The analysis that uses the Pareto principle, the 
80-20 rule, that refers to the generic situation in which 80% of 
some output comes from 20% of some input. 

Pie chart. A chart that partitions a circle into pie-shaped areas show- 
ing the relative proportion of each data source to the total. 
PivotChart. A data analysis too] provided by Microsoft Excel, which 

enables visualizing data in PivotTables. 

PivotTables. A powerful tool, provided by Excel, for distilling a 
complex data set into meaningful information. 

Poisson distribution. A discrete distribution used to model the num- 
ber of occurrences in some unit of measure. 

Population. Gathering of al] items of interest for a particular decision 
or investigation. 

Predictive analytics. A component of business analytics that seeks 
to predict the future by examining historical data, detecting pat- 
terns or relationships in these data, and then extrapolating these 
relationships forward in time. 

Prescriptive analytics. A component of business analytics that uses 
optimization to identify the best alternatives to minimize or 
maximize some objective. 

Price elasticity. The ratio of the percentage change in demand to the 
percentage change in price. 

Pro forma income statement. A calculation of net income using the 
structure and formatting that accountants are used to. 

Probability. The likelihood that an outcome occurs. 

Probability density function. The distribution that characterizes out- 
comes of a continuous random variable. 

Probability distribution. The characterization of the possible values 
that a random variable may assume along with the probability of 
assuming these values. 

Probability mass function. The probability distribution of the dis- 
crete outcomes for a discrete random variable X. 

Problem solving. The activity associated with defining, analyzing, 
and solving a problem and selecting an appropriate solution that 
solves a problem. 

Process capability index. The value obtained by dividing the speci- 
fication range by the total variation; index used to evaluate the 
quality of the products and determine the requirement of process 
Improvements. 

Proportion. Formal statistical measure; key descriptive statistics 
for categorical data, such as defects or errors in quality control 
applications or consumer preferences in market research. 

Quartile. The value that breaks data into four parts. 

Radar chart. A chart that allows plotting of multiple dimensions of 
several data series. 

Random number. A number that is uniformly distributed between 0) 
and |. 


Random number seed. A value from which a stream of random 
numbers is generated. 

Random variable. A numerical description of the outcome of an 
experiment. 

Random variate. A value randomly generated from a specified prob- 
ability distribution. 

Range. The difference between the maximum value and the mini- 
mum value in the data set. 

Ratio data. Data that are continuous and have a natural zero. 

Reduced cost. A number that tells how much the objective coeffi- 
cient needs to be reduced for a nonnegative variable that is zero 
in the optimal solution to become positive. 

Requirements. Requirements involve the specification of minimum 
levels of performance. Example: Production must be sufficient 
to meet promised customer orders. 

Regression analysis. A tool for building mathematical and statistical 
models that characterize relationships between a dependent vari- 
able and one or more independent, or explanatory, variables, all 
of which are numerical. 

Relative address. Use of just the row and column label in the cell 
reference. 

Relative frequency. Expression of frequency as a fraction, or propor- 
tion, of the total. 

Relative frequency distribution. A tabular summary of the relative 
frequencies of all categories. 

Reliability. A term that refers to accuracy and consistency of data. 

Return to risk. The reciprocal of the coefficient of variation. 

R? (R-squared). A measure of the “fit” of the line to the data; the 
value of R? will be between 0 and 1. The larger the value of R?, 
the better the fit. 

Residuals. Observed errors which are the differences between the 
actual values and the estimated values of the dependent variable 
using the regression equation. 

Risk. The likelihood of an undesirable outcome; a condition associ- 
ated with the consequences and likelihood of what might happen. 

Risk analysis. An approach for developing a comprehensive under- 
standing and awareness of the risk associated with a particular 
variable of interest. 

Risk premium. The amount an individual is willing to forgo to avoid 
risk, and this indicates that the person is a risk-averse individual 
(relatively conservative). 

Risk profile. Risk profiles show the possible payoff values that can 
occur and their probabilities. Each decision strategy has an asso- 
ciated payoff distribution called a risk profile. 

Root mean square error (RMSE). The square root of mean square 
error (MSE). 

Sample. A subset of a population. 

Sample correlation coefficient. The value obtained by dividing the 
covariance of the two variables by the product of their sample 
standard deviations. 

Sample information. The information is a result of conducting some 
type of experiment, such as a market research study, or inter- 
viewing an expert. Sample information is always imperfect and 
comes at a cost. 

Sample proportion. An unbiased estimator of a population propor- 
tion where x is the number in the sample having the desired 
characteristic and n is the sample size. 

Sample space. The collection of all possible outcomes of an 
experiment. 

Sampling distribution of the mean. The means of all possible samples 
of a fixed size n from some population will form a distribution. 


Sampling plan. A description of the approach that is used to obtain 
samples from a population prior to any data collection activity. 

Sampling (statistical) error. This occurs for samples are only a sub- 
set of the total population. Sampling error is inherent in any 
sampling process, and although it can be minimized, it cannot 
be totally avoided. 

Scatter chart. A chart that shows the relationship between two 
variables. 

Scenarios. Sets of values that are saved and can be substituted auto- 
matically on a worksheet. 

Search algorithm. Solution procedure that generally finds good solu- 
tions without guarantees of finding the best one. 

Seasonal effect. Characteristic of a time series that repeats at fixed 
intervals of time, typically a year, month, week, or day. 

Sensitivity chart. A feature that allows determination of the influ- 
ence that each uncertain model input has individually on 
an output variable based on its correlation with the output 
variable. 

Shadow price. A number that tells how much the value of the objec- 
tive function will change as the right-hand side of a constraint is 
increased by 1. 

Single linkage clustering. The distance between two clusters is 
given by the value of the shortest link between the clusters. The 
distance between groups is defined as the distance between the 
closest pair of objects, where only pairs consisting of one object 
from each group are considered. 

Simple bounds. Simple bounds constrain the value of a single 
variable. Example: Problem statements such as no more than 
$10,000 may be invested in stock ABC. 

Simple exponential smoothing. An approach for short-range fore- 
casting that is a weighted average of the most recent forecast 
and actual] value. 

Simple moving average. A smoothing method based on the idea of 
averaging random fluctuations in the time series to identify the 
underlying direction in which the time series is changing. 

Simple random sampling. The plan involves selecting items from 
a population so that every subset of a given size has an equal 
chance of being selected. 

Significance of regression. A simple hypothesis test checks whether 
the regression coefficient is zero. 

Simple linear regression. A tool used to find a linear relationship 
between one independent variable, X, and one dependent vari- 
able, Y. 

Simulation and risk analysis. A methodology that relies on spread- 
sheet models and statistical analysis to examine the impact of 
uncertainty in the estimates and their potential interaction with 
one another on the output variable of interest. 

Skewness. Lacking symmetry of data. 

Slicers. A tool for drilling down to “slice” a PivotTable and display 
a subset of data. 

Smoothing constant. A value between 0 and | used to weight expo- 
nential smoothing forecasts. 

Sparklines. Graphics that summarize a row or column of data in a 
single cell. 

Spreadsheet engineering. Building spreadsheet models. 

Standard deviation. The square root of the variance. 

Standard error of the estimate, Syy. The variability of the observed 
Y-values from the predicted values. 

Standard residuals. Residuals divided by their standard deviation. 
Standard residuals describe how far each residual is from its 
mean in units of standard deviations. 
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Standard error of the mean. The standard deviation of the sampling 
distribution of the mean. 

Standard normal distribution. A normal distribution with mean 0 
and standard deviation |. 

Standardized value (z-score). A relative measure of the distance an 
observation is from the mean, which is independent of the units 
of measurement. 

States of nature. The outcomes associated with uncertain events are 
defined so that one and only one of them will occur. They may 
be quantitative or qualitative. 

Stationary time series. A time series that does not have trend, sea- 
sonal, or cyclical effects but is relatively constant and exhibits 
only random behavior. 

Statistic. A summary measure of data. 

Statistics. The science of uncertainty and the technology of extract- 
ing information from data; an important element of business, 
driven to a large extent by the massive growth of data. 

Statistical inference. The estimation of population parameters and 
hypothesis testing which involves drawing conclusions about 
the value of the parameters of one or more populations based on 
sample data, 

Statistical thinking. A philosophy of learning and action for improve- 
ment that is based on the principles that i) all work occurs in 
a system of interconnected processes, li) variation exists in all 
processes, and iii) better performance results from understand- 
ing and reducing variation. 

Stratified sampling. A plan that applies to populations that are 
divided into natural subsets (called strata) and allocates the 
appropriate proportion of samples to each stratum. 

Stochastic model. A prescriptive decision model in which some of 
the model input information is uncertain. 

Stock chart. A chart that allows plotting of stock prices, such as the 
daily high, low, and close. 

Support for the (association) rule. The number of transactions that 
include all items in the antecedent and consequent parts of the 
rule; shows probability that a randomly selected transaction 
from the database will contain all items in the antecedent and 
the consequent. 

Surface chart. A chart that shows 3-D data. 

Systematic (or periodic) sampling. A sampling plan that selects 
every nth item from the population. 

Tag cloud. A visualization of text that shows words that appears 
more frequently using larger fonts. 

t-Distribution. The f-distribution is actually a family of probabil- 
ity distributions with a shape similar to the standard normal 
distribution. 

Time series. A stream of historical data. 

Transportation problem. The problem involves determining how much 
to ship from a set of sources of supply (factories, warehouses, etc.) 
to a set of demand locations (warehouses, customers, etc.) at mini- 
mum cost. 

Trend. A gradual upward or downward movement of a time series 
over time. 

Trend chart. The single chart that shows the distributions of all out- 
put variables, when a simulation has multiple output variables 
that are related to one another. 

Tornado chart. A tool that graphically shows the impact that varia- 
tion in a model input has on some output while holding all other 
inputs constant. 

Type | error. The null hypothesis is actually true, but the hypothesis 
test incorrectly rejects it. 
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Type Il error. The null hypothesis is actually false, but the hypothesis 
test incorrectly fails to reject it. 

Two-tailed test of hypothesis. The rejection region occurs in both 
the upper and lower tail of the distribution 

Two-way data table. A data table that evaluates an output variable 
over a range of values for two different input variables. 

Unbounded solution. A solution that has the value of the objective 
to be increased or decreased without bound (i.e., to infinity for 
a maximization problem or negative infinity for a minimization 
problem) without violating any of the constraints. 

Uncertain function. A cell referred, by Analytic Solver Platform, for 
which prediction and creation of a distribution of output values 
from the model is carried out. 

Uncertain events. An event that occurs after a decision is made 
along with its possible outcome. 

Uncertainty. Imperfect knowledge of what will happen. 

Utility theory. An approach for assessing risk attitudes quantitatively. 

Uniform distribution. A function that characterizes a continuous ran- 
dom variable for which all outcomes between some minimum 
and maximum value are equal likely. 

Unimodal. Histograms with only one peak. 


Union. A composition of all outcomes that belongs to either of two 
events. 

Unique optimal solution. The exact single solution that will result in 
the maximum (or minimum) objective. 

Value of information. Represents the improvement in the expected 
return that can be achieved if the decision maker is able to 
acquire—before making a decision—additional information 
about the future event that will take place. 

Validity. An estimate of whether the data correctly measure what they 
are supposed to measure; a term that refers to how well a model 
represents reality. 

Variance. The average of the squared deviations of the observations 
from the mean; a common measure of dispersion. 

Verification. The process of ensuring that a model is accurate and 
free from logical errors. 

Visualization. The most useful component of business analytics that 
is truly unique. 

Ward’s hierarchical clustering. The clustering method uses a sum- 
of-squares criterion. 

What-if analysis. The analysis shows how specific combinations of 
inputs that reflect key assumptions will affect model outputs. 
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Business Conditions Digest, 356 
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Categorical data, 146 
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regression model with multiple levels 
of, 341-342 
regression with, 338-344 
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incorporating, in a regression-based 
forecasting model, 377 
regression forecasting with, 376-377 
Cause-and effect modeling 
correlation for, 401 
in data mining, 385-386, 400-401 
Centers for Disease Control, 38 
Central Carolina Bank and Trust 
Company, linear optimization 
in, 536-537 
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modeling, 430-432 

Central limit theorem, 256-257 
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Champy, James, 38 
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bar, 117 
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bubble, 123, 141 
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treemap, 136, 137 
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Chi-square distribution, 298 
Chi-square statistic, 236, 298 
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violations of assumptions, 300 
CHOOSE function, 89, 92, 104 
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30-31, 37, 130 
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in data mining, 385, 390-397 
discriminant analysis in, 396 
intuitive explanation of, 391-392 
k-nearest neighbors algorithm in, 
394-395 
measuring performance in, 392-393 
Classification matrix, 392, 393 
techniques in, 393-394 
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average group linkage clustering in, 388 


complete linkage clustering in, 388 

in data mining, 385, 386-390 
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in, 387 


normalizing distance measures in, 388 


single linkage clustering in, 388, 389 
Ward’s hierarchical clustering in, 
388-389 
Clustered column charts, 117 
Cluster sampling, 251 
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of determination, 323 
of kurtosis, 173 
of multiple determination, 330 
of skewness, 172 
of variation, 171, 234 
Cognos Express Reporter, 37 
Cognos Express Xcelerator, 37 
Color scales, 127 
data visualization with, 127-128 
Column charts, 117, 118 
Column headers, 63 
Column sparklines, 129 
Column widths, 63 
Combination charts, 124-125 
Combinations, 203—205 
Combo box, 95, 97 
Communication system, 36 
Complements, 207 
Complete linkage clustering, 388 
Concatenation, 72 
Conditional probability, 210 
Bayes’s rule in computing, 648-649 
computing in a cross-tabulation, 210 
formula for, 211 
in marketing, 210 
Confidence coefficient, 278 
Confidence intervals, 258-265 
creating a stock chart for, 264 
data visualization for comparing, 
264-265 
hypothesis tests and, 286 


interpreting, for regression coefficients 
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for the mean with known population 
standard deviation, 259-260 
in predicting election returns, 264 
for a proportion, 261-263 
for regression coefficients, 325-326 
sample size and, 266-267 
CONFIDENCE.NORM function, 268 
Confidence of the association rule, 399 
CONFIDENCE.T function, 268 
Constraints, 50, 499 
auxiliary variables for bound, 
606-607 
balance, 501 
graphing in Sklenka Ski Company, 508 
interpreting sensitivity information for, 
598-599 
limitations, 500 
in linear optimization, 500-502 
modeling, 501 
proportional, 501 
requirements, 501 
simple bounds, 500 
Contingency tables, 158 
Continuous metrics, 146 
Continuous probability distributions, 
224-233 
Convenience sampling, 249 
Corner points, 508 
Correlation(s), 181-184, 385 
for cause-and-effect modeling, 401 
in exploring associations, 399-400 
multicollinearity and, 336-337 
Correlation analysis, 400 
in cause-and-effect modeling, 386 
Correlation coefficients, 181 
negative, 182 
positive, 182 
sample, 182 
Correlation tool, Excel, 183-184 
CORREL function, 192 
Costs 
evaluating increases in, 620 
nonzero reduced, 598 
reduced, 596-597 
total, decision model, 407-408 
COUNT function, 57, 64, 503 
COUNTIF function, 57, 64, 66, 67, 192 
Covariance, 180-181 
COVARIANCE function, 180, 192 
Crebo Manufacturing, 513 
solving model, 513 
Critical values, finding, 280-281, 282 
Cross-tabulations, 158-160, 186 
Crude oil, predicting prices of, 315 
Cumulative distribution function, 215-216 
Cumulative relative frequency, 154 
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distribution, 154 
Currency conversion, using Paste Special, 71 
Curvilinear regression model, 343-344 
beverage sales using, 344 
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analytics in, 32 
Cut-of value, 396 
Cutting-stock problem, 555-556 
Solver model for, 557 
Cyclical effects, 357 
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interval, 146-147 
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Data bars, 126-127 
data visualization with, 127 
Database(s), 77 
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Database analytics, 75—103 
data queries in, 79-86 
data sets and databases in, 77-79 
Excel template design in, 92-97 
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lookup functions for database queries 
in, 89-92 
PivotTables in, 98-103 
Database functions, 84-85 
for database queries, 89-92 
Data elements, classifying, 147 
Data labels, 118-119 
Data management, 36 
Data mining, 35, 383-402 
association in, 385, 398-400 
business applications of, 402 
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cause-and effect modeling in, 385-386, 
400-401 
classification in, 385, 390-397 
cluster analysis in, 385, 386-390 
correlations in, 399-400, 401 
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discriminant analysis in, 396-397 
k-nearest neighbors in, 394-395 
Pivot tables in, 385 
scope of, 384-386 
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Data modeling, 233-237 
value of, in advertising, 237 
Data queries, 79-85 
Data segmentation, 386. See also Cluster 
analysis 
Data set, 77 
Data summarization, 384 
Data tables, 119 
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simulation, 464 
ion prescriptive spreadsheet modeling, 
434-437 
Data validation, 414-415 
ISNUMBER function for, 94 
in spreadsheet modeling, 414-415 
tools for, 93-95 
Data veracity, 44 
Data visualization, 36—37, 113-132, 384 
chart creation and, 116-126 
color scales in, 127-128 
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264-265 
dashboards in, 130-131 
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descriptive analytics and, 114-115 
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Tableau in, 139-141 
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Investments, 636-637 
with sample information, 647 
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Decision analysis, 631-655 
decision strategies 
with outcome probabilities, 638-639 
without outcome probabilities in, 
634-637 
decision trees in, 640-645 
in drug development, 654—655 
formulating decision problems in, 633 
utility and decision making in, 649-654 
value of information in, 646-649 
Decision making, 55, 632 
confidence intervals for, 263-265 
expected value in, 217 
utility and, 649-654 
Decision models, 45-48 
historical data in building, 409-410 
influence diagrams in developing, 
408-409 
outsourcing, 48 
types of input for, 46 
Decision options, 46 
Decision problems, 633 
decision alternatives in, 633 
outcomes in, 633 
uncertain events in, 633 
Decision strategies, 642 
for a maximize objective, 636 
with outcome probabilities, 638-639 
without outcome probabilities in, 
634-637 
Decision support systems (DSS), 36 
Decision trees, 640-645 
analyzing, 642 
branches on, 640 
creating, 640 
nodes on, 640 
risk and, 642-645 
sensitivity analysis in, 645 
Decision variables, 46, 497, 498 
interpreting sensitivity information for, 
596-597 
Degeneracy, 601 
Degrees of freedom, 260 
Delphi method, 355-356 
Deming, W. Edwards, 312 
Dendogram, 390 
Descriptive analytics, 39-40, 503 
data mining tools in, 384-385 
data visualization and, 114-115 
purpose of, 385 
use of, 41, 42 
Descriptive spreadsheet models, 416-423 
overbooking decisions in, 420-421 
retail markdown decisions in, 421-422 
single-period purchase decisions in, 
418-419 


staffing models in, 417-418 
Descriptive statistics, 143-191, 199-200. 
See also Statistics 
in analyzing survey data, 186-187 
box-and-whisker chart in, 199-200 
in business decisions, 182—190 
for categorical data, 177-178 
cross-tabulations in, 158-160 
for frequency distributions, 175-177 
frequency distributions and histograms 
in, 148-156 
in health care, 145 
measures in, 160-175 
measures of association in, 179-184 
metrics and data classification in, 
146-147 
outliers in, 184-186 
percentiles and quartiles in, 157-158 
in PivotTables, 178-179 
Descriptive statistics tool, Excel, 174 
Deterministic model, 53 
Diagrams, tree, 204 
Discounting cash flow, 65 
Discount rate, 65 
Discrete metric, 146 
Discrete probability distributions, 
215-224, 457-458 
Discrete random variable 
expected value of, 217 
variance of, 219 
Discrete uniform distribution, 226, 459 
Discriminant analysis in classification, 
396 
Discriminant scores, 396 
Dispersion, 165 
measures of, 164, 165-168 
interquartile, 165 
range, 165 
standard deviation, 166-168 
variance, 165-166 
Distance, Euclidean, 387, 431 
Distribution(s) 
Bernoulli, 219-220 
binomial, 220-221 
chi-square, 298 
continuous probability, 224-233 
discrete probability, 215-224, 
457-458 
discrete uniform, 226 
empirical, 235 
exponential, 231-232, 459 
normal, 227-229, 459 
Poisson, 221-223, 231 
probability, random sampling from, 
455-457 
sampling, 256-257 


sampling techniques in improving, 
251-252 
standard normal, 229-230 
t-, 260-261 
triangular, 232-233, 453, 461-462 
uniform, 225-227, 453-454, 458-459 
Distribution fitting, 233-237 
Divisive clustering methods, 386-387 
Double exponential smoothing, 366-367 
Double-subscription variables, 527 
Drucker, Peter, 53 
Drug development, using decision 
analysis in, 654-655 
DSUM function, 85, 104 
Dummy variables, 338-339 
Durbin-Watson statistic, 328 
Dynamic systems simulation, 475-479 
in agricultural product development, 
480 
car washes in, 479 
waiting lines in, 475, 477-479 


E 
Economic indicators, 356 
80-20 rule, 80 
Empirical data, 77 
Empirical distribution, testing for 
normality of, 235 
Empirical probability distribution, 213 
Empirical rules, 168, 184 
in estimating sampling error, 255 
in measuring the capability of a 
manufacturing process, 169-170 
Entities, 77 
Error metrics, 361 
in comparing moving average forecasts, 
363 
Errors 
of the estimate, 324 
independence of, 328, 329 
of the mean, 256 
mean absolute percentage, 362, 363 
mean square, 362, 363 
normality of, 328, 329 
in point estimation, 253 
potential, in hypothesis testing, 
278-279 
root mean square, 362, 363 
sampling, 253, 254 
spreadsheet, 412-413 
standard, 324 
Type I, 278, 280 
Type II, 278, 279 
Error values, 72 
Estimates, interval, 257-263 
Estimation, 252 


Estimators, 252 
Euclidean distance, 387, 431 
Events, 207 
applying probability rules to joint, 209 
computing probability of, 207 
independent, 212 
mutually exclusive, 207 
union of two, 207 
Excel 
basic functions, 64-65 
basic skills, 61-72 
conditional formatting rules, 126 
copying formulas, 63 
date and time functions in, 67-68 
error values in, 72 
formulas and addressing, 62-63 
functions for specific applications, 
65-72 
generating random variate using 
functions, 457-462 
Monte Carlo simulation in, 463-475 
price-demand models in, 62—63 
simple linear regression with, 322—324 
sorting data in, 80-81 
statistical analysis in, 145 
tips in, 63 
for what-if analysis, 434 
Excel for Mac, 39 
Excel for Windows, 39 
Excel table, creating, 80 
Excel templates, 92 
Excess kurtosis, 173 
Expected opportunity loss, 646 
Expected value, 217 
computing, 217 
in decision making, 217 
of discrete random variables, 216 
of perfect information, 646 
of sample information, 647 
Expected value strategy, 638 
mortgage decision with the, 638-639 
Experimental utility function, using, 654 
Experiments, 203 
outcomes of, 203 
EXPON.DIST function, 238 
Exponential data, 234, 453 
Exponential distribution, 231-232, 459 
Exponential functions, 313 
Exponential smoothing, 358 
double, 366-367 
in forecasting Table Computer Sales, 
364 
models for, 363-364 


Exponential smoothing tool, Excel, 364-365 


Exponential utility functions, 653-654 
using, 654 


F 
Facebook, 44 
Factor, 295 
F-distribution, 293, 295 
Feasibility Report, 520 
Feasible region, 507, 510 
Fields, 77 
Filtering data, 82-84 
Financial problems, applying statistical 
thinking in detecting, 190-191 
Forecast accuracy, 361 
Forecasting, 317, 353-379, 377-379 
call-center demand at L.L. Bean, 354 
models for stationary time series, 
359-365 
models for time series with a linear 
trend, 366-369 
moving average, 359-360 
at NBCUniversal, 378-379 
qualitative and judgmental, 355-356 
statistical models of, 357-358 
time series with seasonality, 369-376 
trendlines in, 368 
Form controls, 95-97 
Formulas 
combinations, 205 
for conditional probability, 211 
displaying in worksheets, 63 
permutations, 205 
Fraud detection, 44 
Frequency distributions, 148-150, 186 
for categorical data, 148-149 
cumulative, 154 
descriptive statistics for, 175-177 
grouped, 151-154 
for numerical data, 150 
PivotTables in constructing, 155 
relative, 149-150 
FREQUENCY function, 465 
F-statistic, 295 
F-test for equality of variances, 293-294 


G 

Gap, Inc., 418 

Gasoline sales, forecasting, using simple 
linear regression, 376-377 

Gasoline usage model, 47 

General Appliance Corporation, 527-529 

General integer variables, 552 

models with, 553-556 

Geographic data, 126 

Geographic information system (GIS) 
mapping program, 45 

Goal seek in spreadsheet modeling and 
analysis, 438-440 

Goodness of fit, 235 
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chi-square test, 236 
Google Sheets, 39 
Grid lines, displaying, 63 
Gross’s model, 237 
Group box, 95 
Grouped frequency distributions, 

151-154 
constructing using PivotTables, 155-156 


H 
Hahn Engineering, 561-562 
Hammer, Michael, 38 
Health care 
business analytics in, 33 
statistics in, 145 
Hewlett-Packard, 37 
analytical tools at, 56 
Hierarchical clustering, 386 
Hierarchy charts, 136-138 
Histogram chart, 199 
Histograms, 148, 184, 186, 234 
bimodal, 172 
unimodal, 172 
Histogram tool, Excel, 150-151, 154 
Historical analogy, 355 
Historical data, 453 
in building a decision model, 409-410 
History Colorado Center, 31 
HLOOKUP function, 89, 90, 104 
Holt-Winters models 
additive seasonality model with no 
trend, 371-372 
additive seasonality model with trend, 
373-374 
multiplicative seasonality model with 
no trend, 371, 372 
multiplicative seasonality model with 
trend, 374-375 
Home lending and mortgage industry, 
analytics in, 41 
Homoscedasticity, 328, 329 
Hotel overbooking model, 420, 636 
Hotel pricing model, interpreting Solver 
reports for, 601-602 
Hypo International, 38 
Hypothesis, 276 
alternative, 276, 277 
null, 276, 277 
Hypothesis testing 
legal analogy for, 277 
potential errors in, 278-279 
for regression coefficients, 325 
in statistical inference, 276-277, 301 
one-sample, 277—287 
two-sample, 287-294 
for supplier lead-time performance, 290 
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IBM, 30, 33-34, 37, 44 
Cognos system of, 36-37, 131-132 
reorganization of consulting business, 31 
Icon sets, 128 
data visualization with customized, 128 
IF function, 65, 87-88, 104, 503 
Independence 
chi-square tests for, 297-300 
of errors, 328, 329 
Independent events, 212 
multiplication law for, 212 
Indexes, 356 
INDEX function, 89, 90, 91, 92, 104 
Indicators, 356 
economic, 356 
lagging, 356 
leading, 356 
Infeasibility, 517-518 
dealing with, 520-521 
Influence diagrams, in developing a 
decision model, 408-409 
Information, 42 
decisions with sample, 647 
expected value of perfect, 646 
expected value of sample, 647 
perfect, 646 
sensitivity 
correct use of, 618-621 
interpreting 
for constraints, 598-599 
for decision variables, 
596-597 
using, to evaluate scenarios, 600-601 
value of, 646-649 
Information systems (IS), 35 
INFORMS, 35 
Innis Investments, 523, 632 
risk-reward trade-off decision for, 636-637 
Solver model for, 525 
Insert function, 66-67 
Institute for Operations Research, 35 
Integer linear optimization models, 
494-495, 552-561 
alternative optimal solutions in, 559-561 
models with general integer variables 
in, 553-556 
workforce-scheduling models in, 556-559 
Integer optimization models, what-if- 
analysis for, 609-611 
Integer program, 494-495. See Integer 
linear optimization model 
Intelligence 
business, 35 
Interactions, 339 
in regression models, 340 


Interactive risk simulators, linear regression 
and, in predicting performance at 
Aramark, 332-333 
INTERCEPT function, 322, 345 
Interquartile range, 165 
Interval data, 146-147 
Interval estimates, 257—263 
confidence intervals in, 258-265 
t-distributions in, 260-261 
Intervals. See Confidence intervals; 
Prediction intervals 
INT function, 503 
IP model. See Integer linear optimization 
model 
ISNUMBER function, for Data validation, 
94 
Item description, filtering records by, 82-83 
Item sets, 398 


J 

J & M Manufacturing, 603-606 

Job sequencing, in prescriptive 
spreadsheets, 432-433 

Johnson Controls, Inc., 386 

Joint events, applying probability rules 
to, 209 

Joint probability, 208 

Joint probability table, 209 

Judgmental forecasting. See Qualitative 
and judgmental forecasting 

Judgment sampling, 249 


K 

Key performance indicators (KPIs), 130 

K&L Designs, 529-530 
alternative optimization model for, 531 
alternative spreadsheet model for, 532 
Solver model for, 532, 534 
spreadsheet model and optimal solution 

for, 531 

k-means clustering, 386 

k-nearest neighbors algorithm, 394-395 

Kroger, 44 

kth percentiles, 157 

KURT function, 192 

Kurtosis, 173 


L 

Lagging indicators, 356 

Lagging measures, 400 

Language multipliers, 601 

Leading economic indicators, index of, 354 
Leading indicators, 356 

Leading measures, 400 

Lead times, computing, 68 

Least-squares regression, 320-322 


Level of confidence, 258 
Level of significance, 278 
Lift, 399 
Limitations in linear optimization, 500 
Linear demand predication model, 51 
Linear functions, 313 
Linearity, 327, 329 
Linear optimization, 493-537 
applications of, 519-536 
alternative models in, 531-536 
blending models, 519 
dealing with in feasibility, 520-521 
multiperiod production planning 
models in, 529-531 
portfolio investment models in, 
521-523 
scaling issues in using Solver in, 
523-526 
transportation problem in, 526-529 
in bank financial planning, 536-537 
models in, 494—497 
constraints in, 497, 500-502 
decision variables in, 497, 498 
Excel functions to avoid in, 503 
generic examples of, 495 
implementing on spreadsheets, 
502-503 
mathematical, 498-500 
objective function in, 497, 498 
solving, 504-512 
Linear program. See Linear optimization 
model 
Linear program relaxation, 553 
Linear regression. See also Simple linear 
regression 
interactive risk simulators and, in 
predict performance at Aramark, 
332-333 
multiple, 329-333 
simple, 317-326 
Line charts, 119-120 
Line sparklines, 129 
List box, 95 
Little Investment Advisors, 525-526 
L.L.Bean, forecasting call-center demand 
at, 354 
Local optimum solution, 572 
Location 
business analytics in, 32 
measures of, 161-164 
arithmetic mean, 161-162 
in business decisions, 163-164 
median, 162-163 
midrange, 163 
mode, 163 
Lockheed Martin Space Systems, 38 


Logarithmic functions, 313 
Logical constraints 
adding to project selection model, 563 
binary variables in modeling, 562 
Logical functions, 87-89 
Lookup functions for database queries, 
89-92 
LP model. See Linear optimization model 
Luhn, Hans Peter, 35 


M 


Management science, 35 
Manufacturing process, empirical rules in 
measuring capability of, 169-170 
Marginal probability, 208 
Mantel Manufacturing, 476 
Market basket analysis, 398 
Marketing, conditional probability in, 210 
Markowitz portfolio model, 571-573 
Solver model for, 573 
Marquis Hotel, 569-570 
MATCH function, 89, 90, 91, 92, 104, 
394-395, 403, 479 
Mathematical model in linear 
optimization, 498-500 
MAX function, 57, 64, 503 
Maximize objective, decision strategies 
for a, 636 
MAX function, 478 
Maximax strategy, 636 
Mean(s), 161-162, 234 
sample size determination for a, 267 
sampling distribution of the, 256-257 
two-sample tests for, with paired 
samples, 290-291 
two-sample tests for differences in, 
288-290 
two-tailed test of hypothesis for the, 
282-283 
Mean absolute deviation (MAD), 361, 363 
Mean absolute percentage error (MAPE), 
362, 363 
Mean square error (MSE), 362, 363 
Measures, 146 
of association, 179-184 
correlation in, 181-184 
covariance in, 180-181 
of dispersion, 164, 165-168 
interquartile, 165 
range, 165 
standard deviation, 166-168 
variance, 165-166 
of location, 161-164 
arithmetic mean, 161-162 
in business decisions, 163-164 
median, 162-163 


midrange, 163 
mode, 163 
of shape, 172-173 
Median, 162-163, 234 
MEDIAN function, 192 
Medical laboratory, location model for, 
431432 
Merchandising, business analytics in, 32 
Metrics, 146 
continuous, 146 
discrete, 146 
error, 361 
Microsoft Access, 76 
Microsoft Excel, 32. See also Excel 
Midrange, 163 
Midspread, 165 
MIN function, 57, 64, 503 
Minimax regret strategy, 635 
Minimin strategy, 634, 636 
Minimize objective, decision strategies 
for a, 634 
Minitab, 32, 38 
MODE function, 192 
Modeling, 35, 163 
Models, 45-53 
assumptions, 51 
autoregressive, 368 
with binary variables, 561-566 
blending, 519 
with bounded variables, 603-608 
decision, 45-48 
defined, 45 
forecasting, for stationary time series, 
359-365 
forms of, 46 
integer linear organization, 552-561 
management of, 36 
multiperiod financial planning, 534-535 
multiperiod production planning, 529-530 
nonlinear optimization, 567-573 
portfolio investment, 521-522 
predictive, 49-50 
prescriptive, 50-51 
regression, 334-338 
regression-based seasonal forecasting, 369 
statistical forecasting, 357-358 
transportation, 526-527 
what-if analysis 
for integer optimization models, 
609-611 
for optimization, 594-602 
workforce-scheduling, 556 
MODE.MULT function, 192 
MODE.SINGL function, 192 
Monte Carlo simulation, 453-454, 632 
defined, 453 
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evaluating capital budgeting projects 
with, 460 
implementing large-scale spreadsheet 
models in, 474-475 
new-product development in, 466-468 
overbooking decisions in, 472 
profit models in, 463-465 
project management in, 472-474 
retirement planning in, 468-469 
single-period purchase decisions in, 
469-472 
MONTH function, 68 
Moore Pharmaceuticals 
new-product development simulation 
at, 466-467 
research and development model for, 642 
risk analysis at, 467 
Mortgage decision 
evaluating risk in the, 639 
with the expected value strategy, 
638-639 
with the opportunity-loss strategy, 635 
Mortgage instrument, selecting a, 633 
Mortgage selection decision, finding 
expected value of perfect 
information for, 646 
Moving average forecasting, 358, 359-360 
error metrics in comparing, 363 
Moving Average Tool, Excel, 361 
Mueller, 132 
Multicollinearity 
correlation and, 336-337 
identifying potential, 337 
Multiperiod financial planning models, 
534-535 
Multiperiod production planning models, 
529-530 
Multiple correlation coefficients, 330 
Multiple linear regression, 329-333 
Multiple R, 330 
Multiple regression, 317 
Multiplication law 
for independent events, 211-212 
of probability, 211-212 
Mutually exclusive events, 207 
probability of, 208 


N 
National Broadcasting Company (NBC) 
forecasting at, 378-379 
optimization models for sales planning 
at, 496-497 
Natural gas usage, regression-based 
forecasting for, 369-370 
Nestlé, spreadsheet modeling and analysis 
at, 407 
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Netflix, 160, 385 
Net income, modeling, on spreadsheets, 
412, 413 
Net present value (NPV), 65 
New England Patriots, 32 
New product development 
in Monte Carlo simulation, 466-468 
New product development in predictive 
spreadsheet models, 423-424 
Newsvendor problem, 419 
New York City Police Department, data 
visualization for the domain 
awareness system in, 116 
Nike, 126 
NLP model. See Nonlinear optimization 
model 
Nodes 
on decision trees, 640 
in influence diagrams, 408 
Nominal data, 146 
Nonlinear demand prediction model, 52 
Nonlinear optimization 
models in, 495, 567-573 
hotel pricing model as, 569-570 
interpreting Solver reports for, 601 
pricing decision model as, 567—568 
quadratic optimization and, 571-572 
at Prudential Securities, 573 
Nonlinear terms, regression models with, 
343-344 
Non mutually exclusive events, 
probability of, 208 
Nonparametric tests, 297 
Nonsampling errors, 253 
Nonzero reduced costs, 598 
Normal distributions, 227-229, 459 
Normality 
chi-square tests for, 297-300 
of errors, 328, 329 
Normalizing distance measures, 388 
NORM.DIST function, 228, 238 
NORM.LINV function, 228-229, 238, 459, 
481 
NORM.S.DIST function, 238 
NORM.S.INV function, 268, 302, 459, 481 
Notation, statistical, 161 
NOW function, 68 
NPV function, 57, 66 
Null hypothesis, 276, 277 
Numerical data, frequency distributions 
for, 150 


O 
Objettive function, 50 
modeling, 499 
Observed significance level, 284-285 


Oitice 393459 
Ogive, 154 
Oil, predicting price of, 315, 355 
Omer, Talha, 384 
1-800-Flowers.com, 33 
One-sample tests 
for hypothesis, 277-286 
for proportions, 285-286 
One-tailed tests of hypothesis, 281 
One-way data tables, 434, 436, 437 
Operations research, 35 
Operations Research/Management 
Science (OR/MS), 35, 36 
Opportunity-loss strategy, 635 
mortgage decision with the, 635 
Optimal solution, 50, 510, 511, 512 
alternative, 515 
unique, 515 
Optimization, 35, 50 
defined, 494 
integer linear models, 553-561 
nonlinear models, 567-573 
quadratic, 571-572 
supply chain, 563-565, 567 
Optimization analytics, 593-621 
models with bounded variables in, 603-608 
sensitivity information in, 618-621 
interpreting for decision variables, 
596--597 
Solver sensitivity reports in, 595-596 
visualization of Solver reports in, 611-618 
what-if analysis for models in, 594-602 
integer optimization models in, 609-61 1 
Option button, 95 
Orbit charts, 122-123 
Ordinal data, 146 
OR function, 87, 104 
Outcome probabilities 
in decision strategies, 634-639 
Outcomes 
of experiments, 203 
in payoffs in, 633 
Outliers, 162, 184-186, 326-327 
Overbooking 
hotel, 420, 636 
in Monte Carlo simulation, 472 
in spreadsheet modeling, 420-421 
at a student health clinic, 421 
Overfitting, 338 


Pp 

Paired samples, two-sample test for means 
with, 290-291 

Pareto, Vilfredo, 81 

Pareto analysis, 81 

Pareto principle, 81 


Parsimony, 338 
Partial regression coefficients, 330 
Paste Special, 71 
currency conversion using, 71 
Paul & Giovanni Foods, 565-566 
Payoff table, 633 
Pearson product moment correlation 
coefficient, 181 
People analytics, 33 
PERCENTILE function, 192 
Percentiles, 157 
computing, 157 
Ath, 157 
Periodic sampling, 250 
Permutations, 203—205, 433 
Personal investment decisions, 650 
constructing utility function for, 650-653 
Phoenix Suns, 32 
Pie charts, 120-121 
PivotCharts, 138-139 
PivotTables, 98-103, 186, 299, 378, 385 
charts from, 125—126 
constructing a grouped frequency 
distribution using, 155-156 
constructing frequency distributions 
using, 155 
creating, 98, 100 
customization of, 100-103 
statistics in, 178-179 
Point Defiance Zoo, 31 
Point estimation, 252 
errors in, 253 
POISSON.DIST function, 238 
Poisson distribution, 221—223, 231 
for modeling bids on Priceline, 223 
Polynomial functions, 313 
Population, 160 
Population frame, 248, 249 
Population mean, drawing conclusion 
about, using a confidence 
interval, 263 
Population parameters, estimating, 252-255 
errors in point estimation in, 253 
sampling error in, 254-255 
unbiased estimators in, 252—253 
Population variance, 252-253 
Portfolio allocation 
in prescriptive spreadsheets, 429-430 
in spreadsheet modeling, 429-430 
Portfolio investment models, 521-523 
Portfolio management, evaluating risk 
versus reward in, 595 
Power functions, 313 
Power of the test, 279 
Prediction, regression models in making, 319 
Prediction intervals, 265 


Predictive analytical models, 
mathematical functions in, 313 
Predictive analytics, 40, 503 
use of, 41, 42 
Predictive models, 49-50 
Predictive spreadsheet models, 423-424 
new product development in, 423-424 
project management in, 426-428 
retirement planning in, 426 
Predictive trendlines models at Procter & 
Gamble, 317 
Prescriptive analytics, 40, 494, 503 
use of, 41, 42 
Prescriptive models, 50-51 
Prescriptive simulation model for single- 
period purchase decisions, 
47071 
Prescriptive spreadsheet models, 429-433 
job sequencing in, 432-433 
locating central facilities in, 430-432 
portfolio allocation in, 429-430 
Price-demand function, modeling, 314 
Priceline, Poisson distribution for 
modeling bids on, 223 
Pricing 
business analytics in, 32 
prescriptive model for, 50 
Probabilistic sampling, 249 
Probabilities 
break-even, 651 
combinations and permutations in, 
203-205 
conditional, 210-211 
computing in a cross-tabulation, 210 
conditional, applying Bayes’s rule to 
compute, 648-649 
continuous distributions, 224-233 
defined, 203, 205-206 
experiments and sample spaces in, 203 
joint, 208, 209 
marginal, 208 
multiplication law of, 211-212 
of mutually exclusive events, 208 
of non mutually exclusive events, 208 
relative frequency definition of, 204 
rules and formulas for, 207—208 
subjective definition of, 204 
Probability density functions, 224 
properties of, 224-225 
Probability distribution, 213 
empirical, 213 
subjective, 214 
of uncertain variables, 654-655 
Probability distributions, random 
sampling from, 455-457 
Probability interval, 257-258 


Probability mass function, 215 
Problem solving, 54-55 
analyzing the problem, 55 
defining the problem, 54-55 
implementing the solution, 55 
interpreting results and making a 
decision, 55 
recognizing a problem, 54 
structuring the problem, 55 
Process capability index, 169 
Procter & Gamble, 32, 37, 126 
predictive trendlines models at, 317 
spreadsheet engineering at, 416 
supply chain optimization at, 567 
Profit models 
in Monte Carlo simulation, 463-465 
spreadsheet implementation of the, 
411-412 
two-way data table for, 437 
Pro forma income statements, 412, 413 
Program Evaluation and Review 
technique (PERT), 473 
Project management 
in Monte Carlo simulation, 472-474 
in spreadsheet modeling, 426-428 
Proportion(s), 177-178, 186 
confidence interval for, 261—263 
one-sample tests for, 285-286 
sample, 262 
sample size determination for a, 267 
Proportional relationships, in linear 
optimization, 501 
Prototyping, 56 
Prudential Securities, nonlinear 
optimization at, 573 
p-values, 284-285, 335 


Q 

Qlik View, 116 

Quadratic optimization, 571-572 

Qualitative and judgmental forecasting, 
355-356 

Quantity discounts, calculating price of, 88 

QUARTILE function, 192 

Quartiles, 157—158 

Queues, 475 


R 
R? (R-squared), 314, 316, 323, 330 
adjusted, 314 

Radar charts, 125 

RANDBETWEEN function, 476, 481 

RAND function, 455, 458-459, 
461, 481 

Random Number Generation Tool, Excel, 
456-457 
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Random numbers, 455 
Random number seed, 455-457 
Random sampling, from probability 
distributions, 455-457 
Random variables, 213 
continuous, 213 
discrete, 213 
generating with Excel functions, 
457-462 
Random variate, 455 
generating using Excel functions, 
457-462 
modeling uncertainty with a uniform, 
459 
Range, 165 
filling with series of numbers, 63 
Range names, 68—70 
creating in Excel, 68-70 
in databases, 78 
Ratio data, 147 
Rectilinear distance, 431 
Reduced costs, 596 
nonzero, 598 
Reduced gradient, 601 
Regression 
as analysis of variance, 324 
with categorical independent variables, 
338-344 
in cause-and-effect modeling, 386 
least-squares, 320-322 
multiple, 317 
significance of, 324 
simple, 317 
Regression analysis, 312, 313, 358, 378, 
879 
defined, 317 
Regression assumptions, residual analysis 
and, 326-329 
Regression-based forecasting 
incorporating causal variables in, 377 
for natural gas usage, 369-370 
seasonal models, 369 
for time series with a linear trend, 368 
Regression coefficients 
confidence intervals for, 325-326 
interpreting confidence intervals for, 326 
interpreting hypothesis tests for, 325 
Regression forecasting, with causal 
variables, 376-377 
Regression line, finding the best-fitting, 
gle 
Regression models 
building good, 334-338 
curvilinear, 343-344 e 
identifying the best, 335 
interaction terms in, 340 


702 


Index 


Regression models (continued) 
with multiple levels of categorical 
variables, 341-342 
with nonlinear terms, 343-344 
practical issues in, 338 
for prediction, 319 
Regression statistics, interpreting, for 
simple linear regression, 324 
Regression tool, Excel, 326 
Relative address, 62 
Relative frequency, 149 
Relative frequency definition of 
probability, 204 
Relative frequency distributions, 149-150 
Reliability, 45 
Requirements in linear optimization, 501 
Residual analysis, regression assumptions 
and, 326-329 
Residuals, 321 
interpreting output, 327 
standard, 326 
Response time, what-if analysis for, 611 
Retail markdown decisions, 42 
in spreadsheet modeling, 421—422 
Retirement planning, 452 
in Monte Carlo simulation, 468-469 
in predictive spreadsheet models, 426 
in spreadsheet modeling, 426 
Return to risk, 171 
Reward, evaluating risk in portfolio 
management, 595 
Risk, 53 
decision trees and, 642-645 
defined, 452 
evaluating, in the mortgage decision, 639 
evaluating versus reward in portfolio 
management, 595 
Risk analysis. See also Simulation and 
risk analysis 
defined, 452 
Risk-averse utility function, 652 
Risk premium, 651 
Risk profiles, 645 
constructing, 645 
Risk-reward trade-off decision, for Innis 
Investments, 636-637 
Root mean square error (RMSE), 362, 363 
ROUND function, 472, 503 
Row headers, 63 
Row widths, 63 


S 

Sales planning, optimization models for, 
496-497 

Sample correlation coefficient, 182 

Sample proportions, 262 


Samples, 160-161 
variability in, 188-190 
Sample size 
confidence intervals and, 266-267 
determination for a proportion, 267 
determination for the mean, 267 
Sample space, 203 
Sampling, 248 
cluster, 251 
from a continuous process, 251 
convenience, 249 
judgment, 249 
methods for, 249-252 
periodic, 250 
probabilistic, 249 
random, from probability distributions, 
455-457 
simple random, 249 
statistical, 248-251 
stratified, 250-251 
stratified random, 252 
systematic, 250 
Sampling distributions, 256—257 
Sampling errors, 253, 254 
using empirical rules in estimating, 255 
Sampling plan, 248-249 
Sarbanes-Oxley Act (2002), 190 
SAS, 32, 34, 37, 38 
SAS Analytics, 37 
SAS Visual Analytics, 116 
Scaling issues, in using Solver, 523-526 
Scatter charts, 122 
Scenario Manager tool, Excel, 437-438, 
439 
Scenarios, 437-438 
sensitivity information in evaluating, 
600-601 
Schlumberger, 301 
Scroll bar, 95 
Search algorithms, 51 
Seasonal effects, 357 
Seasonality, forecasting time series with, 
369-376 
Sensitivity analysis 
for airline revenue management 
decision, 645 
in decision trees, 645 
Sensitivity information 
correct use of, 618-621 
in evaluating scenarios, 600-601 
interpreting 
for constraints, 598-599 
for decision variables, 596-597 
Shadow prices, 598, 599-600, 617 
Shape, measures of, 172-173 
Significance of regression, 324 


Simple bounds, 500 
Simple exponential smoothing, 363 
Simple linear regression, 317-326. See 
also Linear regression 
confidence intervals for regression 
coefficients in, 325-326 
with Excel, 322-324 
finding best-fitting regression line in, 
319 
finding least-square coefficients in, 322 
forecasting gasoline sales using, 
376-377 
interpreting regression statistics for, 324 
interpreting significance of regression 
in, 324 
least-squares regression in, 320-322 
regression as analysis of variance in, 
324 
regression models for prediction in, 319 
testing hypotheses for regression 
coefficients in, 325 
Simple moving average, 359 
Simple random sampling, 249 
Simple regression, 317 
Simplex method, 513 
Simulation and risk analysis, 35, 451480 
binomial distributions in, 461 
car wash simulation in, 479 
data tables in, 464 
discrete probability distributions in, 
457-458 
dynamic systems simulation in, 475-479 
exponential distributions in, 459 
generating random variates using Excel 
functions in, 457-462 
implementing large-scale Monte Carlo 
spreadsheet models in, 474-475 
Monte Carlo simulation in, 453-454, 
463-475 
new-product development in, 466-468 
normal distributions in, 459-460 
overbooking decisions in, 472 
production/inventory simulation in, 476 
profit model simulation in, 463-465 
project management in, 472-474 
random sampling from probability 
distributions in, 455-457 
retirement planning in, 468-469 
simulating waiting lines in, 477-479 
single-period purchase decisions in, 
469-472 
systems simulation for agricultural 
product development, 480 
triangular distributions in, 461-462 
uniform distributions in, 458-459 
Single linkage clustering, 388, 389 


Single-period purchase decisions, 
418-419 
in Monte Carlo simulation, 469-472 
prescriptive simulation model for, 
470-471 
in spreadsheet modeling, 418-419 
Single sourcing policy, 564 
SKEW function, 192 
Skewness, 172 
Sklenka Ski Company, 498, 553 
feasible integer solution for, 554 
graphing constraints for, 508 
identifying feasible region at, 510-511 
identifying model components in, 
498-499 
identifying optimal solution, 510-512 
interpreting Solver Answer Report, 
506-507 
modeling constraints in, 500 
modeling objective function in, 599 
optimal integer solution for, 554, 555 
spreadsheet model for, 502-503 
using Solver at, 504-505 
Slicers, 103 
SLOPE function, 322 
SMALL function, 394-395, 403 
Smoothing constant, 363 
Social media analytics, 38—39 
Solver, 50, 502, 513-514 
as add-in, 438-439, 504 
creation of names in reports, 514 
interpreting reports for the hotel pricing 
model, 601-602 
for Markowitz Portfolio model, 573 
outcomes and solution messages in, 
515-519 
practical issues using, for nonlinear 
optimization, 572 
scaling issues in using, 523-526 
using in Sklenka Ski Company, 
504-506 
visualization of reports, 611-618 
for what-if analysis, 594-595 
Solver Answer Report, 506 
interpreting, 506-507 
Solver Limits Report, 599-600 
Solver Sensitivity Report, 595-596 
using, 600 
Spam filtering, 385 
Sparklines, 129-130 
column, 129 
line, 129 
win/loss, 129 
Spin button, 95 
Split screen, 63 
Spreadsheet(s), 45-46, 77 


design of, 411-412 
modeling net income on, 412, 413 
quality of, 412-414 
technology in, 38 
Spreadsheet engineering, 412, 413-414 
at Procter & Gamble, 416 
Spreadsheet modeling and analysis, 
405-440. See also Descriptive 
spreadsheet models; Predictive 
spreadsheet models 
analyzing uncertainty in, 434-440 
building a decision model using 
historical data in, 409-410 
cash budgeting in, 425 
data tables in, 434-437 
data validation in, 414-415 
descriptive spreadsheet models in, 
416-424 
finding break-even point in the 
outsourcing model in, 440 
goal seek in, 438-440 
historical data in, 409-410 
implementing models in, 410-416, 
502-503 
influence diagrams in, 408-409 
job sequencing in, 432-433 
locating central facilities in, 
430-432 
model-building strategies in, 
407-410 
new-product development in, 
423-424 
overbooking decisions in, 420-421 
portfolio allocation in, 429-430 
predictive spreadsheet models in, 
423-424 
prescriptive spreadsheet models in, 
429-433 
project management in, 426-428 
retail markdown decisions in, 421-422 
retirement planning in, 426 
scenario manager in, 437-438, 439 
single-period purchase decisions in, 
418-419 
what-if analysis in, 406, 434, 435 
SQL (structured query language), 76 
Stacked column charts, 117 
Staffing 
business analytics in, 33 
in descriptive spreadsheet models, 
417-418 
Standard deviation, 166-168, 234 
computing a confidence interval with a 
known, 259-260 
Standard error, 324 
of the estimate, 324 
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of the mean, 256 
Standardized values, 170-171, 230 
STANDARDIZE function, 192 
Standard normal distribution, 229-230 
tables for, 230-231 
Standard residuals, 326 
StatCrunch, 38, 39, 105, 133, 192-193, 
238-239, 268 
States of nature, 633 
Stationary time series, 357 
forecasting models for, 359-365 
Statistical forecasting models, 357-358 
Statistical inference, 275-301 
analysis of variance (ANOVA) in, 
294-296 
chi-square tests in, 297—300 
hypothesis testing in, 276-277, 301 
one-sample, 277—287 
two-sample, 287-294 
p values in, 284-285 
Statistical notation, 161 
Statistical sampling, 248-251 
Statistical thinking in business decisions, 
187-190 
variability in samples, 188-190 
Statistics, 35. See also Descriptive statistics 
chi-square, 236, 298 
defined, 144 
in health care, 145 
in PivotTables, 178-179 
summary, 234 
test, 279, 280 
STDEV function, 192 
Stochastic or probabilistic model, 53 
Stock charts, 125 
Stratified sampling, 250-251 
Student health clinic, overbooking model 
at, 421 
Subjective definition of probability, 204 
Subjective probability distribution, 214 
SUM function, 57, 64 
Summary statistics, 234 
SUMPRODUCT function, 217, 503, 
528-529, 609 
Sunburst chart, 136, 137 
SUNXMY2 function, 403 
Supplier lead-time performance, testing 
the hypothesis for, 290 
Supply chain design, business analytics 
in, 32 
Supply chain optimization, 563-565 
at Procter & Gamble, 567 
Support for the association rule, 398 
Survey data, analyzing with descriptive 
statistics, 186-187 
Survey scales, 147 
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Syngenta, 480 
Systematic sampling, 250 


T 
Tableau, 37, 116, 126, 139-141 
Table-based calculations, 80 
Table Computer Sales 
fining the best exponential smoothing 
model for, 364 
using exponential smoothing in 
forecasting, 364 
Tables 
contingency, 158 
joint probability, 209 
payoff, 633 
standard normal distribution, 230-231 
Tag cloud, 37 
T.DIST function, 302 
(-distribution, 260-261 
Term sets, 398 
Test statistic 
computing, 280 
selecting the, 279 
Theorems 
central limit, 256-257 
Chebyshev’s, 168 
3-D charts, 130 
3D Maps, 126 
Time functions, 68 
Time series, 357 
identifying trends in a, 357 
with a linear trend 
forecasting models for, 366-369 
regression-based forecasting for, 368 
with seasonality, 369-376 
stationary, 357 
T.INV function, 268, 302 
Toezek, John, 59 
TODAY function, 68 
Total cost decision model, 407-408 
Transportation problem, 526-527 
Traveling salesperson problem, 579-581 
Tree diagrams, 204 
Treemap chart, 136, 137 
TREND function, 322 
Trendlines, 312, 313 
forecasting with, 368 
practical issues in, 338 
uses of, 314 
Trendline tool, Excel, 313-314, 315, 319 
Trends, 357 
identifying, in a time series, 357 
Triangular distribution, 232—233, 453, 
461-462 
mean of, 232 
for a U.S. Olympic bid risk assessment 
462 


> 


t-Test: Paired Two-Sample for Means, 
291 
Tufte, Edward, 129 
Tukey-Kramer multiple comparison 
procedure, 296 
Twitter, 38, 44 
Two-sample hypothesis tests, 287-294 
for differences in means, 288—290 
for equality of variances, 292-294 
Two-tailed test of hypothesis, 280 
for the mean, 282-283 
Two-way data tables, 436-437 
Type I error, 278, 280 
Type II error, 278, 279 


U 
Unbiased estimators, 252—253 
Unbounded solution, 515-517 
Uncertainty, 53 
analysis in spreadsheet modeling, 
434-440 
modeling, with a uniform random 
variate, 459 
Uncertain variables, probability 
distribution of, 654-655 
ncontrollable inputs, 46 


(= 


458-459 

Uniform random variate, modeling 

uncertainty with a, 459 

Unimodal histograms, 172 

Union of events, 207 

United Parcel Service (UPS), 32 

U.S. Olympic bid risk assessment, 

triangular distribution for a, 462 

Utility, decision making and, 649-654 

Utility function, constructing, 650 

for personal investment decisions, 

650-653 

Utility theory, 649 


V 
Validation, data, 414415 
Validity, 45 
in spreadsheet modeling, 410 
VALUE function, 71 
VAR function, 166, 192 
Variability in samples, 188-190 
Variables 
auxiliary, for bound constraints, 
606-607 
categorical independent, 338-344 
continuous random, 213 
decision, 46 
interpreting sensitivity information 
for, 596-597 
discrete random, 213 


Uniform distributions, 225—227, 453-454, 


double subscription, 527 
dummy, 338-339 
models with bounded, 603-608 
probability distribution of uncertain, 
654-655 
random, 213 
Variance(s), 165-166 
of a discrete random variable, 219 
F-test for equality of, 293-294 
two-sample test for equality of, 
292-294 
Variance inflation factor (VIF), 336 
Variates 
binomial random, 461 
random, 457-462 
Variation, coefficient of, 171 
Verification in spreadsheet quality, 
412-414 
Vermont, University of, College of 
Medicine, 38 
Visualization, 36 
of Solver reports, 611—618 
VLOOKUP function, 89, 104, 394-395, 
458, 479 


WwW 
Waiting lines, 475 
simulating, 477-479 
Walker Wines, 618-621 
evaluating a cost increase for, 
620, 621 
Solver model for, 620 
Solver Sensitivity report for, 621 
spreadsheet model for, 619 
Ward’s hierarchical clustering, 388-389 
What-if analysis, 36 
for integer optimization models, 
609-611 
for optimization models, 594602 
in prescriptive spreadsheet modeling, 
406, 434, 435 
for response time, 611 
using Solver for, 594-595 
What-if questions, 47, 48 
Win/loss sparklines, 129 
Workforce-scheduling models, 556 
Worksheets, displaying formulas in, 63 


xX 
XLSTAT software, 38, 39 


Ve 
YEAR function, 68 


Z 
Z-scores, 170-171, 184, 186, 230 
z-values, 260 
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